UNIVERSITY OF CAMBRIDGE

Numerical Analysis Reports

On a functional Riccati equation

Yunkang Liu

DAMTP 1996/NA19 November 1996

Department of Applied Mathematics and Theoretical Physics Silver Street Cambridge England CB3 9EW

Regular solutions of the Shabat equation

Yunkang Liu

Gonville and Caius College, Cambridge University, Cambridge, U.K

Abstract. The Shabat equation

f^′(t) + q^2f^′(qt) + f^2(t) − q^2f^2(qt) = μ, t ∈ R,

where μ and q are parameters, is the simplest self-similar reduction of the so called dressing chain for constructing and analysing exactly solvable Schrödinger equations. It is also relevant to the study of the q-oscillator algebra in quantum mechanics. The main objective of this paper is to investigate whether the Shabat equation has a nontrivial global solution f(t) ∈ C^1(R) that is normalisable in the sense that the corresponding potential u(t) := f^2(t) − f^′(t) − μ/(1 − q^2) is in the function space L_1(R) and whether in the case μ/(1 − q^2) > 0 it has a global solution f(t) ∈ C^1(R) that is regular in the sense that f(t) = ± √ μ/(1 − q^2) + O ( t^{−2} ) and f^′(t) = O ( t^{−3} ) as t → ±∞. Mathematics Subject Classifications (1991). 34K25, 34K40, 34L40, 17B37, 81R50.

1 Introduction

This paper is concerned with the Shabat equation

f^′(t) + q^2f^′(qt) + f^2(t) − q^2f^2(qt) = μ, (1.1)

where q and μ are parameters. The above equation is called a functional Riccati equation in [6]. It is derived in Shabat [26] as the simplest self-similar reduction of the so called dressing chain [15]

f^′_n(t) + f^′_{n+1}(t) + f^2_n(t) − f^2_{n+1}(t) = μ_n, n = 1, 2, . . . , (1.2)

where f_n and μ_n, n = 1, 2, . . ., are unknown functions and parameters, respectively. If equation (1.1) has a continuous differentiable solution f, say, then the dressing chain (1.2) has the self-similar solution (f_n(t), μ_n) = (q^nf(q^nt), q^{2n}μ). The above has been proved in [6, 26, 27, 28, 29, 30, 34] and others to be very useful for formulating and analysing exactly solvable Schrödinger equations of the form −y^{′′}(t) + u(t)y(t) = λy(t), t ∈ R, where u is the potential function and λ a parameter. Equation (1.1) is also relevant to the study of the q-oscillator (q-Heisenberg or q-Weyl) algebra in quantum mechanics (see, e.g., [3, 23, 31]) AA^+ − q^2A^+A = μ, (1.3)

where A and A^+ are q-analogues of the annihilation and creation operators, respectively. A well known pair of operators that satisfy (1.3) is (see., e.g. [12]) Ay(t) = y(t) − y(q^2t) (1 − q^2)t , A^+y(t) = μty(t). Spiridonov [30] noted that the pair of operators

A = T^{−1}[ d/ dt + f(t)], A^+ = [− d/ dt + f(t)]T (1.4)

satisfy (1.3) as well, provided that f is a solution of (1.1) and T is a scaling operator of the form T y(t) = √ qy(qt). The well known harmonic oscillator corresponds to the case q = 1. We also note that the following equation

h̄[g(t) + e^{h̄η} g(e^{h̄η} t)]^′ + g^2(t) − e^{2h̄η}g^2(e^{h̄η} t) = c ( 1 − e^{2h̄η} ) , derived in [32] from a simple model of classical mechanics obeying a quadratic Poisson symmetry algebra, can be transformed to (1.1) by letting g(t) = h̄f(t), q = e^{h̄η} and μ = c ( 1 − e^{2h̄η} ) /h̄^2, where h̄ is Planck’s constant, η and c are parameters.

In this paper, we restrict our study of (1.1) to the case where the parameters q and μ are real, though the case of q and μ being complex is also of interest. Some special cases of (1.1) can be solved explicitly. When q = 1, (1.1) reduces to the trivial equation f^′(t) = μ/2. When q = −1, it can be seen that if μ = 0 then every even continuous differentiable function satisfies the equation (1.1) and that the only solution of (1.1) is f(t) = μt/2 when μ ≠ 0. When q = 0, (1.1) is simply the Riccati equation

f^′(t) + f^2(t) = μ

whose solutions can be found explicitly. The case q ∈ (1, ∞) ∪ (−∞, −1) can be transformed to the case q ∈ (−1, 0) ∪ (0, 1). More specifically, (1.1) is equivalent to the equation g^′(t) + p^2g^′(pt) + g^2(t) − p^2g^2(pt) = −p^2μ,

where g(t) = −f(t) and p = 1/q ∈ (−1, 0) ∪ (0, 1).

In the sequel, we discuss (1.1) for the cases q ∈ (0, 1) and q ∈ (−1, 0) only. When q ∈ (0, 1) equation (1.1) is a neutral functional differential equation with rescaling (or proportional delay). We shall see later on that (1.1) can be transformed to a system of two equations of neutral type when q ∈ (−1, 0).

A function f(t) is called a global solution of (1.1) if f(t) ∈ C^1(R) and it satisfies (1.1) for every t ∈ R. In the aforementioned applications of (1.1)

u(t) := f^2(t) − f^′(t) − μ/(1 − q^2) corresponds to the so called potential function. According to Degasperis and Shabat [6] it is important to know whether u(t) ∈ L_1(R), even though it is weaker than the condition ∫ R^{(1 + |t|)|u(t)| dt < ∞} usually assumed in inverse scattering theory. We call a global solution f(t) of (1.1) normalisable if u(t) ∈ L_1(R).

An interesting observation is that if f(t) is a normalisable solution of (1.1) then lim t→±∞ f^2(t) = μ/(1 − q^2), lim_{t→±∞} f^′(t) = 0.

Hence, (1.1) has no normalisable solution when μ < 0. Actually, we shall conjecture in Section 5 that (1.1) does not even have global solution when μ < 0.

When μ > 0 equation (1.1) has two stationary solutions, namely, f(t) ≡ f^∗ and f(t) ≡ −f^∗, where f^∗ = √ μ/(1 − q^2). Equation (1.1) has only one stationary solution, namely, f(t) ≡ 0, if μ = 0, but no stationary solution when μ < 0. Stationary solutions are normalisable but they are not interesting for they correspond to constant potential functions and that the corresponding annihilation operators defined in (1.4) do not have physically acceptable coherent states [29].

In the case μ > 0, a function f(t) is defined by Degasperis and Shabat [6] as a regular solution of (1.1) if it is a global solution of (1.1) and it has the following asymptotic expansions

f(t) = ±f^∗ + O ( t^{−2} ) and f^′(t) = O ( t^{−3} ) as t → ±∞. We remark in passing that when q ∈ (1, ∞) ∪ (−∞, −1) and μ < 0 a regular solution of (1.1) should be defined as a global solution satisfying f(t) = ∓f^∗ + O ( t^{−2} ) and f^′(t) = O ( t^{−3} ) as t → ±∞. No nontrivial normalisable or regular solution of (1.1) in explicit form are available so far. In this paper, we try to prove the existence of such solutions instead. A natural way of doing this is to investigate the initial value problem of equation (1.1), namely, finding continuous differentiable functions in a neighbourhood of the origin that satisfy

f^′(t) + q^2f^′(qt) + f^2(t) − q^2f^2(qt) = μ, f(0) = f_0, (1.5)

where f_0 ∈ R is the initial value. The following questions arise:

1. Is there a (unique) solution to the initial value problem (1.5)?

2. Is the solution global (provided that it exists)?

3. what is the asymptotic behaviour of the global solution as t → ±∞?

4. Is the global solution normalisable?

5. Is the global solution regular in the case μ > 0?

Shabat stated in [26] that the estimate 0 < qf(qt) < γy(γt) < f(t) < y(t), t > 0 (1.6) holds if q ∈ (0, (2^{1/2} − 1)^{1/2})), μ = 1 − q^2 and f_0 = 0, where γ = ( 1 − q^2 1 + q^2 )_{1/2} , y(t) = e^t − e^{−t} e^t + e^{−t} . No proof were given there. Though (1.6) is a nice comparison result, it does not provide enough information about the existence of normalisable or regular solutions. It is obvious that the second inequality in (1.6) does not hold when q is close to 1, while our numerical experiments indicate that the third and the last inequalities hold for every q ∈ (0, 1). Skorik and Spiridonov [27] proved by using Taylor series that there exists a unique analytic solution to the initial value problem (1.5) in a neighbourhood of the origin when q and μ are complex and |q| < 1. They also discussed the case |q| = 1. Degasperis and Shabat [6] also used Taylor series to discuss the existence of analytic solution. Adler [2] constructed rational solutions of the equation

f^′(t) + q^2f^′(qt) + f^2(t) − q^2f^2(qt) = 1 − q^2

for the following initial values

f_0 = q^{k+1/2} + q^{k−1/2} 1 − q , k = 0, 1, 2, . . . , where q ∈ (0, 1). These rational solutions are not global for they have singularities at some point in R.

The main results of this paper are summarised in the following two theorems.

Theorem 1 The initial value problem (1.5) has a unique solution in a neighbourhood of the origin and

1. the solution is regular if q ∈ (0, 1), μ > 0, |f_0| < (1 − 4q^2 − 7q^4)f^∗ 1 + q^4 or q ∈ (−3^{−1/2}, 0), μ > 0, |f_0| < [2(1 − 3q^2)^2(1 + q^2)^2 − (1 + q^4)^2]^{1/2}f^∗ 1 + q^4 ; 2. the solution is not global if μ > 0, |q| < 2^{−1/2}, |f_0| > f^∗ or μ = 0, |q| < 2^{−1/2}, f_0 ≠ 0 or μ < 0, |q| < 2^{−1/2}.

Theorem 2 When μ > 0 any global solution f(t) of (1.1) that satisfies f(t) → ±f^∗ as t → ±∞ is a regular solution.

This paper is structured as follows. Section 2 discusses some related topics, including q-difference equations, functional differential equations and Dirichlet series. In Section 3 and Section 4 we give detailed study of equation (1.1) and its initial value problem (1.5) for the cases q ∈ (0, 1) and q ∈ (−1, 0), respectively. Section 5 presents some conjectures on the initial value problem (1.5) when the parameters q, μ and f_0 are not in the regions covered by Theorem 1. These conjectures are supported by extensive numerical experiment.

2 Preliminary

Some notations used in this section are as follows. For a square matrix D, σ(D) denotes its spectrum, ρ(D) its spectral radius, α[D] the maximal real part of its eigenvalues (spectral abscissa) and ‖D‖ denotes the matrix norm induced by a vector norm, likewise denoted by ‖ · ‖, which is arbitrary unless otherwise stated.

2.1 On some q-difference equations

First, we consider a q-difference equation of the form y(t) − q^{−α}y(qt) = g(t), t > 0, (2.1) where α and q are constants, q ∈ (0, 1), and g is a given function that has the asymptotic expansion g(t) = N∑ n=1 t^{βn} h_n(log t) + O ( t^{βN +1} ) as t → ∞, with β_1, . . . , β_{N+1} being real constants and h_1, . . . , h_N continuous periodic functions of period − log q. Then the following is true:

Lemma 3 If α > β_1 > . . . > β_{N+1} then any function y(t) ∈ C(0, ∞) satisfying (2.1) must have the asymptotic expansion

y(t) = t^αh_0(log t) + N∑ n=1 t^{βn} h_n(log t) 1 − q^{βn−α} + O ( t^{βN +1} ) as t → ∞, where h_0 is a continuous periodic function of period − log q.

The case N = 0 of the above lemma appeared in the proof of Theorem 3 (iii) of Kato and McLeod [20]. The case N > 0 can easily be reduced to the previous case.

Next, we consider a system of q-difference equations of the form

y(t) − C(t)y(qt) = g(t), t ≥ t_0 ≥ 0 (2.2)

where C is a matrix function defined on [t_0, ∞) satisfying C(t) → C_0 as t → ∞ for some constant matrix C_0, and g is vector function defined on [t_0, ∞).

Lemma 4 Suppose that q^γ ρ(C_0) < 1 and g(t) = O(t^γ ) (or o(t^γ )) as t → ∞ for some constant γ. If y(t) is uniformly bounded on any bounded closed subinterval of [qt_0, ∞) and satisfies (2.2) for t ≥ t_0 then y(t) = O(t^γ ) (or o(t^γ )) as t → ∞.

The case γ = 0 can be proved in an elementary way. The case γ ≠ 0 can be transformed to the previous case by letting y(t) = (t + 1)^γ x(t).

We remark in passing that q-difference equations can be transformed to the usual difference equations. For instance, letting x(t) = y(e^t) then (2.1) becomes x(t) − q^{−α}x(t + log q) = g(e^t), t > −∞. 2.2 A general system of neutral equations

This subsection deals with the initial value problem

y^′(t) − C(t)y^′(qt) = g(t, y(t), y(qt)), t ≥ 0, y(0) = y_0, (2.3)

where C is a N ×N matrix of continuous functions defined on R^+, g is a N-dimensional vector of continuous functions defined on R^+ ×R^N ×R and y_0 is a given N-dimensional vector. The existence and uniqueness theorem of Nussbaum [24] can be applied to the above initial value problem. However, a slightly better result can be obtained if we use the idea of reducing a neutral equation into a retarded equation as in [18, 33].

Define a sequence of matrices {C_n(t)}^∞_{n=0} by the recurrence relation C_0(t) :≡ I, C_n(t) :≡ C(t)C(qt) · · · C(q^{n−1}t), n = 1, 2, . . . . Analogous to Lemma 1 of Iserles and Terjéki [18], we have the following result.

Lemma 5 If ρ(C(0)) < 1 then (2.3) is equivalent to the initial value problem

y^′(t) = ∞∑ n=0 C_n(t)g(q^nt, y(q^nt), y(q^{n+1}t)), t ≥ 0, y(0) = y_0. (2.4)

The assumption ρ(C(0)) < 1 implies that ∑_∞ n=0 |C_n(t)| converges for every t ≥ 0.

Following the standard approach (see e.g, [13]) on functional differential equations of retarded type we can derive from Lemma 5 the following results.

Lemma 6 Suppose that ρ(C(0)) < 1. Then there exists a constant T > 0 such that (2.3) has at least one solution for in the interval [0, T ]. Moreover,

1. if y(t) is a non-continuable solution, then the maximal interval of existence, [0, T_{max}), is open on the right, and if T_{max} < ∞ then lim sup_{t→Tmax} ‖y(t)‖ = ∞;

2. every solution is in C^m[0, T ] if the matrix function C(t) ∈ C^m([0, T ]) and the vector function g(t) ∈ C^m([0, T ] × R^{2N} ); and

3. the solution of (2.3) is unique if g is Lipschitz continuous; i.e., for any t_0 ≥ 0 there exists a number ρ > 0 such that

‖g(t, y_1, y_2) − g(t, x_1, x_2)‖ ≤ M(‖y_1 − x_1| + ‖y_2 − x_2|)

for t_0 ≤ t ≤ t_0 + ρ, ‖y_1 − x_1‖ ≤ ρ, ‖y_2 − x_2‖ ≤ ρ and for some positive constant M (depending on t_0 and ρ).

Lemma 7 Suppose that the initial value problem x^′(t) = G(t, x), t ≥ 0, x(0) = x_0 has a nonnegative solution x(t) ∈ C^1[0, T ] for some T > 0, where the function G is defined as

G(t, x) = sup ‖xn‖≤x,n=0,1,... ‖ ‖ ‖ ‖ ∞∑ n=0 C_n(t)g(q^nt, x_n, x_{n+1}) ‖ ‖ ‖ ‖ , t, x ≥ 0. Then for any initial value y_0 obeying ‖y_0‖ ≤ x_0 there exists a solution y(t) of (2.3) satisfying ‖y(t)‖ ≤ x(t) for t ∈ [0, T ].

2.3 A linear system of neutral equations

This subsection deals with a system of linear functional equations of the form

[y(t) − C(t)y(qt)]^′ = −A(t)y(t) + B(t)y(qt) + g(t), t ≥ t_0 ≥ 0, (2.5)

where A, B, C are matrices of continuous functions and g is a vector of continuous functions, all defined on [t_0, ∞). The vector norm used in this subsection is the l_2 norm induced by the inner product (·, ·).

Lemma 8 Suppose that the matrices A, B and C have the asymptotic expansions A(t) → A_0, B(t) → B_0, C(t) → C_0 as t → ∞, and that there exists a constant α such that

ρ(C_0) < q^{−α}, λ_1 > q^{2α−1}|λ_2|, ‖B_0 + A^T_0 C_0‖ < q^{1/2−α}(λ_1 + q^{2α−1}λ_2), and (t + 1)^{−α}g(t) ∈ L_2(t_0, ∞), where λ_1 and λ_2 are the smallest eigenvalues of (A_0 + A^T_0 )/2 and (C^T_0 B_0 + B^T_0 C_0)/2, respectively. If y(t) ∈ C[qt_0, ∞) such that y(t) − C(t)y(qt) ∈ C^1[qt_0, ∞) and (2.5) is satisfied then y(t) = O(t^α) as t → ∞.

Proof. We consider the case α = 0 only, since the case α ≠ 0 can be reduced to the case α = 0 by letting y(t) = (t + 1)^αx(t). Define the Liapunov functional

V (t) := 1 2 ‖y(t) − C(t)y(qt)‖^2 + β ∫_t qt ‖y(τ)‖^2 dτ + M ∫_∞ t ‖g(τ)‖^2 dτ, t ≥ t_0, where β = (λ_1 − q^{−1}λ_2)/2 > 0 and M is a positive constant to be determined. Using (2.5) we obtain

V^′(t) = −(y(t), (A(t) − βI)y(t)) + (y(t), (B(t) + A(t)^T C(t))y(qt)) −(y(qt), (qβ + C(t)^T B(t))y(qt)) + (y(t) − C(t)y(qt), g(t)) −M‖g(t)‖^2, t ≥ t_0. (2.6)

Our assumption implies that there exist constants t_1 ≥ t_0 and λ > 0 such that

(x_1, (A(t) − βI)x_1) − (x_1, (B(t) + A(t)^T C(t))x_2) + (x_2, (qβ + C(t)^T B(t))x_2) ≥ λ ( ‖x_1‖^2 + ‖x_2‖^2 ) , ∀x_1, x_2 ∈ R^N , t ≥ t_1.

Using Young’s inequality and Cauchy-Schwarz inequality we obtain

|(y(t) − C(t)y(qt), g(t))| ≤ λ(‖y(t)‖^2 + ‖y(qt)‖^2) + 1 + ‖C(t)‖ 4λ ‖g(t)‖^2. By choosing M =^1_{4λ} ( 1 + sup_{t≥t1} |C(t)‖ ) , we obtain from (2.6) the inequality V^′(t) ≤ 0 for t ≥ t_1. Therefore, V (t) ≤ V (t_1) for t ≥ t_1. Hence ‖y(t) − C(t)y(qt)‖ ≤ 2V (t_1), t ≥ t_1. Applying Lemma 4 to the above inequality yields y(t) = O(1) as t → ∞. 2 Variations of the preceding lemma can be obtained by using different vector norms, for instance, ‖x‖ = (x^T Dx)^{1/2} for some positive definite matrix D.

2.4 Dirichlet series

The Dirichlet series we refer to in this paper are sums of exponential functions. They are useful in the study of linear functional differential equations, especially those with proportional delays. It is found in [11, 9, 5], and other papers, that solutions of y^′(t) = ay(t) + by(qt), t ≥ 0, where a, b, q are constant and q ∈ (0, 1) ∪ (1, ∞), can be expanded into Dirichlet series of the form ∑_∞ n=0 d_ne^{aqnt}, where d_n, n = 0, 1, . . ., are constants.

Closely related to the subject of this paper is the generalized pantograph equation

y^′(t) = Ay(t) + By(qt) + Cy^′(qt), t ≥ 0, y(0) = y_0, (2.7)

where A, B, C are N ×N matrices. Iserles [16] found that its solution can be expanded into Dirichlet series of the form ∞∑ n=0 D_ne^{Aqnt}V y_0, (2.8)

where V is a nonsingular N × N matrix, D_0 = I and D_1, D_2 . . . are determined by the recurrence relation AD_n − q^nD_nA = −BD_{n−1} − q^{n−1}CD_{n−1}A, n = 1, 2, . . . , subject to the conditions that ρ(C) < 1, ρ(A^{−1}B) < 1 and σ(A) ∩ σ(q^nA) = ∅, n ∈ N. (2.9) The assumption (2.9) can be replaced by the following conditions (see [19]) AB = BA, AC = CA. (2.10) In the scalar case

y^′(t) = ay(t) + by(qt) + cy^′(qt), t ≥ 0, y(0) = y_0, (2.11)

one can use the q-binomial theorem [10] to prove that the solution y(t) of (2.11) is of the form [19] y(t) = y_0(−b/a; q)_∞ (c; q)_∞ ∞∑ n=0 (−ac/b; q)_n (q; q)_n ( − b a )_n e^{atqn} (2.12)

subject to the conditions a ≠ 0, 0 < |b| < |a| and |c| < 1, where

(a; q)_n = { 1, n = 0 (1 − a)(1 − aq) · · · (1 − aq^{n−1}), n = 1, 2, . . . , ∞. It is shown in [16, 19] that the zero solution of (2.7) is asymptotically stable (in the sense that every other solutions tends to zero as t tends to infinity) if α[A] < 0, ρ(A^{−1}B) < 1 and either (2.9) or (2.10) holds, but unstable if α[A] > 0. Similar results and sometimes more general ones can be found in [22], without the assumption (2.9) or (2.10). For instance, if α[A] < 0 then every solution y(t) of (2.7) satisfies the asymptotic estimate

y(t) = O ( t^{log ρ(A}

�1_{B)}

log q (log t)κ−1 ) as t → ∞, where κ is the maximal geometric multiplicity of those eigenvalues of A^{−1}B with the maximal real part α(A^{−1}B). It will be clear in the next two sections that these results are useful for understanding the behaviour of the solution of (1.5) when the initial value f_0 is close to one of the two stationary solutions in the case μ > 0.

Iserles [17] discussed the Dirichlet series solution for certain nonlinear retarded type functional differential equations with proportional delay. His approach can be generalised to study system of neutral equations with proportional delay. However, it is very difficult to analyse the convergence of the corresponding Dirichlet series, due to the complexity of certain nonlinear recurrence relations involved.

3 The case q 2 (0; 1)

This section deals with equation (1.1) and its initial value problem (1.5) for the case q ∈ (0, 1). We note that f(t) = −g(−t), where g(t) is a solution of the equation

g^′(t) + q^2g^′(qt) + g^2(t) − q^2g^2(qt) = μ

with the initial condition g(0) = −f_0. Therefore, it suffices to study (1.5) for t ≥ 0.

Theorem 9 If q ∈ (0, 1) then the initial value problem (1.5) has one and only one solution, say f(t), in a neighbourhood of the origin. Furthermore,

1. the maximal interval of existence, say (T_{min}, T_{max}), is open and

T_{max}, −T_{min} ≥

1 − q^2 (1 + q^2)|f_0| if μ = 0, f_0 ≠ 0, ( 1 − q^2 |μ| )_{1/2} [ π 2 − arctan

(1 + q^2)|f_0| ((1 − q^2)|μ|)^{1/2} ] if μ ≠ 0;

2. if T_{max} < ∞ then lim sup_{t→Tmax−0} |f(t)| = ∞; and

3. f(t) ∈ C^∞(T_{min}, T_{max}).

Proof. Except the estimate of T_{max} and the last part, the theorem follows by applying Lemma 6 to (1.5). Applying Lemma 5 to equation (1.5) yields

f^′(t) = μ 1 + q^2 − ∞∑ n=0 (−q^2)^n[f^2(q^nt) − q^2f^2(q^{n+1}t)], f(0) = f_0. (3.1)

It follows from Lemma 7 that the solution of (1.5) is bounded by the solution of the Riccati equation

x^′(t) = |μ| 1 + q^2 + 1 + q^2 1 − q^2 x^2(t), t ≥ 0, x(0) = |f_0|. (3.2)

A lower bound for T_{max} can be established by finding the first singularity point of x. Finally, it can be seen from (3.1) that f(t) ∈ C^∞[0, T_{max}). 2

Theorem 10 Suppose that q ∈ (0, 1) and f(t) ∈ C^1(T_{min}, T_{max}) is the solution of the initial value problem (1.5).

1. If μ > 0 and

|f_0 − f^∗| < 2f^∗ max { (1 − 3q^2)(1 + q^2) 1 + q^4 , (1 − q^{1/2})(1 − q^{3/2}) (1 + q)^2 } (3.3)

then T_{max} = ∞ and lim_{t→∞} f(t) = f^∗.

2. If μ > 0, q < 2^{−1/2} and f_0 < −f^∗ then T_{max} < ∞, f^′(t) < 0 for every t ∈ [0, T_{max}) and lim_{t→Tmax−0} f(t) = −∞.

3. If μ = 0, q < 2^{−1/2} and f_0 < 0 then T_{max} < ∞, f^′(t) < 0 for every t ∈ [0, T_{max}) and lim_{t→Tmax−0} f(t) = −∞.

4. If μ < 0, q < 2^{−1/2} and f_0 ≤^1_q (|μ|/2)^{1/2} then T_{max} < ∞, f^′(t) < 0 for every t ∈ [0, T_{max}) and lim_{t→Tmax−0} f(t) = −∞.

Before proving Theorem 10 (1,2), we use Dirichlet series to study equations that are linearisation of (1.1) around its stationary solutions f^∗ and −f^∗. Let y(t) = f(t) − f^∗ and z(t) = f(t) + f^∗. Then y(t) and z(t) satisfy, respectively, the equations

y^′(t) + q^2y^′(qt) = −ay(t) + aq^2y(qt) − y^2(t) + q^2y^2(qt), t ≥ 0 (3.4) and z^′(t) + q^2z^′(qt) = az(t) − aq^2z(qt) − z^2(t) + q^2z^2(qt), t ≥ 0, (3.5) where a = 2f^∗. The linearised equation of (3.4) is u^′(t) = −au(t) + aq^2u(qt) − q^2u^′(qt), t ≥ 0. (3.6) It follows from (2.12) that every solution of (3.6) can be expanded into the Dirichlet series u(t) = u(0)(q^2; q)_∞ (−q^2; q)_∞ ∞∑ n=0 (−1; q)_n (q; q)_n q^{2n}e^{−atqn} . Furthermore, u(t) has the asymptotic estimate u(t) = O ( t^{−2} ) as t → ∞. This suggests that the stationary solution f^∗ of (1.1) may be asymptotically stable in the sense that solutions of (1.5) tend to f^∗ as t → ∞ if the initial value f_0 is sufficiently close to f^∗. The linearised equations of (3.5) is v^′(t) = av(t) − aq^2v(qt) − q^2v^′(qt), t ≥ 0. (3.7) Every solution of (3.7) can be expanded into the Dirichlet series v(t) = v(0)(q^2; q)_∞ (−q^2; q)_∞ ∞∑ n=0 (−1; q)_n (q; q)_n q^{2n}e^{atqn} . The preceding expansion implies that lim_{t→∞} e^{−at}v(t) = v(0) ∞∏ k=0 (q^2; q)_∞ (−q^2; q)_∞ , which suggests that the stationary solution −f^∗ of (1.1) may be unstable.

Proof of Theorem 10 (1). Let f(t) ∈ C^1(T_{min}, T_{max}) be the solution of (1.5). Then the function y(t) = f(t) − f^∗ satisfies equation (3.4). In the sequel, we exclude the trivial case f_0 = f^∗.

First, we consider the case |f_0 − f^∗| < 2(1 − 3q^2)(1 + q^2)f^∗ 1 + q^4

. (3.8)

Since d dt y^2(t)|_{t=0} = −

2(1 − q^2) 1 + q^2

(f_0 − f^∗)^2(f_0 + f^∗) < 0, there exists a real number t_0 ∈ (0, T_{max}) such that the inequality |y(t)| < |y(0)| (3.9) holds for every t ∈ (0, t_0).

We claim that T_{max} = ∞ and that (3.9) holds for every t > 0. Otherwise there exists a real number t_1 > t_0 such that |y(t)| < |y(0)| holds for every t ∈ (0, t_1) and |y(t_1)| = |y(0)|, since T_{max} < ∞ implies that lim sup_{t→Tmax−0} |f(t)| = ∞. Applying Lemma 5 to (3.4) yields the equation y^′(t) = −ay(t) + 2aq^2 ∞∑ n=0 (−q^2)^ny(q^{n+1}t) − [ y^2(t) + 2q^4 ∞∑ n=0 q^{4n}y^2(q^{2n+2}t) ]

+ 2q^2 ∞∑ n=0 q^{4n}y^2(q^{2n+1}t), t > 0. (3.10)

Define a Liapunov function of the form U(t) = 1 2 y^2(t).

Noting that the last two terms in the right hand side of (3.10) have different sign, we obtain U^′(t_1) ≤ − [ (1 − 3q^2)a

1 − q^2 − (1 + q^4)|y(0)| 1 − q^4 ] |y(0)|^2 < 0

which contradicts our assumption that y(t_1) = |y(0)| > |y(t)| for every t ∈ (0, t_1). Hence, T_{max} = ∞ and (3.9) holds for every t > 0.

Let us prove lim_{t→∞} y(t) = 0 by contradiction. Suppose M_0 := lim sup_{t→∞} |y(t)| > 0. Then there exists a sequence {t_k}^∞_{n=0} such that lim_{k→∞} t_k = ∞ and

lim_{t→∞} |y(t_k)| = M_0.

Since M_0 ≤ |y(0)|, the assumption on f_0 implies that there exists a real number ϵ > 0 such that

M_1 := a(M_0 − ϵ)^2 −

2aq^2(M^2_0 + ϵ)

1 − q^2 − (1 + q^4)M^3_0 + ϵ (1 + q^2)(1 − q^2) > 0. Since sup_{t≥0} |y^′(t)| < ∞, there exists k_0 ≥ 0 and δ > 0 such that |y(t)| ≥ M_0 − ϵ, t ∈ (t_k − δ, t_k + δ), k = k_0, k_0 + 1, . . . . It is also true that there exists T_0 > 0 such that | | | |y(t) ∞∑ n=0 (−q^2)^ny(q^{n+1}t) | | | | ≤ M^2_0 + ϵ 1 − q^2 | | | | y(t) [ y^2(t) + 2q^2 ∞∑ n=0 q^{4n}y^2(q^{2n+2}t) − 2q^2 ∞∑ n=0 q^{4n}y^2(q^{2n+1}t) ]| | | ≤ (1 + q^4)M^3_0 + ϵ 1 − q^4 for t ≥ T_0. Let k_1 ≥ 0 such that t_k ≥ T_0 + δ for k ≥ k_1. It follows from (3.10) that

U^′(t) ≤ −M_1, t ∈ (t_k − δ, t_k + δ), k = k_1, k_1 + 1, . . . .

Therefore U(t_k − δ) ≥ U(t_k) + M_1δ, k = k_1, k_1 + 1, . . . .

By letting k → ∞ in the preceding inequality we find that it contradicts the definition of M_0. Therefore, lim_{t→∞} y(t) = 0.

Next, we consider the case |f_0 − f^∗| < 2(1 − q^{1/2})(1 − q^{3/2})f^∗

(1 + q)^2

. (3.11)

Let x(t) = y(t) + qy(qt). Since d dt x^2(t)|_{t=0} = −2(1 + q)(1 − q^2)(f_0 − f^∗)^2(f_0 + f^∗) < 0,

there exists a real number t_0 ∈ (0, T_{max}) such that |x(t)| < |x(0)| (3.12) holds for every t ∈ (0, t_0).

We claim that T_{max} = ∞ and that (3.12) holds for every t > 0. Otherwise, there exists a real number t_1 ∈ [t_0, T_{max}) such that (3.12) holds for every t ∈ (0, t_1) and |x(t_1)| = |x(0)|. Define a Liapunov functional of the form

V (t) = 1 2 x^2(t) + aβ_0 ∫_t qt y^2(s) ds,

where β_0 =^1_2 (1 + q)q^{1/2} such that

h(β_0) = max_{β>0} h(β) =

(1 − q^{1/2})(1 − q^{3/2}) 1 − q for the function h(β) = 1 − β − q(2β − 1 − q)^2 4(1 − q)β , β > 0. Using (3.4), we obtain

V^′(t) = −a h(β_0)x^2(t) + { 2qβ_0 − q − q^2 2 [q(1 − q)β_0]^{1/2} x(t) + [q(1 − q)β_0]^{1/2} y(qt) }_2

−[y(t) − qy(qt)]x^2(t), t ∈ [0, T_{max}). Suppose that |y(t)|, 0 ≤ t ≤ t_1, attains its maximum at t_2 ∈ [0, t_1]. If follows from (3.12) that |y(t_2)| ≤ |x(t_2)| + q|y(qt_2)| ≤ |x(0)| + q|y(t_2)|.

Therefore max 0≤t≤t1 |y(t)| ≤ 1 + q 1 − q |f_0 − f^∗|, which implies that |y(t) − qy(qt)| ≤ (1 + q)^2 1 − q |f_0 − f^∗|, t ∈ [0, t_1]. Therefore, the inequality V^′(t) ≤ −a ( γx^2(t) + { 2qβ_0 − q − q^2 2[q(1 − q)β]^{1/2} x(t) + (q(1 − q)β)^{1/2}y(qt) }_2) (3.13)

holds for t ∈ [0, t_1], where

γ = h(β_0) −

(1 + q)^2 a(1 − q) |f_0 − f^∗| > 0. Therefore, V (t) is monotonically decreasing in [0, t_1]. This, together with the fact that V^′(0) < 0, implies V (t_1) < V (0), which contradicts the assumption that |x(t_1)| = |x(0)|. Hence, T_{max} = ∞ and the inequality (3.12) holds for every t > 0.

It follows from the equation

y(t) + qy(qt) = x(t), t ≥ 0 (3.14)

that sup_{t≥0} |y(t)| ≤ |x(0)| 1 − q . Using the preceding estimate we obtain from (3.4) the estimate sup_{t≥0} |x^′(t)| ≤ a(1 + q^2)|x(0)| 1 − q + (1 + q^2)x^2(0)

(1 − q)^2 . Let us prove lim_{t→∞} x(t) = 0 by contradiction. Suppose M_0 = lim sup_{t→∞} |x(t)| > 0. Then there exists a sequence {t_n}^∞_{n=0} such that

t_{n+1} − t_n ≥

M_0 2M_2 , |x(t_n)| ≥ M_0 2 , n = 0, 1, . . . . where M_2 = max { 1, sup_{t≥0} |x^′(t)| } . Evidently, there is no intersection between any two of the intervals of I_n, n = 0, 1, . . ., where

I_n = ( t_n − M_0 4M_2

, t_n +

M_0 4M_2 ) , n = 0, 1, . . . . Since |x(t)| ≥ |x(t_n)| − M_0 4M_2 sup_{τ ∈In} |x^′(τ)| ≥ M_0 4 , t ∈ I_n, n = 0, 1, . . . , and the inequality (3.13) holds for every t ≥ 0, we deduce that

V (t_n + M_0/4M_2) − V (t_n − M_0/4M_2) ≤ − aγM^3_0 32M_2 , n = 0, 1, . . . . It follows from the monotonicity of V (t) and the preceding inequality that for n ≥ 0

V (t_n + M_0/4M_2) − V (t_0 − M_0/4M_2) ≤ − aγM^3_0 n 32M_2 . By letting n → ∞ in the above inequality we find that it contradicts the nonnegativity of the function V . Therefore, lim_{t→∞} x(t) = 0. Applying Lemma 4 to the equation (3.14) yields lim_{t→∞} y(t) = 0. Hence, lim_{t→∞} f(t) = f^∗. 2

Theorem 10 (1) implies that the stationary solution f^∗ of (1.1) is asymptotically stable in the sense that there exists a constant δ > 0 such that the solution f(t) of (1.5) satisfies f(t) → f^∗ as t → ∞ whenever |f_0 − f^∗| < δ.

We remark that variations of the Razumikhin method and the method of Liapunov functional were used in the proof of Theorem 10 (1). The rest of Theorem 10 is proved below by using a comparison method.

Proof of Theorem 10 (2). Let z(t) = f(t) + f^∗. Then z satisfies equation (3.5). Since z^′(0) =

1 − q^2 1 + q^2

(az(0) − z^2(0)) < 0,

there exists a real number t_0 ∈ (0, T_{max}) such that z^′(t) < 0 for every t ∈ [0, t_0].

We claim that z^′(t) < 0 for every t ∈ [0, T_{max}). Otherwise there exists a real number t_1 ∈ (t_0, T_{max}) such that z^′(t) < 0 for every t ∈ [0, t_1) and z^′(t_1) = 0. Applying Lemma 5 to (3.5) yields

z^′(t) = a { z(t) − 2q^2z(qt) + 2 ∞∑ n=1 q^{4n} [ z(q^{2n}t) − q^2z(q^{2n+1}t) ] } − z^2(t) + 2q^2z^2(qt)

−2 ∞∑ n=1 q^{4n} [ z^2(q^{2n}t) − q^2z^2(q^{2n+1}t) ] , t ∈ (0, T_{max}). (3.15)

Since q < 2^{−1/2}, z(t) < 0 and z^′(t) < 0 for t ∈ (0, t_1), we can see from the above equation that z^′(t_1) < 0, which leads to a contradiction.

Hence, z^′(t) < 0 for every t ∈ [0, T_{max}). It follows from (3.15) that

z^′(t) < −(1 − 2q^2)z^2(t), t ∈ (0, T_{max})

which implies that z(t) < 1 (1 − 2q^2)t + 1/z(0)^{−1}

, t ∈ (0, T_{max}).

Therefore, T_{max} ≤ −((1 − 2q^2)(f^∗ + f_0))^{−1}, f^′(t) < 0 for every t ∈ [0, T_{max}) and lim_{t→Tmax−} f(t) = −∞. 2

Proof of Theorem 10 (3,4). Applying Lemma 5 to equation (1.1) yields

f^′(t) = μ 1 + q^2

− f^2(t) + 2 ∞∑ n=0 q^{4n+2} [ f^2(q^{2n+1}t) − q^2f^2(q^{2n+2}t) ] . (3.16)

When μ ≤ 0 and f_0 < 0, the proof is essentially the same as that of Theorem 10 (2). We consider in the sequel the case where μ < 0 and 0 ≤ f_0 ≤^1_q (|μ|/2)^{1/2}.

We claim that f^′(t) < 0 for every t ∈ [0, T_{max}). Otherwise there exists a real number t_1 ∈ (0, T_{max}) such that f^′(t) < 0 for every t ∈ [0, t_1) and f^′(t_1) = 0. If f(qt_1) ≥ 0 then

0 < f(q^{2n+1}t_1) < f(q^{2n+2}t_1) < f(0), n = 0, 1, . . .

implies that 2 ∞∑ n=0 q^{4n+2} [ f^2(q^{2n+1}t_1) − q^2f^2(q^{2n+2}t_1) ] < 2q^2f^2(0) 1 + q^2 ≤ |μ| 1 + q^2 , it follows from (3.16) that f^′(t_1) < −f^2(t_1), which contradicts the assumption that f^′(t_1) = 0. If f(qt_1) < 0 then there exists an integer m ≥ 1 such that f(q^{2n+1}t_1) > 0 for all n ≥ m and f(q^{2n+1}t_1) ≤ 0 for all 0 ≤ n < m. It follows from (3.16) that

f^′(t) = μ 1 + q^2

− f^2(t) + 2q^2f^2(qt) − 2 m−1∑ n=1 q^{4n} [ f^2(q^{2n}t) − q^2f^2(q^{2n+1}t) ]

−2q^{4m}f^2(q^{2m}t) + 2 ∞∑ n=m q^{4n+2} [ f^2(q^{2n+1}t) − q^2f^2(q^{2n+2}t) ] . (3.17)

It can be shown from the preceding equation that f^′(t_1) < −(1 − 2q^2)f^2(t_1), which contradicts the assumption that f^′(t_1) = 0. Therefore, f^′(t) < 0 for every t ∈ [0, T_{max}).

We claim that there exists t_2 ∈ (0, T_{max}) such that f(t_2) < 0. Otherwise, T_{max} = ∞ since T_{max} < ∞ implies that lim_{t→Tmax−0} |f(t)| = ∞. The monotonicity and the boundedness of f(t) imply that lim_{t→∞} f(t) exists and is finite. Since

lim_{t→∞} f^′(t) = 1 1 + q^2 [ μ − (1 − q^2) ( lim_{t→∞} f(t) )_2] < 0, it is not difficult to show that f(t) < 0 when t is large enough. Hence, there exists t_2 ∈ (0, T_{max}) such that f(t_2) < 0.

Similar to the argument used in the second paragraph of this proof we can derived the inequality f^′(t) < −(1 − 2q^2)f^2(t), t ∈ (t_2, T_{max}).

Hence, f(t) < 1 (1 − 2q^2)(t − t_2) + 1/f(t_2)

, t ∈ (t_2, T_{max})

which implies that T_{max} ≤ t_2 −((1−2q^2)f(t_2))^{−1} < ∞, f^′(t) < 0 for every t ∈ [0, T_{max}) and lim_{t→Tmax−} f(t) = −∞. 2

Before continuing our discussion on the Shabat equation, we introduce two lemmas. The first one is trivial to prove and the second follows easily from the first.

Lemma 11 Given a function y(t) ∈ C^1(0, ∞), if

lim_{t→∞}[y(t) − f_0(t)] = lim_{t→∞}[y^′(t) − f_1(t)] = 0

for some continuous periodic functions f_0(t) and f_1(t), both of the same period, then f_0(t) ∈ C^1(0, ∞) and f_1(t) ≡ f^′_0(t).

Lemma 12 Suppose that y(t) ∈ C^1(0, ∞) and that there exist a constant α such that

lim_{t→∞} [t^αy(t) − f_0(log t)] = lim_{t→∞} [ t^{α+1}y^′(t) − f_1(log t) ] = 0 for some continuous periodic functions f_0(t) and f_1(t), both of the same period. Then f_0(t) ∈ C^1(0, ∞) and f_1(t) ≡ f^′_0(t) − αf_0(t).

Theorem 13 If q ∈ (0, 1), μ > 0 and f(t) ∈ C^1(T_{min}, ∞) is a solution of (1.1) that satisfies f(t) → f^∗ as t → ∞ then the following asymptotic expansions hold as t → ∞:

f(t) = f^∗ + t^{−2}h_0(log t) + t^{−3}h_1(log t) + · · · , (3.18)

f^{(n)}(t) = d^n dt^n [t^{−2}h_0(log t)] + d^n dt^n [t^{−3}h_1(log t)] + · · · , n = 1, 2, . . . , (3.19)

where h_m ∈ C^∞, m = 0, 1, . . ., are periodic functions of period − log q that obey the recurrence relation

h_m(t) =

1 + q^m 2f^∗(1 − q^m) [ d dt − (m + 1) ] h_{m−1}(t) − 1 2f^∗ m−1∑ k=1 h_{k−1}(t)h_{m−k−1}(t) (3.20)

for m = 1, 2, . . ..

Proof. According to Theorem 9 (3), f(t) ∈ C^∞[0, ∞). Denote w_n(t) = y^{(n)}(t),

n ∈ Z^+, where y(t) = f(t) − f^∗ satisfies equation (3.4). We separate our proof into

ten steps.

Step 1. Equation (3.4) can be rewritten as

[y(t) + qy(qt)]^′ = −[a + a_0(t)]y(t) + [q^2a + a_1(t)]y(qt), t ≥ 0, (3.21)

where a_0(t) = y(t) and b_0(t) = q^2y(qt). Applying Lemma 8 to (3.21) yields y(t) = O(t^{α0} ) as t → ∞ for any α_0 > −1/2.

Step 2. Differentiating both sides of (3.4) gives an equation of w_1(t) of the form

[w_1(t) + q^2w_1(qt)]^′ = −[a + a_1(t)]w_1(t) + [q^3a + b_1(t)]w_1(qt), t ≥ 0, (3.22)

where a_1(t) = 2y(t) and b_1(t) = 2q^3y(qt). Applying Lemma 8 to (3.22) yields w_1(t) = O(t^{α1} ) as t → ∞ for any α_1 > −3/2.

Step 3. Differentiating both sides of (3.22) yields an equation of w_2(t) of the form

[w_2(t) + q^3w_2(qt)]^′ = −[a + a_2(t)]w_2(t) + [q^4a + b_2(t)]w_2(qt) + h_2(t), t ≥ 0, (3.23)

where a_2(t) = 2y(t), b_2(t) = 2q^4y(qt) and h_2(t) = −2w_1(t)^2 + 2q^4w_1(qt)^2. Noting that h_2(t) = O ( t^{2α1} ) as t → ∞ for any α_1 > −3/2, we can obtain by applying Lemma 8 to (3.23) that w_2(t) = O(t^{α2} ) as t → ∞ for any α_2 > −5/2.

Step 4. Equation (3.22) can be rewritten as an equation of w_1(t):

w_1(t) − q^3a + 2q^3y(qt) a + 2y(t) w_1(qt) = w_2(t) + q^3w_2(qt) a + 2y(t) , t ≥ t_0, where t_0 > 0 such that a + 2y(t) > 0 for every t ≥ t_0. Applying Lemma 4 to the preceding equation yields w_1(t) = O(t^{α1} ) as t → ∞ for any α_1 > −5/2.

Step 5. Equation (3.21) can be rewritten as y(t) − q^2a + b_0(t) a + a_0(t) y(qt) = w_1(t) + q^2w_1(qt) a + a_0(t) , t ≥ t_1, where a_0(t) = y(t), b_0(t) = q^2y(qt), and t_1 > 0 such that a + y(t) > 0 for every t ≥ t_1. Applying Lemma 4 to the above equation yields y(t) = O(t^{α0} ) as t → ∞ for any α_1 > −2.

Step 6. Rewrite equation (3.4) as

y(t) − q^2y(qt) = h(t), t ≥ 0, (3.24)

where h(t) = 1 a [ −y^2(t) + q^2y(qt)^2 − w_1(t) − q^2w_1(qt) ] = O(t^α) as t → ∞

for any α > −5/2. Applying Lemma 3 to (3.24) yields y(t) = O ( t^{−2} ) as t → ∞. Step 7. Using induction method and repeating the method used in the above 6 steps, we can prove that w_n(t) = O ( t^{−(n+2)} ) as t → ∞ for every n ∈ N .

Step 8. For any n ∈ Z^+, differentiating both sides of (3.4) n times yields the equation w_n(t) − q^{n+2}w_n(qt) = h(t), t ≥ 0, (3.25) where h(t) = − 1 a [ w_{n+1}(t) + q^{n+2}w_{n+1}(qt) ]

− 1 a n∑ m=0 C^m_n [ w_m(t)w_{n−m}(t) − q^{n+2}w_m(qt)w_{n−m}(qt) ] . Using the estimates proved in the previous two steps, we obtain h(t) = O ( t^{−(n+3)} ) as t → ∞. Applying Lemma 3 to (3.25) yields the asymptotic expansion

w_n(t) = t^{−(n+2)}H_{n,0}(log t) + O ( t^{−(n+3)} ) , as t → ∞, where H_{n,0}(t) is a continuous periodic function of period log q. It follows from Lemma 12 that H_{n,0} ∈ C^1 and

H^′_{n,0}(t) = H_{n+1,0}(t) + (n + 2)H_{n,0}(t), n = 0, 1, . . . ,

or equivalently

t^{−(n+3)}H_{n+1,0}(log t) = d dt [t^{−(n+2)}H_{n,0}(log t)], n = 0, 1, . . . .

By induction, we see that H_{n,0} ∈ C^∞, n ∈ Z^+, and

t^{−(n+2)}H_{n,0}(log t) = d^n dt^n [t^{−2}H_{0,0}(log t)]

for n ∈ N . Denote h_0 = H_{0,0}. We have the following asymptotic expansions

f(t) = f^∗ + t^{−2}h_0(log t) + O ( t^{−3} ) , f^{(n)}(t) = d^n dt^n [t^{−2}h_0(log t)] + O ( t^{−(n+3)} ) , n = 1, 2, . . . Step 9. It can be shown from (3.25) by induction that there are periodic functions h_m ∈ C^∞, m = 1, 2, . . ., all of period log q, such that the following asymptotic expansions hold as t → ∞:

f(t) = f^∗ + t^{−2}h_0(log t) + t^{−3}h_1(log t) + . . . + t^{−(m+2)}h_m(log t) + O ( t^{−(m+3)} ) , f^{(n)}(t) = d^n dt^n [t^{−2}h_0(log t)] + d^n dt^n [t^{−3}h_1(log t)] + . . . + d^n dt^n [t^{−(m+2)}h_m(log t)] +O ( t^{−(n+m+3)} ) , n = 1, 2, . . . . Therefore, (3.18) and (3.19) hold.

Step 10. Substituting the expansions of f(t) and f^′(t) into (1.1) and then comparing the coefficients of t^{−(m+2)}, m ∈ N , yields the recurrence relation (3.20). 2

Recall the remark we made at the beginning of this section about the solution f(t), t ≤ 0, of (1.5),it can be seen from the preceding two theorems the following results hold.

Theorem 14 Suppose that q ∈ (0, 1) and f(t) ∈ C^1(T_{min}, T_{max}) is the solution of the initial value problem (1.5).

1. If μ > 0 and

|f_0 + f^∗| < 2f^∗ max { (1 − 3q^2)(1 + q^2) 1 + q^4 , (1 − q^{1/2})(1 − q^{3/2}) (1 + q)^2 }

then T_{min} = ∞ and lim_{t→−∞} f(t) = −f^∗;

2. If μ > 0, q < 2^{−1/2} and f_0 > f^∗ then T_{min} > −∞, f^′(t) < 0 for every t ∈ (T_{min}, 0] and lim_{t→Tmin+0} f(t) = ∞.

3. If μ = 0, q < 2^{−1/2} and f_0 > 0 then T_{min} > −∞, f^′(t) < 0 for every t ∈ (T_{min}, 0] and lim_{t→Tmin+0} f(t) = ∞.

4. If μ < 0, q < 2^{−1/2} and f_0 ≥ −^1_q (|μ|/2)^{1/2} then T_{min} < ∞, f^′(t) < 0 for every t ∈ (T_{min}, 0] and lim_{t→Tmin+0} f(t) = ∞.

Theorem 15 If q ∈ (0, 1), μ > 0 and f(t) ∈ C^1(−∞, T_{max}) is a solution of (1.1) that satisfies f(t) → −f^∗ as t → −∞ then the following asymptotic expansions hold as t → ∞: −f(−t) = f^∗ + t^{−2}h^∗_0(log t) + t^{−3}h^∗_1(log t) + · · · ,

(−1)^{n+1}f^{(n)}(−t) = d^n dt^n [t^{−2}h^∗_0(log t)] + d^n dt^n [t^{−3}h^∗_1(log t)] + · · · , n = 1, 2, . . . ,

where h^∗_m ∈ C^∞, m = 0, 1, . . ., are periodic functions of period − log q that obey the recurrence relation

h^∗_m(t) =

1 + q^m 2f^∗(1 − q^m) [ d dt − (m + 1) ] h^∗_{m−1}(t) − 1 2f^∗ m−1∑ k=1 h^∗_{k−1}(t)h^∗_{m−k−1}(t) for m = 1, 2, . . ..

4 The case q 2 (�1; 0)

This section deals with equation (1.1) and its initial value problem (1.5) for the case q ∈ (−1, 0). Let p = −q ∈ (0, 1), g_1(t) = f(t) and g_2(t) = −f(−t) for t ≥ 0. It can be shown that the initial value problem (1.5) is equivalent to the system { g^′_1(t) + p^2g^′_2(pt) + g^2_1 (t) − p^2g^2(pt) = μ, g^′_2(t) + p^2g^′_1(pt) + g^2 (t) − p^2g^2_1(pt) = μ, t ≥ 0 (4.1)

with the initial condition

g_1(0) = f_0, g_2(0) = −f_0. (4.2)

Applying Lemma 5 to (4.1) yields

g^′_1(t) = μ 1 + p^2

− g^2_1 (t) + 2p^2g^2 (pt) − 2 ∞∑ n=1 p^{4n}[g^2_1 (p^{2n}t) − p^2g^2 (p^{2n+1}t)], (4.3)

g^′_2(t) = μ 1 + p^2

− g^2 (t) + 2p^2g^2_1 (pt) − 2 ∞∑ n=1 p^{4n}[g^2 (p^{2n}t) − p^2g^2_1 (p^{2n+1}t)]. (4.4)

Theorem 16 If q ∈ (−1, 0) then the initial value problem (1.5) has one and only one continuously differentiable solution, f(t), say, in a neighbourhood of the origin. Furthermore,

1. The maximal interval of existence, say (T_{min}, T_{max}), say, is open, where T_{max} > 0 and T_{min} < 0;

2. Either T_{max} < ∞, T_{min} > −∞ or T_{max} = ∞, T_{min} = −∞;

3. If T_{max} < ∞ then lim sup_{t→Tmax−0} |f(t)| = lim sup_{t→Tmin+0} |f(t)| = ∞; and

4. f(t) ∈ C^∞(T_{min}, T_{max}).

Proof. It follows from Lemma 6 that (4.1,4.2) has a unique continuous differentiable solution (g_1(t), g_2(t)) in the interval [0, T ), where [0, T ) is the maximal interval of existence in the sense that T < ∞ implies lim_{t→T −0}(g^2_1 (t) + g^2 (t)) = ∞. This implies that the initial value problem (1.5) has a unique solution f(t) = { g_1(t), 0 ≤ t < ∞ −g_2(−t), −∞ < t ≤ 0 in C^1(−T, T ). If T < ∞ then lim_{t→T −0} g^2_1 (t) = ∞ and/or lim_{t→T −0} g^2 (t) = ∞. Suppose that lim_{t→T −0} g^2_1 (t) = lim_{t→T −0} g^2 (t) = ∞. Then the maximal interval of existence is (−T, T ). Suppose that lim_{t→T −0} g^2_1 (t) = ∞. We can use (4.4) to prove that there exists T_1 ∈ (T, T/p) such that the solution g_2(t) can be extended continuously to the interval [0, T_1). In this case, the maximal interval of existence is (−T_1, T ), which is still an open interval. Suppose that lim_{t→T −0} g^2_1 (t) = ∞. We can use (4.3) to prove that there exists T_2 ∈ (T, T/p) such that the solution g_1(t) can be extended continuously to the interval [0, T_2). In this case, the maximal interval of existence is (−T, T_2), which is an open interval as well. Finally, we can see from (4.3) and (4.4) that g_1, g_2 ∈ C^∞[0, T_{max}). It can be shown by induction from (4.3) and (4.4) that g^{(k)}_1 (0) = (−1)^{k+1}g^{(k)}_2 (0), k ∈ Z. Hence, the solution f(t) is in the function space C^∞(T_{min}, T_{max}). 2

Theorem 17 Suppose that q ∈ (−1, 0) and f(t) ∈ C^1(T_{min}, T_{max}) is the solution of the initial value problem (1.5).

1. If μ > 0, q ∈ (−3^{−1/2}, 0) and f_0 satisfy the condition |f_0| < [2(1 − 3q^2)^2(1 + q^2)^2 − (1 + q^4)^2]^{1/2}f^∗ 1 + q^4

; (4.5)

then T_{max} = ∞, lim_{t→±∞} f(t) = ±f^∗.

2. Suppose that μ > 0 and q > −2^{−1/2}. If f_0 < −f^∗ then T_{max} < ∞, f^′(t) < 0 for all t ∈ [0, T_{max}) and lim_{t→Tmax−0} f(t) = −∞. If f_0 > f^∗ then T_{min} > −∞, f^′(t) < 0 for all t ∈ (T_{min}, 0] and lim_{t→Tmin+0} f(t) = ∞.

3. Suppose μ = 0 and q > −2^{−1/2}. If f_0 < 0 then T_{max} < ∞, f^′(t) < 0 for all t ∈ [0, T_{max}) and lim_{t→Tmax−0} f(t) = −∞. If f_0 > 0 then T_{min} > −∞, f^′(t) < 0 for all t ∈ (T_{min}, 0] and lim_{t→Tmin+0} f(t) = ∞.

4. Suppose μ < 0 and q > −2^{−1/2}. If f_0 ≤ 0 then T_{max} < ∞, f^′(t) < 0 for every t ∈ [0, T_{max}) and lim_{t→Tmax−0} f(t) = −∞. If f_0 ≥ 0 then T_{min} > −∞, f^′(t) < 0 for all t ∈ (T_{min}, 0] and lim_{t→Tmin+0} f(t) = ∞.

Before proving Theorem 17 (1,2), we note that equation (1.1) has two stationary solutions, namely f^∗ and −f^∗. This implies that system (4.1) has four stationary solutions, namely,

(f^∗, f^∗)^T , (f^∗, −f^∗)^T , (−f^∗, f^∗)^T and (−f^∗, −f^∗)^T .

We can use Dirichlet series as in the previous section to see that the only possibly asymptotically stable stationary solution of (4.1) is (f^∗, f^∗)^T .

Proof of Theorem 17 (1). Let y_i(t) = g_i(t) − f^∗, i = 1, 2. We obtain from (4.3) and (4.4) the following equations

y^′_1(t) = −a[y_1(t) − 2p^2y_2(pt)] − 2a ∞∑ n=1 p^{4n}[y_1(p^{2n}t) − p^2y_2(p^{2n+1}t)]

−y^1 (t) + 2p^2y^2 (pt) − 2 ∞∑ n=1 p^{4n}[y^2_1 (p^{2n}t) − p^2y^2 (p^{2n+1}t)], (4.6)

y^′_2(t) = −a[y_2(t) − 2p^2y_1(pt)] − 2a ∞∑ n=1 p^{4n}[y_2(p^{2n}t) − p^2y_1(p^{2n+1}t)]

−y^1_2 (t) + 2p^2y^2_1 (pt) − 2 ∞∑ n=1 p^{4n}[y^2 (p^{2n}t) − p^2y^2_1 (p^{2n+1}t)], (4.7)

where a = 2f^∗. Define a Liapunov function of the form U(t) = 1 2 [y^2_1 (t) + y^2 (t)].

Since y^′_1(0) = y^′_2(0) =

1 − p^2 1 + p^2

[(f^∗)^2 − f^2_0 ],

we obtain U^′(0) = −

2f^∗(1 − p^2) 1 + p^2

[(f^∗)^2 − f^2_0 ] < 0.

Hence, there exists a real number t_0 ∈ (0, T_{max}) such that the inequality |U(t)| < |U(0)| (4.8) holds for every t ∈ (0, t_0). We claim that T_{max} = ∞ and that (4.8) holds for every t > 0. Otherwise there exists a real number t_1 > t_0 such that |U(t)| < |U(0)| holds for every t ∈ (0, t_1) and |U(t_1)| = |U(0)|. Noting that the last two terms of (4.6) and (4.7) have different signs, we obtain the inequality

U^′(t_1) ≤ − [ (1 − 3p^2)a 1 − p^2 − 2^{1/2}(1 + p^4) 1 − p^4

U(0)^{1/2} ] U(0) < 0

which leads to a contradiction. The rest of the proof is similar to the second part of the proof of Theorem 10(1). 2

Analogous to the second part of the proof of Theorem 10(1), we can use a Liapunov functional of the form

V (t) = 1 2 [ x^2_1(t) + x^2(t) ] + β ∫_t qt [y^2_1 (s) + y^2 (s)] ds, where x_1(t) = y_1(t) + py_2(pt), x_2(t) = y_2(t) + py_1(pt), and β is a positive constant. However, we are unable to improve Theorem 17 (1).

The transformation g(t) = −f(−t) does not change equation (1.1). However, the initial condition becomes g(0) = −f_0. Therefore, we only need to consider the case f_0 ≤ 0 in the proof of the rest of Theorem 17.

Proof of Theorem 17 (2). Let z_1(t) = g_1(t) + f^∗, z_2(t) = g_2(t) − f^∗. We obtain from (4.3), (4.4) the following equations

z^′_1(t) = a[z_1(t) + 2p^2z_2(pt)] + 2a ∞∑ n=1 p^{4n}[z_1(p^{2n}t) + p^2z_2(p^{2n+1}t)]

−z^2_1 (t) + 2p^2z^2 (pt) − 2 ∞∑ n=1 p^{4n}[z^2_1 (p^{2n}t) − p^2z^2 (p^{2n+1}t)], (4.9)

z^′_2(t) = −a[z_2(t) + 2p^2z_1(pt)] − 2a ∞∑ n=1 p^{4n}[z_2(p^{2n}t) + p^2z_1(p^{2n+1}t)]

−z^2 (t) + 2p^2z^2_1 (pt) − 2 ∞∑ n=1 p^{4n}[z^2 (p^{2n}t) − p^2z^2_1 (p^{2n+1}t)], (4.10) where a = 2f^∗. Since z_1(0) = f_0 + f^∗ < 0, z_2(0) = −z_1(0) and z^′_1(0) = z^′_2(0) = μ − (1 − p^2)f^2_0 1 + p^2 < 0, there exists t_0 > 0 such that z_1(t) + |z_2(t)| < 0 (4.11) for every t ∈ (0, t_0).

We claim that (4.11) holds for every t ∈ (0, T_{max}). Otherwise, there exists t_1 ∈ [t_0, T_{max}) such that (4.11) holds for every t ∈ (0, t_1) and z_1(t_1) + |z_2(t_1)| = 0. (4.12) By subtracting (4.9) from (4.10) we can see that z^′_1(t) − z^′_2(t) < 0, t ∈ (0, t_1]. (4.13) Adding (4.9) to (4.10) yields

z^′_1(t) + z^′_2(t) = a{[z_1(t) − z_2(t)] − 2p^2[z_1(pt) − z_2(pt)]} +2a ∞∑ n=1 p^{4n}{[z_1(p^{2n}t) − z_2(p^{2n}t)] − p^2[z_1(p^{2n+1}t) − z_2(p^{2n+1}t)]

−[z^2_1 (t) + z^2 (t)] + 2p^2[z^2_1 (pt) + z^2 (pt)] −2 ∞∑ n=1 p^{4n}{[z^2_1 (p^{2n}t) + z^2 (p^{2n}t)] − p^2[z^2_1 (p^{2n+1}t) + z^2 (p^{2n+1}t)]}, (4.14)

Let W (t) = z^2_1 (t) + z^2 (t).

Since W^′(0) = 0 and W^{′′}(0) > 0, there exists t_2 ∈ (0, t_1) such that W^′(t) > 0 (4.15) for t ∈ (0, t_2). We claim that (4.15) holds for every t ∈ (0, t_1). Otherwise, there exists t_3 ∈ (t_2, t_1) such that (4.15) holds for every t ∈ (0, t_3) and W^′(t_3) = 0. Noting that p^2 < 1/2, we can see from (4.14) that z^′_1(t) + z^′_2(t) < 0, t ∈ (0, t_3].

Therefore, W^′(t_3) > 0, which leads to a contradiction. Hence, (4.15) holds for every t ∈ (0, t_1). Using (4.13) and (4.15) we derive from (4.14) the inequality z^′_1(t) + z^′_2(t) < 0, t ∈ (0, t_1]. (4.16) Noting that z^′_1(t) < 0 (4.17) holds for t ∈ (0, t_1), we have z_1(t_1) < 0. Using (4.13) and (4.16) we obtain (z^2_1 (t) − z^2 (t))^′|_{t=t1} > 0, which contradicts our assumptions that (4.11) holds for every t ∈ (0, t_1) and that (4.12) holds. Therefore, (4.11) holds for every t ∈ (0, T_{max}).

It follows from (4.9) that

z^′_1(t) < a[z_1(t) − 2p^2z_1(pt)] + 2a ∞∑ n=1 p^{4n}[z_1(p^{2n}t) − p^2z_1(p^{2n+1}t)]

−z^2_1 (t) + 2p^2z^2_1 (pt) − 2 ∞∑ n=1 p^{4n}[z^2_1 (p^{2n}t) − p^2z^2_1 (p^{2n+1}t)] (4.18) holds for every t ∈ (0, T_{max}). Similar to the proof of Theorem 10 (2), it can be shown that (4.17) holds for every t ∈ (0, T_{max}). Hence, we obtain from (4.18) that z^′_1(t) < −(1 − 2p^2)z^2_1 (t), t ∈ (0, T_{max}).

Since z_1(t) < 1 (1 − 2p^2)t + 1/z_1(0)

, t ∈ (0, T_{max}),

we must have T_{max} < −((1 − 2p^2)z_1(0))^{−1}. 2 Proof of Theorem 17 (3,4). First, we consider the case μ < 0, f_0 = 0. Since the solution is unique, we must have g_1(t) ≡ g_2(t) = g(t), where g(t) is a solution of the equation g^′(t) + p^2g^′(pt) + g^2(t) − p^2g^2(pt) = μ.

According to Theorem 10 (4), T_{max} < ∞ and lim_{t→Tmax−0} g(t) = −∞.

Next, we consider the case μ ≤ 0, f_0 < 0. Since g_1(0) = f_0 < 0, g_2(0) = −f_0 > 0 and g^′_1(0) = g^′_2(0) = μ − (1 − p^2)f^2_0 1 + p^2 < 0, there exists t_0 > 0 such that g_1(t) + |g_2(t)| < 0 (4.19) for every t ∈ (0, t_0).

We claim that (4.19) holds for every t ∈ (0, T_{max}). Otherwise, there exists t_1 ∈ [t_0, T_{max}) such that (4.19) holds for every t ∈ (0, t_1) and g_1(t_1) + |g_2(t_1)| = 0. (4.20) Subtracting (4.3) from (4.4) yields

g^′_1(t) − g^′_2(t) = −[g^2_1 (t) − g^2 (t)] − 2 ∞∑ n=1 p^{2n}[g^2_1 (p^nt) − g^2 (p^nt)], (4.21)

which, together with (4.19), implies that g^′_1(t) − g^′_2(t) < 0, t ∈ (0, t_1]. (4.22) Adding (4.3) to (4.4) yields

g^′_1(t) + g^′_2(t) = 2μ 1 + p^2

− [g^2_1 (t) + g^2 (t)] + 2p^2[g^2_1 (pt) + g^2 (pt)] −2 ∞∑ n=1 p^{4n} { g^2_1 (p^{2n}t) + g^2 (p^{2n}t) − p^2 [ g^2_1 (p^{2n+1}t) + g^2 (p^{2n+1}t) ]} . (4.23) Let W (t) = g^2_1 (t) + g^2(t).

Since W^′(0) = 0 and W^{′′}(0) > 0, there exists t_2 ∈ (0, t_1) such that W^′(t) > 0 (4.24) for t ∈ (0, t_2). We claim that (4.24) holds for every t ∈ (0, t_1). Otherwise, there exists t_3 ∈ (t_2, t_1) such that (4.24) holds for every t ∈ (0, t_3) and W^′(t_3) = 0. Noting that p^2 < 1/2, we can see from (4.23) that g^′_1(t) + g^′_2(t) < 0, t ∈ (0, t_3].

Therefore, W^′(t_3) > 0, which leads to a contradiction. Hence, (4.24) holds for every t ∈ (0, t_1) which, together with (4.23), implies that g^′_1(t) + g^′_2(t) < 0, t ∈ (0, t_1). (4.25)

Therefore (g^2_1 (t) − g^2 (t))^′|_{t=t1} > 0, which contradicts our assumptions that (4.19) holds for every t ∈ (0, t_1) and (4.20) holds. Therefore, (4.19) holds for every t ∈ (0, T_{max}), which implies that

g^′_1(t) < μ 1 + p^2

− g^2_1(t) + 2p^2g^2_1 (pt) − 2 ∞∑ n=1 p^{4n}[g^2_1 (p^{2n}t) − p^2g^2_1 (p^{2n+1}t)] (4.26)

holds for every t ∈ (0, T_{max}) as well. Similar to the proof of Theorem 10 (3,4), we can prove from the above inequality that

g^′_1(t) < 0, t ∈ (0, T_{max}).

Hence, g^′_1(t) < −(1 − 2p^2)g^2_1 (t), t ∈ (0, T_{max}).

Since g_1(t) < 1 (1 − 2p^2)t + 1/g_1(0) t ∈ (0, T_{max}),

we must have T_{max} < −((1 − 2p^2)g_1(0))^{−1}. 2

Theorem 18 If q ∈ (−1, 0)), μ > 0 and f(t) ∈ C^1[0, ∞) is a solution of (1.1) that satisfies f(t) → ±f^∗ as t → ±∞ then the asymptotic expansions hold as t → ∞

f(t) = f^∗ + t^{−2}h_0(log t) + t^{−3}h_1(log t) + . . . ,

f^{(n)}(t) = d^n dt^n [t^{−2}h_0(log t)] + d^n dt^n [t^{−3}h_1(log t)] + · · · , n = 1, 2, . . . ,

−f(−t) = f^∗ + t^{−2}h^∗_0(log t) + t^{−3}h^∗_1(log t) + . . . ,

(−1)^{n+1}f^{(n)}(−t) = d^n dt^n [t^{−2}h^∗_0(log t)] + d^n dt^n [t^{−3}h^∗_1(log t)] + · · · , n = 1, 2, . . . ,

where h_n, h^∗_n ∈ C^∞, n = 0, 1, . . ., are periodic functions of period −2 log |q| that obey

h_0(t) = h^∗_0(t + log |q|)

and the recurrence relations

h_m(t) = 1 2f^∗(1 − q^{2m}) [ d dt − (m + 1) ] [ (1 + q^{2m})h_{m−1}(t) + 2|q|^mh^∗_{m−1}(t + log |q|) ]

− 1 2f^∗ m−1∑ k=1 h_{k−1}(t)h_{m−k−1}(t), m = 1, 2, . . . , h^∗_m(t) = 1 2f^∗(1 − q^{2m}) [ d dt − (m + 1) ] [ (1 + q^{2m})h^∗_{m−1}(t) + 2|q|^mh_{m−1}(t + log |q|) ]

− 1 2f^∗ m−1∑ k=1 h^∗_{k−1}(t)h^∗_{m−k−1}(t), m = 1, 2, . . . .

Proof. Let p = −q ∈ (0, 1), g_1(t) = f(t) and g_2(t) = −f(−t) for t ≥ 0. Then g_1 and g_2 satisfies (4.1). Denote u_n(t) = y^{(n)}_1 (t) and v_n(t) = y^{(n)}_2 (t) for n ∈ Z^+, where y_i(t) = g_i(t) − f^∗, i = 1, 2, satisfy the system

y^′_1(t) + p^2y^′_2(pt) + ay_1(t) − p^2ay_2(pt) + y^2_1(t) − p^2y^2 (pt) = 0, (4.27)

y^′_2(t) + p^2y^′_1(pt) + ay_2(t) − p^2ay_1(pt) + y^2(t) − p^2y^2_1 (pt) = 0, (4.28)

where a = 2f^∗. The proof is essentially the same as that of Theorem 13. For instance, similar to the first three steps of the proof of (13), we can obtain the estimates

u_n(t), v_n(t) = O(t^{αn} ) as t → ∞

for n = 0, 1, 2 and for any α_0 > −1/2, α_1 > −3/2 and α_2 > −5/2. Differentiating both sides of (4.27) and (4.28) yield

u_1(t) − p^3[a + 2v(pt)] a + 2u(t) v_1(pt) = u_2(t) + p^3v_2(pt) a + 2u(t) ,

v_1(t) − p^3[a + 2u(pt)] a + 2v(t) u_1(pt) = v_2(t) + p^3u_2(pt) a + 2v(t) . We obtain from the above equations the following equation

u_1(t) − p^6[a + 2v(pt)][a + 2u(p^2t)] [a + 2u(t)][a + 2v(pt)] u_1(p^2t)

= u_2(t) + p^3v_2(pt) a + 2u(t) + p^3[a + 2u(p^2t)][v_2(pt) + p^3u_2(p^2t)] [a + 2v(pt)][a + 2v(pt)] . Therefore, we can obtain the estimate

u_1(t), v_1(t) = O(t^{α1} ) as t → ∞

for any α_1 > −5/2. We omit the rest of the proof. 2

5 Some conjectures

In this section we postulate some conjectures on the initial value problem (1.5). Our conjectures are supported by numerical experiment. Some numerical investigation has been carried out in [4, 6]. The method used for our numerical experiment is the so called θ-method for functional differential equations with proportional delay [21]. Since the cases μ > 0 and μ < 0 can be transformed to the cases μ = 1 and μ = −1, respectively, it suffices to do experiment numerically for the cases μ = 1, 0 and −1 only. In the sequel, f(t) denotes the solution of the initial value problem (1.5) with the maximal interval of existence (T_{min}, T_{max}).

First, we consider the case q ∈ (0, 1). As explained in Section 3, we only need to solve (1.5) for t ≥ 0 only. In Figures 1 and 2, solutions of (1.5) with μ = 1, q = 0.8 are plotted for various initial values. We choose q close to 1, because most of our result in Section 3 are proved under assumptions that usually restrict the size of q. Figure 1 shows that the solution tends to the stationary solution f^∗ ≈ 1.6667 (the dash-dot line) when f_0 > −f^∗, whereas Figure 2 demonstrates that the solution blows up in finite time if f_0 < −f^∗. These two figures suggest the following conjecture:

Conjecture 1: Suppose that q ∈ (0, 1) and μ > 0. If f_0 > f^∗ then T_{max} = ∞, f^∗ < f(t) < f_0 for every t > 0, and lim_{t→∞} f(t) = f^∗; If −f^∗ < f_0 < f^∗ then T_{max} = ∞, f^∗ < f(t) < f_0 for every t > 0, and lim_{t→∞} f(t) = f^∗; If f_0 < −f^∗ then T_{max} < ∞ and lim_{t→Tmax−0} f(t) = −∞.

Part of Conjecture 1 has been formulated in Degasperis and Shabat [6]. The solutions that are displayed in the previous two figures are all monotonic.

However, the monotonicity will be lost when the initial values are close to the unstable stationary solution −f^∗. This can be seen from Figure 3 (μ = 1, q = 0.5), where solutions with initial values −1.13 (the solid line), −1.15 (the dash-dot line) and 1.1547 (the dash line) are displayed.

In Figure 4 (μ = 1, q = 0.5), we plot t against e^{2t}(f(e^t)−f^∗) with the initial values f_0 = 1.3 and f_0 = 1 (from top to bottom in the picture). This picture clearly indicates that e^{2t}(f(e^t) − f^∗) tends to a non-trivial periodic function of period − log 2 ≈ 0.6931. This suggest that h_0 (hence h_n, n = 1, 2, . . .) in the asymptotic expansions (3.18) can be a genuine periodic function. This contradicts the conjectured asymptotic expansion given in [4].

In the next two figures, solutions of (1.5) with μ = 0 and μ = −1, respectively, and q = 0.8 are plotted for various initial values f_0. Figure 5 shows clearly that the solution tends to zero (the only stationary solution of (1.1)) when f_0 > 0, but blows up in finite time when f_0 < 0. Figure 6 demonstrates that the solution always blows up in finite time, regardless of the value of f_0. These two figures prompt the next two conjectures.

Conjecture 2: Suppose that q ∈ (0, 1) and μ = 0. If f_0 > 0 then T_{max} = ∞, 0 < f(t) < f_0 for every t > 0 and lim_{t→∞} f(t) = 0. If f_0 < 0 then T_{max} < ∞ and lim_{t→Tmax−0} f(t) = −∞.

Conjecture 3: If q ∈ (0, 1) and μ < 0 then T_{max} < ∞ and lim_{t→Tmax−0} f(t) = −∞.

We have also made a comprehensive numerical experiment with the case q ∈ (−1, 0). Our numerical result suggests the following conjectures:

Conjecture 4: Suppose that q ∈ (−1, 0) and μ > 0. If |f_0| < f^∗ then T_{max} = ∞, T_{min} > −∞, |f(t)| < f^∗ for every t ∈ R, and lim_{t→±∞} f(t) = ±f^∗. If f_0 < −f^∗ then T_{max} < ∞ and lim_{t→Tmax−0} f(t) = −∞. If f_0 > f^∗ then T_{min} > −∞ and lim_{t→Tmin+0} f(t) = ∞.

Conjecture 5: Suppose that q ∈ (−1, 0) and μ = 0. If f_0 < 0 then T_{max} < ∞ and lim_{t→Tmax−0} f(t) = −∞. If f_0 > 0 then T_{min} > −∞ and lim_{t→Tmin+0} f(t) = ∞.

Conjecture 6: Suppose that q ∈ (−1, 0) and μ < 0. If f_0 ≤ 0 then T_{max} < ∞ and lim_{t→Tmax−0} f(t) = −∞. f_0 ≥ 0 then T_{min} > −∞ and lim_{t→Tmin+0} f(t) = ∞.

Since the case q ∈ (−∞, −1) ∪ (1, ∞) can be transformed to the case q ∈ (−1, 0) ∪ (0, 1), the above conjectures together with Theorem 2 imply that when q ≠ 1, −1 1. the solution of (1.5) is regular if (1 − q^2)μ > 0, |f_0| < f^∗; and 2. the solution of (1.5) is not global if (1 − q^2)μ > 0, |f_0| > f^∗ or μ = 0, f_0 ≠ 0 or (1 − q^2)μ < 0.

We have proved (Theorems 1 and 2) that the above are true when |q| is sufficiently small (or sufficiently large).

Finally, we remark that the technique developed in this paper can be used to certain extent to study the following system of equations { f^′_n(t) + f^′_{n+1}(t) + f^2_n(t) − f^2_{n+1}(t) = μ_n, n = 1, 2, . . . , N − 1, f^′_N (t) + q^2f^′_1(qt) + f^2_N (t) − q^2f^2_1 (qt) = μ_N , where q and μ are parameters. Solutions of the above system give a class of self-similar solutions, or q-periodic closure, of the form (see Spiridonov [28, 30]) f_{n+N} (t) = qf_n(qt), μ_{n+N} = q^2μ_n, n = 1, 2, . . . , to the dressing chain (1.2). Spiridonov [30] also noted that solutions of the system { f^′_n(t) + f^′_{n+1}(t) + f^2_n(t) − f^2_{n+1}(t) = μ_n, n = 1, 2, . . . , N − 1, f^′_N (t) + f^′_1(t + 1) + f^2_N (t) − f^2_1 (t + 1) = μ_N

(5.1)

provide the dressing chain with another class of self-similar solutions of the form f_{n+N} (t) = f_n(t + 1), μ_{n+N} = μ_n, n = 1, 2, . . . .

However, the technique used in this paper does not apply to (5.1).

Acknowledgements

The author thanks Arieh Iserles (Cambridge) for bringing Shabat’s paper [26] to his attention and for many valuable discussion on the subject matter of this paper. He also acknowledges useful suggestions and comments from Mike Powell (Cambridge), Vyacheslav Spiridonov (Dubna) and an anonymous referee.

Figure 1. q = 0.8, μ = 1. Figure 2. q = 0.8, μ = 1.

Figure 3. q = 0.5, μ = 1. Figure 4. q = 0.8, μ = 1.

Figure 5. q = 0.8, μ = 0. Figure 6. q = 0.8, μ = −1.

References

[1] R. Adams, Linear q-difference equations, Bull. Amer. Math. Soc. 37 (1931), 361–400.

[2] V.E. Adler, On the rational solutions of the Shabat equation, in: Nonlinear Physics: theory and experiment, World Sci. Publishing, 1996, 3-10.

[3] M. Arik and D. Coon, Hilbert spaces of analytic functions and generalized coherent states, J. Math. Phys. 17 (1976), 524–527.

[4] D.T. Barclay, R. Dutt, A. Gangopadhyaya, A. Khare, A. Pagnamenta and U. Sukhatme, New exactly solvable Hamiltonian: Shape invariance and selfsimilarity, Physical Review A, 48 (1993), 2786–2797.

[5] J. Carr and J. Dyson, The functional differential equation y^′(x) = ay(λx)+by(x), Proc. Royal Soc. Edinburgh 74A (1974/75), 165–174.

[6] A. Degasperis and A. Shabat, Construction of reflectionless potentials with infinite disrete spectrum, Theoretical and Mathematical Physics 100 (1994), 970–984.

[7] G.A. Derfel and A. Iserles, The pantograph equation in the complex plane, J.

Math. Anal. Appl. 213 (1997) 117–132,

[8] A. Feldstein and Y. Liu, On neutral functional differential equations with variable delays. To appear in Proc. Cam. Phil. Soc. (1998).

[9] P.O. Frederickson, Dirichlet series solution for certain functional differential equations, in: M. Urabe, ed., Japan–United States Seminar on Ordinary Differential and Functional Equations, Springer-Verlag, 1971, 247–254.

[10] G. Gasper and M. Rahman, Basic Hypergeometric Series, Cambridge University Press, Cambridge, 1990.

[11] D.P. Gaver, An absorption probability problem, J. Math. Anal. and Appl. 9 (1964), 384–393.

[12] I.M. Gelfand and D.B. Fairlie, The algebra of Weyl symmetrised polynomials and its quantum extensions, Comm. Math. Phys. 136 (1991), 487–499.

[13] G. Gripenberg, S.-O. Londen and O. Staffans, Volterra Integral and Functional Equations, Cambridge University Press, Cambridge, 1990.

[14] J.K. Hale and S.M. Verduyn Lunel, Introduction to Functional Differential Equations, Springer-Verlag, New York, 1977.

[15] L. Infeld and T.E. Hull, Factorization method, Rev. Modern Phys. 23 (1951), 21–68.

[16] A. Iserles, On the generalized pantograph functional-differential equation, Europ.

J. Appl. Maths 4 (1992), 1–38.

[17] A. Iserles, On nonlinear delay differential equations, Transactions of Amer. Math.

Soc. 344 (1994), 441–477.

[18] A. Iserles and J. Terjéki, Stability and asymptotic stability of functionaldifferential equations, J. London Math. Soc. (2) 51 (1995), 559–572.

[19] A. Iserles and Y. Liu, On functional-differential equations with proportional delays, J. Math. Anal. Appl. 207 (1997), 73–95.

[20] T. Kato and J.B. McLeod, The functional-differential equation y^′(x) = ay(λx) + by(x), Bull. Amer. Math. Soc. 77(1971), 891–937.

[21] Y. Liu, Stability of θ-methods for neutral functional-differential equations, Numer. Math. 70 (1995) 473–485.

[22] Y. Liu, Asymptotic behaviour of functional-differential equations with proportional time delays, Europ. J. Appl. Maths. 7 (1996), 11–30

[23] A.J. Macfarlane, On q-analogues of the quantum harmonic ossillator and the quantum group SU(2)_q , J. Phys. A22 (1989), 4581–4588.

[24] R. Nussbaum, Existence and uniqueness theorems for some functional differential equations of neutral type, J. Diff. Eqs 11 (1972), 607–623.

[25] J.R. Ockendon and A.B. Tayler, The dynamics of a current collection system for an electric locomotive, Proc. Royal Soc. A 322 (1971), 447–468.

[26] A. Shabat, The infinite dimensional dressing dynamical system, Inverse Problems 8 (1992), 303–308.

[27] S. Skorik and V. Spiridonov, Self-similar potentials and the q-oscillator algebra at roots of unity, Lett. Math. Phys. 28 (1993), 59–74.

[28] V. Spiridonov, Nonlinear algebras and spectral problems. In J. LeTourneux and L. Vinet ed., Quantum Groups, Integral Models and Statistical Systems, World Sci. Publishing, 1992, 246–256.

[29] V. Spiridonov, Exactly solvable potentials and quantum algebras, Phys. Rev. Lett.

69 (1992), 398–401 .

[30] V. Spiridonov, Universal superpositions of coherent states and self-similar potentials, Physical Review A 52 (1995), 1909–1935.

[31] V. Spiridonov, Coherent states of the q-Weyl algebra, Lett. Math. Phys. 35 (1995), 179–185.

[32] V. Spiridonov and A. Zhedanov, Symmetry preserving quantization and selfsimilar potentials, J. Phys. A:Math. Gen. 28 (1995), L589–L595.

[33] O. Staffans, A neutral FDE is similar to the product of an ODE and a shift, J.

Math. Anal. Appl. 192 (1995), 627–654.

[34] A.P. Veselov and A.B. Shabat, The dressing dynamical system and spectra theory of Schrödinger operator, Funct. Anal. Appl. 27 (1993), 81–96.