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Abstract. Cohen’s x (kappa) is typically used as a measure of degree of rater agreement. It is often criticized because it is marginal-de-
pendent. In this article, this characteristic is explained and illustrated in the context of (1) nonuniform marginal probability distributions,
(2) odds ratios that remain constant while x changes in the presence of varying marginal distributions, and (3) percentages of raw
agreement that remain constant while x changes in the presence of varying marginal distributions. The meaning and interpretation of x
are explained with reference to the log-linear main effect model of variable independence. This model is used for the estimation of the
expected cell frequencies of agreement tables. It is shown that the interpretation of x as a measure of degree of agreement is incorrect.
The correct interpretation is that k assesses the degree of agreement beyond that expected based on a statistical model such as the
independence or the null model. Based on Goodman’s (1991) distinction between marginal-free and marginal-dependent measures, it is
shown that x is marginal-dependent. It shares this characteristic with the well-known j2-statistic and the correlation coefficient for
cross-classifications. In contrast, the odds ratio, the unweighted log-linear interaction, and the percentage of raw agreement are margin-
al-free. Therefore, the expectation that marginal-dependent k¥ would reflect the same data characteristics as some of the marginal-free
measures is misguided. It is recommended that researchers report both measures of degree of agreement and measures of agreement

beyond some expectation.
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Cohen’s ¥ (kappa; 1960) is the most frequently used mea-
sure of rater agreement. It takes the probabilities with
which raters use rating categories into account. Because of
this characteristic, K is known to be marginal-dependent
(also called prevalence-dependent; see Agresti, 2002; Gug-
genmoos-Holzmann, 1995). In this article, we first review
K. We then describe, exemplify, and discuss the character-
istic of marginal dependency. We also show that, under spe-
cific conditions, marginal dependency does not apply. We
explain marginal dependency based on (1) the chance mod-
el that is used to estimate expected cell frequencies, and (2)
Goodman’s (1991) concept of marginal-free versus mar-
ginal-dependent measures. In a simulation, we compare ¥,
the odds ratio, and raw agreement. Finally, we make rec-
ommendations for researchers who wish to express the de-
gree of rater agreement using easy-to-interpret coefficients.

Cohen’s x

To introduce Cohen’s (1960) kappa (x), consider the cross-
tabulation of the judgments that two raters provide (see also
Mun, 2005). These cross-tabulations are also called agree-
ment tables. Consider the two raters, A and B, who used
the three categories 1, 2, and 3 to evaluate students’ perfor-
mance in a test. The agreement table of these raters’ judg-
ments is given in Table 1 (see von Eye & Mun, 2005).
The interpretation of the frequencies, my, in the cross-

© 2008 Hogrefe & Huber Publishers

Table 1. Agreement table of two raters’ Judgments

Rater B

Rating categories

1 2 3
Rater A 1 my; mip m3
Rating Categories ) oy i s

s, ms ms3

classification given in Table 1 is straightforward: Cell 1 1
displays the number of instances in which both Rater A and
Rater B used Category 1; Cell 1 2 contains the number of
instances in which Rater A used Category 1 and Rater B
used Category 2, and so forth. The cells with indexes i =
with i, j = 1, ..., 3 display the numbers of incidences in
which the two raters used the same category. These cells
are also called the agreement cells. These cells are shaded
in the table. All other cells can be called disagreement cells.

In the following paragraphs, we derive X (see von Eye
& Mun, 2005). Let p;; be the probability of Cell ij, with i =
1,..,landj=1, ..., J. The agreement cells have proba-
bility p;. The parameter theta,,

1
0, = zpii
i=1

describes the proportion of instances in which the two rat-
ers agree. To have a reference value with which to compare
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01, ¥ assumes independence of the two raters. In other
words, it is assumed that the raters do not influence each
other when providing their judgments. In addition, each
rater can use the rating categories as often as they please.
Based on these assumptions, we can estimate the propor-
tion of instances in which the two raters agree by chance
using the reference value 02,

1
6= pips
i=1

where a period indicates the marginal summed across.
More specifically, i. indicates the ith row probability, and
.i indicates the ith column probability. Subtracting 02 from
01 results in a measure of rater agreement that takes the
assumption of rater independence into account. If the dif-
ference 61 — 02 is positive, the two raters agree more often
than expected based on this assumption. If 01 — 02 is neg-
ative, they agree less often than expected.

The largest possible discrepancy between 0; and 0, is 1
— 0,. This discrepancy results when all judgments appear
in the agreement cells of the cross-classification (see Table
1). In this case, agreement is perfect. Weighting the differ-
ence 6, — 0, by 1 — 0, yields Cohen’s x,

K indicates the proportion of incidences in which two raters
use the same categories to evaluate a number of objects, in
comparison to the expected proportion, relative to the max-
imally possible difference between the observed and the
expected proportions.

It is important to realize that the model that is used to
estimate the expected frequencies for Cohen’s k corre-
sponds to the log-linear main effect model (Agresti, 2002).
In other words, the chance model takes main effects into
account which reflect the raters’ differential use of the /
rating categories, and it assumes independence between
raters. This model can be cast as

logm=A+M+A},

where the subscripts indicate the main effect parameters,
and the superscripts indicate the raters. The same model
underlies Cohen’s (1968) weighted x which allows one to
take weights of disagreements into account.

Alternative chance models have been discussed. For ex-
ample, Brennan and Prediger (1981) proposed using the
null model as a chance model, that is log m = A (for a
comparison of Cohen’s with Brennan and Prediger’s x, see
von Eye & Sorensen, 1991; for a comparison with other
manifest variable models, see von Eye & Mun, 2005). Each
of these models allows the researcher to calculate statistics
that are parallel to Cohen’s .

One interpretation of ¥ can be based on the characteristic

European Psychologist 2008; Vol. 13(4):305-315

of K as a measure of proportionate reduction in error (PRE;
Fleiss, 1975). Using «, researchers inspect the cells in the
main diagonal of the / x I cross-classification of two raters’
judgments. The question asked is how the observed fre-
quency distribution differs from the expected, or chance,
distribution in the diagonal cells. If the agreement cells
contain more cases in the observed distribution, one ex-
presses the result in terms of the proportionate reduction in
error. This reduction indicates that the observed frequency
distribution contains more cases in the agreement cells and
fewer cases in the disagreement cells than the chance dis-
tribution. Specifically, x is an example of a PRE measure
of the form

0,-6,

PRE=—— -~
max(0,) — 6,

The maximum value that 61 can take is 1. This would in-
dicate that all responses are located in the main diagonal,
or that there are no disagreements. The above definition of
K uses max(01) = 1 in the denominator. Thus, K can be
identified as a PRE measure.

For the discussion in this article, one important argument
is that the proportionate reduction in error is interpreted
with respect to a particular chance model. That is, k¥ indi-
cates the proportion of agreement cases that exceeds an
expected proportion. Therefore, interpretation of ¥ as a
measure of degree of agreement is incorrect. By implica-
tion, X can be low even if the absolute number of agreement
cases is large. For example, for m; = 1, my, = 10, my; = 3,
and my, = 60, ra = 0.82, indicating that 82% of the judg-
ments are in complete agreement. For the same table, Kk =
0.06, indicates weak agreement beyond the chance model.
Therefore, the rules of thumb concerning the magnitude of
K that can be found in the literature are highly problematic.
Consider the well-known classification by Landis and
Koch (1977), according to which

K < 0.00 poor agreement

0.00 < k<0.20 slight

0.20 < x<0.40 fair

0.40 < €k <0.60 moderate

0.60 < k¥ <0.80 substantial

0.80 < k< 1.00 almost perfect agreement.

Clearly, this classification is based on an interpretation of
K as a measure of degree of agreement instead of the degree
to which agreement exceeds expectancy. Similarly, state-
ments such as “the stronger the agreement, the higher is x,
for given marginal distributions” (Agresti, 2002, p.434)
are problematic. In the section “Marginal Dependency of
Cohen’s ¥ below, we discuss this issue in more detail, fo-
cusing on the interpretation of k as a measure of agreement
beyond expectation.

Under a multinomial sampling scheme, an estimator of
K is
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szii - Zm,‘_ n;
i i

>

K=
N — Zm,-_ m;

i

where i = 1, ..., [ indexes the rating categories, N is the

number of decisions made by the raters, and m indicates

the observed frequencies. This measure has been used and
discussed extensively (for overviews see, e.g., Agresti,

2002; Fleiss, Levin, & Paik, 2003; von Eye & Mun, 2005;

Wickens, 1989). k is strongly related to A, a measure of

(asymmetric) similarity (Froman & Llabre, 1985; Good-

man, & Kruskal, 1954).

The characteristics of k include

1. The range of % is e < k < 1; positive values of k reflect
agreement better than chance, and negative values of x
reflect agreement less than chance.

2.k = 0 if the probability of disagreement is the same as
the probability of agreement; K can be zero even if the
raters’ judgments are not independent.

3.k =1 only if the probability of disagreement is zero.

4.k is defined only if at least two categories are used by
both raters, that is, if the probability, p;, is greater than
zero for at least two cells.

5. If the probability in the off-diagonals is nonzero, the
maximum value of k decreases as the marginals deviate
from a uniform distribution (see the notion of prevalence
dependency of chance-corrected agreement; Cook &
Farewell, 1995; Guggenmoos-Holzmann, 1995). In the
section “Marginal Dependency of Cohen’s k,” this char-
acteristics is discussed in more detail.

6. When the probability of disagreement decreases and is
smaller than the number of agreements, k increases
monotonically; when the probability of disagreement in-
creases and is greater than the probability of agreement,
k does not decrease monotonically (von Eye & Soren-
sen, 1991).

Data Example

The following example, taken from Bortz and Lienert
(1998, p.270), analyzes data from a study on adolescents
with behavior problems. Two psychiatrists, A and B, clas-
sify 100 adolescents using the categories neglected (NEG),
neurotic (NEU), and psychotic (PSY). We ask whether the
psychiatrists agree better than chance. Table 2 displays the
observed frequencies and, in the same cells, the estimated
expected cell frequencies (in italics) that were estimated
using the log-linear main effect of rater independence.
The Pearson x2 = 38.59 (df = 4; p < .01) suggests that
the two psychiatrists are not independent in their ratings.
We now ask whether above-chance agreement can be the
reason for this. We estimate ¥ = 0.43 (CI: 0.26 < k¥ <0.58),
which indicates that the psychiatrists agree significantly
more than expected based on the main effect chance model.

© 2008 Hogrefe & Huber Publishers

Table 2. Agreement between two psychiatrists: Observed
and expected frequencies (in ifalics)

Psychiatrist B
NEG NEU PSY totals
Psychiatrist A NEG 53 5 2 60
39 15 6
NEU 11 14 5 30
19.5 7.5 3
PSY 1 6 3 10
6.5 2.5 1
totals 65 25 10 100

In the following sections, we explicate characteristics and
interpretation of k, with a focus on marginal dependency.

Marginal Dependency of Cohen’s x

As Agresti noted (2002, p.435), “controversy surrounds
the utility of kappa . . ., partly because their values depend
strongly on the marginal distributions.” This characteristic
of K has at least three facets. The first is that ¥ cannot even
approximate its maximum value of 1.0 when the marginal
distributions are not uniform. The second is that k can dif-
fer in magnitude even when the association between two
raters’ judgments is constant, but the marginal distributions
vary. The third facet to be discussed here is that ¥ can vary
even if the coefficient of raw agreement (which reflects
percent agreement) is constant.

Marginal Dependency of « for Extreme
Marginal Distributions

The first facet of our discussion examines the purported
inability of x to reach its maximum value of 1.0 when the
marginal distributions are not uniform. To demonstrate this
characteristic, consider the two cases in Example 1, in Ta-
ble 3.

In the left hand panel of Table 3 (Case 1), we find two-
thirds of the judgments in the agreement cells. For k, we
calculate 0.40, which indicates that 40% more judgments
than expected under the log-linear base model are located
in the diagonal cells.

For the following considerations, we need the coefficient
of raw agreement. It is defined as ra = Z; p;:.

Table 3. Example 1 of the marginal dependency of k

Case 1 Case 2

1 2 Totals 1 2 Totals
1 1 1 2 1 10,000 1 10,001
2 0 1 1 2 0 1 1
Totals 1 2 3 Totals 10,000 2 10,002

European Psychologist 2008; Vol. 13(4):305-315
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Table 4. Example 2 of the marginal dependency of x; Odds ratio is 10 for each of the panels

Case 1 Case 2 Case 3
1 2 Totals 1 Totals 1 2 Totals
3799 1201 5000 1 1930 1070 3000 1 412 588 1000
2 1201 3799 5000 2 1070 5930 7000 2 588 8412 9000
5000 5000 10000 3000 7000 10000 1000 9000 10000

In the right panel (Case 2), we find ra = 0.9999 of the
judgments in the agreement cells. Still, ¥ is no greater than
0.667. Increasing the frequency in Cell 11 to 1,000,000,000
will not give us a larger value of x; it will still be 0.667. If
K were a measure of degree of agreement, one would expect
it to approach 1.0 as the percentage of judgments in agree-
ment cells increases.

This phenomenon is known as marginal dependency
(see Guggenmoos-Holzmann, 1995). However, the phe-
nomenon of marginal dependency carries only so far. As
soon as the ra = 0.9999 is changed to 1.00, k leaps to 1.0
— regardless of marginal distribution. This is illustrated
in Figure 1. The top and the bottom lines indicate ¥ for
the frequencies of 1, 10, 100, and 1000, all in Cell 1 1.
The bottom line indicates k for all of these frequencies,
with the frequency in Cell 1 2 set to one, as in Table 3.
The top line indicates « for all of these frequencies, with
the frequency in Cell 1 2 set to zero. Clearly, the charac-
teristic of marginal dependency applies only when raw
agreement is ra < 1.00. To the best of our knowledge, this
has not been discussed in the literature.

The middle line in Figure 1 illustrates the behavior of

1.1

1.0

0.3 ] ] ]
1 10 100 1000

Number of Cases in Cell 11

Figure 1. Marginal dependency of x under conditions of
perfect (top line) and less than perfect agreement (bottom
line); the middle line illustrates Brennan and Prediger’s
(1981) x under the less than perfect agreement condition.
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Brennan and Prediger’s (1981) version of K under the less

than perfect agreement condition. As was mentioned in the

section “Cohen’s ¥,” this version of k¥ uses the null model
for a reference. Therefore, the resulting version of K is not
margin-dependent.

The examples in Table 3 and Figure 1 illustrate that

1. ¥ will not approximate the maximum value of 1 when
marginal frequencies are not uniform, as long as the
probability for at least one disagreement cell is greater
than zero (bottom line in Figure 1); this demonstrates
the marginal dependency of x;

2. ¥ will assume the maximum value of 1 as soon as the
probability for all disagreement cells is zero (middle line
in Figure 1); thus, K shows no marginal dependency un-
der conditions of perfect agreement.

Marginal Dependency of « for Constant
Association Values

The second facet of marginal dependency for which x is
being criticized can be described as follows. The same
judgment process, described by some measure of associa-
tion, can result in different values of k, depending on mar-
ginal distribution. In the examples used in Agresti (2002,
p- 453, Example 10.40; see Cook, 1998), the “same judg-
ment process” in 2 x 2 tables was operationalized by an
odds ratio that was constant in the presence of varying mar-
ginal distributions. Specifically, consider 2 x 2 matrices
whose cell probabilities can be found, given the marginal
probabilities p; = p.; = B and the odds ratio

PuPxn _ 0
P12 P2

E}

by pi1 =B — piz and py, = (1 = B) — py, (for more detail, see
Appendix A). In Table 4, we illustrate the examples using
the odds ratio 6 = 10, and = 0.5, 0.3, and 0.1. The follow-
ing numerical example illustrates that ¥ can vary even
when the odds ratio stays constant. The three panels in Ta-
ble 4 contain frequencies that correspond to the odds ratio
and marginal probabilities specified in Agresti’s (2002) ex-
ample 10.40.

The odds ratio in each of the three panels of Table 4
is 10.0. However, the corresponding values of K are 0.52,
0.49, and 0.35, thus reflecting that x is smaller for non-
uniform marginal distributions than for uniform marginal
distributions, given a constant odds ratio. Figure 2 illus-
trates the relationship between the marginal distribution
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and ¥ for symmetric marginal distributions and constant
odds ratio.

Marginal Dependency of k for Constant Raw
Agreement

Introduced in the section “Marginal Dependency of « for
Extreme Marginal Distributions,” the coefficient of raw
agreement is defined as ra = %; p;; = 0,. To demonstrate that
K can vary for constant values of ra (see von Eye, 2008),
consider the example in Table 5. In this example, raw
agreement in each of the three panels is 0.99. The k values
for the three panels are 0.98, 0.97, and 0.66, thus again
reflecting the characteristic that its values depend on the
marginal distribution.

Figure 2 depicts the behavior of k¥ when the odds ratio
0 and the coefficient ra are held constant. In each case, K
reaches a maximum when the marginal distribution is uni-
form, that is, when the ratio of marginal probabilities is 1.0
(or the ratio of the first marginal to the total is 0.5; see
Figure 2). In general, it can be shown that « is sensitive to
data characteristics such as marginal probabilities that oth-
er measures are not sensitive to. The fact that x is sensitive
to characteristics of marginal distributions should not come
as a surprise, as will be shown in the next section.

Table 5. Example 2 of the marginal dependency of x; raw
agreement is 0.99 for each of the three panels

Case 1 Case 2 Case 3
1 2 Totals 1 2 Totals 1 2 Totals
1 49 1 50 1 24 1 25 1 1 1 2
2 0 50 50 2 0 75 75 2 0 98 98
49 51 100 24 76 100 199 100
1,2
1
08
K o6
) /‘_—_’
P04
P ~—
a =#—odds ratio = 10
0,2
ra=.99
0
0 0,1 0,2 0,3 04 0,5 0,6
Ratio of first marginal to total

Figure 2. Relationship between ratio of marginals and x,
for symmetric distributions in 2 x 2 tables and constant
odds ratio © = 10 (Table 4), and for constant ra = 0.99 (Ta-
ble 5).
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In this next section, we explain the marginal dependency
of k.

Explaining the Marginal Dependency
of x

To explain the behavior of k under the conditions illustrated
in the previous section, we first review the definition and
estimation of k¥ and then look at the effects that the condi-
tions described above have on the estimate.

For the definition of x given above, a different compu-
tational approach can be taken than the one presented in
the section “Cohen’s x.”” Specifically, under the main effect
model of rater independence, the expected probabilities for
the agreement cells can be expressed in a way similar to
the way used for the well-known %2 statistic. Thus, we ob-
tain for the expected frequencies in the agreement cells

m; m;
€ii = N

where m;. indicates the row totals and m ; the column totals
of the agreement table. Again, in a fashion parallel to the
well-known %2 statistic, we then obtain for Cohen’s k the
estimator

m; m;
Xomi= YN

A i ;
K=
N— zmi. m;
N
i

This expression shows that

1. The sum of the observed frequencies in the agreement
cells is compared to the sum of the expected frequencies
in the agreement cells;

2. For the estimation of the expected cell frequencies the
row totals and the column totals are taken into account.
This reflects the fact that the main effect model of rater
independence is used as a chance model; and

3. x quantifies the weighted difference between the sums of
the observed and the expected frequencies in the agree-
ment cells (similar measures can be defined for selections
of disagreement cells; see von Eye & von Eye, 2005).

The second of these characteristics suggests that different
models than the main effect model can be considered as
chance models for k¥ measures. Indeed, Brennan and Pre-
diger (1981) proposed using the null model, log m = A. This
model assumes a uniform marginal distribution for both
raters and, as a consequence, is not marginal-dependent. A
significance test for Brennan and Prediger’s k has been pro-
posed by von Eye, Schauerhuber, and Mair (2007). Other
models are conceivable, for instance, ordinal models or
models with weights.

European Psychologist 2008; Vol. 13(4):305-315
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The second of these characteristics shows also that ¥
cannot be interpreted as a measure of degree of agreement.
Instead, K expresses the degree to which observed agree-
ment exceeds the agreement that was expected under some
chance model. This is the main reason why rules of thumb
such as the one given by Landis and Koch (1977) are prob-
lematic. Marginal dependence is another reason.

Using these arguments, we can now proceed and show
why K is sensitive to the marginal distribution. We discuss
the examples from the section “Marginal Dependency of
Cohen’s ¥ in the same order.

Explaining the Marginal Dependency of
for Extreme Marginal Distributions

To explain the behavior of k when marginal distributions
are extreme, consider the example in Table 3. In this exam-
ple, k¥ was far from its maximum score of 1.0 even when
raw agreement was 99.99%. Table 6 displays the expected
cell frequencies for this example.

The comparison of the observed cell frequencies (Table
3) and the expected cell frequencies (Table 6) shows that,
in the first case, when the marginals contain one-third and
two-thirds of the sample, the deviation from expectancy is,
in each cell, 0.33. That is, each agreement cell contains
one-third more judgments than expected. Each of the dis-
agreement cells contains one-third fewer cases than expect-
ed. Considering that the disagreement cells are not all emp-
ty, it makes sense that x is less than 1. In the second case,
we note that the expected frequencies are close to the ob-
served frequencies again. Specifically, each of the agree-
ment cells contains one judgment more than expected, and
each of the disagreement cells contains one judgment fewer
than expected. In other words, the log-linear base model is
able to nicely reproduce the joint distribution with the un-
even marginals. The proportion of cases in the agreement
cells that exceeds expectation is, therefore, less than 100%.
In the present example, we find that three judgments are

A. von Eye & M. von Eye: On the Marginal Dependency of Cohen’s

expected for the disagreement cells, but only one was
found. We, thus, can say that only one-third of the expected
judgments was found, which amounts to a discrepancy of
two-thirds = 0.667, equaling the value of . In other words,
in the second panel, we find only 66.7% fewer cases in the
disagreement cells than expected. The chance model repro-
duces the observed distribution well. However, the number
of disagreements was overestimated by two-thirds.

The implication of this example for the characteristics
and interpretation of x is clear. If K is used as a measure of
the degree of agreement as suggested by some authors, it
will fail to indicate that agreement is strong when a mar-
ginal distribution is uneven. The magnitude of K will be
conditional on a marginal distribution, which can be unsat-
isfactory. However, K is not a measure of the degree of
agreement. Instead, it is a measure of agreement above and
beyond expectation. As was indicated above, a number of
chance models has been discussed, including the main ef-
fect model (Cohen, 1960) and the null model (Brennan &
Prediger, 1981). x indicates the proportion of judgments
that are found in agreement cells above and beyond expec-
tation. In this respect, K performs, in the first example (and
in the following ones), as designed.

Explaining the Marginal Dependency of «
for Constant Odds Ratios

To explain the behavior of k¥ when the odds ratio in tables
is constant but the marginal distributions vary, consider
again the example in Table 4. The expected cell frequencies
for this example are given in Table 7.

The comparison of the observed frequencies (Table 4)
with the corresponding expected frequencies (Table 7)
shows that, in the first panel, each cell deviates from ex-
pectation by 1,299 judgments. In the agreement cells, this
is the number by which expectation is exceeded, and in the
disagreement cells, this is the number below expectation.
In the disagreement cells, 48% of the expected judgments

Table 6. Expected cell frequencies for example 1 of the marginal dependency of x (Table 3)

Case 1 Case 2

1 2 Totals 1 2 Totals
1 .67 1.33 2 1 9999 2 10001
2 .33 .67 1 2 1 0 1
Totals 1 2 3 Totals 10000 2 10002

Table 7. Expected cell frequencies for example 2 of the marginal dependency of «; the odds ratio is 10 for each of the

three panels

Case 1 Case 2 Case 3
1 2 Totals 1 2 Totals 1 2 Totals
2500 2500 5000 900 2100 3000 1 100 900 1000
2 2500 2500 5000 2 2100 4900 7000 2 900 8100 9000
5000 5000 10000 3000 7000 10000 1000 9000 10000

European Psychologist 2008; Vol. 13(4):305-315
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are observed. In different words, the agreement cells con-
tain 52% more judgments than expected. This is the value
of k.

For the same sample size and odds ratio, the deviation
from expectancy in the second panel of Tables 4 and 7 is
1,030, for each cell. This discrepancy is smaller than the
one found for the first panel. Accordingly, the value for ¥
is smaller for the second panels than for the first, too. The
reason for this result is that the chance model is able to
reproduce the frequency distribution in the second panel
better than the one in the first panel. In the second panel,
there is a main effect, whereas in the first panel, there is
none.

In the third panel, the main effect is even stronger. The
chance model, therefore, comes even closer to reproducing
the frequency distribution, and the deviation in each cell is
down to 312. Accordingly, the value of k is the smallest in
this panel (0.66 vs. 0.96 and 0.97 for the first two panels).

We, thus, conclude again that x is a measure that de-
scribes agreement beyond expectation instead of amount or
degree of agreement. When a chance model is able to de-
scribe a distribution well, the portion of judgments that is
left for agreement beyond chance will, naturally, be small.
This applies regardless of the magnitude of the odds ratio.

Marginal-Free Versus Marginal-Dependent
Measures

Another explanation for the different behavior of the odds
ratio and K can be given based on a classification that was
proposed by Goodman (1991). The author begins with a
look at the independence model given in the section “Co-
hen’s x.” This model proposes that p; = p; p,. It implies that
nonindependence is zero. If this model is rejected, nonin-
dependence needs to be modeled. The author suggests two
perspectives from which nonindependence can be mod-
eled. These two perspectives are explained in the following
paragraphs. In the context of 2 x 2 tables, the first perspec-
tive is represented, for example, by the odds ratio,

0= Pupn _ PP _ P/Pai
P12 P2 Pa/Prn PP

Taking this perspective, the log-linear interaction, A;, can
be described as

7\4,']': GU_ GL - GJ“F G“’
where

G =In py,
G.=Y G#1.G;=Y Gy/Land G. = Y GyII.
; ,~ -

J i

The second perspective is represented, for example, by the
correlation coefficient,
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_ P11 P2 — P12 P2
NP1.P2.PapPa

Taking the second perspective, one can consider the rela-
tive difference,

A= Pij— Di. PJ_
Pi.Dj

From the definition of A; follows that
Y h=0.j=1,...,1

and

Y h=0,i=1,..., L
J

From the definition of the relative difference follows that

> Aipi=0.j=1,...1,

i

and

2%1{;‘20,1: L..,L

J

Aggregating over all cells of an / x J table yields the fol-
lowing two measures of deviation from independence

=Ny 3

i J

and

A=NY > Apip;.
i

Clearly, A and A reflect different perspectives of deviation
from independence. The first perspective is marginal-free.
The marginal distribution plays no role in the definition and
estimation of A. The second perspective is marginal-de-
pendent. The marginals do play a role in the definition and
the estimation of A. Because of these differences, measures
that reflect these perspectives can be expected to yield dif-
ferent appraisals of deviation from independence (for ex-
amples, see von Eye & Mun, 2003; von Eye, Spiel, & Ro-
vine, 1995).

The relationship of these measures to the odds ratio, 0,
and Cohen’s k can be demonstrated as follows (for the sake
of simplicity, we use the context of 2 x 2 tables, as in the
illustration examples in the section “Marginal Dependency
of Cohen’s ¥”). For A, we find that, in 2 x 2 tables,

_lno

h=

For A, we find that, in 2 x 2 tables, A = Ipl. Considering
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Figure 3. Univariate distributions of x, the odds ratio 6 and ra.
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Figure 4. Scatterplot of the odds ratio with x, for 4906 ran-
dom 2 x 2 tables, with a logarithmic smoother; for k¥ >0
and 6 < 100.

that 0 is a simple transformation of A, we conclude that 6
is a marginal-free measure of deviation from independence.

The comparison of A; with ¥ shows that, for i = j, the
numerators of the two measures are identical. We, thus,
conclude that x is a marginal-dependent measure of devi-
ation from independence in the diagonal cells. The impli-
cation of these comparisons is that, because 0 is marginal-
free and x is marginal-dependent in Goodman’s (1991)
sense, the two measures can be expected to yield different
appraisals of the frequency distribution in an agreement
table.

There are special cases in which marginal-free and mar-
ginal-dependent measures yield comparable appraisals of
agreement tables. One such case is when p; = 1/1, and
p,; = 1/J. In addition, under these conditions, Cohen’s ¥ and
Brennan and Prediger’s (1981) x will give comparable ap-
praisals of rater agreement.

European Psychologist 2008; Vol. 13(4):305-315

0.9 T T T T T T T

Figure 5. Scatterplot of ra with x, for 4906 random 2 x 2
tables, with a linear smoother; for ¥ > 0 and 6 < 100.

Simulation Results

The examples in the literature and the ones in the section
“Explaining the Marginal Dependency of ¥ demonstrate
specific cases. However, they cannot be used to show
whether the selected characteristics are general in nature or
restricted to the specific case. Therefore, we performed a
simulation study. In this study, 10,000 2 x 2 tables were
created using the uniform random number generator avail-
able in MATLAB. The function unidrnd() generated num-
bers were restricted to range from 1 through 100, for each
cell. The maximum sample size thus ranged from 4 through
400. For each of the thus created cells, the three measures
K, 0, and ra were calculated. Figure 3 displays the histo-
grams for the three measures.

Figure 3 shows that k and ra are approximately normally
distributed, as expected. The mean of x is zero, and the
mean of ra is 0.5. By far the majority of the values of the

© 2008 Hogrefe & Huber Publishers
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odds ratio 0 are between 0 and 250. However, there are a
few very large values. The maximum value found in the
simulated data was 3,645. The theoretically largest value
would have been 10,000.

For the following discussion, we restricted the values of
K and 0 to values ¥ = 0 and 6 < 100. The first restriction
was set because (1) K is mostly of interest when raters agree
to a larger degree than expected, and (2) when k is negative,
it is no longer monotonic (von Eye & Sorensen, 1991). The
restriction for 6 was set because the very extreme values
distort the graphical display (and the number of extreme
scores was only 4 %o). The number of tables that remained
was 4906. For these tables, the correlations among the three
measures were 7o = 0.69, r,, =0.91, and ry,, = 0.61. Fig-
ure 4 displays the scatterplot of 6 with k, with a logarithmic
smoother.

Figure 4 shows that the relationship between the odds
ratio and x is, over the entire range of the graph (20 val-
ues were omitted; for these, the odds ratio was greater
than 100 and k¥ was at or above 0.8), monotonic but non-
linear. In addition, for none of the odds ratios 6 > 3, ¥
was zero. For odds ratios 0 > 10, the range of x values
was about 0.45, with a decreasing tendency for very large
odds ratios.

Figure 5 displays the scatterplot of ra with x, with a
linear smoother. The figure shows that the relationship be-
tween ra and K is almost linear. For values of k = 0, a wide
range of values of ra can be observed. Indeed, when ra
indicates disagreement (ra < 0.5), ¥ can still indicate agree-
ment beyond expectation of up to k¥ = 0.2. As ra increases,
K also increases, and the variance about the regression line
becomes smaller.

Figure 6 extends the example in the section “Marginal
Dependency of x for Constant Association Values.” It
shows the range of K values for an odds ratio of 9.8 <0 <
10.2.

© 2008 Hogrefe & Huber Publishers

Figure 6 shows that the range of scores that K assumed
in the present simulations includes, for 6 of about 10, ¥ =
0.109 and x = 0.518. Appendix B shows how to calculate
K under the present restriction.

Discussion

It is well-known and has been demonstrated here again that
Cohen’s x will not approximate its maximum value of 1
when the marginal distributions are not uniform. Instead, ¥
will approximate an asymptote that is clearly less than 1.
An exception to this rule is the case in which all disagree-
ment cells have probabilities of zero. In addition, k¥ has
been shown to respond to variations in marginal distribu-
tions when other measures — for example, the odds ratio
and the measure of raw agreement — remain constant. To
summarize this behavior of x, it is called marginal depend-
ent.

To explain this behavior of k, two arguments were used
in this article. The first is that the chance model used for K
is the log-linear main effect model. This model is supposed
to take main effects into account. These effects come in the
form on nonuniform marginal distributions. Differences in
marginal distributions can, therefore, be expected to result
in different appraisals of data characteristics, even when
variable interactions remain unchanged. The second argu-
ment was that measures of deviation from independence
can be classified in those that are marginal-free versus
those that are marginal-dependent (Goodman, 1991; see
Berger & Zhang, 2004). The odds ratio is prototypical of
marginal-free measures. The A; measure is prototypical of
marginal-dependent measures. ¥ and A; (and ¥?) use the
same chance model for the estimation of expected cell fre-
quencies. Therefore,
1. x is marginal-dependent, and
2. K can be expected to result in different descriptions of

data than 6 or ra.

Considering these characteristics of K, we now ask what
the basis of the controversy is that surrounds the utility
of ¥ (and weighted k; Cohen, 1968). We see one major
reason for this controversy. From the context of rules of
thumb that have been proposed to categorize the magni-
tude of k, we conclude that many researchers tend to in-
terpret X as a measure of degree of interrater agreement.
Clearly, k is not such a measure (unless the marginal dis-
tribution is uniform, or pjj = 0 for i # j). Instead, K is a
measure of agreement beyond a particular chance model.
Specifically, K is a measure of the degree to which the
agreement cells contain more cases than expected under
the main effect model of rater independence. If x is high,
one can conclude that more cases were found in the
agreement cells than expected under this model. This
does usually also imply that there are large numbers of
cases in the agreement cells. Conversely, when x is low,
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this does not imply that the number of judgments in the

agreement cells is low. In the latter case, the observed

number of agreements is not much different than the ex-
pected number, no matter how strong agreement is.

In short: k performs as designed. The controversy results
from misguided attempts to interpret the coefficient.

As a matter of course, one can challenge other charac-
teristics of k. For example, one can ask whether the selec-
tion of the main effect model as a chance model is appro-
priate, or what the dependence of ¥ is on a latent binary
variable that represents the true status of a rating object.
This and other discussions are interesting and important
(see Vach, 2004; von Eye, 2008). However, they operate
outside the scope of the present discussion of marginal de-
pendence.

Finally, we ask whether recommendations can be given
to researchers who are interested in expressing the degree
of rater agreement in one or a few measures. We propose
two lines of action:

1. When the marginal distributions are uniform, K can be
used as a measure of both, weighted deviation from a
chance model in the agreement cells, and degree of
agreement.

2. When the marginal distributions are not uniform, K can
only be used as a measure of deviation from a chance
model, and at least one second measure should be used
to describe the degree of agreement. Prime candidates
for such measures include the coefficient of raw agree-
ment (which equals the quantity 6,) and Brennan and
Prediger’s x,, which is not marginal dependent in Co-
hen’s sense but can be interpreted as a measure of devi-
ation from a null model — that is, as a measure that de-
scribes the degree of agreement.
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The probability of cells of a 2 x 2 table for given, symmetric marginals

Let

Dp. =8,

) pi= B,

3) Zp” = 1, and

4) the odds ratio (p1; p2)/(P12 p21) = 6.

Subtracting (1) from (2) results in

5) p12 = pa1- Solving (1) for p;; and substituting in (5) yields

6) pi1 = 1 — p12 — pxn. Solving (2) for p; results in
7) pu = B — p1o- Equating (6) and (7) to solve for p,, yields

315

8) p2» = (1 — B) — p1o. Substituting (7) and (8) into (4) and rearranging to get quadratic equation for py, results in (1 — 0)
P12 — pia + B — B* = 0. This quadratic equation has the solution

V1-4B-BH(1-6)
2(1-0)

pp=1%

)

of which the values 0 < p;, < 1 are selected. The solutions for py, are real if

1-4B-PH1-0)20=0>1-1/4P - p*).

Appendix B
Calculation of x for given, symmetric marginals
K is defined by

Zpii - z Pipi

S S S
l_zpi.p,i

For p, =P and p.; = B, and p,, (defined in Appendix A), one obtains

:—Plz"‘B_Bz
TR
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