UNIVERSITY OF CAMBRIDGE

Numerical Analysis Reports

Symmetry reductions, variational symmetries and conservation laws for shallow water and semi-geostrophic PDE systems

Nicoleta Bîlă

DAMTP 2002/NA03 March 2002

Department of Applied Mathematics and Theoretical Physics Silver Street Cambridge England CB3 9EW

2

Symmetry reductions, variational symmetries and conservation laws for shallow water and semi-geostrophic PDE systems

Nicoleta Bîlă^∗

Abstract

The two-dimensional shallow water and semi-geostrophic partial differential equation systems that arise in meteorology and oceanography are analyzed from the point of view of symmetry groups theory, such that their associated classical symmetries, potential symmetries, variational symmetries and conservation laws are found. The MAPLE packages DESOLV (authors Carminati and Vu) and diffgrob2 (author Mansfield) represent essential tools for our study.

1 Introduction

Most natural phenomena are described by a system of nonlinear partial differential equations (PDEs) difficult to solve analytically. While there is no existing general theory for completely solving nonlinear PDEs, the use of group transformations plays a central part. In the last forty years, a remarkable number of mathematical models occurring in various research domains have been studied from the point of view of symmetry groups theory. Sophus Lie (1842-1899), one of the most important mathematicians of the nineteenth century, introduced a new method for studying differential equations by using their associated symmetries. For each PDE (or PDE system) there is a local group of transformations (called symmetry group) that acts on the space of its independent and dependent variables, with the property that it maps the set of all analytical solutions to itself, and so leaves the form of the equation (or system) unchanged. The method of finding the symmetry group associated with the a PDE (or PDE system) is called classical Lie method. Moreover, the classical Lie method leads to special type of solutions in terms of solutions of lower dimensional equations, such that this is a widely applicable technique

�University of Cambridge, Department of Applied Mathematics and Theoretical Physics, Silver Street, Cambridge, CB3 9EW, United Kingdom, e-mail: N.Bila@damtp.cam.ac.uk

for finding analytical solutions. Thus, knowledge of the Lie point symmetries allows one to construct group-invariant solutions, namely classes of solutions that invariant under certain subgroups of the full symmetry group. Two solutions are equivalent if there is a symmetry transformation that transforms one into the other. Moreover, new solutions can be constructed from known ones: by applying the symmetry group to a known solution yields a family of new solutions. The classical Lie method is an algorithmic procedure for which many symbolic manipulation programs have became available [2]. For the powerful computer algebra system MAPLE, the packages DESOLV ((authors Carminati and Vu [1]) and diffgrob2 (author Mansfield [5]) represent basic tools for finding and integrating the determining equations of the classical symmetries of a PDE system.

Classical symmetries are related to calculus of variations, such that, if a PDE system represents the Euler-Lagrange equations associated with the a variational problem, then the classical symmetries lead to the variational symmetries. The variational symmetry group of a variational problem is a subgroup of the symmetry group associated with the the Euler-Lagrange equations, with the property that it leaves the variational integral unchanged. Knowledge of the variational symmetries lead, by Noether’s theorem (Theorem 4.3), to the conservation laws associated with the the studied system: for each one-parameter variational symmetry there is an associated conservation law.

In the past twenty years, the semi-geostrophic equations have become a model for describing atmospheric motions on a synoptic scale, including the presence of fronts [8], [9]. In the two-dimensional shallow water theory [10] the motion of a typical particle can be described by expressing the current horizontal coordinates

(1.1) x = x(a, b, t) y = y(a, b, t) as functions, on the right, of the particle labels (a, b) ∈ R^2 and the time t ∈ R_+. The incompressibility hypothesis requires the current depth h = h(a, b, t) to be a function with the property

(1.2) h(a, b, 0) h(a, b, t) = ∂(x, y) ∂(a, b) , where the jacobian on the right is that of the mapping (1.1). The time derivative of (1.2) following the particle gives the differential equation of continuity. Without loss the generality, one can assume that h(a, b, 0) = 1, such that the above relation turns into

(1.3) h = 1 x_ay_b − x_by_a .

The equations of the horizontal momentum balance for the flows over a bed which is rotating with position dependent Coriolis parameter f = f(y) are

(1.4) { ẍ + gh_x − fẏ = 0 ÿ + gh_y + fẋ = 0,

where g is a nonzero constant (representing the combined effect of the acceleration due to gravity and a centrifugal component due to the Earth’s rotation), the superposed dot denotes the time derivative following a particle, and h_x and h_y are given by

(1.5) h_x = h(y_bh_a − y_ah_b) h_y = h(x_ah_b − x_bh_a).

In that follows we consider f to be constant. It is known that, the shallow-water potential vorticity defined by

(1.6) Ω = 1 h ( ∂ẏ ∂x − ∂ẋ ∂y + f ) , is conserved on particles.

The semi-geostrophic approximation to equations (1.4) is the replacement of the true acceleration by the time derivative of the vector

(1.7) u_g = −^g_f h_y v_g =^g_f h_x,

following the particle. This vector field is a notional velocity and is called geostrophic velocity. Thus, the semi-geostrophic approximation seeks to find motions satisfying

(1.8) { u̇_g + gh_x − fẏ = 0 v̇_g + gh_y + fẋ = 0.

It is also known that the semi-geostrophic potential vorticity, given by

(1.9) Ω^∗ = 1 h ( f + ∂v_g ∂x − ∂u_g ∂y + 1 f ∂(u_g, v_g) ∂(x, y) ) , is conserved on particles.

A complete study of the symmetries and the conservation laws associated with the the two-dimensional shallow water (SW) PDE system (1.4) and with the semi-geostrophic (SG) PDE system (1.8), has not yet been carried out, and hence, the aim of this paper is to apply the groups symmetry theory to them. This theory (Olver [7]) is presented briefly in Sections 2 and 4. In Sections 3 and 4 we determine the Lie point symmetries associated with the the SW and SG PDE systems, written in their classical forms (3.1) and (4.1), or in their potential forms (3.11) and (4.6). We find that the SW and SG PDE systems (3.11) and (4.6) are invariant under translation in t, x, and y, under rotations in the space of their dependent variables, and also under the known particle relabelling symmetry. Moreover, SW PDE system is invariant under helical rotations with respect to t in the (x, y, u, v) - space. In Sections 6 and 7, we determine the conservation laws deriving from the variational symmetries (Tables 1 and 2). The particle relabelling symmetry lead to the conservation of the shallow water potential vorticity Ω (Salmon [11]) and semi-geostrophic potential vorticity (Hydon [3]), the time invariance lead to the conservation of the energy of SW PDE system (Salmon [11]) and of SG PDE system, and the translation invariance to the conservation of linear momentum of the SW and SG PDE systems, respectively. Moreover, the rotation invariance lead to the conservation of the angular momentum of SW PDE system.

2 The classical Lie method

Consider the n-th order PDE system

(2.1) Δ(x, u^{(n)}) = 0,

with p independent variables x = (x^1, ..., x^p), and q dependent variables u = (u^1, ..., u^q), where Δ = (Δ_1, ..., Δ_l), and u^{(n)} denote all the partial derivatives of u with respect to x up to order n. The k-th order partial derivative of u^α with respect to x is denoted by

u^α_J = ∂^ku^α ∂(x^1)^{j1} ...∂(x^n)^{jk} , where J = (j_1, ..., j_k), 1 ≤ j_k ≤ n, 1 ≤ k ≤ n, and u^α_0 = u^α, α = 1, ..., q.

The system (2.1) is a maximal rank system if rank ( ∂Δ ∂x^i , ∂Δ ∂u^α_J ) = l whenever Δ(x, u^{(n)}) = 0.

Denote

(2.2) S = {u(x) : Δ(x, u^{(n)})} = 0

the set of all analytic solutions of the system (2.1) and let us consider

(2.3) { x^{∗i} = x^i + ϵζ^i(x, u) + O(ϵ^2), i = 1, ..., p u^{∗α} = u^α + ϵϕ^α(x, u) + O(ϵ^2), α = 1, ..., q, an one-parameter group of local (point) transformations acting on an open subset M ⊂ X × U of the space X of its independent variables and U of its dependent variables, with the associated infintesimal generator

(2.4) X = p∑ i=1 ζ^i(x, u) ∂ ∂x^i + q∑ α=1 ϕ^α(x, u) ∂ ∂u^α . The classical Lie method [7] applied to the PDE system (2.1) leads to its associated symmetry group, that consists in one-parameter groups of transformations acting on the space X × U and leaving the set S invariant. These transformations, called classical symmetries (or Lie point symmetries), map any solution of the system to another solution of it and leave the form of the system unchanged. Knowledge of the symmetry group allows one to construct new solutions from known ones and to classify the set S in group-invariant solutions.

Theorem 2.1. Let X be the vector field (2.4) defined on an open subset M ⊂ X × U. The n-th order prolongation of X is the vector field

(2.5) pr^{(n)}X = X + q∑ α=1 ∑ J Φ^α_J (x, u^{(n)}) ∂ ∂u^α_J ,

defined on the corresponding jet space M^{(n)} ⊂ X × U^{(n)}, with

(2.6) Φ^α_J = D_J ( ϕ^α − p∑ i=1 ζ^iu^α_i ) + p∑ i=1 ζ^iu^α_{J,i}, the summation being over all multi-indices J = (j_1, ..., j_k), 1 ≤ j_k ≤ p, 1 ≤ k ≤ n.

The algorithm for finding the classical symmetries associated with the the PDE system (2.1) is based on the following criterion.

Theorem 2.2.(criterion for infinitesimal invariance) If G is a local group of transformations acting on an open set M ⊂ X × U, and

(2.7) pr^{(n)}X(Δ)|_{Δ=0} = 0,

for every infinitesimal generator X of G, then G is a symmetry group of the system (2.1).

In this case, the vector field X is called symmetry operator and its components ζ^1, ...ζ^p, and ϕ^1, ..., ϕ^q, are called infinitesimals. The infinitesimals are solutions of an over-determined linear PDE system (called determining equations of the symmetry group) obtained by eliminating any dependence between the partial derivatives of the functions u^α occurring in (2.7).

3 Classical and potential symmetries for SW PDE system

3.1 Classical symmetries of the shallow water equations The SW PDE system is given by the equations (1.4), where h satisfies (1.3). Substituting the function h from (1.3) into (1.4), we obtain (3.1) ẍ −^g (xay_b−x_bya)3 [ y^2_b x_{aa} − 2y_ay_bx_{ab} + y^2_ax_{bb} − x_by_by_{aa} + (x_ay_b + x_by_a)y_{ab} − x_ay_ay_{bb} ] = fẏ ÿ +^g (xay_b−x_bya)3 [ x_by_bx_{aa} − (x_ay_b + x_by_a)x_{ab} + x_ay_ax_{bb} − x^2_b y_{aa} + 2x_ax_by_{ab} − x^2_ay_{bb} ] = −fẋ. We can call this second order PDE system system the classical form of SW PDE system (1.4), and its associated Lie point symmetries will be called its classical symmetries. Consider

(3.2) a^∗ = a + εξ(a, b, t, x, y) + O(ε^2) b^∗ = b + εη(a, b, t, x, y) + O(ε^2) t^∗ = t + εθ(a, b, t, x, y) + O(ε^2) x^∗ = x + εϕ(a, b, t, x, y) + O(ε^2) y^∗ = y + εψ(a, b, t, x, y) + O(ε^2) a one-parameter group of transformations acting on the space of the independent variables a, b, and t and the dependent variables x,and y for which (3.3) X = ξ∂_a + η∂_b + θ∂_t + ϕ∂_x + ψ∂_y is the associated infinitesimal generator (here the infinitesimals ξ, η, θ, ϕ and ψ depend on a, b, t, x, and y). From the classical Lie method it follows that θ must be constant,

(3.4) ϕ = Ax − By + C cos(ft) + D sin(ft) + E, ψ = Ay + Bx + D cos(ft) − C sin(ft) + F, where A, B, C, D, E and F are real numbers, and ξ = ξ(a, b) and η = η(a, b) must verify the relation (3.5) ξ_a + η_b = 4A. Substituting these infinitesimals into (3.3), we get

(3.6)

X = ξ(a, b)∂_a + η(a, b)∂_b + θ∂_t + (Ax − By + C cos(ft) + D sin(ft) + E) ∂_x+ + (Ay + Bx + D cos(ft) − C sin(ft) + F ) ∂_y.

that represents the general infinitesimal generator associated with the SW PDE system (3.1).

Theorem 3.1. The symmetry group associated with the SW PDE system (3.1) is generated by the following vector fields

X_1 = ∂ ∂t , X_2 = ∂ ∂x , X_3 = ∂ ∂y , X_4 = −y ∂ ∂x + x ∂ ∂y ,

(3.7) X_5 = cos(ft) ∂ ∂x − sin(ft) ∂ ∂y , X_6 = sin(ft) ∂ ∂x + cos(ft) ∂ ∂y ,

X_0 = ξ(a, b) ∂ ∂a + η(a, b) ∂ ∂b + Ax ∂ ∂x + Ay ∂ ∂y , where the functions ξ and η satisfy the condition (3.5). Thus the SW PDE system (3.1) is invariant under translations in t, x and y, respectively, rotations in the (x, y)-space, and helical rotations with respect t in the (x, y)-space. The vector field X_0 corresponds to the particle relabelling symmetry.

Notice that, since each one-parameter group of symmetry transformations

(3.8) X_1 : (a, b, t + ε, x, y), X_2 : (a, b, t, x + ε, y), X_3 : (a, b, t, x, y + ε), X_4 : (a, b, t, x cos ε − y sin ε, x sin ε + y cos ε), X_5 : (a, b, t, x + ε cos(ft), y − ε sin(ft)), X_6 : (a, b, t, x + ε sin(ft), y + ε cos(ft)), is a symmetry group, if x = F (a, b, t), y = G(a, b, t) is a solution of SW PDE system (3.1), so are the functions { x^{(1)}(a, b, t) = F (a, b, t − ε_1) y^{(1)}(a, b, t) = G(a, b, t − ε_1), { x^{(2)}(a, b, t) = F (a, b, t) + ε_2 y^{(2)}(a, b, t) = G(a, b, t),

(3.9) { x^{(3)}(a, b, t) = F (a, b, t) y^{(3)}(a, b, t) = F (a, b, t) + ε_3, { x^{(4)}(a, b, t) = F (a, b, t) cos ε_4 − G(a, b, t) sin ε_4 y^{(4)}(a, b, t) = F (a, b, t) sin ε_4 + G(a, b, t) cos ε_4,

{ x^{(5)}(a, b, t) = F (a, b, t) + ε_5 cos(ft) y^{(5)}(a, b, t) = G(a, b, t) − ε_5 sin(ft), { x^{(6)}(a, b, t) = F (a, b, t) + ε_6 sin(ft) y^{(6)}(a, b, t) = G(a, b, t) + ε_6 cos(ft), where ε, ε_1, ..., ε_6 are real numbers). By using the symmetry group transformations, we can express the general solution of the system (3.1) that can be constructed from the known one, namely

(3.10) x = F (a, b, t − ε_1) cos ε_4 − G(a, b, t − ε_1) sin ε_4 + ε_5 cos(ft) +ε_6 sin(ft) + ε_2 cos ε_4 − ε_3 sin ε_4 y = F (a, b, t − ε_1) sin ε_4 + G(a, b, t − ε_1) cos ε_4 − ε_5 sin(ft)+ +ε_6 cos(ft) + ε_2 sin ε_4 + ε_3 cos ε_4.

where ε_1, ..., ε_6 are real constants.

The 6-dimensional Lie algebra associated with the SW PDE system (3.1) is spanned by the solenoidal vector fields X_1, ..., X_6 (theorem 3.1), for which Table of the Lie brackets is the following

[., .] X_1 X_2 X_3 X_4 X_5 X_6 X_1 0 0 0 0 −fX_6 fX_5 X_2 0 0 0 X_3 0 0 X_3 0 0 0 −X_2 0 0 X_4 0 −X_3 X_2 0 −X_6 X_5 X_5 fX_6 0 0 X_6 0 0 X_6 −fX_5 0 0 −X_5 0 0

Table 1

3.2 Potential symmetries of the shallow water equations

Moreover, if denote u = ẋ and v = ẏ, respectively, then in SW PDE system (1.4) can ce written as

(3.11) ẋ = u ẏ = v u̇ + gh(y_bh_a − y_ah_b) − fv = 0 v̇ + gh(x_ah_b − x_bh_a) + fu = 0, here h is given by (1.3). We call this first order PDE system the potential form of SW PDE system (1.4), and its associated Lie point symmetries will be called potential symmetries. Consider

(3.12) a^∗ = a + εξ(a, b, t, x, y, u, v) + O(ε^2) b^∗ = b + εη(a, b, t, x, y, u, v) + O(ε^2) t^∗ = t + εθ(a, b, t, x, y, u, v) + O(ε^2) x^∗ = x + εϕ(a, b, t, x, y, u, v) + O(ε^2) y^∗ = y + εψ(a, b, t, x, y, u, v) + O(ε^2) u^∗ = u + εα(a, b, t, x, y, u, v) + O(ε^2) v^∗ = v + εβ(a, b, t, x, y, u, v) + O(ε^2) a one-parameter group of transformations on the space of its independent variables a, b, t and dependent variables x, y, u, v, with the infinitesimal generator given by X = ξ∂_a + η∂_b + θ∂_t + ϕ∂_x + ψ∂_y + α∂_u + β∂_v, where the infintesimals ξ, η, θ, ϕ, ψ, α and β are functions of a, b, t, x, y, u and v. Applying the classical Lie we obtain that θ is a constant,

(3.13) ϕ = Ax − By + C cos(ft) + D sin(ft) + E, ψ = Ay + Bx + D cos(ft) − C sin(ft) + F, α = Au − Bv − Cf sin(ft) + Df cos(ft), β = Av + Bu − Df sin(ft) − Cf cos(ft), with A, B, C, D, E, F real numbers, and ξ = ξ(a, b) and η = η(a, b) satisfy (3.5) as before. In this case, the general infinitesimal generator is written as

X = ξ(a, b)∂_a + η(a, b)∂_b + θ∂_t + (Ax − By + C cos(ft) + D sin(ft) + E) ∂_x+ (Ay + Bx + D cos(ft) − C sin(ft) + F ) ∂_y + (Au − Bv − Cf sin(ft) + Df cos(ft)) ∂_u+ (3.14) (Av + Bu − Df sin(ft) − Cf cos(ft)) ∂_v. Theorem 3.2 The potential symmetries associated with the SW PDE system (3.11) are generated by the vector fields X_1 = ∂_t, X_2 = ∂_x, X_3 = ∂_y, X_4 = −y∂_x + x∂_y − v∂_u + u∂_v,

(3.15) X_5 = cos(ft)∂_x − sin(ft)∂_y − f sin(ft)∂_u − f cos(ft)∂_v,

X_6 = sin(ft)∂_x + cos(ft)∂_y + f cos(ft)∂_u − f sin(ft)∂_v,

X_0 = ξ(a, b)∂_a + η(a, b)∂_b + A(x∂_x + y∂_y + u∂_u + v∂_v),

where the condition (3.5) is verified. Thus SW PDE system (3.11) is invariant under translations in t, x and y, respectively, rotations in the (x, y, u, v)-space, and helical rotations with respect t in the (x, y, u, v)-space. The vector field X_0 corresponds to the particle relabelling symmetry.

Note that the potential symmetries of SW PDE system are actually, its classical symmetries prolonged to the space of the t-derivatives of the depend variables x and y.

Similarly, each of the vector fields X_1, ..., X_6 generates a one-parameter group of symmetry transformations (3.16) X_1 : (a, b, t + ε_1, x, y, u, v), X_2 : (a, b, t, x + ε_2, y, u, v), X_3 : (a, b, t, x, y + ε_3, u, v), X_4 : (a, b, t, x cos ε_4 − y sin ε_4, x sin ε_4 + y cos ε_4, u cos ε_4 − v sin ε_4, u sin ε_4 + v cos ε_4), X_5 : (a, b, t, x + ε_5 cos(ft), y − ε_5 sin(ft), u − ε_5f sin(ft), v − ε_5f cos(ft)), X_6 : (a, b, t, x + ε_6 sin(ft), y + ε_6 cos(ft)u + ε_6f cos(ft), v − ε_6f sin(ft)),

here ε, ε_1, ..., ε_6 are any real numbers. If x = F (a, b, t), y = G(a, b, t), u = H(a, b, t) and v = K(a, b, t) is a solution of SW PDE system (3.11), then the following are also solutions x^{(1)}(a, b, t) = F (a, b, t − ε_1) y^{(1)}(a, b, t) = G(a, b, t − ε_1) u^{(1)}(a, b, t) = H(a, b, t − ε_1) v^{(1)}(a, b, t) = K(a, b, t − ε_1), x^{(2)}(a, b, t) = F (a, b, t) + ε_2 y^{(2)}(a, b, t) = G(a, b, t) u^{(2)}(a, b, t) = H(a, b, t) v^{(2)}(a, b, t) = K(a, b, t),

(3.17) x^{(3)}(a, b, t) = F (a, b, t) y^{(3)}(a, b, t) = G(a, b, t) + ε_3 u^{(3)}(a, b, t) = H(a, b, t) v^{(3)}(a, b, t) = K(a, b, t), x^{(4)}(a, b, t) = F (a, b, t) cos ε_4 − G(a, b, t) sin ε_4 y^{(4)}(a, b, t) = F (a, b, t) sin ε_4 + G(a, b, t) cos ε_4 u^{(4)}(a, b, t) = H(a, b, t) cos ε_4 − K(a, b, t) sin ε_4 v^{(4)}(a, b, t) = H(a, b, t) sin ε_4 + K(a, b, t) cos ε_4,

x^{(5)}(a, b, t) = F (a, b, t) + ε_5 cos(ft) y^{(5)}(a, b, t) = G(a, b, t) − ε_5 sin(ft) u^{(5)}(a, b, t) = H(a, b, t) − ε_5f sin(ft) v^{(5)}(a, b, t) = K(a, b, t) − ε_5f cos(ft), x^{(6)}(a, b, t) = F (a, b, t) + ε_6 sin(ft) y^{(6)}(a, b, t) = G(a, b, t) + ε_6 cos(ft) u^{(6)}(a, b, t) = H(a, b, t) + ε_6f cos(ft) v^{(6)}(a, b, t) = K(a, b, t) − ε_6f sin(ft), so that

(3.18) x = F (a, b, t − ε_1) cos ε_4 − G(a, b, t − ε_1) sin ε_4 + ε_5 cos(ft) + ε_6 sin(ft)+ +ε_2 cos ε_4 − ε_3 sin ε_4 + ε_5 cos(ft) + ε_6 sin(ft) y = F (a, b, t − ε_1) sin ε_4 + G(a, b, t − ε_1) cos ε_4 − ε_5 sin(ft) + ε_6 cos(ft)+ +ε_2 sin ε_4 + ε_3 cos ε_4 − ε_5 sin(ft) + ε_6 cos(ft) u = H(a, b, t − ε_1) cos ε_4 − K(a, b, t − ε_1) sin ε_4 − ε_5f sin(ft) + ε_6f cos(ft) v = H(a, b, t − ε_1) sin ε_4 + K(a, b, t − ε_1) cos ε_4 − ε_5f cos(ft) − ε_6f sin(ft).

represents the general solution obtained from the known one.

4 Classical and potential symmetries for SG PDE system

4.1 Classical symmetries of the semi-geostrophic equations The classical form of SG PDE system (1.8) (4.1) hh_bẋ_a − hh_aẋ_b + (ḣh_b + hḣ_b)x_a − (ḣh_a + hḣ_a)x_b + fhh_by_a − fhh_ay_b = −^{f2}_g ẏ

hh_bẏ_a − hh_aẏ_b + (ḣh_b + hḣ_b)y_a − (ḣh_a + hḣ_a)y_b − fhh_bx_a + fhh_ax_b =^{f2}_g ẋ,

with the function h given by (1.3), is obtained after substituting the functions u_g and v_g given by (1.7) into the system (1.8). The Lie point symmetries of this second order PDE system will be called the classical symemtries of the SG PDE system.

In this case, if we consider the one-parameter group of transformations (3.2) with the infinitesimal generator (3.3) and applying the classical Lie method, we obtain that θ real number,

(4.2) ϕ = Ax − By + E, ψ = Ay + Bx + F, A, B, E, F being real numbers, and ξ = ξ(a, b) and η = η(a, b) must satisfy the condition (3.5). The infinitesimal generator (3.3) becomes (4.3) X = ξ(a, b)∂_a + η(a, b)∂_b + θ∂_t + (Ax − By + E) ∂_x + (Ay + Bx + F ) ∂_y. Theorem 4.1. [6] The vector fields

(4.4) X_1 = ∂ ∂t , X_2 = ∂ ∂x , X_3 = ∂ ∂y , X_4 = −y ∂ ∂x + x ∂ ∂y , X_0 = ξ(a, b) ∂ ∂a + η(a, b) ∂ ∂b + Ax ∂ ∂x + Ay ∂ ∂y , where the condition (3.5) is satisfied, generate the symmetry group associated with the SW PDE system (4.1). Thus, the system is invariant under translations in t, x, y and rotations in the (x, y)-space. The relabelling symmetry corresponds to the vector fields X_0 . There is a 4-dimensional Lie algebra spanned by the vector fields X_1, ..., X_4 associated with the SG PDE system (4.1). This is a subalgebra of the 6-dimensional Lie algebra related to SW PDE system (3.1). If ε_5 and ε_6 are zero in the relation (3.10), then we find the general solution of SW PDE system (4.1) constructed from a known one.

(4.5) { x = F (a, b, t − ε_1) cos ε_4 − G(a, b, t − ε_1) sin ε_4 + ε_2 cos ε_4 − ε_3 sin ε_4 y = F (a, b, t − ε_1) sin ε_4 + G(a, b, t − ε_1) cos ε_4 + ε_2 sin ε_4 + ε_3 cos ε_4.

where ε_1, ..., ε_6 are real constants.

4.2 Potential symmetries of the semi-geostrophic equations The potential form of SG PDE system is given by the system (1.7)+(1.8), namely the system

(4.6) u_g = −^g_f h(x_ah_b − x_bh_a) v_g =^g_f h(y_bh_a − y_ah_b) u̇_g + gh(y_bh_a − y_ah_b) − fẏ = 0 v̇_g + gh(x_ah_b − x_bh_a) + fẋ = 0, where f is a nonzero constant and h is given by (1.3), and its Lie point symmetries are called potential symmetries.

For the one-parameter group of transformations

(4.7) a^∗ = a + εξ(a, b, t, x, y, u_g , v_g) + O(ε^2) b^∗ = b + εη(a, b, t, x, y, u_g , v_g) + O(ε^2) t^∗ = t + εθ(a, b, t, x, y, u_g, v_g) + O(ε^2) x^∗ = x + εϕ(a, b, t, x, y, u_g , v_g) + O(ε^2) y^∗ = y + εψ(a, b, t, x, y, u_g , v_g) + O(ε^2) u^∗_g = u_g + εα(a, b, t, x, y, u_g , v_g) + O(ε^2) v^∗_g = v_g + εβ(a, b, t, x, y, u_g, v_g) + O(ε^2), acting on the space of the independent variables a, b, t and dependent variables x, y, u_g, v_g, the infinitesimal generator is X = ξ∂_a + η∂_b + θ∂_t + ϕ∂_x + ψ∂_y + α∂_{ug} + β∂_{vg} , with the coefficients ξ, η, θ, ϕ, ψ, α and β depending on a, b, t, x, y, u_g, and v_g. The classical Lie method lead to the follow infinitesimals

(4.8) ϕ = Ax − By + E, ψ = Ay + Bx + F, α = Au_g − Bv_g, β = Av_g + Bu_g, where A, B, E, F, θ being real numbers, and ξ = ξ(a, b) and η = η(a, b) satisfying (3.5). In this case, the general infintesimal can be written as

(4.9) X = ξ(a, b)∂_a + η(a, b)∂_b + θ∂_t + (Ax − By + E) ∂_x + (Ay + Bx + F ) ∂_y+ + (Au_g − Bv_g) ∂_u + (Av_g + Bu_g) ∂_v.

Theorem 4.2. The vector fields

X_1 = ∂_t, X_2 = ∂_x, X_3 = ∂_y, X_4 = −y∂_x + x∂_y − v_g∂_{ug} + u_g∂_{vg} ,

(4.10) X_0 = ξ(a, b)∂_a + η(a, b)∂_b + A(x∂_x + y∂_y + u_g∂_{ug} + v_g∂_{vg} ), where (3.5) is verified, generate the potential symmetries associated with the SG PDE system (4.5). Thus the system is invariant under translations in t, x, y and rotations in the (x, y, u_g, v_g)-space. The vector field X_0 corresponds to particle relabelling symmetry.

According to the above considerations, the general solution of the SG PDE constructed from a known one, is given by (3.18), where ε_5 = ε_6 = 0.

5 Variational symmetries and conservation laws

The classical symmetries have applications to the calculus of variations, that is, one can find conservation laws using some of the classical symmetries associated with the the Euler-Lagrange equations, namely the variational symmetries. In this section we give a brief review of the basic notions, further details can be found in Olver’s book [7].

Group methods in the calculus of variations are based on the variational symmetry group of a functional

(5.1) L = ∫ Ω0 L(x, u^{(n)})dx. Consider a local group of transformations G acting on an open set M ⊂ Ω_0 × U ⊂ X × U, where X is the space of the independent variables x = (x^1, ..., x^p), U is the space of the dependent variables u = (u^1, ..., u^q) and Ω_0 ⊂ X is an open connected subset with smooth boundary ∂Ω. If u = f(x) is a smooth function defined over a suitable small subdomain Ω ⊂ Ω_0, such that the graph of f lies in M, each transformation g in G sufficiently close to the identity will transform f to another smooth function

(5.2) ũ = f̃(x̃) = g · f(x̃)

defined over Ω̃ ⊂ Ω_0. A variational symmetry group G will leave the variational integral (5.1) unchanged for all such f.

A local group of transformations G acting on M ⊂ Ω_o × U is a variational symmetry group of the functional (5.1) if whenever Ω is a subdomain with closure Ω̄ ⊂ Ω_0, u = f(x) is a smooth function defined over Ω whose graph lies in M, and g ∈ G is such that ũ = f̃(x̃) = g · f(x̃) is a single-valued function defined over Ω̃, then

(5.3) ∫ Ω̃ L ( x̃, pr^{(n)}f̃(x̃) ) dx̃ = ∫ Ω L ( x, pr^{(n)}f(x) ) dx. Theorem 5.1. (The criterion for the infinitesimal invariance of a variational problem under a group of transformations) A connected group of transformations G acting on M ⊂ Ω_0 × U is a variational symmetry group of the functional (5.1) if and only if (5.4) pr^{(n)}X(L) + LDivζ = 0, for all (x, u^{(n)}) ∈ M^{(n)} and every infinitesimal generator

(5.5) X = p∑ i=1 ξ^i(x, u) ∂ ∂x^i + q∑ α=1 ϕ_α(x, u) ∂ ∂u^α of G. In (5.4), Divζ denotes the total divergence of the p-tuple ζ = (ξ^1, ..., ξ^p), namely Divζ = p∑ i=1 D_i(ξ^i). Theorem 5.2. If G is a variational symmetry group of the functional (5.1), then G is a symmetry group of the Euler-Lagrange equations

(5.6) E(L) = 0,

where E = (E_1, ..., E_q) is the Euler operator with

(5.7) E_α = ∑ J (−D)_J ∂ ∂u^α_J , α = 1, ..., q. Here the sum extending over all multi-indices J = (j_1, ..., j_k) with 1 ≤ j_k ≤ p, k ≥ 0, and

(−D)_J = (−1)^kD_J = (−D_{j1} )(−D_{j2} )...(−D_{jk} ).

Notice that not every solution to the Euler-Lagrange equations is an extremal. The other solutions furnish other types of critical points for the functional. If u = f(x) is a smooth extremal of the variational problem (5.1), then it must be a solution of the Euler-Lagrange equations (5.6).

By definition, for a general n-th order PDE system (2.1), a conservation law is a divergence expression (5.8) Div P = 0 which vanishes for all solutions u = f(x) of the given system (2.1). Here P = (P_1(x, u^{(n)}), ..., P_p(x, u^{(n)}) is a p-tuple of smooth functions of x, u and the derivatives of u, and

(5.9) Div P = D_1(P_1) + ... + D_p(P_p)

is total divergence.

In a dynamical problem, one of the independent variables is the time, x^p = t, and the remaining x^1, ..., x^{p−1} are spatial variables. In this case, a conservation law can be written as Div P = D_tT + Div Z = 0, where T and Z are called conserved density, and respectively, associated flux vector field. Here Div is the spatial divergence of Z with respect to x^1, ..., x^{p−1}. For certain classes of solutions, the conserved density, when integrated, provides us with a constant of the motion of the system.

A conservation law for the PDE system (2.1) can be also written in characteristic form

(5.10) Div P = Q · Δ = l∑ α=1 Q_αΔ_α,

where the l-tuple Q = (Q_1, ..., Q_l) is called characteristic of the given conservation law.

There are two kinds of trivial conservation laws: the first if p-tuple P vanishes for all solutions of the given system (2.1), and the second, if the divergence identity (5.8) holds for all functions u = f(x). If Div P ≡ 0, then P is called null divergence. In general, a trivial conservation law will be, by definition, a linear combination of conservation laws of the above two kinds. The conservation laws P and P̃ are equivalent if they differ by a trivial conservation law R:

(5.11) P̃ = P + R.

The conservation laws are classified up to an equivalence, such that, generally, by conservation law one means a equivalence class of conservation laws.

A trivial characteristic Q is a characteristic which vanishes for all solutions of the system. Two characteristics Q and Q̃ are equivalent if they differ by a trivial characteristic, so (5.12) Q = Q̃

for all solutions u = f(x) of (2.1). Generally, the characteristics are only determined up to an equivalence.

Theorem 5.3 (Noether) Suppose G is a (local) one-parameter group of symmetries of the variational problem (5.1). Let (5.5) be the infinitesimal generator of G, and

(5.13) Q_α = ϕ_α − p∑ i=1 ξ^iu^α_i , the corresponding characteristics of X. Then

(5.14) Q = (Q_1, ..., Q_q)

is also the characteristic of a conservation law for the Euler-Lagrange equations (5.6); in other words, there is a p-tuple

(5.15) P(x, u^{(m)}) = ( P_1(x, u^{(m)}), ..., P_p(x, u^{(m)}) ) , such that (5.16) Div P = Q · E(L) = q∑ ν=1 Q_νE_ν(L) is a conservation law in characteristic form for the Euler-Lagrange equations (5.6).

From the proof of Noether’s theorem ([7], pp. 278) it follows that (5.17) P = −(A + Lζ), where ζ = (ξ^1, ..., ξ^p) and A = (A_1, ..., A_p) are

(5.18) A_k = q∑ α=1 ∑ #I≥0 ĩ_k + 1 #I + 1 D_I [ Q_αE^{I,k}_α (L) ] , k = 1, ..., p, and (5.19) E^J_α = ∑ I⊃J ( I J ) (−D)_{I\J} ∂ ∂u^α_I , α = 1, ..., q, #J ≥ 0 are higher Euler operators ([7], pp. 356). In the relation (5.18), ĩ_k means the number of the occurrences of the integer k in the multi-index I.

Note that for a variational problem associated with the a first order Lagrangian (i.e., the Lagrangian depends up to the first order partial derivatives of the functions u^α, α = 1, ..., q) the higher Euler operators (5.19) applied to this Lagrangian becomes nonzero only if #I = 0 or #I = 1. For #I ≥ 1, all terms E^{I,k}_α (L) in the relation (5.18) are zero, such that the only convenient case is #I = 0. Moreover, the number of occurrences of the integer k in the multi-index I, denoted by ĩ_k in (5.18), becomes zero for #I = 0. It follows that, in this case, the functions given by the relation (5.18) become

(5.20) A_k = 4∑ α=1 Q_αE^{(k)}_α (L), k = 1, ..., p, and the first order Euler operators given by (5.19) applied to the first order Lagrangian are (5.21) E^{(k)}_α = ∂L u^α_k , α = 1, ..., q, k = 1, ..., p. To summarize, if we know the variational symmetries, then from (5.13) one can determine the characteristics Q_α and form the relations (5.17), (5.20) and (5.21) one can find the associated conservation laws.

According to these previous considerations, for a such variational problem, the expressions (5.17), (5.20) and (5.21) can be used to find the associated conservation laws, where Q_α are already known from (5.13) for each variational symmetry.

6 Variational symmetries and conservation laws for SW PDE system

6.1 Variational symmetries of the shallow water equations In this section we consider the potential form of SW PDE system (3.11). Salmon [11] proved that there is a first order Lagrangian

(6.1) L = (u − R)ẋ + (v + P )ẏ − 1 2 ( u^2 + v^2 + gh ) , where the functions P = P (x, y) and R = R(x, y) satisfy (6.2) P_x + R_y = f, with h given by (1.3) and f constant, for which the Euler-Lagrange equations represent (up to a sign) SW PDE system (3.11).

Theorem 6.1. The variational symmetry group of the variational problem associated with the the Lagrangian (6.1) is generated by the following vector fields

(6.3)

X_1 = ∂_t, Y_0 = −S_b(a, b)∂_a + S_a(a, b)∂_b, S_b = −ξ, S_a = η. Moreover, if the functions P = P (x, y) and R = R(x, y) satisfy the PDE system

(6.4) B(yR_x − xR_y + P ) − ER_x − F R_y = 0 B(−yP_x + xP_y + R) + EP_x + F P_y = 0 P_x + R_y = f, then the vector field (6.5) Y = (E − By)∂_x + (F + Bx)∂_y − Bv∂_u + Bu∂_v, with B, E, F being real constants, generates a variational symmetry transformation. Particular cases:

Case 1. If B ≠ 0, then denote^E_B = λ,^F_B = γ. After the change of variables x = −γ + r cos s, y = λ + r sin s we obtain

(6.6) P (r, s) = −δ(r) sin s + (_1 2 fr +^k_r ) cos s, R(r, s) = δ(r) cos s +

(_1 2 fr +^k_r ) sin s, and there is a variational symmetry group generated by

(6.7) Y = Y_1 = −(y − λ)∂_x + (x + γ)∂_y − v∂_u + u∂_v.

Case 2. If B = 0 and E ≠ 0, then denote^F_E by λ. In this case it follows

(6.8) P (x, y) = δ(y − λx), R(x, y) = λδ(y − λx) − λfx + fy + k, and the associated variational symmetry corresponds to the vector field

(6.9) Y = Y_2 = ∂_x + λ∂_y.

3) If B = 0 and E = 0 then

(6.10) P (x, y) = fx + k R(x, y) = δ(x), and (6.11) Y = Y_3 = ∂_y

generates a variational symmetry (here k is a real number and δ is an arbitrary function).

Proof. Consider the general infinitesimal generator (3.14) of the symmetry group of SW PDEs system. While the system (3.11) is a first order PDE system, then the criterion for infinitesimal invariance (5.4) becomes pr^{(1)}X(L) + LDiv ζ = 0, where ζ = (ξ, η, θ). The relation (3.5) implies Div ζ = ξ_a + η_b = 4A, and thus we have

(6.12) pr^{(1)}X(L) + 4AL = 0.

The nonzero partial derivatives of the Lagrangian (6.1) are the following ∂L ∂x = −R_xẋ + P_xẏ, ∂L ∂y = −R_yẋ + P_yẏ, ∂L ∂u = ẋ − u,

(6.13) ∂L ∂v = ẏ − v, ∂L ∂x_a = 1 2 gh^2y_b, ∂L ∂x_b = − 1 2 gh^2y_a, ∂L ∂ẋ = u − R, ∂L ∂y_a = − 1 2 gh^2x_b, ∂L ∂y_b = 1 2 gh^2x_a ∂L ∂ẏ = v + P.

On the other hand,

(6.14) pr^{(1)}X(L) = X(L) + ϕ^a ∂L ∂x_a + ϕ^b ∂L ∂u + ϕ^t ∂L ∂ẋ + ψ^a ∂L ∂y_a + ψ^b ∂L ∂y_b + ψ^t ∂L ∂ẏ represents the first order prolongation of the general infinitesimal generator X given by (3.14) applied to the Lagrangian (6.1), where the infinitesimals ϕ, ψ, α and β are given by (3.13) and moreover,

(6.15) ϕ^a = (A − ξ_a)x_a − By_a − η_ax_b, ϕ^b = −ξ_bx_a + (A − η_b)x_b − By_b, ϕ^t = −Cf sin(ft) + Df cos(ft) + Aẋ − Bẏ, ψ^a = Bx_a + (A − ξ_a)y_a − η_ay_b, ψ^b = Bx_b − ξ_by_a + (A − η_b)y_b, ψ^t = −Df sin(ft) − Cf cos(ft) + Bẋ + Aẏ. Substituting (3.13), (6.15), (6.13) and (6.14) into (6.12), and equalizing to zero the coefficients of the t-derivatives ẋ, ẏ and the free term, it follows A = C = D = 0, and the relations (6.4) between the constants B, E, F and the functions P = P (x, y) and R = R(x, y) defining the Lagrangian (6.1). If A = 0, then (3.5) implies ξ_a + η_b = 0, and we can consider a function S = S(a, b) such that S_b = −ξ and S_a = η. It follows that the variational symmetry are generated by the vector fields X_1 and Y_0 given by (6.3). The compatibility of the system (6.4) implies the form (6.5) for another variational symmetry.

Let us discuss now the particular cases of the system (6.4).

Case 1. 1) If B ≠ 0, then denote^E_B by λ, and^F_B by γ. The system (6.4) becomes

(6.17)

(y − λ)R_x − (x + γ)R_y + P = 0 (λ − y)P_x + (x + γ)P_y + R = 0 P_x + R_y = f.

Consider the change of variables x = −γ + r cos s, y = λ + r sin s. Its general solution is given by (6.6) and so the vector field (6.5) is written as (6.7).

For B = 0, the system (6.4) is equivalent to

(6.18)

EP_x + F P_y = 0 ER_x + F R_y = 0 P_x + R_y = f.

Case 2. If B = 0 and E ≠ 0, then the system (6.17) is written as

(6.18)

R_x + λR_y = 0

P_x + λP_y = 0

P_x + R_y = f,

where denote^F_E is denoted by λ. Integrating this system, we find that (6.8) represent its general solution, and moreover, there is a variational symmetry generated by the vector field (6.9).

Case 3 If B = 0 and E = 0, then the system (6.17) turns into

(6.19)

F R_y = 0

F P_y = 0

P_x + R_y = f.

If F ≠ 0, then we get R_y = 0, P_y = 0, and so P_x = f. Its general solution is (6.11) and we obtain a variational symmetry generated by the vector field (6.11).

In the case F = 0, we get that (6.3) is the only vector field that generates a variational symmetry.

A conservation law for SW PDE system is given by the divergence expression

(6.20) D_a(P_1) + D_b(P_2) + D_t(P_3) = 0,

where P = (P_1, P_2, P_3) is a triple of smooth functions of a, b, t, x, y, u, v and the derivatives of x, y, u, v, P_3 is the conserved density and the pair (P_1, P_2) is the associated flux vector field.

Theorem 6.3. The conservation laws associated with the SW PDE system (3.11), that derive from its variational symmetries, are the following variational symmetry generated by P = (P_1, P_2, P_3) P_1 =^1_2 gh^2(ẋy_b − ẏx_b) X_1 = ∂_t P_2 =^1_2 gh^2(ẏx_a − ẋy_a) P_3 =^1_2 (u^2 + v^2 + gh)

P_1 = −S_bT_1 Y_0 = −S_b(a, b)∂_a + S_a(a, b)∂_b P_2 = S_aT_1 S_b = −ξ, S_a = η P_3 = S_aT_2 − S_bT_3 T_1 = ẋ(R − u) − ẏ(v + P ) +^1_2 (u^2 + v^2) + gh T_2 = x_b(u − R) + y_b(v + P ) T_3 = x_a(u − R) + y_a(v + P )

P_1 =^1_2 gh^2 (x_b(x + γ) + y_b(y − λ)) Y_1 = −(y − λ)∂_x + (x + γ)∂_y − v∂_u + u∂_v P_2 =^1_2 gh^2 (y_a(λ − y) − x_a(x + γ)) P_3 = (y − λ)(u − R) − (x + γ)(v + P )

P_1 =^1_2 gh^2(λx_b − y_b) Y_2 = ∂_x + λ∂_y P_2 =^1_2 gh^2(y_a − λx_a) P_3 = R − u − λ(v + P )

P_1 =^1_2 gh^2x_b Y_3 = ∂_y P_2 = −^1_2 gh^2x_a P_3 = −v − P Table 2

Moreover, the conservation law deriving from Y_0 is equivalent to P̃ = (P̃_1, P̃_2, P̃_3), where

(6.21)

P̃_1 = P_1 + D_t(ST_2), P̃_2 = P_2 − D_t(ST_3), P̃_3 = −SΩ = P_3 − D_a(ST_2) + D_b(ST_3),

and Ω is the shallow water potential vorticity (1.6).

Proof. If we apply the higher Euler operators to the first order Lagrangian (6.1), it follows

E^{(1)}_1 = ∂L ∂x_a = 1 2 gh^2y_b, E^{(1)}_2 = ∂L ∂y_a = − 1 2 gh^2x_b, E^{(1)}_3 = ∂L ∂u_a = 0, E^{(1)}_4 = ∂L ∂v_a = 0,

(6.22) E^{(2)}_1 = ∂L ∂x_b = − 1 2 gh^2y_a, E^{(2)}_2 = ∂L ∂y_b = 1 2 gh^2x_a, E^{(2)}_3 = ∂L ∂u_b = 0, E^{(2)}_4 = ∂L ∂v_b = 0,

E^{(3)}_1 = ∂L ∂ẋ = u − R, E^{(3)}_2 = ∂L ∂ẏ = v + P, E^{(3)}_3 = ∂L ∂u̇ = 0, E^{(3)}_4 = ∂L ∂v̇ = 0.

In that follows, we determine the conservation laws deriving form the variational symmetries generated by the vector fields (6.3), (6.5), and in particular (6.7), (6.9) and (6.11). 1. For the vector field X_1 = ∂_t, the corresponding characteristic Q = (Q_1, ..., Q_4) has the components given by (5.13), namely

Q_1 = −ẋ, Q_2 = −ẏ, Q_3 = −u̇, Q_4 = −v̇.

According to (5.20), the triple A = (A_1, A_2, A_3) is the following

A_1 =^1_2 gh^2(ẏx_b − ẋy_b), A_2 =^1_2 gh^2(ẋy_a − ẏx_a), A_3 = ẋ(R − u) − ẏ(v + P ). In our case ζ = (0, 0, 1) and so the triple P given by (5.17) becomes

P_1 =^1_2 (ẋy_b − ẏx_b), P_2 =^1_2 (ẏx_a − ẋy_a), P_3 =^1_2 (u^2 + v^2 + gh),

Thus, the time invariance lead to the conservation of the energy P_3 of the system (Salmon [11]).

2. The characteristic Q of the vector field Y_0 = −S_b(a, b)∂_a + S_a(a, b)∂_b is given by

Q_1 = S_bx_a − S_ax_b, Q_2 = S_by_a − S_ay_b, Q_3 = S_bu_a − S_au_b, Q_4 = S_bv_a − S_av_b. In this case, ζ = (−S_b, S_a, 0) and from (5.20) we get A_1 =^1_2 ghS_b, A_2 = −^1_2 ghS_a, A_3 = S_b[x_a(u − R) + y_a(v + P )] − S_a[x_b(u − R) + y_b(v + P )] Therefore, substituting them into (5.17) one obtains P_1 = −S_bT_1, P_2 = S_aT_1, P_3 = S_aT_2 − S_bT_3, where denote T_1 = ẋ(R − u) − ẏ(v + P ) +^1_2 (u^2 + v^2) + gh, T_2 = x_b(u − R) + y_b(v + P ), T_3 = x_a(u − R) + y_a(v + P ).

For the vector field Y_0 we can write another equivalent form of the associated conservation law. Note that the potential vorticity Ω (1.6) satisfies D_a(T_2) − D_b(T_3) = Ω.

Define the triple P̃ given by (6.21) and let P^∗ = (P^∗_1 , P^∗_2 , P^∗_3 ) be the triple with the components P^∗_1 = D_t(ST_2), P^∗_2 = −D_t(ST_3), P^∗_3 = −D_a(ST_2) + D_b(ST_3).

One verifies that Div P^∗ = 0. It follows that the conservation laws P and P̃ = P + P^∗ are equivalent.

Thus, the particle relabelling symmetry lead to the conservation of the potential vorticity Ω (Salmon [11]).

3. In the case of the vector field (6.5), the characteristic Q is defined by Q_1 = E − By, Q_2 = F + Bx, Q_3 = −Bv, Q_4 = Bu.

Because ζ = (0, 0, 0), from (5.17) it follows P_i = A_i, i = 1, 2, 3. From (4.20) we get A_1 =^1_2 gh^2[Ey_b − F x_b − B(xx_b + yy_b)], A_2 =^1_2 gh^2[−Ey_a + F x_a + B(xx_a + yy_a)], A_3 = E(u − R) + F (v + P ) + B[x(v + P ) − y(u − R)], and so the triple P has the components P_1 =^1_2 gh^2[−Ey_b + F x_b + B(xx_b + yy_b)], P_2 =^1_2 gh^2[Ey_a − F x_a − B(xx_a + yy_a)], P_3 = E(R − u) − F (v + P ) + B[−x(v + P ) + y(u − R)].

In particular, for the vector fields Y_1, Y_2 and Y_3 given by (6.7), (6.9) and (6.11), respectively, if one substitutes B = 1, E = λ, F = γ, and B = 0, E = 1, F = λ, and respectively B = 0, E = 0, F = 1 into the above expressions, it follows the corresponding conservation laws contained in Table 2. The rotation invariance lead to the conservation of the angular momentum and the translation invariance to the conservation of linear momentum.

7 Variational symmetries and conservations laws for SG PDE system

7.1 Variational symmetries for the semi-geostrophic equations The SW PDE system (4.6) represents the Euler-Lagrange equations associated with the the first order Lagrangian (Hydon [3])

(7.1) L = (u_g − R)ẋ + (v_g + P )ẏ − 1 2 (u^2_g + v^2_g + gh) − ru̇_g + pv̇_g,

up to a sign,where P = P (x, y), R = R(x, y), p = p(u_g, v_g) and r = r(u_g, v_g) are arbitrary functions satisfying the equations

(7.2) { P_x + R_y = f p_{ug} + r_{vg} =^1_f , where h is given by (1.3).

Theorem 7.1. The variational symmetry group of the variational problem associated with the the Lagrangian (7.1) is generated by the vector fields (7.4). Moreover, if P = P (x, y) and R = R(x, y) are solutions of the PDE system (6.17), then the vector field (7.4) Z = E∂_x + F ∂_y generates also a variational symmetry transformation. Particular cases: Case 1 If E ≠ 0, then denote^F_E = λ. It follows that P and R are given by (6.8). In this case, there is an additional variational symmetry generated by the vector field (7.4) denoted by Z_1 and given by (6.9).

Case 2 For E = 0, then the functions P and R are given by (6.10). The vector field Z = Z_2 defined by (6.11) generates the associated additional variational symmetry.

Proof. Let us consider the infinitesimal generator of the symmetry group associated with the SG PDE system, given by (4.9). The criterion for infinitesimal invariance (Theorem 5.1) implies pr^{(1)}X(L) + LDivζ = 0, where ζ = (ξ, η, θ). Using Divζ = ξ_a + η_b = 4A, the above condition becomes

(7.5) pr^{(1)}X(L) + 4AL = 0.

The nonzero partial derivatives of the Lagrangian (7.1) are the following ∂L ∂x = −R_xẋ + P_xẏ, ∂L ∂y = −R_yẋ + P_yẏ, ∂L ∂u = ẋ − u_g − r_{ug}u̇_g + p_{ug}v̇_g,

(7.6) ∂L ∂v = ẏ − v − r_{vg} u̇_g + p_{vg}v̇_g, ∂L ∂x_a = 1 2 gh^2y_b, ∂L ∂x_b = − 1 2 gh^2y_a, ∂L ∂ẋ = u_g − R, ∂L ∂y_a = − 1 2 gh^2x_b, ∂L ∂y_b = 1 2 gh^2x_a ∂L ∂ẏ = v_g + P, ∂L ∂u̇_g = −r, ∂L ∂v̇_g = p. Applying the first order prolongation of the vector field X to the Lagrangian L it follows

pr^{(1)}X(L) = ϕ ∂L ∂x + ψ ∂L ∂y + α ∂L ∂u + β ∂L ∂v + ϕ^a ∂L ∂x_a + ϕ^b ∂L ∂u + ϕ^t ∂L ∂ẋ +

(7.7) +ψ^a ∂L ∂y_a + ψ^b ∂L ∂y_b + ψ^t ∂L ∂ẏ + α^t ∂L ∂u̇_g + β^t ∂L ∂v̇_g , where the functions ϕ, ψ, α and β are given by (4.8), and moreover

(7.8) ϕ^a = (A − ξ_a)x_a − By_a − η_ax_b, ϕ^b = −ξ_bx_a + (A − η_b)x_b − By_b, ϕ^t = Aẋ − Bẏ, ψ^a = Bx_a + (A − ξ_a)y_a − η_ay_b,

ψ^b = Bx_b − ξ_by_a + (A − η_b)y_b, ψ^t = Bẋ + Aẏ, α^t = Au̇_g − Bv̇_g, β^t = Bu̇_g + Av̇_g.

Substituting (4.8), (7.7), (7.8) and (7.6) into the relation (7.5), and equalizing to zero the coefficients of the t-derivatives ẋ, ẏ, u̇_g, v̇_g and the free term, we get A = B = 0, and the conditions (6.17) between the constants E, F and the functions P = P (x, y) and R = R(x, y) from the Lagrangian (7.1). If A = 0, then the condition (3.5) turns into ξ_a + η_b = 0, and so there is a function S = S(a, b) such that S_a = η, and S_b = −ξ. We obtain that the variational symmetries are generated by the vector fields (7.4). Moreover, if the functions P and R satisfy (6.17), then there is an additional variational symmetry corresponding to the vector field Z given by (7.4).

Particular cases for the system (6.17):

Case 1. If E ≠ 0, then denote^F_E by λ. It follows that the system (6.17) can be written as (6.18) with the general solution given by (6.8). The vector field Z denoted by Z_1, becomes (6.9).

Case 2. If E = 0, then the system (6.17) is written as (6.19).

- If F ≠ 0 then its general solution is given by (6.10). The associated vector field Z, denoted it by Z_2, becomes (6.11).

- If F = 0, there are only variational symmetry generated by the vector fields (7.4).

Note that the particular cases of the Theorem 7.1 correspond to the particular case 2 of Theorem 6.1.

7.2 Conservation laws for the semi-geostrophic equations

Theorem 7.2. The conservation laws associated with the SG PDE system, are presented in Table 3, where (P_1, P_2) are the associated flux vector fields and P_3 is the conserved densities.

v.f. P = (P_1, P_2, P_3)

X_1 = ∂_t P_1 =^1_2 gh^2(ẋy_b − ẏx_b) P_2 =^1_2 gh^2(ẏx_a − ẋy_a) P_3 =^1_2 (u^2_g + v^2_g + gh)

Y_0 = −S_b(a, b)∂_a + S_a(a, b)∂_b P_1 = −S_bT_1 P_2 = S_aT_1 P_3 = S_aT_2 − S_bT_3, T_1 = ẋ(R − u_g) − ẏ(v_g + P ) +^1_2 (u^2_g + v^2_g) + gh + ru̇_g − pv̇_g T_2 = x_b(u_g − R) + y_b(v_g + P ) − ru_{g,b} + pv_{g,b} T_3 = x_a(u_g − R) + y_a(v_g + P ) − ru_{g,a} + pv_{g,a}

Z_1 = ∂_x + λ∂_y P_1 =^1_2 gh^2(λx_b − y_b) P_2 =^1_2 gh^2(y_a − λx_a) P_3 = R − u_g − λ(v_g + P )

Z_2 = ∂_y P_1 =^1_2 gh^2x_b P_2 =^1_2 gh^2x_a P_3 = −v_g − P

Table 3

The conservation law deriving from the vector field Y_0 is equivalent to that defines by the triple P̃ = (P̃_1, P̃_2, P̃_3) with the components

(7.9)

P̃_1 = P_1 + D_t(ST_2), P̃_2 = P_2 − D_t(ST_3), P̃_3 = −SΩ∗ = P_3 − D_a(ST_2) + D_b(ST_3),

where Ω^∗ is the potential vorticity (1.9).

Proof. From the relations (5.21) it follows

E^{(1)}_1 = ∂L ∂x_a = 1 2 gh^2y_b, E^{(1)}_2 = ∂L ∂y_a = − 1 2 gh^2x_b, E^{(1)}_3 = ∂L ∂u_{g,a} = 0, E^{(1)}_4 = ∂L ∂v_{g,a} = 0,

(7.10)

E^{(2)}_1 = ∂L ∂x_b = − 1 2 gh^2y_a, E^{(2)}_2 = ∂L ∂y_b = 1 2 gh^2x_a, E^{(2)}_3 = ∂L ∂u_{g,b} = 0, E^{(2)}_4 = ∂L ∂v_{g,b} = 0,

E^{(3)}_1 = ∂L ∂ẋ = u_g − R, E^{(3)}_2 = ∂L ∂ẏ = v_g + P, E^{(3)}_3 = ∂L ∂u̇_g = −r, E^{(3)}_4 = ∂L ∂v̇_g = p, that represents the Euler operators applied to the Lagrangian (7.1). For each of the vector fields that defines the associated variational symmetries (Theorem 7.1), one finds the associated conservation laws.

1. For the vector field Y_1 = ∂_t, the characteristic Q = (Q_1, ..., Q_4), has the components given by (5.13), namely,

Q_1 = −ẋ, Q_2 = −ẏ, Q_3 = −u̇, Q_4 = −v̇.

In this case, the triple P = (P_1, P_2, P_3), given by (5.17), is determined by ζ = (0, 0, 1) and A = (A_1, A_2, A_3), where

A_1 =^1_2 gh^2(−ẋy_b + ẏx_b), A_2 =^1_2 gh^2(ẋy_a − ẏx_a), A_3 = −ẋ(u_g − R) − ẏ(v_g + P ) + u̇_gr − v̇_gp.

Substituting them into (5.17) it follows that the triple P = (P_1, P_2, P_3) with

P_1 =^1_2 gh^2(ẋy_b − ẏx_b), P_2 =^1_2 gh^2(ẏx_a − ẋy_a), P_3 =^1_2 (u^2 + v^2 + gh),

defines the corresponding conservation law. Thus, the time invariance implies the conservation P_3 of the energy of the SG PDE system. 2. Let us consider the vector field Y_0 = −S_b(a, b)∂_a + S_a(a, b)∂_b, for which the characteristic is

Q_1 = S_bx_a − S_ax_b, Q_2 = S_by_a − S_ay_b, Q_3 = S_bu_{g,a} − S_au_{g,b}, Q_4 = S_bv_{g,a} − S_av_{g,b}.

In the relation (4.17) one substitutes the triples ζ = (−S_b, S_a, 0) and A = (A_1, A_2, A_3) given by (4.20), namely A_1 =^1_2 ghS_b, A_2 = −^1_2 ghS_a, A_3 = S_a[x_b(R − u) − y_b(v + P ) + ru_b − pv_b] + S_b[x_a(u − R) + y_a(v + P ) − ru_a + pv_a], and it follows P_1 = −S_bT_1, P_2 = S_aT_1, P_3 = S_aT_2 − S_bT_3, where T_1 = ẋ(R − u_g) − ẏ(v_g + P ) +^1_2 (u^2_g + v^2_g ) + gh + ru̇_g − pv̇_g, T_2 = x_b(u_g − R) + y_b(v_g + P ) − ru_{g,b} + pv_{g,b}, T_3 = x_a(u_g − R) + y_a(v_g + P ) − ru_{g,a} + pv_{g,a}.

The conservation law deriving from the vector field Y_0 can be written in an equivalent form. Note that D_a(T_2) − D_b(T_3) = Ω^∗, where Ω^∗ is the potential vorticity (1.9). Let us consider the triple P̃ = (P̃_1, P̃_2, P̃_3) defined by P̃_1 = −S_bT_1 + D_t(ST_2) = P_1 + D_t(ST_2), P̃_2 = S_aT_1 − D_t(ST_3) = P_2 − D_t(ST_3), P̃_3 = −SΩ∗ = P_3 − D_a(ST_2) + D_b(ST_3), and denote P^∗_1 = D_t(ST_2), P^∗_2 = −D_t(ST_3), P^∗_3 = −D_a(ST_2) + D_b(ST_3).

Because Div P^∗ = 0, it follows that P and P̃ = P + P^∗ are equivalent conservation laws. Thus, the conservation law defines by the triple P̃, derives from the particle relabelling symmetry, and implies the conservation of the potential vorticity Ω^∗ (Hydon [3]). 3. In the case of the vector field Z given by (7.4), from (5.13) it follows that its characteristic Q has the components Q_1 = E, Q_2 = F, Q_3 = 0, Q_4 = 0.

While ζ = (0, 0, 0) it follows P_i = A_i, i = 1, 2, 3. Using (5.20) we get A_1 =^1_2 gh^2(Ey_b − F x_b), A_2 =^1_2 gh^2(F x_a − Ey_a), A_3 = E(u − R) + F (v + P ), and in this case, the relation (5.17) implies

P_1 =^1_2 gh^2(F x_b − Ey_b),

P_2 =^1_2 gh^2(Ey_a − F x_a),

P_3 = E(R − u) − F (v + P ).

In the particular cases Z = Z_1 and Z = Z_2, one substitutes E = 1, F = λ and respectively, E = 0, F = 1 into the above expressions. The corresponding triples P lead to the conservation of linear momentum (Table 3).

Acknowledgement. It is a great pleasure to thank Dr Elizabeth Mansfield, Prof Peter Clarkson, Dr Ian Roulstone and Prof Arieh Iserles for helpful comments related to this research work, as part of the research project ”Geometric Integration of partial differential equations”. I am also grateful to Isaac Newton Trust for financial support, and to University of Kent at Canterbury, Institute of Mathematics and Statistics for their hospitality.

References

[1] J. CARMINATI, K. VU - Symbolic computation and differential equations: Lie symmetries, J. Symbolic Computation 29(2000), 95–116.

[2] W. HEREMAN - Review of symbolic software for the computation of Lie symmetries of differential equations, Euromath Bulletin 1, 2(1994), 45–82.

[3] P.E. HYDON - Private communication, 2000.

[4] E. L. MANSFIELD, P. A. CLARKSON -Applications of the differential algebra package diffgrob2 to classical symmetries of differential equations, J. Symbolic Computation 23(1997), 517–533.

[5] E. L. MANSFIELD -diffgrob2: A symbolic algebra package for analysing systems of PDE using Maple, ftp.ukc.ac.uk, login: anonymous, password: your email address, directory: pub/maths/liz.

[6] E. L. MANSFIELD - Private communication, 2000.

[7] P. J. OLVER -Applications of Lie Groups to Differential Equations, Graduate Texts Math. 107, Springer Verlag, New York, 1986.

[8] I. ROULSTONE, M. J. SEWELL - The mathematical structure of theories of semigeostrophic type, Phil. Trans. R. Soc. Lond. A355 (1997), 2489–2517.

[9] I. ROULSTONE, J. NORBURY - Hamiltonian structure with contact geometry for the semi-geostrophic equations, J. Fluid Mech. 272 (1994), 211–233.

[10] V. N. RUBTSOV, I. ROULSTONE - Holomorphic structures in hydrodynamical models of nearly geostrophic flow, http://www.math.uit.no/seminar/preprints.html

[11] R. SALMON - Practical use of Hamiltonian’s principle, J. Fluid Mech., 132(1983), 431–444.