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The parabolic equation method is an effective approach when the acoustic wave field is
incident at low grazing angles onto a rough surface. The method consists of an integral
equation and an integral, the first of which yields the surface field derivative. The main part of
this paper is concerned with an approximation to this equation, valid when wavenumber times
surface height is up to order unity. The approximation has several advantages. First, it allows a

decomposition of the equation into deterministic and stochastic components. The stochastic
part depends only locally upon the surface in certain regimes, and this can give rise to a great
reduction in computational expense. Some basic statistical moments of the stochastic
component are also considered. These are nonstationary, but for the incident field a simple
stationary transformation is found, which can therefore be compared with Monte Carlo
simulations using far fewer realizations. These results are demonstrated computationally. The
final part of the paper describes the numerical implementation of the full parabolic equation
method. Both of the integrals contain singularities, and these are treated semianalytically.

PACS numbers: 43.30.Hw, 43.30.Bp

INTRODUCTION

The problem of acoustic scattering from rough surfaces
has received considerable attention in recent years. Different
theoretical methods are used for various scattering regimes,
such as perturbation theory for small surface heights and the
. Kirchhoff approximation for small slope. When the field is
incident at low grazing angles, neither of these remains accu-
rate at moderately large surface heights (Thorsos'), and a
successful approach is the parabolic equation method (e.g.,
Thorsos,” Dozier,® Tappert and Nghiem-Phu*). This con-
sists of an integral equation and an integral, relating the ver-
tical derivative d¥/dz of the field W at the surface to the
incident and scattered fields, respectively. The first of these
is a Volterra equation, which is inverted to give J¥/3z at
each range in terms of the incident field ¥, . at all previous
ranges. In this way, the influence of ¥,,. at one point upon
d¥/dz may persist for many correlation lengths along the
surface.

The main purpose of this paper is to introduce and ex-
ploit an approximate form of this Volterra integral equation,
which is shown to be accurate for surface heights times
wavenumber up to order unity. The approximation has sev-
eral advantages. It first allows us to decompose the problem
naturally into two parts: a deterministic part plus a random
part; these correspond to the field incident on a flat surface
and its perturbation & due to the surface variation. When the
correlation length is comparable to a wavelength, the solu-
tion 35/9z is far more localized than the corresponding full
solution 3¥/dz, depending only on nearby values of 8, and
this then greatly reduces the computational expense. This
field decomposition also enables us to examine some of the
statistical moments, and we formulate some results for the
autocorrelation of the stochastic component & and for the
vertical derivative. In particular, it is shown that & can be
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written as the product of a stationary function 8 and a deter-
ministic one. By transforming to 8, far fewer realizations are
needed to form reliable statistics from Monte Carlo simula-
tions. Accurate, nonstationary expressions are also given for
the mean and autocorrelation of W¥,,. for very rough sur-
faces. The basic equations for the method are given in Sec. I,
and in Sec. II the results are described and demonstrated
computationally.

Both integrals contain singularities, arising from zero
denominators and an exponent tending to infinity. These are
treated semianalytically, and the procedure and its numeri-
cal implementation are described in Sec. III. The equations
are discretized with respect to range and product integration
used for both integrals. Where the singularities are most
acute, away from the surface, the equations are recast in
terms of Fresnel integrals.

I. BASIC EQUATIONS

We set out here the equations to be solved, following
Thorsos,? and make some preliminary definitions. We also
give the form of the incident field and the surface statistics
that were applied for the computational results presented
below.

We consider in this paper the two-dimensional scatter-
ing problem, i.e., from a one-dimensional surface. We will be
treating the case in which the field is incident at low grazing
angles and is well described by the parabolic wave equation.
(For the case of nearly normal incidence, an integral equa-
tion method can be found in Kachoyan and Macaskill.?)
Coordinate axes x and z are taken as in Fig. 1, where x is
horizontal, x>0, and z is the vertical, decreasing down-
wards. Let 7= (x,z). The source will be centered around
7, = (0,0), at a distance z,~22.4 below the surface. Denote
by A, (x) the rough surface, and let hk=h, — z,. Here, A will
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FIG. 1. Representation of typical rough surface, z = A,(x).

be taken to have Gaussian statistics and zero mean. In the
treatment that follows, the derivative of A4 is assumed to be
bounded. In the numerical work shown here, 4 is given a
Gaussian spectrum. Denote the rms of the surface /1 (x) by ¢
and its correlation length by L _.

Here, ¥,,.(7) denotes the (complex) incident wave
field. It will be assumed that ¥;,. = 0 for x<0 and along the
bottom boundary, and that /i(x) is a pressure-release sur-
face; W, (7) denotes the wave field scattered from the surface
and ¥ (7) thetotal field, sothat ¥ =¥, + ¥, .,and ¥ =0at
the surface. The governing equations for the parabolic equa-
tion method are?

— * ey OV
¥ ) = - [ (667157) &, ()
( 0 azl 7,7 at surface
and
- X ey OF
v (7 =J ( G(rir' —) dx'. 2)
( ) 0 ( )az' 7 at surface (
Here, G is the Green’s function given by
1 i k (z—2')?
21/ 2 k(x —x") P 1—2— x—x /)
G(x,zx',2') = ™
for x>x',
0 for x<x'
(3)

7 =(x',2')=(x",h,(x")) along the surface, and % is the wave-
number.

Denote dW/3z along the surface by ¥'. Then, in terms of
linear operators we can write (1) as

v, . =AY, 4)
and (2) as
Y. =BY. (5)

Although these operators are linear (for a given surface),
the equations are not, since A and B vary with the surface,
together with the vectors ¥,,. and ¥'. In other words, ¥' and
¥, depend linearly upon ¥, ., but nonlinearly upon the sur-
face h(x).
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In the work shown here, a simple Gaussian-beamed
source of width w is taken as the incident wave:

z
i - ()
w? + 2ix/k

(6)
We will take k=1 and w = 8. In most of our numerical
results, we have taken L, = 8, which is of the order of a
wavelength, and this defines a situation of interest in many
applications. Note that the large-scale variation of ¥, takes
place over many wavelengths.

We need some additional notation: Let ¥, =¥, . (z,)
be the incident field along z,, and let ¥}, ¥,,, and A, denote
the (deterministic) forms of W', ¥, and A, respectively,
which would be due to a flat surface at z,. We can then write

5 = \pinc - \I’O'

5=V —V¥;=4
and

5, =¥, — ¥, =BS.
For any of these quantities £, say, { /) will denote its ensem-
ble average, taken over realizations of the surface. The auto-
correlation function of the surface (with mean removed) is
given by

p&) = (h(x)h(x + &)),
so that in this work p(£) = ¢? exp(

1l. APPROXIMATIONS AND RESULTS
A. Approximations

w
—€X
Yu? +2ix/k

_I‘I’inc —4 0_ l\I’O’

—£2%/L2).

We will focus attention on the solution of ¥’ from inte-
gral equation (4). In the numerical treatment described in
Sec. III, the incident field ¥, . and integrals are discretized,
using N points, say. Here, A is represented by a lower-trian-
gular matrix, the inversion of which requires O(N 2) opera-
tions and relates the solution ¥’ (x) to the values ¥, . (x') at
all previous ranges 0<x"<x. In this way the influence of ¥,
can persist non-negligibly for many correlation lengths
along the surface.

Asnoted in Sec. I, Eq. (4) gives ¥’ as a nonlinear func-
tion of surface roughness si(x). We now approximate the
solution by linearizing this dependence: The nonlinearity
corresponds the stochastic part of 4, which is in the expo-
nential term

exp[iic-(——(z—z')z)].
2\ x—x'

of the kernel G, and this becomes 1 when the surface is flat.
We thus replace the operator A4 by its deterministic counter-
part A

W, =AY (7

This approximation proves to be accurate for fairly high
surface roughness, with k¢ up to order unity, and turns out
to be very convenient. For smaller values of k¢, the approxi-
mation gives results almost identical with those from the full
form.

To get a heuristic idea of the order of accuracy of (7),
consider the point values of G. Let € denote x — x'. The
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above exponential tends to 1 as € becomes large, and the
exponent vanishes at € = Osince 4 ' is bounded. For € greater
than a correlation length L,, the exponent is on average of
order O{k[#*/(x — x')]1}. When € < L _, we can show that it
is of order O(ekh '?). Assuming a gentle surface slope, the
exponent is small in both regions. The effect of integration
over the kernel is to further reduce the departure of the oper-
ator A from its deterministic form A,. (This comment also
applies when there is a large surface slope because of the
rapid phase oscillations which this induces.)

We can now show some numerical results, which indi-
cate more directly the accuracy of (7). Figure 2 compares
the amplitudes of ¥’ and its approximation 4, '¥,,. for
typical realizations, with (a) k¢ =0.5 and (b) k4 = 1.0.
For values of k¢ lower than about 0.5, the results are virtual-
ly indistinguishable. In these figures, L, = 8.

B. Field decomposition

The approximation now allows us to deal separately
with the deterministic and the purely stochastic effects:
Since ¥, = A4, '¥,, ¥'=A4; '¥,,., and the operators are
linear, we can write

8=A;"6. ) (8)
When we calculate the full field ¥, using the scattered field
¥, from (5), we have

¥ = \P: + \Pinc =B(\P(l) + 5’) + \Pinc

=6: + (\I,Os + \I,im:)'

The functions ¥, . and ¥, are deterministic, and so for each
realization it is sufficient to find &'. Figure 3(a) shows an
example of the real part of 8 for one realization with surface
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FIG. 2. Amplitude of MNV/3z from Eq. (4) (full line) as a function of x
compared with approximation (7) (dotted line) for (a) k¢ = 0.5 and (b)
k¢ = 1.0. The correlation length is L, = 8.0. The results are virtually iden-
tical for smaller values.
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FIG. 3. (a) Real part of & (full line) as a function of x for one realization
with k¢ = 0.8, against the surface itself (rescaled, dotted line). (b) Com-
parison between full field ¥ and its approximation as functions of range, ata
distance 50.0 below a surface with roughness k¢ = 0.8, showing close agree-
ment.

roughness k¢ = 0.8. The surface itself is shown for compari-
son. From &' is obtained the stochastic component &, of the
scattered fiecld W, at any depth, from which we can find the
full field ¥. In Fig. 3(b) this approximation for ¥ is com-
pared with the full solution at a depth z = 50 below the sur-
face and shows very close agreement.

The field decomposition has a further advantage in the
scattering regime L, of the order of a wavelength, k¢ upto 1.
While ¥}, is determined purely by the source, the function &'
depends mainly on the surface roughness and its correlation
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length. Thus &’ depends only on a small neighborhood of
values of 8. Since V' =¥, + &', this allows a significant
computational reduction for ¥, from O(N?) to O(N), as-
suming a fixed number of grid points per correlation length.
(This, in turn, enables us to calculate the field out to arbi-
trarily large range.) In Fig. 4(a) the full form ¥' was com-
pared with an approximation using both (7) and a restricted
“window” of about four correlation lengths to find the sto-
chastic component §'. The two curves again agree well. For
comparison, another approximation to V' was then calculat-
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FIG. 4. (a) Amplitude |¥’| from Eq. (4) (fullline) compared with approx-
imation (dotted line) using Eq. (7) and restricted window of four correla-
tion lengths to find & and then applying V' = W¥§ + &'. Here, k¢ = 0.5. (b)
|[¥'| as in (a) (full line) compared with another approximation (dashed
line) calculated by applying the same restricted window directly to Eq. (4),
which gives complete lack of agreement.
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ed by applying the same restricted window to the full Eq.
(4), without separating the stochastic part &' from W;.
When compared with the full form of ¥, there is a complete
lack of agreement, as shown in Fig. 4(b), even though no
approximation such as (7) has been applied. This illustrates
that, through the integral equation, the range of dependence
of W/, upon W, is far greater than that of & on 8. [1t should be
stressed, however, that physically it is precisely the random
variation which introduces multiple scattering and therefore
nonlocal surface effects. The sense in which ¥§ depends non-
locally upon ¥, is not that of surface interaction but arises,
through (1), from the parabolic equation. In our situation §
is a fairly small, fast-varying perturbation of ¥, and its sur-
face effects are only local in comparison with this long-range
dependence of ¥/, on ¥,,.]

C. Moments of ¥, and ¥

One of the eventual aims is to find the moments of the
scattered field ¥_, such as (¥, (x,)¥*(x,)), and their de-
pendence on the statistics of the surface. Much progress has
been made on this for volume scattering, e.g., Refs. 6 and 7,
where the moments are governed by differential equations.
For small surface heights the moments can be calculated by
perturbation methods,*® but for very rough surfaces the
problem remains open (see, for example De Santo and
Brown®). Equations (7) and (8) provide a convenient
framework for one approach to the moments, and we can
give some preliminary results for ¥, and ¥'.

Since the incident field is range dependent, its statistics
are nonstationary with respect to x. If we assume that z» ¢
[which is implicit in the condition ¥, (0) =0], then from
(6)V, .. at the surface can be written

W, (x) =W, (x)es e, o
where
220
x)=—_%%
8N = + 2ix/k

Since g is deterministic, we may calculate the moments of
V.. using (9) and the known surface probability distribu-
tion p, say. The mean of any function of ¥, . (e.g., Papou-
lis'®) is just the integral of its product with p over all possible
values. The mean of ¥, . is thus found to be

2
(Wine (x)) =\I’o(x)eXp(gz(%¢), (10)
and if we denote the autocorrelation function
(W, (X)W (X)) by p(x,x’) and put £ = x — x', then
Blxx') =~P0(xw:(x')exp(@). an

where o® denotes the variance of g(x)A(x) + g*(x")a(x')
and is given by

o (xx') =4[ (x) +8*(x)] + 28(x)g* (x")p(£).
These expressions hold for any ¢. One realization of ¥,

is compared with its approximation (9) for k¢ = 10 in Fig.
5(a) and agrees closely.

When ¢ is small, the situation simplifies. To first order
in A, (6) becomes

Mark Spivack: Rough surface PE 2002



.15 — -

.10 ‘ —

tncident wave

.95 — -

0.99 L 1 . B B B B B B B B e
] 208 490 680 08 1009 1200

®

¥’}

0.06 —
0.04 —

.82 —

.80 T T T L ™ L
] 52 100 158 200 250 30

FIG. 5. (a) Comparison between ¥,,. (dashed line) and approximation
(9) (full line), along a typical surface with ¢ = 10, when the source isat a
depth of 100. (b) Predicted value of the amplitude of the mean of ¥’ (full
line) as a function of x compared with simulations {dotted line), taking the
average over 500 realizations, for k¢ = 2.0.

Wine (x) = ¥ (x)[1 — g(x)A(x) ],
and therefore § = ¥g(x)A(x). We can thus transform & to
the quantity 8 = 8/W¥,g, so that §aA. Then, § is approxi-
mately stationary, with mean zero and autocorrelation func-
tion p. A major advantage of transforming to a stationary
function is that far fewer realizations are needed when calcu-
lating statistics from numerical simulations.

Consider again V. Since A, is linear and deterministic,
it follows that {4, ¥, .} =45 "(¥,..). So from (7),
(VY= {45 "V, ), where (¥,,.) is known from (10). This
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is again confirmed by numerical simulations and despite the
approximation for 4 holds well for k¢ up to around 2, as
shown in Fig. 5(b).

In a similar way one can express the second moment of
¥’ approximately as a double sum (or integral) over the
function (¥, (x)¥%. (x+ £)). Using the semianalytical
forms given in Sec. III below, it is then possible to write the
moments of ¥, in terms of those of ¥,,.. This will be the
subject of another paper. However, the accuracy of the ap-
proximation for A rapidly deteriorates as k¢ increases, and
there is a need to develop a more consistent approach.

11l. NUMERICAL SOLUTION

We give a brief description of the numerical approach
used for the inversion of integral equation (4), and the for-
ward integration (5).

A. Solution of ¥’ from (1)

The region of integration (0,x,, ), say, is discretized us-
ing a regular grid of N points {x, }. Sufficient resolution is
required for both 4(x) and W, (x). This gives rise to discre-
tization of the Volterra integral equation (1). Each subinte-
gral

x, _aw
(62

Z )7,? at surface

dx'
Xr-1
is treated by a simple combination of product integration
and midpoint rules, to be approximated by
. z — Z 2
1 ! ex (i—k—(" l) )\P,(Xl)
2\/ 27k 2 x,—X,

x J-xl dxl
X1-1 ,}x,, - x’,

where 7=(x,A(x,)), X,=Lx,+x,_,), and
Z, = h,(X,). (Product integration is suitable here because
both ¥’ and the exponential, and their derivatives, are effec-
tively bounded.) This yields a set of linear equations, so that
(4) becomes a matrix equation in which A4 is lower trangular
and easily inverted.

It is easy to test the numerical solution for a flat surface,
since the integral can then be carried out analytically when
¥ is any polynomial in x.

B. Solution of ¥, from (2)

Although this is a forward integration, the nature of the
singularity in G' makes it more difficult to solve than (1).
This difficulty increases with depth and integration cannot
be dealt with by simple quadrature.

Consider again a subintegral

[ ...

x, 7 at surface

(12)

where 7 = (x,,z). The exponent occuring in G'in (3) can be
written

itk/2){lz—h ()] (x, —x)}.

Expanding A, as a Taylor’s series about x, , ignoring terms in
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(x, —x') of second order or higher, and writing
x, —x'=(x, —x') — (x, — x,), this becomes

h(x)

He

The derivative A'(x,) here can be approximated by finite
differences. Substituting (13) into (12), making a change of
variables, and again using product integration, the subinte-
gral takes the approximate form

[z—h(x,)—2R"(x,)(x, —x,)]

X, —X

+2h'(x,)[z—-h,(x,)]). (13)

(a)
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FIG. 6. Amplitude |¥] of the full field as a function of range and depth (a)
for a flat surface and (b) for one realization of a rough surface with
k¢ = 0.8. Here, the source is at the left and the surface along the far side of
the figure.
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e_.(k/z)a\yl(X+l)J y’” (14)

Here,
y=(x,—x)Y"" a= —2h'(x)[z—h(x,)],
by=(x, —x,)7", — X, 1)

and

b=4{z—h(x,)][z—~(x,) —2h"(x,)(x, —x,)].

Equation (14) can be integrated by parts and put in terms of
Fresnel integrals. These subintegrals can then be summed
over r to give the scattered field WV, (x,,z) for any depth z.

Numerical simulations using the above scheme can be
tested both against full analytical solutions, in special cases,
and more generally against “exact” numerical solutions.’
Figure 6(a) shows the amplitude |¥| of the full field as a
function of range and depth for a flat surface. The amplitude
of \¥ for one realization of a rough surface with k¢ = 0.8 is
given in Fig. 6(b).

b2 = (xn

IV. CONCLUSIONS

The parabolic equation method? is an effective one for a
wave incident at low grazing angles on a rough surface. Our
numerical approach has been described, and an approxima-
tion to the method has been introduced, which is valid for k¢
up to order unity. The approximation has several conse-
quences. It allows the wave field to be split into a sum of
deterministic and stochastic components. This, in turn,
greatly reduces the computational expense because the sto-
chastic part has a localized behavior. The decomposition
also provides a framework for examination of some of the
statistical moments. These results and the numerical scheme
have been demonstrated computationally.

ACKNOWLEDGMENTS

This work was carried out with the financial support of
the Natural Environment Research Council of the U. K. The
author would like to thank Dr. B. J. Uscinski for many help-
ful discussions and the referee for several suggested improve-
ments.

'E. I. Thorsos, *“The numerical approach to understanding rough surface
scattering,” J. Acoust. Soc. Am. Suppl. 1 83, S9 (1988).

2E. 1. Thorsos, “Rough surface scattering using the parabolic wave equa-
tion,” J. Acoust. Soc. Am. Suppl. 182, S103 (1987).

3L. B. Dozier, “PERUSE: A numerical treatment of rough surface scatter-
ing for the parabalic wave equation,” J. Acoust. Soc. Am. 75, 1415-1432
(1984).

“F. Tappert and L. Nghiem-Phu, “A new split-step Fourier algorithm,” J.
Acoust. Soc. Am. Suppl. 177, S101 (1985).

5RB. J. Kachoyan and C. Macaskill, “Acoustic scattering from an arbitrarily
rough surface,” J. Acoust. Soc. Am. 82, 1720-1726 (1987).

SM. Spivack and B. J. Uscinski, “Numerical solution of the fourth moment
equation for large [, J. Mod. Opt. 35, 1741-1755 (1988).

7A. M. Whitman and M. J. Beran, “Two scale solution for atmospheric
scintillation,” J. Opt. Soc. Am. A 2, 2133-2143 (1985).

fJ. A. De Santo and G. S. Brown, *Analytical techniques for multiple scat-
tering for rough surfaces,” in Progress in Optics XX111, edited by E. Wolf
(North-Holland, Amsterdam, 1986), pp. 2-62.

°J. G. Watson and J. B. Keller, “Rough surface scattering via the smooth-
ing method,” J. Acoust. Soc. Am. 75, 1705-1708 (1984).

19A, Papoulis, Probability, Random Variables, and Stochastic Processes
(McGraw-Hill, New York, 1981). -

Mark Spivack: Rough surface PE 2004



