UNIVERSITY OF CAMBRIDGE

Numerical Analysis Reports

On the semi-norm of radial basis function interpolants

H.-M. Gutmann

DAMTP 2000/NA04 May, 2000

Department of Applied Mathematics and Theoretical Physics Silver Street Cambridge CB3 9EW England

DAMTP 2000/NA04

On the semi-norm of radial basis function interpolants

H.-M. Gutmann

Abstract:

Radial basis function interpolation has attracted a lot of interest in recent years. For popular choices, for example thin plate splines, this problem has a variational formulation, i.e. the interpolant minimizes a semi-norm on a certain space of radial functions. This gives rise to a function space, called the native space. Every function in this space has the property that the semi-norm of an arbitrary interpolant to this function is uniformly bounded. In applications it is of interest whether a sufficiently smooth function belongs to the native space. In this paper we give sufficient conditions on the differentiability of a function with compact support, in the case of cubic, linear and thin plate splines. In the case of multiquadrics and Gaussian functions, it is shown that the only compactly supported function that satisfies these conditions is identically zero.

Department of Applied Mathematics and Theoretical Physics, University of Cambridge, Silver Street, Cambridge CB3 9EW, England.

May, 2000.

1 Introduction

Let n pairwise different points x_1, . . . , x_n ∈ IR^d be given, where n and d are any positive integers. Further, let λ_1, . . . , λ_n be real numbers, p be in Π_m, the space of polynomials of degree at most m, and denote the Euclidean norm by ‖.‖. A radial basis function is of the form s(x) = n∑ i=1 λ_iϕ(‖x − x_i‖) + p(x), x ∈ IR^d. (1.1) In this paper we consider the following choices of ϕ:

ϕ(r) = r (linear), ϕ(r) = r^3 (cubic), ϕ(r) = r^2 log r (thin plate spline), ϕ(r) = √ r^2 + c^2 (multiquadric), ϕ(r) = e^{−r2} (Gaussian), r ≥ 0. (1.2)

Let the matrix Φ ∈ IR^{n×n} be defined by (Φ)_{ij} := ϕ(‖x_i − x_j‖), i, j = 1, . . . , n. (1.3) In all the cases in (1.2), Φ is conditionally definite. Specifically, letting m_0 be 1 in the cubic and thin plate spline case, 0 in the linear and multiquadric case and −1 in the Gaussian case, we obtain (see e.g. [6])

(−1)^{m0+1}λ^T Φλ > 0, (1.4)

if λ ∈ IR^n is any nonzero vector that satisfies n∑ i=1 λ_iq(x_i) = 0 ∀ q ∈ Π_m, (1.5)

where Π_{−1} is the space that contains only the zero function. We choose m to be an integer that is not less than m_0.

Now fix n ∈ IN and the centres x_1, . . . , x_n ∈ IR^d. The interpolation problem can be posed in the following way. Find a radial basis function s of the form (1.1) that satisfies s(x_i) = f_i, i = 1, . . . , n n∑ i=1 λ_iq(x_i) = 0, q ∈ Π_m

. (1.6)

Let m̂ be the dimension of Π_m. Further, let p_1, . . . , p_{m̂} be a basis of this linear space. The matrix P is defined by

P := p_1(x_1) · · · p_{m̂}(x_1) . . . . p_1(x_n) · · · p_{m̂}(x_n) .

In the Gaussian case with m = −1, P is omitted. Further, let F ∈ IR^n be the vector whose entries are the data values f_1, . . . , f_n. Therefore the system (1.6) can be written as ( Φ P P^T 0 ) ( λ c ) = ( F 0_{m̂} ) , (1.7)

where λ ∈ IR^n has the components λ_i, where c ∈ IR^{m̂} and where 0_{m̂} is the zero in IR^{m̂}. The components of c are the coefficients of the polynomial p with respect to the basis p_1, . . . , p_{m̂}. Powell [6] shows that the interpolation matrix A = ( Φ P P^T 0 ) ∈ IR^{(n+m̂)×(n+m̂)} (1.8)

is nonsingular for any prescribed m ≥ m_0, if and only if x_1, . . . , x_n satisfy

q ∈ Π_m and q(x_i) = 0, i = 1, . . . , n =⇒ q ≡ 0. (1.9)

An interesting and useful property is that the radial basis function that solves the interpolation problem (1.6) is the solution of a minimization problem. For any choice of ϕ in (1.2) and m ≥ m_0, let us define the linear space A_{ϕ,m} as the space of functions of the form N∑ i=1 λ_iϕ(‖x − y_i‖) + p(x), x ∈ IR^d, where N is any positive integer, where y_1, . . . , y_N are any pairwise different points in IR^d, where p is any polynomial in Π_m and where λ = (λ_1, . . . , λ_N )^T satisfies N∑ i=1 λ_iq(y_i) = 0 ∀ q ∈ Π_m. (1.10)

On this space a semi-inner product and a semi-norm can be defined. Let s and u be any functions in A_{ϕ,m}, i.e. s(x) = N(s)∑

i=1 λ_iϕ(‖x − y_i‖) + p(x) and u(x) = N(u)∑

j=1 μ_jϕ(‖x − z_j‖) + q(x). The semi-inner product is the expression ⟨s, u⟩ := (−1)^{m0+1} N(s)∑

i=1 λ_iu(y_i). (1.11)

Clearly, it is bilinear. To show symmetry, by employing N(s)∑

i=1 λ_iq(y_i) = 0 and N(u)∑

j=1 μ_jp(z_j) = 0, we deduce ⟨s, u⟩ = (−1)^{m0+1} N(s)∑

i=1 λ_i N(u)∑

j=1 μ_jϕ(‖y_i − z_j‖) + q(y_i)

= (−1)^{m0+1} N(s)∑

i=1

N(u)∑

j=1 λ_iμ_jϕ(‖y_i − z_j‖)

= (−1)^{m0+1} N(u)∑

j=1 μ_j N(s)∑

i=1 λ_iϕ(‖z_j − y_i‖) + p(z_j)

= (−1)^{m0+1} N(u)∑

j=1 μ_js(z_j) = ⟨u, s⟩ . By (1.4), the expression ⟨s, s⟩ = (−1)^{m0+1} N(s)∑

i=1 λ_is(y_i) = (−1)^{m0+1} N(s)∑

i,j=1 λ_iλ_jϕ(‖y_i − y_j‖) (1.12)

is strictly positive, if λ satisfies (1.5) for n = N(s) and any m ≥ m_0. Thus (1.11) is indeed a semi-inner product. Then (⟨s, s⟩)^{1/2} is a semi-norm on the space A_{ϕ,m} with null space Π_m.

Schaback [8] shows that the solution of (1.6) can be characterized as follows. Theorem 1 Let ϕ be any radial basis function from (1.2), and let m be chosen such that m ≥ m_0. Given are points x_1, . . . , x_n in IR^d that satisfy (1.9) and values f_1, . . . , f_n in IR. Let s be the radial function of the form (1.1) that solves the system (1.6). Then s minimizes the semi-norm ⟨g, g⟩^{1/2} on the set of functions g ∈ A_{ϕ,m} that satisfy g(x_i) = f_i, i = 1, . . . , n. (1.13)

Proof:

Let g(x) := ∑_{n(g)} j=1 μ_jϕ(‖x − y_j‖) + q(x) ∈ A_{ϕ,m} satisfy (1.13). We consider the semi-norm of g − s. Since s(x_i) = g(x_i), i = 1, . . . , n, it has the value ⟨g − s, g − s⟩ = ⟨g, g⟩ − 2 ⟨g, s⟩ + ⟨s, s⟩ = ⟨g, g⟩ + ⟨s, s⟩ − 2(−1)^{m0+1} n∑ i=1 λ_ig(x_i)

= ⟨g, g⟩ + ⟨s, s⟩ − 2(−1)^{m0+1} n∑ i=1 λ_is(x_i) = ⟨g, g⟩ + ⟨s, s⟩ − 2 ⟨s, s⟩ = ⟨g, g⟩ − ⟨s, s⟩ . (1.14)

Thus, we deduce the required condition ⟨s, s⟩ = ⟨g, g⟩−⟨g − s, g − s⟩ ≤ ⟨g, g⟩ . 2 One can associate with a particular ϕ in (1.2) and m ≥ m_0 an interesting function space, the so-called native space N_{ϕ,m} (see Schaback [9]). Schaback and Wendland [10] show that it can be characterized as the space of all functions F : IR^d → IR for which the following condition holds.

Condition 2 There exists a real number C, that only depends on F , such that, for any choice of interpolation points x_1, . . . , x_n ∈ IR^d for which (1.9) holds, the interpolant s_n to F at these points satisfies ⟨s_n, s_n⟩ ≤ C.

For many types of radial basis functions, it is unknown what functions F belong to N_{ϕ,m}. It is the subject of this paper to prove Condition 2 for sufficiently differentiable functions F with bounded support. A useful application of the results presented here is given by a method for global optimization (Gutmann [3]). Here the global minimum of a continuous function f : D → IR is sought, where D ⊂ IR^d is compact. If x_1, . . . , x_n ∈ D and their function values have been calculated, the next point x_{n+1} is determined as follows. Choose an estimate of the global minimum, f^∗ say. For each y ∈ D \ {x_1, . . . , x_n} there exists a radial basis function s_y ∈ A_{ϕ,m} that interpolates (x_1, f(x_1)), . . . , (x_n, f(x_n)) and (y, f^∗). We take the view that the “least bumpy” of these interpolants yields the most promising location for evaluating the objective function. The “bumpiness” of s_y is measure by its semi-norm. This means that x_{n+1} minimizes ⟨s_y, s_y⟩ , y ∈ D \ {x_1, . . . , x_n}. A crucial part of the proof of convergence of this method is to show that suitable functions with bounded support satisfy Condition 2. Another use is that the assumptions that guarantee convergence can be weakened if the objective function f itself satisfies Condition 2.

We propose a new technique that relates the semi-norm introduced above to a semi-norm defined for radial basis function interpolants on an infinite regular grid. For that purpose we generalize the semi-norm by allowing infinite sums in (1.1), and show in Section 2 that a semi-inner product and a semi-norm are well-defined. In Section 3, the extended semi-norm is applied to interpolants s_h on the infinite regular grid hZZ^d with the mesh-size h > 0, where we restrict our attention to interpolation of functions with bounded support. Proposition 8 shows that, if the interpolants on hZZ^d have uniformly bounded semi-norms, as h → 0, then Condition 2 holds. A condition on f that ensures the uniform boundedness of these semi-norms is given in Theorem 12.

Multi-index notation will be used in the following sections. For a multi-index α = (α_1, . . . , α_d)^T ∈ IN^d, the order |α| and the factorial α! are defined as |α| := d∑ i=1 α_i and α! := d∏ i=1 α_i!. The power x^α, x ∈ IR^d, and the derivative D^αu(x) for a sufficiently smooth function u : IR^d → IR are

x^α := d∏ i=1 x^{αi}_i and D^αu(x) := ∂^{|α|}u(x) ∂x^{α1}_1 · · · ∂x^{αd}_d , respectively.

2 The semi-norm for radial basis functions with infinitely many centres

We let the linear space Ã_{ϕ,m} be the space of functions of the form s(x) = ∞∑ i=1 λ_iϕ(‖x − x_i‖) + p(x), x ∈ IR^d, (2.1) where_∞ ∑ i=1 λ_iq(x_i) = 0 ∀ q ∈ Π_m. (2.2)

Here ϕ is a radial basis function from (1.2), (x_i)_{i∈IN} is a sequence in IR^d, the x_i being pairwise different, (λ_i)_{i∈IN} is a sequence in IR and p is a polynomial in Π_m where m ≥ m_0, m_0 being defined in Section 1. We require (λ_i)_{i∈IN} and (x_i)_{i∈IN} to satisfy_∞ ∑ i=1 |λ_i| < ∞, ∞∑ i=1 |λ_iϕ(‖x_i‖)| < ∞, (2.3) and_∞ ∑ i=1 |λ_i||q(x_i)| < ∞, q ∈ Π_m. (2.4) Every choice of ϕ in (1.2) has the property |ϕ(‖x − y‖)| ≤ Λ[1 + |ϕ(‖x‖)| + |ϕ(‖y‖)|], x, y ∈ IR^d, (2.5) where Λ is a constant. Thus (2.3) implies that the sum in expression (2.1) is absolutely convergent for each x ∈ IR^d. Note that, if m is increased, then fewer functions of the form (2.1) satisfy (2.2).

Let s(x) = ∞∑ i=1 λ_iϕ(‖x − x_i‖) + p(x) and u(x) = ∞∑ j=1 μ_jϕ(‖x − y_j‖) + q(x)

be elements of Ã_{ϕ,m}, and let P = {z_k : k ∈ IN} be the union of {x_1, x_2, . . .} and {y_1, y_2, . . .}, where any point that is in both of the last sets is included only once in P. New coefficients λ̃_k and μ̃_k are defined by λ̃_k := { λ_i, if z_k = x_i for an i ∈ IN 0, otherwise and μ̃_k := { μ_j, if z_k = y_j for a j ∈ IN 0, otherwise , which gives the expressions s(x) = ∞∑ k=1 λ̃_kϕ(‖x − z_k‖) + p(x) and u(x) = ∞∑ k=1 μ̃_kϕ(‖x − z_k‖) + q(x). Then the sum s + u is

(s + u)(x) = ∞∑ k=1 (λ̃_k + μ̃_k)ϕ(‖x − z_k‖) + (p + q)(x), x ∈ IR^d, and the product of s with a scalar α is (αs)(x) = ∞∑ i=1 (αλ_i)ϕ(‖x − x_i‖) + αp(x). Therefore Ã_{ϕ,m} is a linear space. It contains A_{ϕ,m} as defined in Section 1.

Next, by analogy with expression (1.11), we introduce the bilinear form ⟨s, u⟩ := (−1)^{m0+1} ∞∑ i=1 λ_iu(x_i), (2.6)

where s and u are as above. We will show that it is a well-defined semi-inner product.

We consider the formula ⟨s, u⟩ = (−1)^{m0+1} ∞∑ i=1 λ_iu(x_i)

= (−1)^{m0+1} ∞∑ i=1 λ_i [_∞ ∑ j=1 μ_jϕ(‖x_i − y_j‖) + q(x_i) ] .

Equation (2.2) shows that ∑ i λ_iq(x_i) vanishes. Further, inequalities (2.3) and (2.5) provide the absolute convergence condition ∞∑ i=1 ∞∑ j=1 |λ_iμ_jϕ(‖x_i − y_j‖)| < ∞, (2.7)

the functions s and u being in Ã_{ϕ,m}. Therefore ⟨s, u⟩ and ⟨s, s⟩ are well-defined. Symmetry can be derived easily now, as the sums in the double series can be exchanged. Thus using (2.2) again, ⟨s, u⟩ = (−1)^{m0+1} ∞∑ j=1 μ_j [_∞ ∑ i=1 λ_iϕ(‖y_j − x_i‖) + p(y_j) ]

= (−1)^{m0+1} ∞∑ j=1 μ_js(y_j) = ⟨u, s⟩ .

It remains to prove that ⟨s, s⟩ is nonnegative. Definition (2.6) gives the value ⟨s, s⟩ = (−1)^{m0+1} ∞∑ i,j=1 λ_iλ_jϕ(‖x_i − x_j‖).

If only finitely many λ_i are nonzero, then s is of the form (1.1) and the λ_i satisfy (1.10). Hence ⟨s, s⟩ is a finite sum, and the assertion follows from (1.4).

However, if infinitely many λ_i are nonzero, we have to argue in a different way. As in the previous section, let m̂ be the dimension of Π_m, and let p_1, . . . , p_{m̂} be a basis of Π_m. There exist m̂ pairwise different points y_1, . . . , y_{m̂} anywhere in IR^d that satisfy (1.9) for n = m̂, if x_i = y_i, i = 1, . . . , m̂. Thus the matrix

P := p_1(y_1) · · · p_1(y_{m̂}) . . . . p_{m̂}(y_1) · · · p_{m̂}(y_{m̂})

is nonsingular. For large n, let σ^{(n)} be the solution of the system

P σ^{(n)} = b^{(n)}, (2.8)

where the right-hand side vector has the components

b^{(n)}_k = − n∑ i=1 λ_ip_k(x_i), k = 1, . . . , m̂. When n tends to infinity, each component of b^{(n)} tends to zero by (2.2). Therefore, σ^{(n)} = P^{−1}b^{(n)} also tends to zero.

The choices of b^{(n)} and σ^{(n)} provide the equations n∑ i=1 λ_iq(x_i) + m̂∑ j=1 σ^{(n)}_j q(y_j) = 0, q ∈ Π_m.

Therefore the function n∑ i=1 λ_iϕ(‖x − x_i‖) + m̂∑ j=1 σ^{(n)}_j ϕ(‖x − y_j‖), x ∈ IR^d,

is in the linear space A_{ϕ,m} of Section 1. Thus the conditional positive or negative definiteness of Φ yields the inequality

(−1)^{m0+1} n∑ i,j=1 λ_iλ_jϕ(‖x_i − x_j‖) + (−1)^{m0+1}2 m̂∑ j=1 σ^{(n)}_j n∑ i=1 λ_iϕ(‖x_i − y_j‖)

+ (−1)^{m0+1} m̂∑ i,j=1 σ^{(n)}_i σ^{(n)}_j ϕ(‖y_i − y_j‖) ≥ 0.

The first term in the sum on the left-hand side tends to ⟨s, s⟩, as n tends to infinity, whereas the other two terms tend to zero, since σ^{(n)} tends to zero and since the definition (2.1) gives the limit lim_{n→∞} n∑ j=1 λ_jϕ(‖y_i − x_j‖) = s(y_i) − p(y_i), i = 1, . . . , m̂.

Thus the left-hand side, as n → ∞, provides a sequence of nonnegative numbers that tend to ⟨s, s⟩. It follows that ⟨s, s⟩ is nonnegative as required. We state the result formally.

Theorem 3 ⟨s, u⟩ defined in (2.6) is a semi-inner product on Ã_{ϕ,m}, and therefore ⟨s, s⟩^{1/2} is a semi-norm on this space.

Now one can extend the variational principle in Theorem 1 to Ã_{ϕ,m}.

Theorem 4 Let ϕ be any radial basis function from (1.2), let m be chosen such that m ≥ m_0, where m_0 is defined in the previous section, and let one of the two following statements hold:

(i) The data are finitely many points x_1, . . . , x_n in IR^d, that satisfy (1.9), and the values f_1, . . . , f_n in IR. Let s be the radial function of the form (1.1) that solves the system (1.6).

(ii) The data are a sequence of pairwise different points (x_i)_{i∈IN} in IR^d and a sequence of values (f_i)_{i∈IN} in IR. Assume there is a radial basis function s ∈ Ã_{ϕ,m} of the form (2.1) that interpolates (x_i, f_i), i ∈ IN.

In both cases s minimizes the semi-norm ⟨g, g⟩^{1/2} on the set of functions g ∈ Ã_{ϕ,m} that satisfy g(x_i) = f_i, i = 1, . . . , n, (2.9) or g(x_i) = f_i, i ∈ IN, (2.10)

respectively.

Proof:

Let g(x) := ∑_∞ j=1 μ_jϕ(‖x − y_j‖) + q(x) ∈ Ã_{ϕ,m} satisfy (2.9) or (2.10). We consider the semi-norm of g − s. Equation (1.14) is valid in case (i), and is the identity ⟨g − s, g − s⟩ = ⟨g, g⟩ − ⟨s, s⟩ . For case (ii), the finite sums of equation (1.14) are replaced by the infinite series ∞∑ i=1 λ_ig(x_i) and ∞∑ i=1 λ_is(x_i), and the same argument applies, since s(x_i) = g(x_i), i ∈ IN. Therefore, in both cases, ⟨s, s⟩ = ⟨g, g⟩ − ⟨g − s, g − s⟩ ≤ ⟨g, g⟩ , which completes the proof. 2

3 Application to interpolation on the infinite regular grid

An important special case of interpolation at infinitely many points is interpolation on an infinite regular grid hZZ^d, where h > 0 is the mesh-size. It is known [6] that an interpolant to a function F : IR^d → IR can be written in the form

u_h(x) = ∑ k∈ZZ^d F (hk) χ (x h − k ) , x ∈ IR^d, (3.1)

provided that the sum (3.1) is absolutely convergent for all x ∈ IR^d, where χ is the unique cardinal spline χ(x) = ∑ j∈ZZ^d γ_jϕ(‖x − j‖), x ∈ IR^d, (3.2) that satisfies χ(k) = δ_{k0}, k ∈ ZZ^d. Because of the rapid decrease of |χ(x)| when ‖x‖ tends to infinity, the absolute convergence condition is achieved for many functions F , including all bounded functions.

In this section we restrict our attention to continuous functions F that have bounded support, i.e. there exists a bounded subset U ⊂ IR^d such that F (x) = 0 for all x ∈ IR^d \U. It follows that every F is bounded. First, we want to show that the interpolant to F on hZZ^d is in Ã_{ϕ,m}. Then we apply the results of the previous section to show that, if the semi-norm of this interpolant is uniformly bounded, as h → 0, then the semi-norm of an interpolant at finitely many arbitrary points is also uniformly bounded. Conditions on the differentiability of F that are sufficient for the uniform boundedness of the semi-norm of the interpolant on hZZ^d will be investigated in the next section.

Since the argument of χ in (3.1) is x/h − k, and not x − hk as is needed for the form (2.1), we define ϕ_h(r) := ϕ(hr), r ≥ 0, and we let the coefficients γ^{(h)}_j , j ∈ ZZ^d, have the values that cause the function

χ_h(x) = ∑ j∈ZZ^d γ^{(h)}_j ϕ_h(‖x − j‖), x ∈ IR^d, (3.3)

to satisfy the Lagrange conditions χ_h(k) = δ_{k0}, k ∈ ZZ^d. Then, instead of u_h in (3.1), we consider the interpolant

s_h(x) = ∑ k∈ZZ^d F (hk) χ_h (x h − k ) , x ∈ IR^d. (3.4)

The coefficients of the cardinal functions (3.2) and (3.3) can be written explicitly as (see [6])

γ_j = ( 1 2π )_d ∫ [0,2π]^d e^{ijT t} ∑ ℓ∈ZZ^d ϕ̂(‖t + 2πℓ‖) dt, j ∈ ZZ^d, (3.5)

and γ^{(h)}_j = ( 1 2π )_d ∫ [0,2π]^d e^{ijT t} ∑ ℓ∈ZZ^d ϕ̂h(‖t + 2πℓ‖) dt, j ∈ ZZ^d, (3.6) where ϕ̂(‖.‖) and ϕ̂_h(‖.‖) are the Fourier transforms of ϕ(‖.‖) and ϕ_h(‖.‖), respectively. The Fourier transform of an absolutely integrable function ψ : IR^d → IR is the integral ψ̂(t) = ∫ IR^d e^{−i xT t}ψ(x) dx, t ∈ IR^d. The generalized transforms ϕ̂ are known for all choices of ϕ in (1.2) and can be found in [6]. They take the values

ϕ̂(r) = C r−d−1 (linear), ϕ̂(r) = C r−d−3 (cubic), ϕ̂(r) = C r−d−2 (thin plate spline), ϕ̂(r) = C (c/r)^{(d+1)/2}K_{(d+1)/2}(cr) (multiquadric), ϕ̂(r) = C e−r^2/4 (Gaussian), r > 0. (3.7)

In each case C is a constant that does not depend on t and c, and r = ‖t‖, t ∈ IR^d. K_{(d+1)/2} is a modified Bessel function that is positive for r > 0, and that decays exponentially as r tends to infinity (Abramowitz and Stegun [1]). The definition ϕ_h(r) = ϕ(hr), r ≥ 0, implies ϕ̂_h(‖t‖) = h^{−d}ϕ̂ ( ‖t‖ h ) , t ∈ IR^d \ {0}. (3.8) The coefficients γ^{(h)}_j decrease rapidly (cf. [6]). Specifically, they have the property |γ^{(h)}_j | ≤ C_h‖j‖^{−ℓ}, ‖j‖ → ∞, (3.9) where C_h depends only on h, and ℓ is 2d + 1 in the linear and the multiquadric cases, 2d + 2 in the thin plate spline case and 2d + 3 in the cubic case. In the Gaussian case, any integer ℓ is admissible. There is a difference between even and odd dimensions, i.e. the decay is faster, often exponential, in either even or odd dimensions, but the bound (3.9) is sufficient for our purposes.

For any h > 0, let N_h be the finite set {k ∈ ZZ^d : hk ∈ U}. Thus (3.4) can be expressed in the form

s_h(x) = ∑ k∈N_h F (hk)χ_h (x h − k )

= ∑ k∈N_h F (hk) ∑ j∈ZZ^d γ^{(h)}_j ϕ_h (‖ ‖ x h − k − j ‖ ‖)

= ∑ k∈N_h F (hk) ∑ j∈ZZ^d γ^{(h)}_j ϕ(‖x − hk − hj‖) = ∑ k∈N_h F (hk) ∑ j∈ZZ^d γ^{(h)}_{j−k} ϕ(‖x − hj‖), x ∈ IR^d.

By (2.5) and (3.9) the sum ∑ j∈ZZ^d γ (h) j−k ϕ(‖x − hj‖) is absolutely convergent for each k ∈ N_h and each x ∈ IR^d. It follows from the finiteness of N_h that we can write

s_h(x) = ∑ j∈ZZ^d [ ∑ k∈N_h F (hk)γ^{(h)}_{j−k} ] ϕ(‖x − hj‖) = ∑ j∈ZZ^d λ^{(h)}_j ϕ(‖x − hj‖), where

λ^{(h)}_j := ∑ k∈N_h F (hk)γ^{(h)}_{j−k}, j ∈ ZZ^d. (3.10) Because of (3.9), the coefficients have the property | | |λ^{(h)}_j | | | = | | | | | ∑ k∈N_h F (hk)γ^{(h)}_{j−k} | | | | | ≤ Ĉ_h‖j‖^{−ℓ}, ‖j‖ → ∞, (3.11)

with the values of ℓ specified after (3.9) and Ĉ_h depending on h and F . From

(3.10) we can deduce ∑ j∈ZZ^d | |λ(h)_j | | = ∑ j∈ZZ^d | | | | ∑ k∈N_h F (hk)γ^{(h)}_{j−k} | | | | ≤ ‖F ‖_∞ ∑ k∈N_h ∑ j∈ZZ^d | | |γ^{(h)}_{j−k} | | | < ∞, and ∑ j∈ZZ^d | | |λ^{(h)}_j ϕ(‖hj‖) | | | ≤ ‖F ‖∞ ∑ k∈N_h ∑ j∈ZZ^d | | |γ^{(h)}_{j−k} | | | |ϕ(‖hj‖)| < ∞, so the λ^{(h)}_j satisfy the required conditions (2.3). The remaining question for decid-

ing if s_h is in Ã_{ϕ,m} is whether they also satisfy equation (2.2). If the coefficients

of the cardinal function (3.3) have the properties ∑ j∈ZZ^d | |γ(h)_j q(j) | | < ∞ and ∑ j∈ZZ^d γ^{(h)}_j q(j) = 0 ∀ q ∈ Π_m, (3.12)

then, because q(x+k), x ∈ IR^d, is in Π_m for every k ∈ ZZ^d, we deduce the identities ∑ j∈ZZ^d γ^{(h)}_{j−k} q(j) = ∑ j∈ZZ^d γ^{(h)}_j q(j + k) = 0 ∀ q ∈ Π_m, ∀ k ∈ ZZ^d. (3.13)

Thus the definition (3.10) implies ∑ j∈ZZ^d λ^{(h)}_j q(j) = ∑ j∈ZZ^d ∑ k∈N_h F (hk)γ^{(h)}_{j−k} q(j) = ∑ k∈N_h F (hk) ∑ j∈ZZ^d γ^{(h)}_{j−k} q(j) = 0, q ∈ Π_m,

which is the required condition (2.2). Therefore the interpolant (3.4) is in the

linear space Ã_{ϕ,m} if the conditions (3.12) are achieved for the choice of m. The

following remark shows that one cannot expect any m ≥ m_0 to be admissible.

Remark 5 We consider linear splines in one dimension, i.e. ϕ(r) = r. Then the cardinal function (3.3) takes the form

χ_h(x) = 1 2h |x + h| − 1 h |x| + 1 2h |x − h|, x ∈ IR, so just three of the coefficients {γ^{(h)}_j : j ∈ ZZ^d} are nonzero. Thus the first of the conditions (3.12) is achieved for every m. Further, for q(x) ≡ 1 and q(x) = x, the sum ∑ j∈ZZ^d γ (h) j q(j) takes the values 1 2h − 1 h + 1 2h = 0 and 1 2h · (−1) − 1 h · 0 + 1 2h · 1 = 0.

On the other hand, for q(x) = x^2 the sum takes the nonzero value 1 2h · 1 − 1 h · 0 + 1 2h · 1 = 1 h . Thus the coefficients fail to satisfy the constraints (3.12) for m = 2.

Proposition 6 gives values of m that satisfy the constraints (3.12), but the Gaussian case is excluded.

Proposition 6 Let ϕ be any of the radial basis functions in (1.2), except the Gaussian function. Let m take the value d, d + 2, d + 1 and d in the linear, cubic, thin plate spline and multiquadric case respectively. Then the coefficients of the cardinal function (3.3) satisfy ∑ j∈ZZ^d γ^{(h)}_j q(j) = 0 ∀ q ∈ Π_m,

and this sum is absolutely convergent.

Proof:

See Buhmann [2], chapter 5. 2

We summarize the results obtained so far in the following theorem.

Theorem 7 Let ϕ be any of the radial basis functions in (1.2). Let the polynomial space Π_m be chosen such that m takes an integer value in [0, d], [1, d + 2], [1, d + 1] and [0, d] in the linear, cubic, thin plate spline and multiquadric case respectively. In the Gaussian case, the polynomial space is omitted, i.e. m = m_0 = −1. Let F : IR^d → IR be a continuous function with bounded support. Then the interpolant to F on hZZ^d of the form (3.4) lies in the space Ã_{ϕ,m}, and its semi-norm is the square root of ⟨s_h, s_h⟩ = (−1)^{m0+1} ∑ j∈ZZ^d λ^{(h)}_j F (hj). (3.14)

Now we turn to the second problem posed in the second paragraph of this section. We use the results of the previous section to study the behaviour of the semi-norm of a function (1.1) that interpolates a continuous function F with bounded support at finitely many points. It turns out that this semi-norm can be bounded by a constant that does not depend on the particular choice of the interpolation points, if the semi-norm of the interpolant on hZZ^d is uniformly bounded, as h → 0.

Proposition 8 Let ϕ be any of the radial basis functions in (1.2), and let m take one of the values stated in Theorem 7. F : IR^d → IR is a continuous function that has bounded support. For h > 0 let s_h be the interpolant (3.4) to F on hZZ^d. Further, let pairwise different points x_1, . . . , x_n ∈ IR^d satisfy (1.9), and let s_n ∈ A_{ϕ,m} be the unique function (1.1) that interpolates F at x_1, . . . , x_n. If ⟨s_h, s_h⟩ is uniformly bounded by a constant K > 0, as h → 0, then ⟨s_n, s_n⟩ ≤ K.

Proof:

We regard the data points x_1, . . . , x_n as fixed. For a sufficiently small h > 0 there exist pairwise different points x_1(h), . . . , x_n(h) ∈ hZZ^d such that ‖x_i − x_i(h)‖_∞ < h, i = 1, . . . , n, (3.15) where ‖.‖_∞ denotes the maximum norm in IR^d. The entries of the interpolation matrix (1.8) are continuous with respect to the data points. Thus there exists h_0 > 0 such that, for all h < h_0, (3.15) holds and the nonsingularity of the interpolation matrix is preserved, if each x_i is replaced by x_i(h). For any h < h_0, let s^{(h)}n be the radial basis function interpolant ∑_n i=1 λ^{(h)}_i ϕ(‖x − x_i(h)‖) + p^{(h)}(x) that satisfies

s^{(h)}_n (x_i(h)) = F (x_i(h)), i = 1, . . . , n.

The continuity of F yields the continuity of the right-hand side vector of the system (1.7), and the nonsingularity of (1.8) for all h < h_0 implies the continuity of the solution vector (1.7), considered as a function of the data points, in

(x_1, . . . , x_n). Formula (1.12) then yields that the semi-norm as a function of the data points is continuous in (x_1, . . . , x_n). Thus, as lim_{h→0} x_i(h) = x_i, i = 1, . . . , n, ⟨s_n, s_n⟩ = lim_{h→0} ⟨ s^{(h)}_n , s^{(h)}_n ⟩ . (3.16)

Since x_i(h) ∈ hZZ^d, i = 1, . . . , n, Theorem 4 implies ⟨ s^{(h)}_n , s^{(h)}_n ⟩ ≤ ⟨s_h, s_h⟩ . By assumption, the right-hand side is bounded above by a constant K that does not depend on h. Therefore (3.16) proves the assertion. 2

4 Sufficient conditions for a uniform bound on the semi-norm

Proposition 8 shows that F is in N_{ϕ,m} if the semi-norm of the interpolant s_h on hZZ^d is uniformly bounded. In this section we investigate conditions on F that guarantee this property. We will find that it is sufficient if F is in the function space Ñ_ϕ defined below. The definition requires the remark that (−1)^{m0+1}ϕ̂_h(‖t‖) is nonnegative for h > 0, which is proved as follows. Using (3.6) and (3.10), we write the nonnegative expression (3.14) as

⟨s_h, s_h⟩ = (−1)^{m0+1} ( 1 2π )_d ∫ [0,2π]^d | | | | ∑ k∈ZZ^d F (hk)e^{−ikT t} | | | | 2 1 ∑ ℓ∈ZZ^d ϕ̂h(‖t + 2πℓ‖) dt. (4.1) In all the cases in (3.7), ϕ̂ does not change sign. Therefore formula (3.8) implies that (−1)^{m0+1}ϕ̂_h(‖t‖) is nonnegative.

Definition 9 The linear space Ñ_ϕ is the space of continuous functions f : IR^d → IR that are absolutely integrable and whose Fourier transform f̂ satisfies ∫ IR^d | |f̂(t) | |^2 1 | | |ϕ̂(‖t‖) | | | dt < ∞.

It is endowed with the inner product (f, g) := ( 1 2π )_d ∫ IR^d f̂(t)ĝ(t) 1| | |ϕ̂(‖t‖) | | | dt that induces the norm

(f, f)^{1/2} = ( 1 2π )_d ∫ IR^d | | |f̂(t) | | |^2 1 | |ϕ̂(‖t‖) | | dt 1/2 .

Remark 10 The Fourier transform of a function f ∈ Ñ_ϕ is absolutely integrable

which can be shown as follows. If we denote the closed unit ball by B and observe

that ϕ̂(‖.‖) is in L^1(IR^d \ B) in all the cases in (3.7), we find ∫ IR^d | |f̂(t) | | dt = ∫ B | |f̂(t) | | dt + ∫ IR^d\B | | |f̂(t) | | | √| |ϕ̂(‖t‖) | | √| |ϕ̂(‖t‖) | | dt

≤ ∫ B | |f̂(t) | | dt + ∫ IR^d\B | |f̂(t) | |^2 1| | |ϕ̂(‖t‖) | | | dt 1/2(∫ IR^d\B | |ϕ̂(‖t‖) | | dt )_{1/2} < ∞.

Thus the inverse Fourier transform theorem holds, i.e. f(x) = ( 1 2π )_d ∫ IR^d f̂(t)e^{itx}dt, x ∈ IR^d.

The following lemma shows that the radial basis function interpolant s_h to a

function F with bounded support is in Ñ_ϕ.

Lemma 11 Let F : IR^d → IR be a continuous function with bounded support, let

s_h be the interpolant (3.4) to F on hZZ^d, and let g be any function in Ñ_ϕ. Then

(i) s_h is in Ñ_ϕ, and ⟨s_h, s_h⟩ = (s_h, s_h).

(ii) (g, s_h) = (−1)^{m0+1} ∑ j∈ZZ^d λ^{(h)}_j g(hj), where λ^{(h)}_j has the value (3.10).

Proof of (i):

First we obtain the Fourier transform of s_h from expression (3.4). Because of

the rapid decrease of the cardinal spline χ_h, s_h is absolutely integrable. For each

k ∈ ZZ^d, the Fourier transform of χ_h(./h − k) is “_{χh} ( ._{h − k})_{(t) = h}d_e−ihkT t_{χ̂h(ht), t ∈ IR}d_.

Moreover, χ̂_h is related to ϕ̂_h (see [6]) by the equation

χ̂_h(ht) = ϕ̂_h(h‖t‖) ∑ ℓ∈ZZ^d ϕ̂h(h‖t + 2πℓ/h‖) , t ∈ IR^d.

and (3.8) provides ϕ̂_h(h‖t‖) = h^{−d}ϕ̂(‖t‖), t ∈ IR^d \ {0}. Thus the Fourier transform of s_h becomes

ŝ_h(t) = h^d ∑ k∈ZZ^d F (hk)e^{−ihkT t} ϕ̂(‖t‖) ∑ ℓ∈ZZ^d ϕ̂(‖t + 2πℓ/h‖) , t ∈ IR^d. (4.2)

Further, for every j ∈ ZZ^d, ŝ_h ( t + 2πj h ) = h^d ∑ k∈ZZ^d F (hk)e^{−ihkT t} ϕ̂(‖t + 2πj/h‖) ∑ ℓ∈ZZ^d ϕ̂(‖t + 2πℓ/h‖) , t ∈ IR^d, (4.3)

which implies ∑ j∈ZZ^d ŝ_h ( t + 2πj h ) = h^d ∑ k∈ZZ^d F (hk)e^{−ihkT t}, t ∈ IR^d. (4.4)

Therefore expression (4.1) and application of (4.3) and (4.4) yield

⟨s_h, s_h⟩ = ( h^2 2π )_d∫ [0,2π/h]^d | | | | | ∑ k∈ZZ^d F (hk)e^{−ihkT t} | | | | | 2 dt ∑ ℓ∈ZZ^d | |ϕ̂(‖t + 2πℓ/h‖) | |

= ( 1 2π )_d ∫ [0,2π/h]^d ∑ j∈ZZ^d | | |ŝ^h ( t + 2πj h )| | | 2 1 | | |ϕ̂(‖t + 2πj/h‖) | | | dt.

All the terms in the sum are nonnegative, and ⟨s_h, s_h⟩ exists. Therefore the monotone convergence theorem provides

⟨s_h, s_h⟩ = (−1)^{m0+1} ( 1 2π )_d ∑ j∈ZZ^d ∫ [0,2π/h]^d | | |ŝ^h ( t + 2πj h )| | | 2 1 ϕ̂(‖t + 2πj/h‖) dt

= (−1)^{m0+1} ( 1 2π )_d ∫ IR^d |ŝ_h(t)|^2 1 ϕ̂(‖t‖) dt. If follows that s_h is in Ñ_ϕ, and ⟨s_h, s_h⟩ = (s_h, s_h).

Proof of (ii):

For j ∈ ZZ^d, (3.6) and (3.10) show that λ^{(h)}_j can be expressed as

λ^{(h)}_j = ( 1 2π )_d ∫ [0,2π]^d ( ∑ k∈ZZ^d F (hk)e^{−ikT t} ) e^{ijT t} ∑ ℓ∈ZZ^d ϕ̂h(‖t + 2πℓ‖) dt. Thus λ^{(h)}_j , j ∈ ZZ^d, are the Fourier coefficients of the periodic function ( ∑ k∈ZZ^d F (hk)e^{−ikT t} ) 1 ∑ ℓ∈ZZ^d ϕ̂h(‖t + 2πℓ‖) , t ∈ IR^d, and (3.11) shows a decay of the coefficients that provides ∑ j∈ZZ^d λ^{(h)}_j e^{−ijT t} = ( ∑ k∈ZZ^d F (hk)e^{−ikT t} ) 1 ∑ ℓ∈ZZ^d ϕ̂h(‖t + 2πℓ‖) , t ∈ IR^d. (4.5) Expressions (4.2) and (4.5) imply ∑ j∈ZZ^d λ^{(h)}_j e^{−ihjT t} = ŝ_h(t) ϕ̂(‖t‖) , t ∈ IR^d. Thus from Definition 9 and |ϕ̂| = (−1)^{m0+1}ϕ̂ we obtain

(g, s_h) = (−1)^{m0+1} ( 1 2π )_d ∫ IR^d ĝ(t) ∑ j∈ZZ^d λ^{(h)}_j e^{ihjT t} dt. (4.6)

For n ∈ IN, define S_n : IR^d → IR by S_n(t) := ∑ ‖j‖1≤n^{λ(h)}j^{eihjT t, t ∈ IRd. Then} the function ĝ(.)S_n(.) converges to the integrand of (4.6) as n → ∞, and satisfies the bound |ĝ(t)S_n(t)| ≤ ∑ j∈ZZ^d | | |λ^{(h)}_j | | | |ĝ(t)|, t ∈ IR^d. The function on the right hand side is integrable, because g ∈ Ñ_ϕ, so by the dominated convergence theorem

(g, s_h) = (−1)^{m0+1} ∑ j∈ZZ^d λ^{(h)}_j ( 1 2π )_d ∫ IR^d ĝ(t)e^{ihjT t} dt. Thus the inverse Fourier transform formula gives the required property

(g, s_h) = (−1)^{m0+1} ∑ j∈ZZ^d λ^{(h)}_j g(hj). 2

Now we are ready to state and prove the theorem.

Theorem 12 Let ϕ be any of the functions in (1.2), and choose m according to Theorem 7. Let F : IR^d → IR be in Ñ_ϕ and have bounded support. For h > 0 denote the interpolant (3.4) to F on hZZ^d by s_h. Then ⟨s_h, s_h⟩ is bounded above by a number that does not depend on h.

Proof:

Lemma 11(i) shows that s_h ∈ Ñ_ϕ and (s_h, s_h) = ⟨s_h, s_h⟩. By analogy to the proof of Theorem 4, using Lemma 11(ii), one obtains

0 ≤ (F − s_h, F − s_h) = (F, F ) − 2(F, s_h) + (s_h, s_h) = (F, F ) − 2(−1)^{m0+1} ∑ j∈ZZ^d λ^{(h)}_j F (hj) + (s_h, s_h) = (F, F ) − (s_h, s_h). Thus ⟨s_h, s_h⟩ = (s_h, s_h) ≤ (F, F ). Because (F, F ) does not depend on h, it serves as the required number. 2

In the linear, cubic and thin plate spline cases, a bound on ⟨s_h, s_h⟩ can be obtained for a class of functions F . Specifically, let κ = 1 in the linear case, κ = 2 in the thin plate spline case and κ = 3 in the cubic case. Then the following result holds.

Corollary 13 Let ϕ(r) = r, ϕ(r) = r^2 log r or ϕ(r) = r^3, and let m be as in Theorem 7. Let F ∈ C^{(d+κ)/2}(IR^d) if d + κ is even, or F ∈ C^{(d+κ+1)/2}(IR^d) if d + κ is odd, where κ is defined above, and let F have bounded support. For h > 0 let s_h be the interpolant (3.4) on hZZ^d. Then ⟨s_h, s_h⟩ is uniformly bounded above, so F satisfies Condition 2.

Proof:

It will be proved that F is in the linear space Ñ_ϕ. Because F has bounded support, it is absolutely integrable. Further, let ν be (d+κ)/2 if d+κ is even, or (d+κ+1)/2 if d + κ is odd. Integration by parts shows that the Fourier transform F̂ satisfies [DαF (t) = (it)αF̂ (t), t ∈ IRd, (4.7) for any multi-index α with order |α| = ν. Also, as D^αF has bounded support and thus is in L_2(IR^d), the Plancherel formula gives ( 1 2π )_d ∫ IR^d | | |[DαF (t)^|^2 dt =^∫_{IRd} |DαF (x)|2 dx < ∞, |α| = ν. (4.8) Moreover, expression (3.7) states that ϕ̂ has the form ϕ̂(‖t‖) = C ‖t‖^{d+κ} , t ∈ IR^d \ {0}, for a constant C, and a generalization of the binomial formula provides ‖t‖^{2ν} = ∑ |α|=ν ν! α! t^{2α}, t ∈ IR^d.

Thus, if d + κ is even, the term (F, F ) of Definition 9 has the value (F, F ) = ( 1 2π )_d |C|^{−1} ∫ IR^d | |F̂ (t) | |^2 ‖t‖^{2ν} dt = ( 1 2π )_d |C|^{−1} ∑ |α|=ν ν! α! ∫ IR^d | |F̂ (t) | |^2 |t_α|_2 dt

= ( 1 2π )_d |C|^{−1} ∑ |α|=ν ν! α! ∫ IR^d | | |[DαF (t)^|^2 dt < ∞. Analogously, if d + κ is odd, one obtains (F, F ) = ( 1 2π )_d |C|^{−1} ∑ |α|=ν ν! α! ∫ IR^d | | |[DαF (t)^|^2 1_{‖t‖} dt. For each multi-index α with order ν, (4.7) shows that lim_{t→0} |[D^αF (t)|^2‖t‖^{−1} = 0. It follows from (4.8) that (F, F ) is finite. Thus, in both cases, F ∈ Ñ_ϕ. Therefore Theorem 12 provides a uniform bound on the semi-norm of interpolants to F on hZZ^d. Proposition 8 then completes the proof that F satisfies Condition 2. 2

This corollary includes some well-known special cases including the following one.

Remark 14 Consider natural cubic splines in one dimension, i.e. d = 1, ϕ(r) = r^3 and m = 1. The variational principle (e.g. Powell [5]) states that for F ∈ C^2(IR) with bounded support, the cubic spline interpolant s at finitely many points satisfies ∫ IR s^{′′}(x)^2 dx ≤ ∫ IR F^{′′}(x)^2 dx. It can be shown easily that the left hand side equals 12 ⟨s, s⟩. Thus the constant (1/12) ∫ F^{′′}(x)^2 dx is a uniform bound on ⟨s, s⟩. The existence of such a bound is included in Corollary 13, and the corollary also holds for m = 2 and m = 3.

In the multiquadric and Gaussian cases, however, there is no useful class of functions with bounded support. In these cases, ϕ̂(‖t‖) decays exponentially, as ‖t‖ → ∞. One can show that the only function in Ñ_ϕ with bounded support is the zero function. This follows from a Paley-Wiener theorem (see Katznelson [4] for a one-dimensional version).

Theorem 15 Let F : IR^d → IR be continuous and compactly supported, and let

e^{β‖.‖}F̂ ∈ L^2(IR^d) for some β > 0. Then F ≡ 0.

Proof:

The assumption e^{β‖.‖}F̂ ∈ L^2(IR^d) shows that F̂ is absolutely integrable. Therefore

the inverse Fourier transform formula

F (x) = ( 1 2π )_d ∫ IR^d F̂ (t)e^{itx} dt, x ∈ IR^d, (4.9) holds.

Let D := {z ∈ Cj : |Im z| < β}. For any arbitrary v ∈ IR^d with ‖v‖ = 1 define

g : D → Cj as g(z) = ( 1 2π )_d ∫ IR^d F̂ (t)e^{i(zv)T t} dt, z ∈ D. We show that g is well-defined and continuous on D. For z ∈ D ∫ IR^d | |F̂ (t)e_{iz(v}T_{t)} | | dt = ∫ IR^d | |F̂ (t)e_{−Im z(v}T_{t)} | | dt = ∫ IR^d | |F̂ (t)e^{β‖t‖} | | | |e^{−β‖t‖}e^{−Im z(vT t)} | | dt ≤ ‖ ‖F̂ e_{β‖.‖} ‖ ‖ L2(IR^d) (∫ IR^d e^{−2(Im z+β)‖t‖} dt )_{1/2} . The right hand side is finite, so g is well-defined on D. The continuity of g can

be deduced as follows. Fix z ∈ D. Then there is α ∈ IR such that |Im z| < α < β.

For w ∈ D sufficiently close to z, |Im w| < α, which provides the bound | | |F̂ (t)e^{iw(vT t)} | | | = | | |F̂ (t) | | | e^{−(vT t)Im w} ≤ | | |F̂ (t) | | | e^{α‖t‖}, t ∈ IR^d. The function on the right hand side is integrable, because a similar argument as

above gives ∫ IR^d | | |F̂ (t) | | | e^{α‖t‖} dt = ∫ IR^d | | |F̂ (t)e^{β‖t‖} | | | e^{−(β−α)‖t‖} dt ≤ ‖ ‖ ‖F̂ e^{β‖.‖} ‖ ‖ ‖_{L2(IRd)} (∫ IR^d e^{−2(β−α)‖t‖} dt )_{1/2} < ∞. Therefore, as w tends to z, the dominated convergence theorem implies g(z) = ( 1 2π )_d ∫ IR^d lim_{w→z} F̂ (t)e^{iw(vT t)} dt = lim_{w→z} ( 1 2π )_d ∫ IR^d F̂ (t)e^{iw(vT t)} dt = lim_{w→z} g(w).

Thus g is continuous on D.

Further, Morera’s Theorem (see e.g. Rudin [7]) shows that g is analytic on D. Let T be any triangle in the interior of D, and denote its boundary by ∂T . Then, by Fubini’s Theorem, ∫ ∂T g(z)dz = ( 1 2π )_d ∫ ∂T ∫ IR^d F̂ (t)e^{i(zv)T t} dt dz

= ( 1 2π )_d ∫ IR^d F̂ (t) ∫ ∂T e^{i(vT t)z} dz dt = 0, because e^{i(vT t)z} is analytic for every t ∈ IR^d. As T is arbitrary, g is analytic.

Now choose τ^∗ ∈ IR such that τ^∗v is outside the support of F . Because g and F (. v) coincide on the real line, g and all its derivatives vanish at τ^∗. Therefore the Taylor expansion of g around τ^∗ yields that g ≡ 0 on D. Thus F (τv) = 0 for all τ ∈ IR. Because v has been chosen arbitrarily, this proves the theorem. 2

It follows that in the multiquadric and Gaussian cases Ñ_ϕ contains no nonzero function with compact support.

Corollary 16 Let ϕ(r) = √ r^2 + c^2 or ϕ(r) = e^{−r2} . If F ∈ Ñ_ϕ has bounded support, then F ≡ 0.

Proof:

In both cases considered here, ϕ̂(‖.‖) decays exponentially, i.e. there exist β > 0 and K > 0 such that | | |ϕ̂(‖t‖) | | | ≤ Ke^{−2β‖t‖}, t ∈ IR^d \ B, (4.10) where B is the closed unit ball. Now F ∈ Ñ_ϕ provides ∫ IR^d\B | | |F̂ (t) | | |^2 e^{2β‖t‖} dt ≤ K ∫ IR^d\B | | |F̂ (t) | | |^2 1 | |ϕ̂(‖t‖) | | dt < ∞.

It follows that e^{β‖.‖}F̂ ∈ L^2(IR^d). Theorem 15 now implies the required result. 2

5 Conclusions

We have introduced a new technique to prove Condition 2 for sufficiently smooth functions with bounded support. It provides an extension of well-known results in the linear, cubic and thin plate spline cases. In particular, the choice of m is less restricted than before.

The situation in the multiquadric and Gaussian cases, however, is disappointing. The exponential decay of ϕ̂ prevents a uniform bound on the semi-norms when F has bounded support. As mentioned in the introduction, the application to global optimization we have in mind requires Condition 2 for such functions. Thus the presented approach is not useful in these cases. In the other cases the question arises whether there exist functions with bounded support that are not in Ñ_ϕ but still satisfy Condition 2. In particular, it is interesting to investigate how the semi-norm behaves when F is less differentiable than required by Corollary 13.

Acknowledgements. I am very grateful to my supervisor M.J.D. Powell. He had the idea of extending the semi-norm to interpolants on the infinite regular grid, and he was always prepared to help over difficulties. Also I would like to thank Brad Baxter and Michael Johnson for their advice. Further, this research has been supported by the German Academic Exchange Service through a doctoral scholarship (HSP III) and by the Engineering and Physical Sciences Research Council.

References

[1] M. Abramowitz and I.A. Stegun. Handbook of Mathematical Functions, volume 55 of Applied Mathematics Series (National Bureau of Standards). United States Department of Commerce, 1964.

[2] M.D. Buhmann. Multivariable Interpolation using Radial Basis Functions.

Ph.D. Dissertation, University of Cambridge, 1989.

[3] H.-M. Gutmann. A radial basis function method for global optimization.

Report DAMTP 1999/NA22, University of Cambridge, 1999.

[4] Y. Katznelson. An Introduction to Harmonic Analysis. Dover Publications, New York, 1976.

[5] M.J.D. Powell. Approximation Theory and Methods. Cambridge University Press, 1981.

[6] M.J.D. Powell. The Theory of Radial Basis Function Approximation in 1990.

In W.A. Light, editor, Advances in Numerical Analysis, Volume 2: Wavelets, Subdivision Algorithms and Radial Basis Functions, pages 105–210. Oxford University Press, 1992.

[7] W. Rudin. Real and Complex Analysis. Mc Graw-Hill, Singapore, 1987.

[8] R. Schaback. Comparison of radial basis function interpolants. In K. Jetter and F. Utreras, editors, Multivariate Approximations: From CAGD to Wavelets, pages 293–305. World Scientific, Singapore, 1993.

[9] R. Schaback. Native Hilbert Spaces for Radial Basis Functions I. In M.W.

Müller, M.D. Buhmann, D.H. Mache, and M. Felten, editors, New Developments in Approximation Theory, International Series of Numerical Mathematics, Vol. 132, pages 255–282. Birkhauser Verlag, Basel, 1999.

[10] R. Schaback and H. Wendland. Inverse and Saturation Theorems for Radial Basis Function Interpolation. Preprint, Universität Göttingen, 1998.