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High-intensity ribbonsin multiply scattering media
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The origins of the long, high-intensity ribbons that occur when a wave propagates through amultiply
scattering random medium areexamined. Itisshownthat such ribbonsareinitiated when thecumul ative
phase deviation imposed on the wavefront in the direction of propagation becomes large. Estimates
are made of the number of such ribbons that might be encountered in typical cases of multiple scatter,
and of their expected separation transverse to the direction of propagation. Finally, it is shown that
motion of the source in the transverse direction does not lead to appreciable movement of the ribbons.

1. Introduction

When a sound or light wave propagates through a medium with random inhomogeneities of
refractive index, intensity fluctuations arise [1-4]. These can be large in the case of multiple
scattering and have been much studied both theoretically [5] and experimentally [6]. A striking
feature in the spatial structure of the fluctuating field is the presence of long ribbons of
quite high intensity. They can extend for very many irregularity correlation lengths in the
direction of wave propagation. These high-intensity ribbons have been observed and studied
in numerical simulations of wave propagation in random media, and have also been detected
experimentally in the case of sound propagation in the ocean. Existing theoretical studies of
intensity fluctuationsdeal principally with ensembl eaveraged quantitiessuch asmeanintensity
or variance and (usually transverse) correlation functions (e.g. [7, 8]); these studiesyield little
information about the ribbons and their typical spatia structure, which appear in individual
realizations of the medium and are effectively smoothed out by ensemble averages. On the
other hand, both high- and low-intensity regions are found to remain remarkably stable under
changes in the source position or angle. Thisis an issue of considerable practical importance
in certain applications, including underwater sonar detection and navigation.

This paper addresses some key questions about the ribbons that remain unanswered. One
of these is their origin, and the extent to which they arise from specific identifiable features
of the scattering medium. The answers offer insight into why, once started, they persist for so
many scattering lengthsin the medium. The second aspect that is considered isthe number and
separation of the ribbons. Often only a single ribbon is encountered over severa irregularity
correlation lengths transverse to the direction of propagation. The question arises as to what
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dictates the ribbon separation and what is its expectation value, and in particular whether it
can be predicted where the ribbons might occur.

In addition we examine how the ribbons behave as the source position is altered, and the
extent to which the wavefield structure depends upon this. This is done, first, by averaging
numerically over source location, for agiven realization. In practice, however, it isthe motion
of the pattern rather than its average which is of interest, and such patterns are presented in
accompanying simulations for both a moving source and changing source angle[9, 10].

2. Numerical simulations

Although the literature contains many examples of the numerical simulation of wave propa-
gation in multiply scattering random media, it is convenient to present afurther set in order to
facilitate discussion of the topics mentioned in the introduction. We shall confine this study
to the two-dimensional case with the statistically stationary random medium situated in the
positive half plane x > 0 of a Cartesian set of coordinates (x, z) (figure 1). Denoting the
wavespeed of the medium by c¢(x, z) and its average or reference value by ¢y, the refractive
index r (X, z) is then the ratio co/c, which has a mean value of unity. It is convenient to write
thisasr =1+ n(x, z) (e.g. [2, 11]), so that n(x, z) represents spatial inhomogeneities, i.e.
the departure of the refractive index from the mean. These inhomogeneities are assumed to
be weak, with magnitude

nix,z) « 1 Q)

with mean value of zero and variance denoted by (2.

In these examples we assume that the refractive index irregul arities areisotropic, with scale
size L much larger than the wavelength of the propagating field. The angles of scatter will
thus be very small and the parabolic form of the wave equation can be used to describe the
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Figure 1. The weakly random medium showing an elementary slab and the central screen onto which the phase of
the slab is projected.
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behaviour of the complex wave field A(X, 2),

A i 9%A
=K IE ikuni(x, 2)A (2
where
pni(X, 2) = n(x, ) ©)

and k is the wavenumber of the field. The spatia autocorrelation function of the inhomo-
geneities (e.g. [7, 11]) is

p(.¢) = (m(X, Jnu(x + &, 2+ ) (4)

where the angled brackets denote an ensemble average. Various numerical procedures for
simulating propagation of the complex field A(X, z) in aweakly irregular medium using the
parabolicform of thewave equation (2) are available[12—14]. Typically these methodsinvolve
dividing the medium into a set of slabs transverse to the direction of propagation. Each dab,
say [Xn, Xn + A], hasathickness A that is of the order of one or two correlation lengths L and
on passing through it the wavefront acquires a phase modulation ¢(z) given by

Xn+A
¢(2) = kuf ny(x’, z)dx’. (5)

For the simulations the structure in each slab is projected onto a plane situated at the centre of
the slab. The medium then consists of a set of phase-changing screens with the phase given
by equation (5) whose autocorrelation function is

R() = K2u2 / p(&. £)de. ®)

Thewell-known split—step algorithm isused [13-15] in which thefield A(X, z) passesthrough
ascreen which modulatesits phase in coordinate space, then its Fourier transform is taken and
itispropagated to the next screen in Fourier space. Hereit istransformed back into coordinate
space and the processisrepeated for each screen. Details of thismethod are given in Appendix
A.

In the present example we use the Gaussian representation of a point source, which on the
incidence plane x = 0 takes the form

A0, 2) = Aoexp(—[z — zo)*/w?) (7)

centred on (0, zy) and with awidth w that can bevaried asdesired. Moregenerally for adirected
beam at some small angle 6 to the horizontal this acquires a phase factor exp(ikS[z — z0] /2).
In an undisturbed medium in the absence of irregularities, at a distance x from the plane of
incidence this would take the form

Ax.7) = w o |: B 272 +i kSwZ.(SX - Z)i| ®
Vw2 4+ 2ix/k 2(w? + 2ix/Kk)
For simplicity we have chosen the medium autocorrelation function
P&, ¢) = exp(—[£% + ¢?]/L?) 9)
which leads to
R(¢) = v KuPL exp(—¢?/L?) (10)

We then introduce the scaled coordinates
Z=1z/L, X = x/kL (12)
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We now present someresults of propagation in the above medium. Inthefollowing simulation,
theintensity valuesat each range x have been rescal ed so that the maximum value at that range
is unity. Thisisdonein order to depict the ribbon structure more clearly. The first simulation

[figure 2(8)] shows the high-intensity ribbonsfor the source at z = 0, asacolour contour plot.
Theribbons extend through very many screens, i.e. many correlation lengthsin the direction of

@ 200
150
100

50

50 100 150 200 250 300
® 200

150
100

50

50 100 150 200 250 300
© 200

150
100

50

.

50 100 150 200 250 300

Figure 2. Ribbonswith source at (@) (0, 0), (b) (0, &), and (c) (0, —a).
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Field intensities averaged over source position
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Figure 3. Intensity pattern averaged over vertical distribution of source position.

propagation. In thetransverse (vertical) direction the sol ution domain extendsto 40 correlation
lengths, of which the central region of around ten correlation lengthsis shown.
The source is then moved to z = +a [figure 2(b)] and z = —a [figure 2(c)], where

a=15L (12)

The main structure of the ribbons remains broadly the same as the source position changes.
Itisalso apparent that some regions are not substantially insonified, and these ‘ quiet regions’
also stay largely unchanged. To a large extent these intensity patterns are therefore attached
to features in the medium and, in effect, moving the source just illuminates a different part of
the medium. This becomes clearer by taking an average of the intensity pattern with respect
to source location: this is shown in figure 3, which results from varying the source position
and integrating in equal steps vertically along the z axis. In practical applications, of course,
it is more often the moving source rather than the average which is of interest (and in fact
the observer will very effectively detect by eye persistent features in moving patterns). The
characteristic changing intensity pattern as the source position is moved continuously, and as
the beam angle is varied, can be seen respectively in [9] and [10]. Several regionsin both the
near and far field of the incidence plane are never significantly insonified. Note that in ocean
acoustics the time-scale over which the medium changes significantly may be slow relative
to the movement of, for example, a submarine-based sonar. We now need to consider in more
detail theirregular medium that produces the ribbons, before further theoretical consideration
in section 4 and Appendix C.

3. Theirregular medium

The extended random scattering medium has been converted to a set of weak phase-changing
screens, as described above. We caninvestigate therel ationship between the scattering medium
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andthe highintensity ribbonsby adding the phase modulations produced by successive screens
inthedirection of propagation. Thus, the cumulative phase modul ation imposed by the medium
on a propagating wavefront is

fx.2=) ¢ (13)
where

¢ = ¢(X. 2) (14)

isthe phase changeintroduced by the screen at distance x’. The cumulative modulation for the
example given above is shown in figure 4. A tendency can be seen for high-intensity ribbons
to develop at places where alarge cumulative phase modulation occurs. (Thisis most marked
inthe near field, as can be seen by comparison with figure 3). Once started the ribbon tendsto
persist even though the field subsequently propagates through further regions of the scattering
medium, which might naively be expected to destroy the high intensity. The ribbons can be
linked to specific featuresin the medium, thus explaining why they tend to remain in much the
same place when the position of the source changes. A further exampleisgiveninfigures5-8,
for adifferent realization. Figures5 and 6 respectively show theintensity averaged over source
position and the cumulative phase of the medium itself, and the correlation is again evident.
This point is further emphasized by taking the correlation between the two quantities, shown
infigure 7. By comparison, the correl ation with the medium itself is much weaker, as shownin
figure 8. This connection, between medium and ribbon structure, is explored theoretically in
the next section and in Appendix 3. It is shown that it is possible to give a dlightly more
guantitative theoretical treatment of the ribbons to explain the observed connection with the
medium.

Cumulative phases

50 100 150 200 250 300

Figure 4. The integrated phase modulation imposed by the medium in the above example at different distances of
propagation.
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Field intensities averaged over source position (case 2)
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Figure 5. Intensity pattern averaged over vertical distribution of source position (second realization).

4. Wavefront and diffraction

Initially thefield from the point sourceisdiverging so that itsintensity decreaseswith distance
of propagation. However, as the wavefront passes through the scattering medium it acquires
a phase modulation from each dlab (screen) that it traverses. The transverse scale size of this
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Figure 6. Theintegrated phase modulation imposed by the medium in the above example at different distances of
propagation (second realization).
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Figure 7. Correlation of cumulative phase and intensity pattern averaged over source position.
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Figure 8. Correlation of phaseitself with intensity averaged over source position.
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modulation is L, the same as that of the irregular structures in the elementary slab. Simple
diffraction considerations show that the focusing phase curvature introduced by featuresin the
screen must be larger than the defocusing phase curvature of the diverging wavefront from the
point sourcefor anincreaseinintensity to occur. If the equivalent phase screens are weak, then
the phase modulation will be insufficient for amplification to occur as the wavefront starts to
propagate through the medium. However, as each successive screen is traversed, the imposed
phase modulation builds up until the wavefront has a large phase curvature and focusing can
occur. Appendix B illustrates these points by treating scattering from a single irregularity. It
can be seen that the focusing distance [equation (B13)] from the strongly modul ated wavefront
is

kD?/8f (15)

Here f [equation (13)] is the phase modulation imposed on the wavefront which is, in fact,
the cumulative phase modulation of all the screens traversed in the medium. Since these are
statistically independent their phase contributions add incoherently. The wavefront phase is
then a Gaussian random process with scale size L and variance equal to the summed variances
of theindividual screens. The single screens are weak but their summed variance can belarge.
The wavefront is now equivalent to a deeply modulated phase screen and it will contain a
certain number of regions where the phase excursion and phase curvature (second derivative)
are large. Proof that the two tend to occur simultaneously is shown in Appendix C. These
regions can lead to strong focusing and large amplitudes.

This then is the origin of the high-intensity ribbons. Although the phase changes from
the individual screens are small, and will mostly tend to cancel as a resource of incoherent
addition, the variance will grow and there will be cases in which the additions reinforce to
produce the big phase excursions. The number of these can be estimated using the fact that
the phase excursion of the wavefront follows anormal distribution. If we define large positive
phase excursions as those lying above one standard deviation, then we find that only about
8% of the wavefront will fall into this class. For this reason we expect that one high-intensity
ribbon will, on average, occur for every ten transverse scale sizes L in the medium. Thisis
admittedly afairly crude estimate, but it agrees reasonably well with simulations.

Thefinal question remains as to why, once started, a high-intensity ribbon continues for a
long way approximately in the direction of propagation. This can be answered by considering
the angle of scattering of the field. Even though multiple scattering has occurred the root-
mean-square (rms) scattering angle

2f/kL (16)

isstill very small, and it is this scattering angle that dictates the rate of change of amplitude
features. This point is aso touched onin Appendix D.

5. Conclusions

Thehigh-intensity ribbonsthat appear when awave propagatesin an extended random medium
have been shown to be linked to specific features in the medium itself. They occur where
the integrated phase modulation of the wavefront builds up regions that are equivalent to a
strongly focusing lens. Straightforward statistical considerations show that the separation of
such ribbons transverse to the direction of propagation is of the order of ten scale sizes. The
ribbons are expected to be most prominent at the so-called ‘focusing’ region.
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It has al so been shown that moving the source by even afew scalelengths L does not cause
theribbonsto move asawhole. At the most, some details of the ribbon structure change, while
some regions remain ‘quiet’ for all source positions.

Appendix A: Formulation and accuracy of the numerical simulations

We summarize here the formulation and accuracy of the numerical method used above. For
convenience write equation (2) in operator notation as

A

— =(D+G)A Al

5, =(D+G) (A1)
where D isthe differential operator —(i /2k)82/3z? and G ismultiplication by —ikuni(X, z).
Then formally the solution of equation (A1) over asmall step & can be written

X+&
Ax +£.) = exp [ [ o+ G)dx/}(A(s, ). (A2)

This approximation is accurate to second order in &, with a step-wise error of the form
£3[D + G, dD/d¢] (e.g. 15) where [-, -] denotes the commutator. It is therefore exact if the
range-dependent operator (D + G) commutes with itsintegral, and for G varying moderately
in X this approximation is highly accurate.

This suggests the use of the well-known split—step algorithm which was introduced to
underwater acoustics by Tappert and Hardin [13] and remains in widespread use. In order to
maintain accuracy we use a second-order form Strang splitting and replace equation (A2) by

X+&

AX+E&, ) Eexp(ED/2). exp [/ ' de’} .exp(éD/2) (A(X, -)) (A3)

The error in going from equations (A2) to (A3) is again a function of a commutator, [D, G],
and is proportional to £3. The advantage of this approximation is that numerical evaluationis
straightforward for all terms on the right. The middle exponential is smply a function. The
exponentialsinvolving D are simple diffraction terms, and can be expressed using fast Fourier
transforms (FFTs). Specifically

exp(£ D/2)A(x, -) = F /2] F(A(X, ) (A4)

where F is the Fourier transform with respect to z, v is the transform variable and 7~ is
the inverse transform. (The diffraction terms could instead be treated by, for example, afinite
differencemethod.) A consequence of using Fourier transformsisthat edge effectsare avoided
but replaced by periodicity in the vertical direction. This causes no difficulty, provided careis
exercised in choosing the domain size.

Appendix B: Analysisof asingleirregular feature

Focusing of a diverging field

We consider the conditionsfor producing amplification in the diverging field of apoint source.
The sourceis situated at the origin of the Cartesian system of axes(x, z). A phase modulating
feature given by

exp{—(B° +ia?)Z’) (B1)



High-intensity ribbonsin multiply scattering media 349

liesinthe x = 0 plane, where
B =2/D. (B2)

This lens-like feature has awidth D. The maximum phase change imposed by the feature is
¢o, the difference between itsphaseat z=0and z = D/2, i.e.

¢o = a’D?/4 (B3)
whence
a® = 4¢o/D? (B4)

Thefield on the x plane beyond x = 0 isgiven by theintegral using the parabolic form of the
wave equation

_ B e a2 o2 ikz2 ik(z—z’z):| )
E(x,z)_mx/wexp{ (B +ia“)z }exp|:2X0 20X — x0) dz (B5)

Here the first term in the exponent is the phase-changing feature, the second is the field from
the point over the xo plane, while the third term is the field over the x plane owing to a point
(Z, xo) of thefield just after the xo plane. We note that the second term represents adiverging
field (from the point source). Theimaginary part of thefirst term representsaconverging field.
For field amplification, or focusing, the converging term must be greater than the diverging
one, i.e. it isrequired that

a? > k/2xo (B6)
or, from equation (B3)
¢o > kD2/8X0. (B7)

Equation (B5) can be easily evaluated and the field on the x axis found by setting z to zero.
Theintensity on the axisis then

7E} . , k[1 1 N
'““hm[ﬂ e ‘é[x—ﬁx-mm .

The term outside the square brackets is the intensity decrease caused by circular spreading
from the point source. The term in the square brackets is the effect of the lens-like feature
relative to the circularly expanding field. The condition for it to be a maximum, i.e. for it to
produce afocus, is

kl1 1
2
_ 2= B9
T2 [Xo e Xo] (B9
This occurs at adistance X = Xmax
k 71

Thus the condition for Xma t0 be positiveis
20%%0/k > 1 (B11)

which is just equation (B6). In terms of the phase change imposed by the lens-like feature
given in equation (B4) this requires that

$o > kD?/8xq. (B12)
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As ¢ increases beyond this critical value the position of the focus Xmax draws closer to Xq
equation (B9). Eventually for a close approach of the focus this relationship can be rewritten
as

Xmax — Xo = KD?/8¢. (B13)

Appendix C: Correlation between phase excursion and curvature

Correlation between wavefront phase and curvature

The cumulative phase modulation imposed on the wavefront by successive screensis
f(x.2 =Y 62 (C1)
i

where ¢; is the phase change in the ith screen at distance x’. The screens are statistically
independent and so f (X, z) isa Gaussian random process. It can be represented as

f(x.2) =) A(v)cos(vz+ €(v)) (C2)

The ¢(v) are statistically independent and uniformly distributed between +x. The spatial
frequency spectrum of the process A(v) is the same as that of the individual screens.
The phase curvature of the modulated wavefront is its second derivative with respect to z

f7(x,2) = = > Aw)v? cos(vz + €(v)) (C3)
while the cross-correlation between the phase modulation and its curvature is
(f(x.z) f(x. 22)) = = ) AX(v)v* cos(v[z1 — Z2]) (C4)
Passing to continuous notation this cross-correlation becomes
ouc) = = [ W) ostve)e (cs)
the autocorrelation of the process f (X, 2) is
o(6) = [ Ao(s)costve)ev (c6)
while
px(¢) = 0°p(¢)/9¢2, (C7)
Example
For aprocess f with a Gaussian autocorrelation function and scale size L
p(¢) = exp{—¢?/L? (C8)
while
—_2(1-2 ¢ 2/L2 c9
Px(()——ﬁ —23 exp{—¢“/L} (C9)

This cross-correlation has a maximum (negative) correlation between the magnitude of the
phase and its curvature at the same location.



High-intensity ribbonsin multiply scattering media 351
Appendix D: Scattering angle and longitudinal extension of features

Scattering angle and longitudinal extension of features

The angular spectrum of the multiply scattered field from a point source in arandom medium
is

1 .

A = 5 [ Cl)ent-ikse)ds 1)

where Sisthe sine of the angle of the wave normal relative to the x axis and

1
o(e) = e (x| 1- [ Rutcoyas]) 02)
0

is the autocorrelation of complex amplitude of the multiply scattered field ([11] p. 31). Here
Ro(¢) = R(¢)/R(0) (D3)

is the normalized projected autocorrelation function of equation (6). Since we are in-
terested in cases where gx is greater than unity, C is appreciable only for Ry(¢) close
to unity. Thus Rp(¢) can be expanded in a Taylor series and only the first two terms
kept. Thisgivesfinaly

A(S) = (vVTkS) t exp{— S/} (D4)

where

12
5-2(3R0) /i ©9)

and we note that the second derivative of an autocorrelation function at the origin is negative.
The wavelength of the radiation is much less than the scale size L, so we have that kKL > 1.
Thus § « 1 since R isof order unity and gx is not very large unless we go to the very far
field, well beyond the focus, in the weakly scattering medium that we are considering.
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