The uniform convergence of multivariate natural splines

Aurelian Bejancu^�

Department of Applied Mathematics and Theoretical Physics Silver Street, Cambridge, England CB3 9EW

April 1997

Abstract Let f be a function from R^d to R that has square integrable q-th order partial derivatives, where q > d/2. Let Ω be an arbitrary bounded set having a Pq−1(R^d)-unisolvent subset and consider a sequence {Vk : k = 1, 2, 3, . . .} of sets in R^d, each one containing a finite number of points that tend to “fill up” Ω as k → ∞. We prove that the sequence {sf,V_k : k = 1, 2, 3, . . .} of the corresponding multivariate natural spline interpolants to f on Vk converges to f uniformly on Ω as k → ∞. For d = q = 2, this result has been proved by Powell [16]. Here we extend his method of proof by estimating more general power functions. Related results on the uniform error of multivariate natural spline interpolation are also provided.

1991 Mathematics Subject Classification: Primary 41A05, 41A15, 41A63; Secondary 41A25, 46E22, 65D07. Key words and phrases: Radial basis function approximation, uniform error estimates, scattered data, power function.

1 Introduction

Denote by BL^q (R^d) the vector space of all distributions for which all the partial derivatives of total order q are square integrable functions over R^d. Throughout the paper, we will assume that q > d/2, in which case every element of BL^q (R^d) is a continuous function on R^d (cf. [1, 13]). We equip this space with the semi-inner product

(u , v)_q = ∫ R^d ∑ |β|=q q! β! ∂^βu ∂^βv dx (1.1) and the induced seminorm |u|_q = (u , u)^{1/2}_q , where β = (β_1, β_2, . . ., β_d) is a multi-index. Further, |β| = β_1 + β_2 + · · · + β_d, β! = β_1!β_2! · · ·!β_d! and ∂^β =^{∂|β|}_{∂ξβ11 ∂ξβ22 ···∂ξβdd} , where

∗Supported by an Internal Graduate Studentship of Trinity College, Cambridge and a British Government O.R.S. Award

x = (ξ_1, ξ_2, . . . , ξ_d). The null-space of the above seminorm is the linear space P_{q−1}(R^d) of all polynomials over R^d of total degree at most q − 1. We let N = ( d + q − 1 d ) be the dimension of P_{q−1}(R^d).

For n ≥ N , let V = {v_1, v_2, . . . , v_n} ⊂ R^d be a set of scattered data points that contains a P_{q−1}(R^d)-unisolvent subset {v_1, v_2, . . . , v_N }, say. By definition, this is the condition

p ∈ P_{q−1}(R^d) and p(v_j ) = 0, j = 1, 2, . . ., N, =⇒ p ≡ 0 . (1.2)

Given f ∈ BL^q (R^d), the multivariate natural spline (MNS) interpolant to f on V is the unique function s_{f,V} that solves the optimal interpolation problem

minimize |u|_q subject to u ∈ BL^q (R^d) and u(v_j) = f(v_j ), j = 1, 2, . . ., n . (1.3)

This problem and more general ones have been introduced and studied by Duchon [1, 2]. He proved that the solution s_{f,V} has the form s_{f,V} (x) = n∑ i=1 λ_iϕ(‖x − v_i‖) + p_{f,V} (x) , x ∈ R^d. (1.4)

Here p_{f,V} ∈ P_{q−1}(R^d), ‖.‖ denotes the Euclidean norm of R^d, ϕ is the function ϕ(t) = { t^{2q−d} if d is odd t^{2q−d} ln t if d is even

(1.5)

and the coefficients {λ_1, λ_2, . . . , λ_n} satisfy the equations n∑ i=1 λ_ip(v_i) = 0 , ∀ p ∈ P_{q−1}(R^d) . (1.6)

Hence s_{f,V} is a radial basis function interpolant augmented by a suitable polynomial.

In this paper we study the uniform norm of the error f − s_{f,V} on bounded sets. Our main result is:

Theorem 1 Let Ω ∈ R^d be a bounded set that includes a P_{q−1}(R^d)-unisolvent set and, for any choice of the interpolation points, let h = h_V be the number

h = sup_{x∈Ω} min{‖x − v_i‖ : i = 1, 2, . . ., n} . (1.7)

Then, for sufficiently small h, the error of the MNS interpolant to any f ∈ BL^q (R^d) on V is bounded by the inequality

|f(x) − s_{f,V} (x)| ≤ c |f|_q h^{1/2} if 2q − d = 1 h|ln h|^{1/2} if 2q − d = 2 h if 2q − d ≥ 3 , ∀ x ∈ Ω , (1.8)

where c is a positive constant that depends on d, q and Ω, but not on V, f or x.

Theorem 1 demonstrates the basic property that the MNS interpolants s_{f,V} are uniformly convergent to f on Ω as h → 0. When d = q = 2, it recovers Powell’s result [16, page 110], which has provided the incentive for the present extension. As in [16], our error bounds are derived from a reproducing kernel approach combined with estimates of the so-called power function. The method originates in the paper by Golomb and Weinberger [4] and it has been used in the context of problem (1.3) by Duchon [1, 2] and Meinguet [13, 14]. More recently, many authors have applied it to estimate the error in radial basis interpolation to scattered data: Madych and Nelson [10, 11], Wu and Schaback [19], Schaback [17], Powell [16], Light [5], Light and Wayne [6, 7, 8].

For each fixed x ∈ Ω, the proof of Theorem 1 requires the selection of a suitable P_{q−1}(R^d)-unisolvent subset {v_1, v_2, . . . , v_N }, say, of the interpolation set V. Next, we define the unique coefficients {α_1, α_2, . . . , α_N } that satisfy p(x) = N∑ i=1 α_ip(v_i) , ∀ p ∈ P_{q−1}(R^d) (1.9)

and, as in Meinguet [13, 14], we consider the Hilbert space of continuous functions from BL^q (R^d) that vanish at all the points v_i, i = 1, 2, . . ., N . Then, if K_x is the reproducing kernel that gives u(x) = (K_x , u)_q for all functions u from this Hilbert space, we obtain |f(x) − s_{f,V} (x)| = |(K_x , f − s_{f,V} )_q | ≤ |K_x|_q|f − s_{f,V} |_q ≤ |K_x|_q|f|_q . (1.10) Indeed, relations (1.10) depend on the interpolation conditions, on the Cauchy–Schwarz inequality and on the variational calculation, respectively. Further, we calculate the power function |K_x|^2_q using

|K_x|^2_q = (K_x , K_x)_q = K_x(x) , (1.11)

and the outcome is |K_x|^2_q = c_{q,d} N∑ i=1 N∑ j=1 α_iα_jϕ(‖v_i − v_j ‖) − 2 N∑ i=1 α_iϕ(‖x − v_i‖) , (1.12)

where c_{q,d} is a constant. This approach is described in Section 2. In Section 3 we provide the estimates of the right hand side of (1.12) that are used to deduce (1.8).

We note that the power function (1.12) uses information given only by N of the interpolation points. In Section 2 we also describe the extension of (1.10) that makes use of all the elements of V and we formulate the problem of finding the best error bound for a given V as a best approximation problem in the sense of Sard. Section 4 is devoted to some examples of computing precise constants in error bounds, when the interpolation points are the vertices of a grid.

Accuracy orders on bounded domains for the uniform error of the interpolation procedure (1.3) were provided first by Duchon [3]. Specifically, assuming that the domain Ω is sufficiently regular, he obtained the property

‖f − s_{f,V} ‖_L∞_{(Ω)} = o(h^{q− d2} ) , (1.13) where the notations are those of Theorem 1. Various generalizations to other types of problems and a rich bibliography are given in the recent work of Matveev [12]. Both these papers are not using reproducing kernel arguments to derive the error orders.

We note that the bounds (1.8) are less strong than (1.13), the reason being that we do not include a regularity assumption on Ω. Indeed, the remark at the end of Section 3 shows that, for all admissible d and q, there exist a discrete set Ω and a function f ∈ BL^q (R^d) for which the actual error f − s_{f,V} calculated at one point of Ω is of magnitude h as h → 0. Therefore the order of convergence given by (1.8) cannot be improved when 2q − d ≥ 3 under the general hypotheses on Ω stated in Theorem 1.

We remark that the techniques used in this paper to estimate power functions may also be applied to the more general settings described in the papers of Madych and Nelson [10, 11], Wu and Schaback [19] and Light and Wayne [8].

2 General error estimates

This section describes the reproducing kernel method for obtaining pointwise error bounds. Let V = {v_1, v_2, . . . , v_n} be a set of scattered points and let the corresponding number h = h_V be defined by (1.7). Assume that ~V = {v_1, v_2, . . . , v_N } is a P_{q−1}(R^d) - unisolvent subset of V. Then for each x ∈ R^d there exist unique values of the parameters {α_1, α_2, . . . , α_N }, depending on x, that are defined by the identities (1.9). Specifically, we consider the monomial basis, {P_1, P_2, . . . , P_N } say, of P_{q−1}(R^d). For any set {x_1, x_2, . . . , x_N } of vectors from R^d, we introduce the notation

D(x_1, x_2, x_3, . . ., x_N ) = det(P_j(x_i)) . (2.1)

Hence the P_{q−1}(R^d) - unisolvence of ~V is equivalent to the condition

D(v_1, v_2, v_3, . . ., v_N ) ≠ 0 . (2.2)

Since (1.9) holds if and only if

P_j(x) = N∑ i=1 α_iP_j(v_i) , j = 1, 2, . . ., N , (2.3)

(2.2) implies that the unique coefficients {α_1, α_2, . . . , α_N } satisfying (1.9) have the values

α_i = l_i(x) = D(v_1, . . ., v_{i−1}, x, v_{i+1}, . . . , v_N ) D(v_1, v_2, v_3, . . . , v_N ) , i = 1, 2, . . ., N . (2.4) Therefore each coefficient α_i , i = 1, 2, . . ., N , is the value at x of the Lagrange interpolation polynomial l_i ∈ P_{q−1}(R^d) defined by

l_i(v_j ) = δ_{ij} , j = 1, 2, . . ., N . (2.5)

Our error analysis is based on the following result.

Proposition 1 Let f ∈ BL^q (R^d) and suppose that V contains a P_{q−1}(R^d)-unisolvent subset ~V = {v_1, v_2, . . . , v_N }. Let x be any fixed point of R^d and let the coefficients

{α_1, α_2, . . . , α_N } be defined by (1.9). Then the error of the MNS interpolant to f(x) is bounded by |f(x) − s_{f,V} (x)| ≤ [Φ(x, ~V)]^{1/2}|f|_q , (2.6) where Φ(x, ~V) = c_{q,d} N∑ i=1 N∑ j=1 α_iα_jϕ(‖v_i − v_j ‖) − 2 N∑ i=1 α_iϕ(‖x − v_i‖) (2.7)

and the constant c_{q,d} is defined in (2.12) below.

Proof. Our arguments use the exposition of Meinguet [13, 14].

For any u ∈ BL^q (R^d), consider the P_{q−1}(R^d)-interpolant Πu of u on ~V, which is defined uniquely by the Lagrange-type formula

Πu = N∑ j=1 u(v_j )l_j , (2.8)

where l_1, l_2, . . . , l_N are given by (2.5). Then Π : BL^q (R^d) −→ BL^q (R^d) is a linear projector with range P_{q−1}(R^d) and kernel

ker Π = {u ∈ BL^q (R^d) : u(v_j) = 0 , j = 1, 2, . . ., N } . (2.9)

It follows that the semi-inner product (1.1) induces a Hilbert structure on the subspace ker Π of BL^q (R^d). Moreover, as shown in [13], for each fixed x ∈ R^d, the evaluation linear functional δ_x is continuous with respect to the Hilbert space topology of ker Π. Therefore the Riesz representation theorem provides the formula

u(x) = δ_x(u) = (K_x , u)_q , ∀ u ∈ ker Π , ∀ x ∈ R^d , (2.10)

where K_x ∈ ker Π is the Riesz representer of δ_x. In other words, the function {K(y, z) = K_y (z) : y, z ∈ R^d} is the reproducing kernel function of the Hilbert space ker Π. Further, Meinguet [14] finds that K_x is the function

K_x(y) = c_{q,d} ϕ(‖y − x‖) − N∑ j=1 l_j (x)ϕ(‖y − v_j ‖) − N∑ i=1 l_i(y)ϕ(‖v_i − x‖)

+ N∑ i=1 N∑ j=1 l_i(y)l_j (x)ϕ(‖v_i − v_j ‖) , y ∈ R^d , (2.11)

where

c_{q,d} = (−1)^{q− d−12} (q −^{d+1}_2 )! 2^dπ^{d−12} (q − 1)!(2q − d)!

if d is odd

(−1)^{q− d2 +1} 2^{2q−1}π^{d/2}(q − 1)!(q −^d_2 )!

if d is even

. (2.12)

We deduce that (1.10) holds and we use (1.11), (2.4), (2.11) and the fact that ϕ(0) = 0 to obtain (1.12).

Letting Φ(x, ~V) = |K_x|^2_q and combining (1.10) and (1.12) gives the required result. 2 The estimate (2.6) makes use of information given only by the subset ~V of V. An improved error bound can be obtained by letting the power function depend on more interpolation points from V. Indeed, finding the best error bound for a given V can be phrased as a best approximation problem in the sense of Sard, as shown below.

To address this problem in the setting of Proposition 1, we fix a point x ∈ R^d and we choose the real coefficients {γ_1, γ_2, . . . , γ_n} so that p(x) = n∑ i=1 γ_ip(v_i) , ∀ p ∈ P_{q−1}(R^d) . (2.13)

Since ~V is a P_{q−1}(R^d)-unisolvent subset of V, (1.9) provides at least one such choice, namely γ_i = α_i, i = 1, 2, . . ., N and γ_i = 0, i = N + 1, N + 2, . . . , n. Next we consider the linear functional L_{x,γ} = δ_x − ∑_n i=1 γ_iδ_{vi} , i.e. L_{x,γ} (u) = u(x) − n∑ i=1 γ_iu(v_i) , (2.14)

for any continuous function u. Condition (2.13) states that L_{x,γ} annihilates P_{q−1}(R^d). By Theorem 1.1 of Meinguet [14], L_{x,γ} is a continuous linear functional on BL^q (R^d), so its restriction to the subspace ker Π defined in (2.9) is also a continuous linear functional and L_{x,γ} (u) = (l_{x,γ} , u)_q , ∀ u ∈ ker Π , (2.15)

where l_{x,γ} ∈ ker Π is the Riesz representer of L_{x,γ} .

The best approximation to δ_x in the sense of Sard is the problem of choosing those multipliers {γ_1, γ_2, . . . , γ_n} in (2.13) and (2.14) which minimize the seminorm |l_{x,γ} |_q. Schoenberg [18] has characterized the solution to this problem in the context of univariate natural splines by using cardinal functions.

Let {S_1, S_2, . . . , S_n} be the cardinal functions of the interpolation procedure (1.3), so they satisfy S_i(v_j ) = δ_{ij} , ∀ i, j ∈ {1, 2, . . ., n} . (2.16) Using our previous notation, for any f ∈ BL^q (R^d) we then have s_{f,V} (x) = n∑ i=1 f(v_i)S_i(x) , x ∈ R^d. (2.17)

Since the optimal interpolation problem (1.3) has the reproducing property s_{p,V} ≡ p, ∀ p ∈ P_{q−1}(R^d), (2.17) shows that L_{x,γ̃} annihilates P_{q−1}(R^d) if we let γ̃_i = S_i(x), i = 1, 2, . . ., n. Hence (2.15) holds for γ replaced by γ̃. Remarkably, the following Schoenberg type result proves that the best approximation to δ_x in the sense of Sard is given by letting the multipliers of (2.13) and (2.14) have the values γ_i = γ̃_i, i = 1, 2, . . ., n.

Proposition 2 Let x be any point of R^d, let the real coefficients {γ_1, γ_2, . . . , γ_n} satisfy (2.13) and define the set {γ̃_1, γ̃_2, . . . , γ̃_n} as in the last paragraph. Then the latter coefficients achieve the optimality property |l_{x,γ̃} |_q ≤ |l_{x,γ} |_q . (2.18) Proof. Using the Cauchy–Schwarz inequality in (2.15), we find |u(x) − n∑ i=1 γ_iu(v_i)| ≤ |l_{x,γ} |_q|u|_q , ∀ u ∈ ker Π . (2.19) Replacing u in (2.19) by f − s_{f,V} for any f ∈ BL^q (R^d) and taking into account the interpolation conditions f(v_j ) = s_{f,V} (v_j ), j = 1, 2, . . ., n, and the variational calculation, we derive |f(x) − s_{f,V} (x)| ≤ |l_{x,γ} |_q|f − s_{f,V} |_q ≤ |l_{x,γ} |_q|f|_q , ∀ f ∈ BL^q (R^d) . (2.20) Hence (2.17) and γ̃_i = S_i(x), i = 1, 2, . . ., n, imply |f(x) − n∑ i=1 γ̃_if(v_i)| ≤ |l_{x,γ} |_q|f|_q , ∀ f ∈ BL^q (R^d) . (2.21) On the other hand, for γ replaced by γ̃, (2.15) yields u(x) − n∑ i=1 γ̃_iu(v_i) = (l_{x,γ̃} , u)_q , ∀ u ∈ ker Π . (2.22)

Therefore, letting f = u = l_{x,γ̃} in (2.21) and (2.22), we obtain |l_{x,γ̃} |^2_q ≤ |l_{x,γ} |_q|l_{x,γ̃} |_q , (2.23) which shows that (2.18) is true. 2 Our next aim is to compute the BL^q (R^d)-seminorm of l_{x,γ} . By (2.14) and (2.15), |l_{x,γ} |^2_q = L_{x,γ} (l_{x,γ} ) = l_{x,γ} (x) − n∑ i=1 γ_il_{x,γ} (v_i) . (2.24)

Since L_{x,γ} annihilates P_{q−1}(R^d), we only need to know the form of l_{x,γ} modulo P_{q−1}(R^d). Each of the functions l_j, j = 1, 2, . . ., N , is a polynomial. Therefore, using (2.10), (2.11), (2.14) and (2.15), we have the following relations for an arbitrary

y ∈ R^d:

l_{x,γ} (y) = (K_y , l_{x,γ})_q = L_{x,γ} (K_y) = c_{q,d}L_{x,γ} ϕ(‖y − .‖) − N∑ j=1 l_j (y)ϕ(‖v_j − .‖) = c_{q,d}L_{x,γ} (ϕ(‖y − .‖)) (mod P_{q−1}(R^d)) = c_{q,d} { ϕ(‖y − x‖) − n∑ i=1 γ_iϕ(‖y − v_i‖) } (mod P_{q−1}(R^d)) . (2.25)

Hence substituting (2.25) into (2.24) for y = x, v_1, v_2, . . . , v_n, we get |l_{x,γ} |^2_q = c_{q,d} n∑ i=1 n∑ j=1 γ_iγ_j ϕ(‖v_i − v_j‖) − 2 n∑ i=1 γ_iϕ(‖x − v_i‖) . (2.26)

It follows that (2.20) gives the required extension of the error bound (2.6), the power function being provided by the right hand side of (2.26). We remark that Proposition 2 is a reformulation of the result which forms the basis for the approach of Wu and Schaback [19, page 15].

To apply (2.6) or (2.20), one needs estimates of the power function. The next lemma will simplify our arguments.

Lemma 1 Let all the vectors in R^d be scaled by the positive factor σ, so any parameters {γ_1, γ_2, . . . , γ_n} that satisfy (2.13) are not changed. Then the power function defined by the right hand side of (2.26) is scaled by the factor σ^{2q−d}. Proof. From (2.26) and the definition (1.5), this result is clear if d is odd. When d is even, let Φ_{old} and Φ_{new} be the values of the power function (2.26) before and after the scaling, respectively. We deduce the formula Φ_{new} = σ^{2q−d}Φ_{old} + c_{q,d}σ^{2q−d} n∑ i=1 n∑ j=1 γ_iγ_j ‖v_i − v_j ‖^{2q−d}

− 2 n∑ i=1 γ_i‖x − v_i‖^{2q−d} } log σ . (2.27)

Set n̂ = n + 1, γ̂_i = γ_i and v̂_i = v_i for i = 1, 2, . . ., n, γ̂_{n+1} = −1 and v̂_{n+1} = x. Then the term inside the braces has the value n̂∑ i=1 n̂∑ j=1 γ̂_iγ̂_j ‖v̂_i − v̂_j ‖^{2q−d} (2.28)

and we note that, due to (2.13), n̂∑ i=1 γ̂_ip(v̂_i) = 0 , ∀ p ∈ P_{q−1}(R^d) . (2.29)

But (2.29) is precisely the condition (3.33) from [15]. Therefore we apply Lemma 3.5 of [15] to find that expression (2.28) is zero, which gives the required result. 2

3 The uniform convergence on bounded sets

This section provides the proof of Theorem 1. Since the basic ingredient in our proof is Proposition 1, we claim that, given x ∈ Ω and given a P_{q−1}(R^d)-unisolvent subset ~V of V, there is no loss of generality throughout this section in assuming

Ω ∪ ~V ⊆ B(0, 1/2) , (3.1) where B(0, 1/2) = {z ∈ R^d : ‖z‖ ≤ 1/2}. Indeed, scaling all the vectors in R^d by a positive factor σ does not alter the values of {α_1, α_2, . . . , α_N } in (2.4), and expression (2.7) is scaled by the factor σ^{2q−d} due to Lemma 1. On the other hand, by the scale invariance properties of our interpolation problem (1.3), the MNS interpolant to the new function {f̄(y) = f(σ^{−1}y) : y ∈ R^d} on σV is {s¯_{f,σV} (y) = s_{f,V} (σ^{−1}y) : y ∈ R^d}, i.e. letting y = σx we have f(x) − s_{f,V} (x) = f̄(y) − s¯_{f ,σV} (y) , x ∈ R^d. (3.2) Since |f̄|^2_q = σ^{−(2q−d)}|f|^2_q, these arguments show that our error estimates based on (2.6) are scale-invariant.

Note that, if {v_1, v_2, . . . , v_N } is a fixed P_{q−1}(R^d)-unisolvent set and if we consider a sequence of values of x such that ‖x − v_1‖ → 0, then (2.4) implies α_1 → 1 and α_i → 0, i = 2, 3, . . ., N . (Indeed, the function D of definition (2.1) is continuous in each of its arguments.) This observation is the basis for the next Lemma, which gives a useful bound on expression (2.7).

Specifically, we fix x ∈ Ω and assume that there exists a P_{q−1}(R^d)-unisolvent subset ~V = {v_1, v_2, . . . , v_N } of V satisfying

‖x − v_1‖ ≤ h (3.3) and max {|α_1 − 1|, |α_2|, . . . , |α_N |} ≤ c̃ h , (3.4) where {α_1, α_2, . . . , α_N } are the coefficients defined by (1.9), while c̃ is a given positive constant.

Lemma 2 Let Ω, V and h be as in Theorem 1 and let h ≤ e^{−1}. Fix a point x ∈ Ω and then pick a set ~V that satisfies the conditions of the last paragraph. Further, suppose that none of the points v_2, v_3, . . ., v_N is situated on the closed line segment between x and v_1. Then the corresponding expression (2.7) has the property

Φ(x, ~V) ≤ c^2 h if 2q − d = 1 h^2|ln h| if 2q − d = 2 h^2 if 2q − d ≥ 3

, (3.5)

where the value of the constant c is given in (3.23) below.

Proof. Expression (2.7) can be written in the form

Φ(x, ~V) = 2c_{q,d} {T_1 + T_2 − α_1ϕ(‖x − v_1‖)} , (3.6)

where

T_1 = N−1∑ i=2 N∑ j=i+1 α_iα_jϕ(‖v_i − v_j ‖) + N∑ i=2 (α_1 − 1)α_iϕ(‖v_1 − v_i‖) (3.7) and T_2 = N∑ i=2 α_i[ϕ(‖v_1 − v_i‖) − ϕ(‖x − v_i‖)] . (3.8)

We seek bounds on each of the three terms on the right hand side of (3.6).

First we consider the variation of the function {|ϕ(t)| : 0 ≤ t ≤ 1}. By (1.5), if d is odd, then |ϕ| increases strictly monotonically. Alternatively, when d is even, this function has the derivative −ϕ^′(t) = −t^{2q−d−1}[1 + (2q − d) ln t] , (3.9) so we find strict increasing monotonicity of |ϕ| on [0, exp(−1/(2q − d))] and strict decreasing monotonicity of |ϕ| on [exp(−1/(2q − d)), 1].

In order to bound the last term in (3.6), we note that (3.4) provides |α_1| ≤ 1 + |α_1 − 1| ≤ 1 + c̃ h ≤ 1 + c̃ e^{−1} . (3.10) Since h ≤ e^{−1} ≤ exp(−1/(2q − d)), (3.3) and the previous paragraph imply |ϕ(‖x − v_1‖)| ≤ |ϕ(h)| = { h^{2q−d} if d is odd h^{2q−d}|ln h| if d is even

. (3.11) It follows that | − α_1ϕ(‖x − v_1‖)| ≤ (1 + c̃ e^{−1}) { h^{2q−d} if d is odd h^{2q−d}|ln h| if d is even

. (3.12) In order to bound T_1, we note that (3.1) implies ‖v_i − v_j‖ ≤ 1 , i, j = 1, 2, . . ., N . (3.13) By (3.4), (3.13) and the variation of |ϕ| on [0,1], each term that is summed in T_1 is bounded above in modulus by c̃^2h^2 max { 1, 1 (2q − d)e } = c̃^2h^2 . (3.14) Since T_1 has (N − 2)(N − 1)/2 + N − 1 = N (N − 1)/2 terms, we obtain |T_1| ≤ N (N − 1) 2 c̃^2h^2 . (3.15) Next, we set ψ_i(θ) = ϕ(‖θv_1 + (1 − θ)x − v_i‖), 0 ≤ θ ≤ 1 , i = 2, 3, . . ., N , so (3.8) becomes T_2 = N∑ i=2 α_i[ψ_i(1) − ψ_i(0)] . (3.16) Moreover, we have the bound

‖(1 − θ)(x − v_1) + v_1 − v_i‖ ≤ ‖x − v_1‖ + ‖v_1 − v_i‖ ≤ h + 1 ≤ e^{−1} + 1 . (3.17) The assumption that none of v_2, v_3, . . ., v_N is on the straight line segment between x and v_1 ensures that ψ_i has the continuous first derivative

ψ^′_i(θ) = d dθ ϕ(‖θ(v_1 − x) + x − v_i‖) = ( d dθ ‖θ(v_1 − x) + x − v_i‖ ) ϕ^′(‖(1 − θ)(x − v_1) + v_1 − v_i‖) . (3.18)

Taking account of (3.17) we obtain |ψ^′_i(θ)| ≤ ‖x − v_1‖ max_{0≤r≤1+e−1} |ϕ^′(r)| , i = 2, 3, . . ., N , ∀ θ ∈ [0, 1] . (3.19) Since |ϕ^′| is a continuous function on [0, ∞) by the definition (1.5), the quantity c_0 = max 0≤r≤1+e^−1 |ϕ^′(r)| (3.20) is a positive constant that depends only on d and q. Making use of (3.4), (3.19) and the elementary condition |ψ_i(1) − ψ_i(0)| ≤ max {|ψ^′_i(θ)| : 0 ≤ θ ≤ 1} , (3.21) we bound expression (3.16) by |T_2| ≤ N∑ i=2 |α_i||ψ_i(1) − ψ_i(0)| ≤ (N − 1)c_0c̃ h^2 . (3.22)

Finally, we use (3.6), (3.12), (3.15) and (3.22) to deduce (3.5), where c^2 = |c_{q,d}| {N (N − 1)c̃^2 + 2(N − 1)c_0c̃ + 2(1 + c̃e^{−1})} . (3.23) Note that the case q = d = 1 is simpler, since then N = 1, which implies T_1 = T_2 = 0. 2 The proof of Theorem 1 requires the property of the determinant (2.1) that is given in the following lemma. Further, for every x in the closure Ω of Ω, we let Δ(x) be the number

Δ(x) = max{|D(x, x_2, x_3, . . . , x_N )| : x_i ∈ Ω , i = 2, 3, . . ., N } . (3.24) Lemma 3 There exists a constant M > 0 that depends only on d and q, such that for any vectors y_1, y_2, u_2, u_3, . . . , u_N from the ball B(0, 1/2) we have:

|D(y_1, u_2, u_3, . . . , u_N ) − D(y_2, u_2, u_3, . . . , u_N )| ≤ M ‖y_1 − y_2‖ . (3.25) Consequently, the function {Δ(x) : x ∈ Ω} is Lipschitz continuous. Proof. From the definition (2.1),

D(y_1, u_2, u_3, . . . , u_N ) − D(y_2, u_2, u_3, . . . , u_N )

= det

P_1(y_1) − P_1(y_2) P_2(y_1) − P_2(y_2) · · · P_N (y_1) − P_N (y_2) P_1(u_2) P_2(u_2) · · · P_N (u_2) . . . . . . P_1(u_N ) P_2(u_N ) · · · P_N (u_N )

, (3.26)

where {P_1, P_2, . . ., P_N } is the monomial basis of P_{q−1}(R^d). Consider expanding the above determinant in the cofactors of the first row. Since y_1, y_2 ∈ B(0, 1/2), algebraic arguments show that there exists a constant C > 0, depending only on d and q, such that |P_j(y_1) − P_j(y_2)| ≤ C‖y_1 − y_2‖ , j = 1, 2, . . ., N . (3.27)

Further, each cofactor of the first row is bounded above in modulus by a constant, depending only on d and q, since u_j ∈ B(0, 1/2), ∀ j = 2, 3, . . ., N . Consequently, using (3.27) we obtain (3.25) as claimed. The Lipschitz continuity of Δ(x) now follows because, if y_1, y_2 ∈ Ω satisfy Δ(y_1) ≥ Δ(y_2) and if Δ(y_1) = |D(y_1, u_2, u_3, . . ., u_N )| say, with u_i ∈ Ω, i = 2, 3, . . ., N , then

Δ(y_1) − Δ(y_2) ≤ |D(y_1, u_2, u_3, . . . , u_N )| − |D(y_2, u_2, u_3, . . . , u_N )| ≤ |D(y_1, u_2, u_3, . . . , u_N ) − D(y_2, u_2, u_3, . . . , u_N )| ≤ M ‖y_1 − y_2‖ , (3.28)

where we have used the assumption (3.1) that Ω ⊆ B(0, 1/2). 2

Proof of Theorem 1. By the argument given at the beginning of this section, we assume without loss of generality that (3.1) holds.

We set Δ = inf {Δ(x) : x ∈ Ω} , (3.29)

which is positive, due to the continuity of the function Δ(x) on Ω (Lemma 3) and to the fact that Ω contains at least one set of P_{q−1}(R^d)-unisolvent points. Let

h_0 = Δ (N + 2)M

, (3.30)

where M is given in Lemma 3.

Let V = {v_1, v_2, . . . , v_n} be any finite set of points in R^d and let h = h_V be defined by equation (1.7). We will prove the assertion of the theorem when

h ≤ min {h_0, e^{−1}} . (3.31)

To this end, let x be a general point of Ω. Most of the proof will establish that, after a re-labelling, there exist points v_1, v_2, . . . , v_N in V such that the conditions of Lemma 2 are satisfied, because then the required result will be a consequence of Proposition 1.

From the definition (3.29), we can pick points x_2, x_3, . . . , x_N in Ω such that

|D(x, x_2, x_3, . . . , x_N )| ≥ Δ . (3.32)

Taking into account the definition (1.7) and after a re-labelling, we select a subset ~V = {v_1, v_2, . . ., v_N } of V that satisfies max {‖x − v_1‖, ‖x_2 − v_2‖, . . ., ‖x_N − v_N ‖} ≤ h . (3.33) Although (1.7) allows some points of V to occur more than once in ~V, this does not happen. Indeed, the following argument shows that (2.2) holds, which is equivalent to the P_{q−1}(R^d)-unisolvence of the selected subset ~V of V. We use (3.32), (3.33) and we apply (3.25) N times to deduce |D(v_1, v_2, v_3, . . ., v_N )| ≥ |D(x, x_2, x_3, . . . , x_N )| − |D(x, x_2, x_3, . . ., x_N ) − D(v_1, x_2, x_3, . . . , x_N )| − |D(v_1, x_2, x_3, . . ., x_N ) − D(v_1, v_2, x_3, . . . , x_N )| − · · · − |D(v_1, v_2, . . . , v_{N−1}, x_N ) − D(v_1, v_2, . . ., v_{N−1}, v_N )| ≥ Δ − N M h ≥ Δ − N M h_0 . (3.34) Since (3.30) gives Δ − N M h_0 = 2M h_0 > 0, it follows that (2.2) holds true.

The next step is to prove the inequality ‖x − x_i‖ > 2h , i = 2, 3, . . ., N , (3.35) because (3.33), (3.35) and the triangle inequality then imply ‖x − v_i‖ > h , i = 2, 3, . . ., N , (3.36) so none of the points v_2, v_3, . . . , v_N is on the line segment joining x and v_1. By contradiction, assume that we have ‖x − x_k‖ ≤ 2h (3.37) for at least an index k ∈ {2, 3, . . ., N }. Since Ω ⊆ B(0, 1/2), we let y_1 = x, y_2 = x_k, u_j = x_j , j = 2, 3, . . ., N in (3.25) to obtain |D(x, x_2, x_3, . . . , x_N )| ≤ M ‖x − x_k‖ . (3.38) But (3.30), (3.31), (3.32), (3.37) and (3.38) are contradictory, so (3.35) is true.

Since (3.3) is contained in (3.33), the only hypothesis of Lemma 2 that remains to be verified is (3.4), where we use the definition (2.4) of the coefficients {α_1, α_2, . . ., α_N }. For i = 2, 3, . . ., N , note that ~V ⊂ B(0, 1/2) allows us to estimate the numerator of (2.4) similarly to the derivation of inequality (3.38), so we find |D(v_1, . . . , v_{i−1}, x, v_{i+1}, . . ., v_N )| ≤ M ‖x − v_1‖ . (3.39) Hence (2.4), (3.3), (3.30), (3.34) and (3.39) imply |α_i| ≤ M h Δ − N M h_0 = h 2h_0 , i = 2, 3, . . ., N . (3.40) Further, letting y_1 = x, y_2 = v_1, u_j = x_j, j = 2, 3, . . ., N in (3.25) we deduce

|α_1 − 1| = |D(x, v_2, v_3, . . ., v_N ) − D(v_1, v_2, v_3, . . . , v_N )| |D(v_1, v_2, v_3, . . . , v_N )| ≤ M ‖x − v_1‖ Δ − N M h_0 ≤ M h Δ − N M h_0 = h 2h_0

. (3.41)

It follows from (3.40) and (3.41) that (3.4) is satisfied by letting c̃ = 1/(2h_0), which is a constant that depends only on d, q and Ω. Further, the modifications of all the above arguments when d = q = 1 are straightforward. The proof is complete. 2

Remark. As mentioned in the Introduction, we provide here examples to show that the error f − s_{f,V} can take values of magnitude h as h → 0, for all admissible d and q. Let Ω ∈ R^d be the discrete set {0, v_2, v_3, . . . , v_n} of n distinct points, where n is a fixed natural number, n ≥ N , and ‖v_i‖ ≥ 1, ∀ i = 2, 3, . . ., n. Further, we require that Ω contains a P_{q−1}(R^d)-unisolvent subset. For a sequence of values of h that tend to zero, let v_1 = d^{−1/2}(h, h, . . ., h)^T ∈ R^d, so ‖v_1‖ = h, and let our set of interpolation points be V = {v_1, v_2, . . ., v_n}. We choose f ∈ C^∞_0 (R^d) satisfying |f|_q > 0, f(x) = ξ_1 + ξ_2 + · · · + ξ_d for ‖x‖ ≤ 1/2, x = (ξ_1, ξ_2, . . . , ξ_d), and f(x) = 0 for ‖x‖ ≥ 1. Since f(v_i) = 0, i = 2, 3, . . ., n, we have

s_{f,V} (0) = f(v_1)S_1(0) , (3.42)

where S_1 is the MNS cardinal function defined by S_1(v_1) = 1, S_1(v_i) = 0, i = 2, 3, . . ., n. Moreover, if we let g ∈ C^∞_0 (R^d) be such that g(x) = 1 for ‖x‖ ≤ 1/2 and g(x) = 0 for ‖x‖ ≥ 1, then S_1 is the MNS interpolant to g on V for sufficiently small h. Since g(0) = 0, Theorem 1 gives

S_h(0) = 1 +

O(h^{1/2}) if 2q − d = 1 O(h|ln h|^{1/2}) if 2q − d = 2 O(h) if 2q − d ≥ 3 , as h → 0 . (3.43)

It follows from f(0) = 0 and (3.42) that the actual error f(0) − s_{f,V} (0) is of magnitude f(v_1) = h √ d as h → 0, which gives the required result.

4 More applications of the power function method

So far, we have applied the reproducing kernel technique only to scattered interpolation points, by finding generic constants that bound the power function. On the other hand, when the interpolation points form a special finite structure (such as a triangulation or a regular square grid in two dimensions), one may be able to obtain precise numerical constants in the error estimates. Such results have already been given by Powell [15] for the case q = d = 2, i.e. for thin plate splines in two dimensions. Since d = 1 and d = 3 are the only other possibilities allowed by the condition q > d/2 when q = 2, we will provide here the corresponding constants for these two cases.

When d = 1 and q = 2, the radial function is ϕ(t) = t^3, i.e. we are using natural cubic spline interpolation at the knots v_1 < v_2 < · · · < v_n, say, on the real line.

Proposition 3 Let f ∈ BL^2(R) and σ = max{v_{i+1} − v_i : i = 1, 2, . . ., n − 1}. Then the error of the cubic spline interpolant s_{f,V} is bounded by the inequality |f(x) − s_{f,V} (x)| ≤ 1 4 √ 3 |f|_2 σ^{3/2} , ∀ x ∈ [v_1, v_n] . (4.1)

In addition, the factor 1/(4 √ 3) cannot be replaced by a smaller number that is independent of n and f.

Proof. Fix x ∈ [v_i, v_{i+1}], hence x = (1 − α)v_i + αv_{i+1}, where α ∈ [0, 1] and i ∈ {1, 2, . . ., n − 1}. We work with N = 2, which is the dimension of P_1(R), and we apply Proposition 1 for ~V = {v_i, v_{i+1}}. Since the definition (2.12) gives c_{2,1} = 1/12, we find Φ(x, ~V) = 1 12 {2α(1 − α)(v_{i+1} − v_i)^3 − 2[(1 − α)(x − v_i)^3 + α(v_{i+1} − x)^3]} = α^2(1 − α)^2 3 (v_{i+1} − v_i)^3 ≤ 1 48 (v_{i+1} − v_i)^3 ≤ 1 48 σ^3 . (4.2)

Therefore (2.6) and (4.2) imply (4.1).

In order to prove the last statement of the proposition, we note that expression (4.2) holds as an equation when α = 1/2 and v_{i+1} − v_i = σ. Hence in this case the right hand side of inequality (4.1) has the value Φ(x, ~V)^{1/2}|f|_2 = |K_x|_2|f|_2 for every admissible f, where K_x is the Riesz representer of equation (2.10). Further, we pick f = K_x and n = 2. Then V = ~V = {v_1, v_2} and since K_x is zero on ~V by definition (2.9), the cubic spline interpolant to f on V is s_{Kx ,V} ≡ 0. Moreover, equation (1.11) gives the value f(x) = |K_x|^2. It follows that expression (4.1) is satisfied as an equation for these choices, which gives the required result. 2

If d = 3 and q = 2, then the definition (1.5) provides ϕ(t) = t, i.e. we work with the linear radial function in three dimensions.

Proposition 4 Let f ∈ BL^2(R^3) and suppose that x ∈ R^3 is inside or on a face of the nondegenerate tetrahedron whose vertices, v_1, v_2, v_3 and v_4 say, are four of the n points of the interpolation set V. Then the error of the tri-variate natural spline interpolant s_{f,V} at x is bounded by the inequality |f(x) − s_{f,V} (x)| ≤ 1 4 √ π |f|_2 σ^{1/2} , (4.3)

where σ is the length of the longest edge of the tetrahedron. Moreover, the factor 1/(4 √ π) cannot be replaced by a smaller number that is independent of n and f.

Proof. The dimension of P_1(R^3) is N = 4. We apply Proposition 1 for ~V = {v_1, v_2, v_3, v_4}. The corresponding coefficients {α_1, α_2, α_3, α_4} defined by equation (1.9) are simply the barycentric coordinates of x with respect to the vertices v_1, v_2, v_3 and v_4, because they satisfy

x = α_1v_1 + α_2v_2 + α_3v_3 + α_4v_4 1 = α_1 + α_2 + α_3 + α_4 , α_i ≥ 0 , i = 1, 2, 3, 4 . (4.4)

Since the definition (2.12) gives c_{2,3} = −1/8π, expression (2.7), which we need to bound, is the number

Φ(x, ~V) = 1 4π 4∑ i=1 α_i‖x − v_i‖ − 3∑ i=1 4∑ j=i+1 α_iα_j‖v_i − v_j ‖ . (4.5)

As in the proof of Lemma 1, we employ the notation α̂_i = α_i, v̂_i = v_i for i = 1, 2, 3, 4, α̂_5 = −1, v̂_5 = x, and we consider the expression 5∑ i=1 5∑ j=1 α̂_iα̂_j‖v̂_i − v̂_j ‖^2 = 2 3∑ i=1 4∑ j=i+1 α_iα_j‖v_i − v_j ‖^2 − 4∑ i=1 α_i‖x − v_i‖^2 . (4.6)

Since the equations (4.4) are equivalent to 5∑ i=1 α̂_ip(v̂_i) = 0 , p ∈ P_1(R^3) , (4.7)

it follows from Lemma 3.5 of [15] that the left hand side of (4.6) is zero. Hence we find 0 = 3∑ i=1 4∑ j=i+1 α_iα_j‖v_i − v_j‖^2 − 4∑ i=1 α_i‖x − v_i‖^2 . (4.8)

By multiplying (4.8) by (4πσ)^{−1} and adding the product to (4.5), we deduce Φ(x, ~V) = σ 4π {_4 ∑ i=1 α_i ‖x − v_i‖ σ ( 1 − ‖x − v_i‖ σ )

− 3∑ i=1 4∑ j=i+1 α_iα_j ‖v_i − v_j‖ σ ( 1 − ‖v_i − v_j ‖ σ )

≤ σ 4π 4∑ i=1 α_i ‖x − v_i‖ σ ( 1 − ‖x − v_i‖ σ )

≤ σ 16π (α_1 + α_2 + α_3 + α_4) = σ 16π . (4.9)

The last two inequalities are derived by noticing that the numbers σ^{−1}‖x − v_i‖, i = 1, 2, 3, 4 and σ^{−1}‖v_i − v_j‖, i, j = 1, 2, 3, 4, i < j, are all in the interval [0, 1], and by applying the property 0 ≤ t(1 − t) ≤ 1/4, t ∈ [0, 1]. Finally, (2.6) and (4.9) give the required estimate (4.3).

We now argue as in the final part of the proof of Proposition 3. Equality occurs throughout (4.9) if x is the midpoint of the longest edge of the tetrahedron. For this choice of x, we let n = 4 and f = K_x, where K_x is the Riesz representer from (2.10). Then the corresponding interpolant to f on V = ~V is s_{Kx ,V} ≡ 0 as before. Hence inequality (4.3) can be satisfied as an equation in this case, which implies the last statement of the proposition. 2

The following result is relevant to the case when the interpolation points are the vertices of a finite regular cubic grid of mesh size σ, say.

Proposition 5 Let f ∈ BL^2(R^3) and suppose that x ∈ R^3 is inside or on an σ ×σ ×σ cube whose corners are eight of the n interpolation points. Then the error of the trivariate natural spline interpolant s_{f,V} at x is bounded by the inequality |f(x) − s_{f,V} (x)| ≤ ( 7 √ 3 − 3 √ 2 − 3 64π )_{1/2} |f|_2 σ^{1/2} . (4.10)

Moreover, the constant factor in the right hand side of (4.10) cannot be replaced by a smaller number that is independent of n and f.

Proof. Note first that (4.10) is not a consequence of (4.3). Indeed, one can split an σ × σ × σ cube into five tetrahedra such that the length of the longest tetrahedron side is σ √ 2. Then Proposition 4 establishes the error bound |f(x) − s_{f,V} (x)| ≤ 2^{1/4} 4 √ π |f|_2 σ^{1/2} , (4.11)

where x is any point that is inside or on the boundary of the cube. Since the numbers (_{7√3−3√2−3} 64π )_{1/2} and^{21/4}_4^√_π are 0.1558 and 0.1677 respectively, to four decimal places, it follows that (4.10) is sharper. For any splitting of the cube into tetrahedra by drawing diagonals, the length of the longest tetrahedron side is at least σ √ 2. We proceed to prove (4.10). Without loss of generality, let the eight corners of the cube be v_1 = (0, 0, 0)^T , v_5 = (σ, σ, 0)^T , v_2 = (σ, 0, 0)^T , v_6 = (σ, 0, σ)^T , v_3 = (0, σ, 0)^T , v_7 = (0, σ, σ)^T , v_4 = (0, 0, σ)^T , v_8 = (σ, σ, σ)^T .

(4.12)

Let x = (ξ_1, ξ_2, ξ_3)^T , where ξ_i ∈ [0, σ], i = 1, 2, 3 and define θ_i = ξ_i/σ ∈ [0, 1], i = 1, 2, 3. Then we set

γ_1 = (1 − θ_1)(1 − θ_2)(1 − θ_3) , γ_5 = θ_1θ_2(1 − θ_3) , γ_2 = θ_1(1 − θ_2)(1 − θ_3) , γ_6 = θ_1(1 − θ_2)θ_3 , γ_3 = (1 − θ_1)θ_2(1 − θ_3) , γ_7 = (1 − θ_1)θ_2θ_3 , γ_4 = (1 − θ_1)(1 − θ_2)θ_3 , γ_8 = θ_1θ_2θ_3 ,

(4.13)

because these values provide 8∑ i=1 γ_i = 1 and 8∑ i=1 γ_iv_i = x . (4.14)

We achieve equation (2.13) by letting γ_i = 0 for any other index i for which the interpolation point v_i is not one of the above eight. Therefore to apply the error bound (2.20), it remains to estimate the power function (2.26). Specifically, since c_{2,3} = −1/8π, we need to bound the expression

Φ = 1 4π 8∑ i=1 γ_i‖x − v_i‖ − 7∑ i=1 8∑ j=i+1 γ_iγ_j ‖v_i − v_j ‖ . (4.15)

We employ again the technique from the proof of Lemma 1. By letting γ̂_i = γ_i, v̂_i = v_i for i = 1, 2, . . ., 8, γ̂_9 = −1, v̂_9 = x and by applying Lemma 3.5 of [15], we find that the expression 9∑ i=1 9∑ j=1 γ̂_iγ̂_j ‖v̂_i − v̂_j ‖^2 = 2 7∑ i=1 8∑ j=i+1 γ_iγ_j ‖v_i − v_j ‖^2 − 8∑ i=1 γ_i‖x − v_i‖^2 (4.16) is zero. Hence, if we multiply the right hand side of (4.16) by^ζ_{8π} σ^{−1} and add the product to (4.15), where ζ > 0 is a parameter, we obtain

Φ = σ 4π {_8 ∑ i=1 γ_i ‖x − v_i‖ σ ( 1 − ζ ‖x − v_i‖ σ )

− 7∑ i=1 8∑ j=i+1 γ_iγ_j ‖v_i − v_j ‖ σ ( 1 − ζ ‖v_i − v_j ‖ σ ) . (4.17)

The first part of (4.14) and the elementary condition {r(1 − ζr) ≤ 1/(4ζ), 0 ≤ r ≤ 1} provide the bound 8∑ i=1 γ_i ‖x − v_i‖ σ ( 1 − ζ ‖x − v_i‖ σ ) ≤ 1 4ζ . (4.18)

In order to treat the other sum of (4.17), we set

G_1 = γ_1γ_2 + γ_1γ_3 + γ_1γ_4 + γ_2γ_5 + γ_3γ_5 + γ_2γ_6

+ γ_3γ_7 + γ_4γ_6 + γ_4γ_7 + γ_7γ_8 + γ_6γ_8 + γ_5γ_8 G_2 = γ_1γ_5 + γ_1γ_6 + γ_1γ_7 + γ_2γ_8 + γ_3γ_8 + γ_4γ_8 (4.19) + γ_2γ_3 + γ_2γ_4 + γ_3γ_4 + γ_5γ_6 + γ_5γ_7 + γ_6γ_7 G_3 = γ_1γ_8 + γ_2γ_7 + γ_3γ_6 + γ_4γ_5 .

because then the definitions (4.12) imply 7∑ i=1 8∑ j=i+1 γ_iγ_j ‖v_i − v_j ‖ σ ( 1 − ζ ‖v_i − v_j ‖ σ ) = (1 − ζ)G_1 + ( √ 2 − 2ζ)G_2 + ( √ 3 − 3ζ)G_3 .

(4.20) Hence (4.17), (4.18) and (4.20) give the estimate Φ ≤ σ 4π { 1 4ζ + (G_1 + 2G_2 + 3G_3)ζ − (G_1 + √ 2G_2 + √ 3G_3) } . (4.21)

As a function of ζ, the right hand side of inequality (4.21) is least when ζ has the value ζ = 1 2 (G_1 + 2G_2 + 3G_3)^{−1/2} . (4.22)

Therefore we pick this value of ζ, and then (4.21) takes the form Φ ≤ σ 4π E , (4.23)

where E = (G_1 + 2G_2 + 3G_3)^{1/2} − (G_1 + √ 2G_2 + √ 3G_3) . (4.24)

To find the greatest value of E, let η_i = θ_i(1 − θ_i), i = 1, 2, 3, hence η_i ∈ [0, 1/4], i = 1, 2, 3. This notation and the definitions (4.13) and (4.19) give

G_1 = η_1(1 − 2η_2)(1 − 2η_3) + η_2(1 − 2η_3)(1 − 2η_1) + η_3(1 − 2η_1)(1 − 2η_2) G_2 = 2η_1η_2(1 − 2η_3) + 2η_2η_3(1 − 2η_1) + 2η_3η_1(1 − 2η_2) (4.25) G_3 = 4η_1η_2η_3 ,

and consequently G_1 + 2G_2 + 3G_3 = η_1 + η_2 + η_3 . (4.26)

Note that E is symmetric in η_1, η_2 and η_3. It is shown below that E attains its maximum when η_1 = η_2 = η_3 = 1/4, which provides the condition E ≤ 7 √ 3 − 3 √ 2 − 3 16 , (4.27)

with equality if and only if θ_1 = θ_2 = θ_3 = 1/2, i.e. when x is the centre of the cube. Expressions (4.23) and (4.27) combined with the error bound (2.20) give the required inequality (4.10).

To prove the assertion of the last paragraph, suppose by contradiction that E = E(η_1, η_2, η_3) attains its maximum in the interior of the domain [0, 1/4] × [0, 1/4] × [0, 1/4]. Since ∂E ∂η_1 = 1 2 √ η_1 + η_2 + η_3

− [1 − 2(2 − √ 2)(η_2 + η_3) + 4(3 − 3 √ 2 + √ 3)η_2η_3] , (4.28)

by writing the Fermat conditions for a critical point and by using the symmetry of E, we see that an interior point of maximum for E must satisfy η_1 = η_2 = η_3 = η say, where η ∈ (0, 1/4). It follows from (4.28) that the conditions for a critical point reduce to 1 2 √ 3 − √ η[1 − 4(2 − √ 2)η + 4(3 − 3 √ 2 + √ 3)η^2] = 0. (4.29)

However, a Matlab plot of the left hand side of (4.29) for η ∈ (0, 1/4) reveals that this function is bounded below by a positive constant, which provides the required contradiction. By similar arguments, E cannot attain its maximum in the interior of a face or an edge of the cube [0, 1/4] × [0, 1/4] × [0, 1/4]. The assertion is now proved by comparing the values of E at the eight corners of this cube.

In order to prove the last statement of the proposition, we let x be the centre of the cube, since this choice gives equality in (4.27) and in (4.21). Further, we pick n = 8, so V = {v_1, v_2, . . ., v_8}, where v_1, v_2, . . . , v_8 are the vertices of the cube defined in (4.12). Let {S_1, S_2, . . . , S_8} be the three-dimensional natural spline cardinal functions defined by (2.16). If i ≠ j, i, j ∈ {1, 2, . . ., 8}, then due to the invariance of the seminorm |.|_2 of BL^2(R^3) under translations and rotations, S_j is the composition between S_i and the rotation of centre x which moves v_i to v_j while permuting the other vertices of the cube. In particular, the “Schoenberg” coefficients must be equal: γ̃_i = S_i(x) = S_j (x) = γ̃_j , hence γ̃_i = 1/8, i = 1, 2, . . ., 8. Since (4.13) provides γ_i = 1/8, i = 1, 2, . . ., 8 when x is the centre of the cube, the choices f = l_{x,γ} = l_{x,γ̃} in (2.17) and u = l_{x,γ̃} in (2.22) provide equalities in both relations of (2.20). Hence the equality sign holds in (4.10) for these choices, which gives the required assertion. 2

Acknowledgements. I wish to express my gratitude to Prof. M.J.D. Powell for his decisive suggestions on the subject of this paper and to Dr. A. Iserles for his encouraging support. Results of the paper have been presented by the author at the Conference in Numerical Mathematics celebrating the 60’th Birthday of M.J.D. Powell, Cambridge, 27–30 July 1996.

References

[1] Duchon, J. (1976): Interpolation des fonctions de deux variables suivant le principe de la flexion des plaques minces, R.A.I.R.O. An. Num. 10, no. 12, 5–12.

[2] Duchon, J. (1977): Splines minimizing rotation-invariant seminorms in Sobolev spaces. In: W. Schempp, K. Zeller, eds., Constructive Theory of Functions of Several Variables, Lecture Notes in Mathematics 571, pp. 85–100, Springer, Berlin.

[3] Duchon, J. (1978): Sur l’erreur d’interpolation des fonctions de plusieurs variables par les D^m-splines, R.A.I.R.O. An. Num. 12, no. 4, 325–334.

[4] Golomb, M., Weinberger, H.F. (1959): Optimal approximation and error bounds.

In: R.E. Langer, ed., On Numerical Approximation, pp. 117–190, University of Wisconsin Press, Madison.

[5] Light, W. (1996): Variational Methods for interpolation, particularly by radial basis functions, Technical Report, Dept. of Math. and Comp. Sc., University of Leicester.

[6] Light, W., Wayne, H. (1996): Error estimates for approximation by radial basis functions, Technical Report, Dept. of Math. and Comp. Sc., University of Leicester.

[7] Light, W., Wayne, H. (1996): Some remarks on power functions and error estimates for radial basis function interpolation, Technical Report, Dept. of Math. and Comp. Sc., University of Leicester.

[8] Light, W., Wayne, H. (1996): Spaces of distributions and interpolation by translates of a basis function, Technical Report 1996/32, Dept. of Math. and Comp. Sc., University of Leicester.

[9] Madych, W.R. (1991): Error estimates for interpolation by generalized splines.

In: Curves and Surfaces, eds. P.J. Laurent, A. Le Méhauté and L.L. Scumaker, Academic Press, New York.

[10] Madych, W.R., Nelson, S.A. (1988): Multivariate interpolation and conditionally positive definite functions, Approx. Theory Appl. 4, 77–89.

[11] Madych, W.R., Nelson, S.A. (1990): Multivariate interpolation and conditionally positive definite functions II, Math. Comp. 54, 211–230.

[12] Matveev, O.V. (1994): Spline interpolation of functions of several variables and bases in Sobolev spaces, Proc. Steklov Inst. Math. 198, 119–146.

[13] Meinguet, J. (1979): An intrinsic approach to multivariate spline interpolation at arbitrary points. In: N.B. Sahney ed., Polynomial and Spline Approximations, pp. 163–190, Reidel, Dordrecht.

[14] Meinguet, J. (1979): Multivariate interpolation at arbitrary points made simple, ZAMP 30, 292–304.

[15] Powell, M.J.D. (1992): The theory of radial basis function approximation in 1990. In: W.A. Light, ed., Advances in Numerical Analysis, Vol. II: Wavelets, Subdivision Algorithms, and Radial Basis Functions, pp. 105–210, Clarendon Press, Oxford.

[16] Powell, M.J.D. (1994): The uniform convergence of thin plate spline interpolation in two dimensions, Numer. Math. 68, 107–128.

[17] Schaback, R. (1993): Comparison of radial basis function interpolants. In: K.

Jetter and F. Utreras eds., From CAGD to Wavelets, pp. 293–305, World Scientific.

[18] Schoenberg, I.J. (1964): Spline interpolation and best quadrature formulae, Bull.

AMS 70, 143–148.

[19] Wu, Z.-M., Schaback, R. (1993): Local error estimates for radial basis function interpolation of scattered data, I.M.A. J. Numer. Anal. 13, 13–27.

E-mail address: ab223@damtp.cam.ac.uk