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We present a reconstruction algorithm for recovering rough surface profiles from phaseless total field data mea-
sured at a single receiver as the surface undergoes controlled lateral motion. The algorithm is based on the parabolic

wave equation, which offers a computationally efficient framework for forward and inverse scattering, and applies
to both Dirichlet (TE polarization) and Neumann (TM polarization) boundary conditions. It operates in a march-
ing fashion, recovering surface points sequentially along the profile. Numerical experiments demonstrate that
the method yields accurate reconstructions and remains robust under measurement noise and variations in key
problem parameters. The proposed approach provides a reliable and efficient tool for surface characterization in

engineering applications such as non-destructive testing and remote sensing. © 2026 Optica Publishing Group. All

rights, including for text and data mining (TDM), Artificial Intelligence (Al) training, and similar technologies, are reserved.
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1. INTRODUCTION

The reconstruction of rough surfaces from scattered data has
gained considerable attention due to its critical applications
in various fields such as remote sensing, geophysical radar sys-
tems, non-destructive testing, and the study of dynamic ice
sheets and glaciers [1-6]. These applications require accurate
surface reconstruction for precise environmental monitoring,
effective structural health assessment, and reliable climate
research. There have been a number of methods for inverse
surface scattering; common approaches include the Kirchhoff
approximation [7], the Rytov approximation [8], iterative
schemes [9,10], Newton-type methods [11-14], sampling-
based techniques [15,16], methods based on Kirchhoff integral
equations [17,18], and, in particular, algorithms based on the
parabolic wave equation [19,20]. These conventional methods
often rely on extensive scattered field measurements that include
phase information. However, two major limitations hinder
their practical applicability. First, the requirement for extensive
scattered data necessitates the use of numerous signal receivers,
which may cause complex interference issues with measurement
data. Second, the need for phase information poses a significant
difficulty, as obtaining accurate phase data is usually impractical
in most real-world applications.

These challenges have motivated the development of alter-
native strategies that reduce the data requirements while
maintaining reconstruction accuracy. Several studies have
explored the recovery of rough surface profiles using phaseless
data, namely relying only on the amplitude of the field data
(see e.g., [21-26]). In these approaches, the reconstruction is
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typically based on intensity-only measurements collected over
an observation line or plane, often requiring multiple observa-
tion points or measurement positions, so that a relatively large
number of receivers is still needed. In particular, our previous
work [27] proposed a novel algorithm for reconstructing rough
surfaces using a single receiver by moving the measurement
apparatus relative to the surface, but it still required access to the
full scattered field, including phase information. This approach
demonstrated accurate and robust performance, highlighting
the potential for simplifying the data requirements. Motivated
by this, the present work seeks to eliminate the need for phase
information altogether while retaining the single-receiver set-
ting, thereby working with significantly more limited data than
existing phaseless approaches.

In this paper, we develop an algorithm to recover rough
surface profiles from phaseless total field data measured at a
single receiver. The surface is illuminated by a time-harmonic
Gaussian beam, and the amplitude of the total field is recorded
at a fixed location while the surface undergoes controlled lat-
eral motion. This moving-surface configuration allows more
geometric information to be extracted from limited data and
is inspired by practical non-destructive testing setups. The
reconstruction is formulated under the parabolic wave equation,
which provides a computationally efficient framework for both
forward and inverse scattering problems. The method is applied
to both Dirichlet and Neumann boundary conditions on the
rough surface, which correspond to TE and TM polarizations
in electromagnetic scattering. For clarity, the main differences
between the present method and our previous related methods,
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Table 1. Comparison of Problem Setups across
Different Methods

Problem Setups Ref. [21] Ref.[27] Present Work
Phaseless data (no phase 4 X v
measurement needed)

Single receiver (minimal X v v
sensor setup)

Moving surface X v v
(non-destructive testing

setup)

Marchingalgorithm v v v

(sequential reconstruction)

all formulated under the parabolic wave equation framework, in
terms of problem setup, are summarized in Table 1. As seen from
the table, the present method is the only one that simultaneously
achieves phaseless data acquisition and a single-receiver moving-
surface configuration, representing a significant advancement
beyond the previous approaches where these features were
treated separately.

The proposed reconstruction method follows a pointwise
marching strategy along the surface. At each reconstruction
stage, the rough surface is shifted to the left, and a new surface
point is recovered at the rightmost end of the domain. The
algorithm consists of two main steps at each stage: first, the
surface current is computed by solving a lower-triangular linear
system derived from the parabolic integral equations; second,
the surface height at the receiver point is reconstructed from
the obtained current and measured phaseless data. This process
is repeated sequentially, enabling the entire rough segment
to be reconstructed from left to right. In effect, this approach
combines the key elements of the previous related methods
[21,27]. The present approach updates the surface current
matrix sequentially using the successively recovered surface
information during the marching process, rather than using an
iterative or simplified treatment.

A series of numerical experiments are conducted to validate
the effectiveness of the proposed method. The reconstruction
results show a close match between the recovered and true sur-
face profiles in both TE and TM polarizations. Through further
numerical examples, the algorithm also demonstrates robust-
ness under various levels of white noise and maintains reliable
performance across different problem parameters, including
receiver height, discretization size, and surface scale. In addi-
tion, a direct comparison with our previous full-field method
[27] under the same setting is included to demonstrate that the
present method achieves comparable reconstruction accuracy
despite relying only on phaseless data.

The remainder of the paper is structured as follows. In
Section 2, we introduce the mathematical formulation of
the forward scattering problem based on the parabolic wave
equation for TE and TM polarizations. Section 3 presents the
proposed reconstruction algorithm, including the marching
strategy and two-step recovery process. In Section 4, a range
of numerical experiments are presented to demonstrate the
accuracy and robustness of the proposed method under vari-
ous conditions. Finally, Section 5 concludes the paper with a
summary and discussion of potential extensions.
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Fig. 1. Wave scattering from a rough surface illuminated by an
incident wave.

2. MATHEMATICAL FORMULATIONS AND
PROBLEM SETTING

We investigate the electromagnetic wave scattering from a one-
dimensional rough surface, as depicted in Fig. 1.

The problem is formulated in a two-dimensional coordinate
system, where the horizontal and vertical axes are denoted by x
and z, respectively. The rough surface, represented by z = 4 (x),
is modeled as a perfectly electric conducting (PEC) boundary. In
this study, the rough surface is considered to be a rough segment
confined to the interval x € [0, L], representing a localized
portion of a conceptually extended surface. A point source is
positioned at x = 0 to serve as the incident field. Our objective
is to reconstruct the surface profile from the phaseless total field
data (i.e., the magnitude of the field) measured at a single field
receiver.

Surface scattering problems are traditionally formulated
using the time-harmonic scalar wave equation, with most stud-
ies based on the full Helmholtz equation [2,28,29]. In this work,
we assume a small incident angle (i.e., the grazing angle case)
and dominant forward wave propagation, in which case the
Helmbholtz equation can be approximated by the parabolic wave
equation [30-32]. In this section, we first review the parabolic
integral formulations and then establish the specific setup for
the proposed surface reconstruction algorithm.

A. Integral Formulations

Let p(r) denote the time-harmonic scalar wave field at the
point r= (x, z). Under the regime described by the parabolic
wave equation, we introduce the field ¥ (r), given by ¥ (r) =
p(r) exp (—ikx), where £ is the wavenumber associated with
the incident wave, with A being the wavelength. The field v (r)
predominantly propagates along the x axis via factoring out the
primary oscillatory behavior in the x direction. Substituting this
into the Helmholtz equation and neglecting the second-order
derivative in x, we obtain the parabolic wave equation [30-32]:

Iy i 3y
20 ()

Let T represent the space of the rough surface, defined by
[:={(x,2):2=h(x),0<x <L}, and V*t be the upper
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medium, V' ={(x, 2)|z> h(x), 0 <x < L}. If applying the
Green’s theorem to the parabolic wave equation, the scattered
field in V' can be expressed in the form of a pair of coupled
integral equations, which relate the surface current (denoted by
J or K based on polarization). Two cases based on the boundary
conditions are considered: the Dirichlet boundary condition
corresponding to the transverse electric (TE) polarization and
the Neumann boundary condition corresponding to the trans-
verse magnetic (TM) polarization. To distinguish between cases,
the field ¥ is replaced by £ and H to denote the electric and
magnetic fields, respectively.

For the TE field, the wave satisfies the Dirichlet boundary
condition, where the electric field vanishes on the surface, i.e.,
E|r =0, and the surface current is given by / = 9 £/9z|r. The
coupled integral equations for the electric field £ are

E,-(r):—/x G;f)J()dx', rrel, (2a)
0

E:(q)=/x G(qn/()dx', qeV',rel, (2b)
0

where E; and E; denote the incident and scattered electric
fields, respectively, / represents the surface current, and G is
the Green’s function of the parabolic equation in the free space,
given by

R /_1 i 1 i/e(z—z’)z
G(x,z,x,z)—z,/mmexp[z(x_x/) :| (3)

For the TM case, the wave satisfies the Neumann boundary
condition, where the normal derivative of the magnetic field
vanishes on the surface, i.e., d /9z|r = 0, and the surface cur-
rent corresponds to the surface wave field, given by K = H|r.
The coupled integral equations for the magnitude field H are

H;(r) Z/ M[((r') dx’, r,rer, (4a)
0 82/
X 8 . /
H(q)=—/ &;I)K(r/) dx’, qeV' rerl,
0 0z
(4b)

where H; and H, are incident and scattered magnetic fields,
respectively, K represents the surface current, and G is the
Green’s function defined in Eq. (3).

B. Problem Setting

In this study, the objective is to reconstruct the profile of a rough
surface from the phaseless total field data measured at a single
receiver. To do this, the reconstruction is carried out as the
surface moves toward the negative x direction. It is important
to note that this configuration is equivalent to a setup where
the source and receiver move relative to a stationary surface, as
commonly encountered in non-destructive testing experiments.
This setup is the same as the one used in our earlier work based
on non-phaseless data [27]. We consider an extended surface
composed of two parts: a flat region (/ = 0) and a rough region,
where the rough segment is the primary focus of interest. The
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length between the source and the receiver is fixed at L, while
the total length of the extended surface is set to be 2L with the
flat and rough segments each occupying a length of L within this
domain.

In the initial configuration, the flat segment lies in [0, L],
and the rough part occupies (L, 2L]. The point source and
the receiver are positioned at (0, {) and (L, z), respectively.
The entire domain [0, 2L] is discretized into 2N+ 1 points
with x, =nAx, where n=0,1,2,...,2N. The distance
Ax is chosen to satisfy the condition: Ax <X/10, where A is
the wavelength, ensuring that each wavelength is adequately
resolved by at least 10 discrete points.

The reconstruction algorithm proceeds as the surface shifts
leftward (along the negative x axis). To describe this process,
we introduce discrete reconstruction stages indexed by #;, where
j=0,1,..., N. Suppose that the initial configuration corre-
sponds to the stage #, and at each subsequent stage, the surface
shifts by Ax distance to the left, i.e., from #; to #;,. At each
reconstruction stage, the coordinate system is re-centered such
that the source and receiver remain fixed at (0, ¢) and (L, zp),
respectively. As the surface moves, we denote the surface profile
atstage #; by 4 j(x) with

hi(x)=ho(x + jAx), x€l0,L]. (5)

An illustration of the reconstruction configuration is shown
in Fig. 2.

Clearly, at the final stage #,, the entire rough segment of inter-
est lies in the domain [0, L]. We denote the entire rough surface
over thisinterval as 4, (x), given by

. \
Receiver J/

To T T2 Ty N 2

Stage ¢, -

0 7N
Receiver i !

To T X2

Lo T T2 Iz

Stage ¢, \

Receiver K

Fig. 2.  Illustration of reconstruction stages. There are totally NV
stages indexed by #;, where j =1, 2, ..., N. In each stage, the recon-
struction is performed over the fixed domain between the source and
the receiver, i.e.,, xo =0toxy = L.
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br(x)sz(x)zhO(x—i_L)v 0<x=<1L, (6)

and the final reconstruction results of 4, (x) are presented in
Section 4. The reconstruction procedure is carried out within
the region x € [0, L], between the source and the receiver,
referred to as the reconstruction domain. At each stage, the
receiver measures the phaseless total field, and the goal is to
recover the surface height at x = L, i.e., #;(xy), which corre-
sponds to the value 4, (x ;) on the target rough surface. Similarly,
we define the space of the surface points at stage #; to be I'; with
I'j:={(x,2)|z=hj(x), 0<x < L} and the upper medium
tobe Vj‘with V]Jr ={(x,2)|z>hjx), 0<x <L}

3. RECONSTRUCTION ALGORITHM

Atstagez; (=1, ..., N), the reconstruction algorithm oper-
ates in two steps: (i) recovery of the surface current (/ for the
TE field and K for the TM field), and (ii) reconstruction of the
surface profile at x = L. At reconstruction stage ¢;, the surface
profile 4 ;(x) is known at grid points xo, x1, ..., xy_1, while
the surface height at x, remains unknown and needs to be
determined, i.e., the target rough surface at point x i b, (x i)
The phaseless total field data at the receiver are measured and
available for all stages in advance.

A. Step I: Recovery of the Surface Current

In the case of the TE field, at each stage #; (j = 1, 2, ..., V), the
discretized form of Eq. (2a) can be written as

n X

E,-(rn)=—2/ Gra; ) () dx', 15, €T, (7)
/=1 Y *I-1

for the points ry = (x,, /#j(x,)) and ' = (x", 4 j(x")). To com-

pute the surface current / at the discrete points, we transform

the above equation to a linear system:

E= Ag], (8)

whereE, J € C¥ are two vectors of the incident electric field and
the unknown surface current with elements [E],, = E;(r,) and
71, = J (tn),and A € CY*Visa matrix with

X/
Uelu== [ Geuit)x. 1n mfer; @

/-1

forn=1,2, ..., N.Clearly, the matrix A is lower-triangular,
which allows for an efficient solution of the linear system. The
integrals in the matrix Az are evaluated numerically using the
standard trapezoidal rule. It is noted that the diagonal entries
of Ag contain weak singularities; a treatment for evaluating
these terms is described in Appendix A. Once the linear sys-
tem is solved, the surface current / (surface wave derivative)
is obtained along the reconstruction domain for the current
stage 7.

In the case of the TM field, atstage 7; (j =1, 2, ..., N), the
discretized form of Eq. (4a) is expressed as

L[ AG
H,-(r,,):Z/ FiCIE SLSCOLE R N I RN S
1=1 x[—1
(10)
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Similarly, this gives rise to a linear system in the form
H=A4,K, (11)

where H, K € C¥ are vectors of the incident magnetic field
and the surface current (i.e., surface wave field), respectively,
with components [H], = H;(r,) and [K],= K(r,), and
Apr € CV*Nisa matrix with entries

x/
[Ansl= / 0G ity des I<n  (12)
v, 0z

forn=1,2, ..., N.Asbefore, the integrals for the off-diagonal
entries are evaluated using the trapezoidal rule, while the
diagonal terms involve weak singularities, which are treated as
described in Appendix B. The surface current K (surface total
wave) is recovered by solving the linear system.

This procedure is carried out at each reconstruction stage
tj for j=1,2,---, N. In the above formulation, evaluating
the integrals in Ag and A, requires knowledge of the surface
profile /s ;(x) over the reconstruction domain. At this stage, the
surface height is known at all previously reconstructed points
X0, X1, - .. » XN—1, but remains unknown at the last point x . To
proceed, we temporarily approximate / ; (x ;) = 0 at each stage
¢j in Step I, which allows the integrals to be computed and the
linear systems to be assembled. The true value of /4 ;(x ) will
subsequently be recovered in Step II. Although a linear system
must be solved at each stage, the matrices Ar and A are both
lower-triangular, allowing for efficient computation.

B. Step II: Reconstruction of the Rough Surface

After the surface currents have been calculated at all the discrete
points along the reconstruction domain, the second integral
equation [Eq. (2b) for TE or Eq. (4b) for TM] is used at each
reconstruction stage #; to recover the surface height at x = Z,
which corresponds to the target rough surface at point x; i.e.,
h,(x ;). Denote the point of receiver qn := (x v, 2o).

For the TE case, at reconstruction stage tj (G=1,2,...., V),
the total electric field at the receiver point is measured, denoted
as Ei:= E(qn, 20). The discretized form of Eq. (2b) is

written as

XN
E,(qn) = / Glan: ©)] (F) d’
0

N x]
=y / Glan: ©)/ (1) dv', queVireTl;.
I=1 Y ¥I-1

X,

(13)

Using the Euler’s formula, the last integral (corresponding to
[ = N) is approximated using the midpoint:
l'k(Z() - /]] (x’))z

2(xy — x7)

w o / /
/;NI vy —x’ oP |: i|](1' Jd

~av2Ax ] (rN) [cos Iy +isin Iy], (14)

wherea = 1/24/i/2mk, and Iy is given by

_ k(zo — b j(xn)*

I
N Ax

(15)
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Here, /)y contains the unknown surface height 4 ;(xx) to be
recovered, and we aim to obtain the value of 7y. The total field
at the receiver point can thus be expressed in the form

Eow=E;+Sy+av2Ax] (xp) (cos Iy +isin Iy), (16)

where EZ is the incident field at the receiver point and

fx,, | Glan: )/ (1)dx’.
lus and squaring both sides, and applying the identity
|21 + 22|* = |21|> + |22|* + 2Re{z 73} yields

Taking the modu-

|El® = 1E; + Syl +2|a|* Ax|] (xw)|?

4 2Re {(E, T Sn) - av2hx ] (xn)[cos Iy + i sin IN]} .
(17)

Applying the identity Re{z;2:} = Re{z1}Re{z:} — Im{z;}

Im{z,}, we rewrite the last term as

Re {((El- ¥ Sn) - av2Ax ) (xp)cos Iy + i sin IN]}

—Re {a«/2Ax T Gen) (B F SN)} cos Iy

—Im |a«/2ij (ex) (B £ SN)] sin Iy.
(18)

As the modulus of the total field and the incident field are
known, then a trigonometric equation of / is derived with

anycos Iy+bysin Iy=cy, (19)

where

4y =2Re {ax/ZAx] (er) (B F SN)}

by =—2Im {m/zAx T Gen) (B + SN)}

N=|Ewl® = 1E;+ SyI* = 2la*Ax| ] (xm)”. (20)
The equation can be solved by transforming it to

CN

- 21
gy (21)

cos(Iy —y) =

where y = arctan(by/ay).

In the TM case, at the reconstruction stage tis the total mag-
netic field at the receiver point is denoted by H,, := H(qn).
The scattered magnetic field at the receiver point q is given by

w aG / / !
H;(qN)=—/ —8,(qN;r)K(r)dx
0 z

=—Z/ —(qN,r>K(r)dx (22)

Again, the last integral (/=) can be approximated
directly by
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NO9G
/ r(qN,r)K(r)dx

_2V28
VAx

where Iy is defined in Eq. (15). Unlike the TE case, the
unknown surface height 4(xy) appears both inside /y and
as a linear factor (zg — A (xy)). To deal with it, we substitute

— h(xn) = /InyAx ]k, then the total magnetic field at the

receiver point becomes

(z0 — h(xNn) K (xn) (cos Iy +isin Iy), (23)

2\;%’? [N/fx K (rx) (cos Iy +i sin I) ,
(24)

where H is the incident field at the receiver point and
Ty =— fn 57 (qN, r')K(r')dx’. Taking the modulus
and squarmg both sides yields

]—[tot:]{i_i_TN_

2
\Hol = | H+ T + "3‘

|K ()" Ly

+ 2Re {—2\/5/3(1-[, + H)\/%K(rl\,) (cos Iy + 7 sin IN)} .
(25)

Similar treatment is applied here; the real part can be
expanded as

Re {—2«5,3(11,- + TN)\/%K(rN) (cos Iy + i sin IN)}

=Re{ —2V2B(H; ¥ Ty) K\(/rl“) } VI cos Iy

—Im{ { —2V2B(H; + Ty) ?)}}MSinlN.
(26)

This leads to the following algebraic equation:

any Incos Iy+ by Insin Iy=cy —dnly, (27)

where

ﬂN=2Re{ 2fﬁ(H+TN)K(rN)}

7

— K
bN=2Im {RC {—2\/5,8(1—[1 + TN) ;:) }}

cn=|Hol* — | H: + Tyl

(rN)I2

2 [ K () |”
dy=8|I"—

(28)

Equation (27) can be solved by the Newton—Raphson
method with an iterative process:

fUy)
F Uy’

(29)

Iy «<— In—
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where

f(]N)ZﬂN\/ Inycos Iy~ by Insin Iy — cy+dyiy,

\/TNsin [N)

cos Iy

f([N) =an (m -

sin /,
+bn |:2— % + /Iy cos ]N] +dy.

(30)

C. Summary of the Reconstruction Algorithm

The reconstruction proceeds through a sequence of stages
B, t, ..., ty. At each stage, the rough surface shifts by Ax
toward the negative x direction, while the reconstruction is
performed within the fixed reconstruction domain x € [0, L].
At each reconstruction stage #;, the surface profile is recov-
ered at the rightmost location xy = L, yielding the surface
value 4 ;(xy), which corresponds to the target rough sur-
face height 4, (x;). By repeating this process sequentially for
j=1,2,..., N, the entire rough segment 4,(x) over the
domain [0, L] is reconstructed point by point from left to right.
Therefore, the reconstruction algorithm operates in a marching
manner.

The algorithm at each stage consists of two steps. In Step I, the
surface current is recovered by solving a linear system [Eq. (8)
for the TE case and Eq. (11) for the TM case]. Since the sur-
face height at x is unknown during this step, we temporarily
assume / j (x ) = 0 in order to evaluate the integrals that define
the system matrix. In Step II, the quantity /y [Eq. (15)] is
computed using the obtained surface current and the measured
phaseless total field data at the receiver. The resulting surface
profileat x v is given by

[NAx
k K

he(x;)i=hj(xn) =20 — (31)
provided that the measurement height z is always greater than
the rough surface height.

By repeating this two-step procedure sequentially for all
stages #; through zy, the entire rough segment profile of the
extended surface is recovered point by point along the recon-
struction domain. This is in contrast to our previous related
methods [21,27]; the surface current at each stage is constructed
based on the successively recovered surface profile during the
marching process. This constitutes a forward-marching algo-
rithm for reconstructing rough surfaces from phaseless total
field data.

The overall marching reconstruction procedure is illustrated
in Algorithm 1.

4. NUMERICAL EXAMPLES

In this section, we present a series of numerical examples to
demonstrate the performance and robustness of the proposed
reconstruction algorithm. The surface is illuminated by a time-
harmonic Gaussian beam (reference parabolic one) located at

the point (0, ¢), with the incident field given by
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Algorithm 1. Marching Reconstruction Algorithm
from Phaseless Total Field Data

1: Input: Phaseless total field data at receiver (L, z) for stages
By ooy INS |Et0t| or |[1t0t|

2: Output: Reconstructed target rough surface profile 4, (x),
0<x<lL

3:for j=1to Ndo > March through reconstruction stages #;

4:  Step I: Recovery of surface current

5: (a) Atstage ¢, construct ; (x,) forn =0, ..., N — 1 using
the output from previous stages

6: (b) Assume temporarily 4 (x ) =0

7: (c) Recover surface current along the reconstruction domain
by solving the linear system Eq. (8) for TE case and Eq. (11) for
TM case

8:  Step II: Reconstruction of surface profile at x

9: (a) Use recovered current and total field magnitude at receiver
to construct equations Eq. (19) (TE) and Eq. (27) (TM)
10: (b) Obtain 7y by solving corresponding equation

11: (c) Recover / j (x ) = 29 — JINAx]E

12:  Update: Set b, (x;) = hj(xn) and b 41 (x,) = 5 j(x,4.1) for
n=0,1,..., N—1

13: return Reconstructed rough surface 4, (x) for x € [0, L]

(z—¢)?

w
Vit 2 = i P [_ w2t 2ix/k

] . @2

where w is the beam width, and £ is the wavenumber. We
set the wavenumber to be # =1, corresponding to the wave-
length being A = 27. The beam width is fixed with w = A. The
extended surface lies over the interval [0, 2L] with L =304,
consisting of a flat segment [0, L] and a rough segment [, 2L]
to be reconstructed. What we present here is the final recov-
ered profile 4, (x) for 0 <x < L, corresponding to the desired
rough segment. The rough surface is randomly generated for
each experiment from a Gaussian random process with the
autocorrelation function:

WAV
M} 7 (33)

plx —x)=0exp [— 7
where o is the standard deviation of the surface height, and /
represents the surface scale (correlation length) controlling the
oscillation scale. In all the experiments, the surface profile has
mean zero and is normalized to lie within [—0.2A, 0.2A]. The
reconstruction domain [0, L] is discretized using N uniform
discrete grid points. At each reconstruction stage, the surface
shifts by Ax = A/ N to the left, while the receiver remains fixed
at (L, zp) to record the amplitude of the total field. In the TM
case, the Newton method is employed to solve the nonlinear
equation [Eq. (27)]. The initial guess is set to zero at the first
stage and is updated using the previously reconstructed heightat
each subsequent stage. A fixed number of five iterations is used
ateach stage.

To test the robustness, reconstructions are also per-
formed with noisy measurements. The noise is introduced
by perturbing the phaseless total field W according to the

formula

Wolke — @ (1 4§ -€), (34)
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where § represents the noise level and € is a random number
uniformly distributed in [—1, 1]. This model introduces multi-
plicative uniform noise into the amplitude measurements,
where the perturbation level is controlled by the parameter §.
The reconstruction accuracy is quantified using the relative
£,-norm error:

” Jrecon _ Hactual”2
e = , 35
” Hac(ual” 5 ( )

where H™" and H*" denote the reconstructed and true sur-
face profiles, respectively. The reconstruction error is computed
as the average relative £;-norm error over 50 independent simu-
lation trials, each with a randomly generated surface profile. All
quantities in the algorithm are treated as complex-valued, and
the final surface profile is obtained by taking the real part.

A. Reconstruction with Noise-Free Data

We first examine the performance of the proposed algorithm
using non-noisy phaseless total field data. The reconstruction
is carried out with V=512 grid points, measurement height
2o = 0.7X, and surface scale / = A. The results for both TE and
TM cases are shown in Fig. 3, where the reconstructed surfaces
are compared against the actual surface profiles.

0.2 —— actual surface
—————— reconstructed surface
0.1
=
"IT 0.0
[
—0.1
—0.2
0 5 10 15 20 25 30
z/A
(a) TE
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As observed, the reconstructed surfaces closely match the
actual ones. The main discrepancies appear near the peaks and
troughs, where the curvature is high, leading to numerical insta-
bility and reduced accuracy in the reconstruction. It is also noted
that the reconstruction in the TM case is slightly less accurate
than in the TE case, particularly near sharp features. Overall, the
method performs accurately in the noise-free setting, validating
its effectiveness under ideal measurement conditions.

B. Reconstruction under Noisy Measurements

We investigate the robustness of the reconstruction algorithm
in the presence of measurement noise. Specifically, if a 3%
level random noise is added to the phaseless total field data,
and the test is conducted with discretization size N =512,
measurement height 2z =0.7A, and surface scale /=24,
the reconstructed surface profile for the TE case is shown in
Fig. 4(a).

It is found that the recovered profile exhibits spurious
oscillations induced by the noise. However, the size of these
oscillations is similar to the noise level and does not obscure the
key geometric features of the underlying surface, which are still
well captured by the algorithm. To further reduce the effect of
noise, we apply a low-pass FFT-based filter to the recovered sur-
face. The filtered results, shown in Fig. 4(b), demonstrate good

0.2 /\
0.1
=
0.0 .
° {
4
~01 v
—— actual surface
024 vV | reconstructed surface
0 5 10 15 20 25 30
z/A
(b) TM

Fig.3. Comparison of reconstructed and actual surface profiles using phaseless total field data (noise-free) for both TE and TM polarizations, with

parameterssetto N =512, zp =0.7A, and / = A.
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Reconstructed surface versus the actual surface using 3% noisy phaseless data for the TE case with parameters set to N =512,

2o =0.7X, and / = A: (a) original recovered surface without post-processing; (b) result after applying a low-pass FFT filter.
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Fig. 5.

reconstruction errors listed.
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v/A
Error=16.13%

Filtered reconstructed surfaces compared to the actual surface profiles under different noise levels, with the corresponding relative £,-norm

agreement with the true surface profiles. In the present work,
FFT is used as a post-processing step to suppress high-frequency
components in the reconstructed profile. Since the marching
reconstruction introduces noise progressively along the spatial
direction, this provides an effective and stable smoothing of the
reconstruction results.

We further evaluate the algorithm’s performance under noisy
measurements with varying noise levels: 1%, 3%, 5%, and
8%. All tests are carried out with the same parameter setting:
N=512, 20 =0.7A, and/=A. The filtered reconstructed
surfaces are presented in Fig. 5, with the corresponding rel-
ative £,-norm error listed. As expected, the reconstruction
error increases with the noise level. Nonetheless, the algorithm
remains stable and effective, and the overall surface shape is still
accurately recovered. The results demonstrate that the method
performs reliably under moderate noise conditions, particularly
when the noise level is below 5%.

In addition, we compare the present method with the
full-field method [27] under the same single-receiver moving-
surface configuration. From the reconstructed profiles, both
methods produce visually accurate results, with no significant
degradation observed in the present method. The reconstruc-
tion errors for both methods under different noise levels are
summarized in Table 2. It is shown that, although the full-field
method generally achieves slightly lower errors, the present
method produces comparable reconstruction accuracy across all
noise levels. This indicates that the proposed method remains
effective despite relying only on phaseless data and confirms
its capability in a more restrictive and practically relevant
measurement setting.

C. Sensitivity to Problem Parameters

In the following tests, we assess the sensitivity of the reconstruc-
tion algorithm to key problem parameters. In all experiments, a
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Table 2. Comparison of Reconstruction Errors (%) for
the Present Method and the Previous Full-Field Method
under the Same Single-Receiver Moving-Surface
Setting, with Parameters N=512, 2y =0.71, and | =,
for Both TE and TM Cases at Different Noise Levels

Ref. [27] Proposed Method

(Full Field) (Phaseless Data)

Noise Level (%) TE ™ TE ™
0 3.97 4.15 4.51 5.11
3 6.74 5.69 6.66 6.49
5 7.54 8.49 8.17 9.78

Table 3. Relative Reconstruction Error under
Different Receiver Heights z, Using 3% Noisy Data with
Discretization Size N =512 and Surface Scale I =

Z0/A TE Error (%) TM Error (%)
0.5 6.40 6.75

0.7 6.66 6.49

1.0 6.28 7.08

1.5 6.85 7.60
Table 4. Relative Reconstruction Error with Respect

to Different Numbers of Grid Points N Using 3%
Noisy Data with Measurement z, = 0.7\ and Surface
Scale /=)

N TE Error (%) TM Error (%)
256 8.24 8.39
384 7.80 8.12
512 6.66 6.49
768 5.37 6.15

3% level of noise is applied to the phaseless total field data, and
the results are obtained by applying the low-pass FFT-based fil-
ter to the recovered surface. The reported reconstruction errors
are also computed based on the filtered surfaces.

We first examine the effect of the receiver height zp, which is
the measurement distance from the surface. In this test, all other
parameters are fixed as before: the discretization size is set to
N =512, and the surface scale is /= A. It is observed that
the recovered surfaces remain similar to the noise-free case

0.2 — actual surface
—————— reconstructed surface

0.1

ﬁ 0.0
w
0.1
—0.2
0 5 10 15 20 25 30
/A
(a) TE

Fig. 6.
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across different values of zg, with the main surface features well
preserved. The relative €;-norm reconstruction error corre-
sponding to different measurement heights zj is reported in
Table 3 for both TE and TM cases.

The results show that the algorithm remains stable across a
range of values of receiver height, with only mild variations in
accuracy. Itindicates the method’s robustness with respect to the
receiver’s vertical placement.

The effect of the number of grid points /V on reconstruction
accuracy is examined here. This test is conducted under the
same setting as before using 3% noisy data with receiver height
2o =0.7A and surface scale /= A. The visual plots show no
significant differences across different values of NV, and the
main geometric features are consistently recovered. The relative
reconstruction error is listed in Table 4 for using different values
of N.

As expected, the accuracy improves gradually as /V increases
due to finer spatial resolution.

The influence of the horizontal surface scale /, which controls
the oscillatory nature of the rough surface, is also examined. A
smaller / leads to finer surface variations and requires a higher
discretization resolution to resolve accurately. Figure 6 shows the
reconstructed surface with a finer surface scale / = %)», obtained
using 3% noisy data, a discretization size of N=7512, and a
receiver height of zp = 0.7A.

The main structure of the surface is still well captured,
although discrepancies become more pronounced near sharp
peaks and troughs where the surface varies more rapidly.

To further quantify the impact of surface scale / and dis-
cretization resolution NV, we present the relative £;-norm error
with respect to various combinations of / and Nin Table 5.

As shown, more oscillatory surfaces (smaller /) result in
higher reconstruction error, particularly when the number of
discretization points is insufficient. However, by increasing the
resolution 2V, the reconstruction accuracy improves for both TE
and TM cases. This indicates that the algorithm can adapt to
finer surface structures when adequately resolved.

5. CONCLUSION

In this paper, we have developed a reconstruction algorithm for
recovering rough surface profiles using phaseless total field data
measured at a single receiver. This work extends our previous

031— actual surface
—————— reconstructed surface
0.2
—~ 0.1
I 0.0
N .
—0.1
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0 5 10 15 20 25 30
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(b) T™M

Filtered reconstructed surfaces compared to the actual surfaces for TE and TM cases, using 3% noisy data with finer surface scale / = %)».
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Table 5. Relative Reconstruction Errors under 3%
Noisy Data for Different Surface Scales / and
Discretization Sizes N, with Receiver Height zo = 0.7\

Surface

Scale //A Grid Points N TE Error (%) TM Error (%)
1.5 384 5.60 5.12

1.0 512 6.66 6.49

2/3 512 8.76 9.03

2/3 768 8.01 8.14

0.5 512 13.28 13.36

0.5 768 12.27 13.12

0.5 1024 10.87 11.54

study [27], which addressed the same problem using full phase
information. The method is formulated under the parabolic
wave equation framework and considers both TE (Dirichlet)
and TM (Neumann) polarizations. As the surface undergoes
controlled lateral shifts, the algorithm proceeds in a marching
fashion: at each stage, the surface current is first approximated,
followed by the recovery of the surface height at the receiver
point. This sequential strategy enables efficient and progressive
reconstruction of the entire rough segment.

A series of numerical examples were presented to validate
the effectiveness and robustness of the proposed approach. The
results demonstrate accurate reconstruction of surface profiles
in both TE and TM cases, with the main geometric features
well recovered under both noise-free and noisy measurements.
Further tests were conducted to assess the sensitivity of the
method with respect to key problem parameters, including
receiver height, discretization resolution, and surface roughness
scale. Across all tested scenarios, the reconstructed surfaces
remained consistent with the true profiles, confirming the
reliability and adaptability of the algorithm.

While this work is limited to two-dimensional problems,
there are several potential directions for further development.
Extending the algorithm to three-dimensional surface recon-
struction poses significant computational challenges but would
greatly enhance its practical applicability. The algorithm could
also be adapted to more complex configurations such as wave-
guide environments [33], where multiple scattering effects are
more pronounced. Furthermore, integrating data-driven tech-
niques such as deep learning-based solvers [34,35] may further
enhance the reconstruction accuracy and efficiency, especially
under limited or noisy measurements.

APPENDIX A: TREATMENT OF SINGULAR
INTEGRAL IN EQ. (9)

The diagonal entry of the matrix Az in Eq. (9) involves weakly
singular integrals of the form

/ l/e (h(x,) = h(x"))?
N X, — x'
We first approximate the surface height 4(x’) locally by its

first-order expansion at x,: A(x") ~ h(x,) + b (x,) (x" — x,),
the integral becomes

} dx’. (A1)

—/ ’ \/% exp [%//(xn)z(x,, - x')] dx’.  (A2)
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Next, we apply a linear approximation to the exponential term
by 1 + %b/(x”)z(xn — x), the integral then becomes a sum of
two elementary integrals:

o o ik
_ —d I _/7/ n2 L — /d /’
/;nl — x /xnlaz (x,)\/ %, — x'dx
(A3)

and both terms can be evaluated in closed form, leading to the
final result:

[Agl, = —20vAx — Z/i”/a( D> Ax32, (A4)

APPENDIX B: TREATMENT OF SINGULAR
INTEGRAL IN EQ. (12)

The singular integral in the diagonal entry of the matrix Ay,
reads

h(xn) h(x") ik (h(x,) — h(x))* /
ﬁ exp| > —————— |d
/)3/2 2 X, — X!
(B1)
Using the same linear approximation to the surface height and
expanding the exponential to first order, the integral reduces to

. ﬂh(inid +/ ﬁlkb(n) Vrn—x'dx'. (B2)

This gives rise to the closed-form expression

[Ap) =284 (xn>~/Ax+ h(n)%x-”/z (B3)
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