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Abstract

We prove that the zeros of the derivatives of any order of a B-spline are increasing
functions of its interior knots. We then prove that if the interior knots of two B-
splines interlace, then the zeros of their derivatives of any order also interlace. The
same results are obtained for Chebyshevian B-splines.
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1 Introduction

In 1892, Vladimir Markov established the following lemma, now known as the
Markov interlacing property.

Lemma 1 ([8]) If the zeros of the polynomial p == (e —t1)---(e —t,) and
the zeros of the polynomial q := (e — s1)--- (e — s,,) interlace, that is

tlSSIStQSSQS"'Stn—lgsn—lgtngsna

then the zeros 1 < --- < 7,1 of p' and the zeros o1 < --- < 0,1 of ¢’ also
interlace, that is

<01 <1<0y<-- <71 <0p_1.

Moreover, if ty < --- < t, and if t; < s; at least once, then the zeros of p' and
the zeros of ' strictly interlace, that is

MM<oO1<Ta<02< - < Tpo1 <O0Op_1.
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This lemma plays a major role in the original proof of the Markov inequality
[8] and in some of its simplifications, e.g. [2,12]. The interlacing property for
perfect splines [1], likewise, is essential in the proof of Markov-type inequalities
for oscillating perfect splines [3].

Bojanov remarked that the Markov interlacing property for polynomials is
equivalent to a certain monotonicity property, namely

Fach zero of the derivative of a polynomialp := (e—x1) -+ (e—xy,) is a strictly
increasing function of any x; on the domain x1 < --- < Ty,

He proved [1] this equivalence even for generalized polynomials with respect
to a Chebyshev system (satisfying certain conditions), and then obtained the
Markov interlacing property for generalized polynomials by showing the mono-
tonicity property.

Bojanov’s arguments were somehow similar to the ones used by Vidensky
when he gave, in 1951, the following general lemma.

Lemma 2 ([13]) Let f and g be two continuously differentiable functions
such that any non-trivial linear combination of f and g has at most n zeros
counting multiplicity. If the zerosty < --- < t, of f and the zeros s; < --- < s,
of g interlace, then n — 1 zeros of f' and n — 1 zeros of ¢' strictly interlace.

In this paper, we aim at proving an interlacing property for B-splines. More
precisely, we show that if the interior knots of two polynomial B-splines inter-
lace, then the zeros of their derivatives (of any order) also interlace. In section
2, we show how this can be derived from what we call the monotonicity prop-
erty, namely

Each zero of Nt((f?...,tk+1; 1 <1< k-1, is a strictly increasing function of any
interior knot t;, 1 < j <k, on the domain to < t; < --- <t <tpi1.

This property is proved in section 3. Next, we generalize these statements to
Chebyshevian B-splines. To this end, we need various results which are scat-
tered around the literature and are recalled in sections 4, 6 and 7. Finally, the
proof of the monotonicity property for Chebyshevian B-splines is presented in
section 8.

Our interest in this problem arose from a conjecture regarding the B-spline
basis condition number formulated by Scherer and Shadrin [11]. For t = (¢, <
ty < -+ <t < tgy1), with wy representing the monic polynomial of degree k
which vanishes at t,. .., %, they asked if it was possible to find a function (2

vanishing k-fold at ty and ¢, and such that the sign pattern of Qg) is the

same as the sign pattern of (—l)lwg“_l), 0 <[ < k. The hope to choose
as a Chebyshevian B-spline with knots ¢y, ..., ¢, raised the problem of the
monotonicity property. Indeed, the zeros of Qg) should coincide with the zeros

of wt(kfl) and thus should increase with any ¢;, 1 < j < k.



Let us mention that the technique we use to establish the monotonicity prop-
erty for Chebyshevian B-splines is different from the one we use to establish it
for polynomial B-splines, so that the proof of section 3 is redundant. We chose
to include it nonetheless because, to our taste, it is a nice proof and because
of the additional information it provides, namely lemma 7.
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To simplify the discussion, the notation “~” will mean “has the sign of”. We
will also use the notation [m,n] := {m,m + 1,...,n} when m and n are
integers.

2 Interlacing property for polynomial B-splines

Let us recall that, for g < --- < t441, the L-normalized B-spline of degree
k at tg, ..., tgs1 is defined by

Nig,.trsr () 7= (L1 — to) [to, - - - togr] (@ — ll?)’i,
where the divided difference [to, ..., tx41]f of a function f is the coefficient
of degree k + 1 of the polynomial of degree at most k + 1 agreeing with f
at the points to,...,tx1. It is well known that, for ¢ := (tg < -+ < tr41),
the B-spline NV is a function of class C*~1 which is positive on (tg,tz41) and

vanishes elsewhere. The derivative Nt(k) is constant on each interval (¢;,%;11),

where it has the sign (—1)%. Moreover, for [ € [1,k — 1], the function Nz(l) has
exactly [ interior zeros and it changes sign at these zeros.

We intend to prove that these zeros satisfy an interlacing property with respect
to the knots, the first and last knots being fixed, with, say, to = 0 and ¢, = 1.
Let us note that a Vidensky-type argument (where zeros would be allowed to
coalesce) is not applicable in this case. Indeed, for two knot sequences t and
t', there is a linear combination of f := V; and g := Ny, namely ﬁf — ﬁg,
which has more zeros than f does.

Our approach consists of deducing the interlacing property from the mono-
tonicity property. The latter is formulated as follow.

Theorem 1 Forl € [1,k—1], let 0 < 517 < --- < 5 < 1 be the | interior
zeros of Nt(é?. For each i € [1,1], we have

-'athrl .

832-
ot

> 0, Jj € [1,k].

We note that each s; is indeed a differentiable function of any ¢;. This is

derived, using the implicit function theorem, from the fact that Nt(olﬂ)tk L (80) #



0. The proof of Theorem 1 is the object of section 3. If we assume this result for
the moment, we can prove the interlacing property for polynomial B-splines.

Theorem 2 Letl € [1,k —1]. If the knots 0 =tg < t; < -+ < tp <ty =1
interlace with the knots 0 = t( <t} < --- <t} <t;,, =1, that is

t <ty <ty <ty <o <ty <y,

and if t; < t; at least once, then the interior zeros s; < --- < s; of Nt(é?__,tkﬂ

strictly interlace with the interior zeros 8| < --- < s of Nt(é?...,t;c+1’ that s

§1< 8] < Sg< sy < <5< 8

PROOF. We proceed by induction on [.

For [ = 1, we just have to show that s < s, where s is the zero of N; and
s' is the zero of Ny, the knot sequences ¢ and t' satisfying the interlacing
conditions. This follows from Theorem 1.

Let us now assume that the result holds up to an integer [ — 1,1 € [2,k — 1],
and let us prove that it holds for [ as well.

Let the knot sequences ¢t and t' satisfy the interlacing condmons, and let
sp < --- < s and s < --- < s; denote the interior zeros of N and Nt(,l),
respectively. Theorem 1 yields s; < s} for all i € [1,1]. It remains to show that
s < s;4q for all ¢ € [[1,1 — 1]. To this end, let us assume that s,,1 < s}, for
some h € [1,1 — 1] and let us derive a contradiction.

First of all, let us remark that it is enough to consider the case of equality
Shy1 = S Indeed, if s, < s),, we set t(A) = (1 — N)t+ A/, A € [0, 1], so that
t(0) =t and (1) = t’. We also denote the interior zeros of N( ) by s1(A) <

- < 51(N\). By Theorem 1, the point s;,(\) runs monotonlcally contmuously
through the interval [sh,sﬁl] when A runs through [0, 1]. As sp11 € (Sp, s},),
there exists A € (0, 1) for which s;(\) = sp11. But then ¢ and £(\) satisfy the
interlacing conditions and sp.1 = s,(A). This is the case of equality. It leads
to a contradiction, as we are now going to show.

Let us indeed suppose that s, = s),. We set s := sp41 = 5}, and we let
Ozzo<21<---<zl 1<zl—1and0:z(’)<z’1<---<zl’_1<zl’:1
denote the zeros of Nt( and N (-1 respectively. We know that s; < 2z; < s;41
and that s} < 2/ < s/, for all i € [[1,[ — 1]. Therefore we have

<<z <s<zy <<z



We also note that, since s € (2, zp41) and s € (2,4, 2},), one has
N V() o (1) and NITV(s) w (1)L

Thus we can introduce the function

H = Ni(l_l) + CNi(,l_l), where ¢i=————2>0.

i—17 <1

changes sign for i € [1,h]. This gives rise to h — 1 zeros of H in (zy, z3).

By the induction hypothesis, one has z; € (z/_,, z), so that H(z;) = ¢ Nt(,l_l) (z:)

Likewise, one has 2] € (z;, zi41), so that H(z]) = Nt(l_l)(zz{) changes sign for
i € [h,1—1]. This gives [ — h — 1 zeros of H in (z}, z_,). Counting the double
zero of H at s, the function H has at least [ interior zeros. Applying Rolle’s
theorem k — [ 4 1 times, we deduce that H := H*~*1) has at least k 4 1 sign
changes.

But H = Ni(k) + cNt(,k) is a piecewise constant function. On [t,¢;44], it has
the sign (—1)", and on [t],,,#;+o], it has the sign (—1)"*!, so that the inter-
mediate value of H on [tiyy, ! +1] does not contribute to the number of sign
changes of H. Only the values of H on the intervals [t), 1], ..., [t} tsi1] have
a contribution. Hence H has exactly k sign changes. This is a contradiction.

We conclude that s} < s;,; for all i € [[1,1 — 1], so that the result holds for .
The inductive proof is now complete. O

3 Monotonicity property for polynomial B-splines

Our proof of the monotonicity property for polynomial B-splines makes an
extensive use of an elegant formula which was given by Meinardus, ter Morsche
and Walz [7, Theorem 5] and which was expressed in a slightly different way by
Chakalov [5] as early as 1938 (see also [4, Formula (3.4.6)]). For the convenience
of the reader, we include a proof which, unlike [7], does not involve the integral
representation of divided differences.

Lemma 3 Let tg =0, tpy1 =1, and let t € [0,1], e.g. t; <t < t;11. We have

r—1
Nt07~~~7tj7t7tj+17~~~,tk-+1(m) = mNt/o,...,tj,t,tj+1,...,tk_,_l(x) + Nt07-~~7tk+1('r)‘ (1)

PROOF. Let us write ¢ := (to, ce 7tk+1) and z/ = (to, R 7tj, t, tj+17 e 7tk+1)-
We define polynomials p, ¢ and r by the facts that



p, of degree < k + 1, interpolates (o — x)”jr at t,
q, of degree < k + 2, interpolates (e — x)]fl at t/,
r, of degree <k + 2, interpolates (e — x)”fF at t'.

In this way, since tg = 0 and t,1 = 1,

the coefficient of degree k+ 1 of p is N(z),
the coefficient of degree k + 2 of ¢ is Ny(z),

1
the coefficient of degree k + 2 of r is 1 ().
We observe that
e — 1) X1, ol degree < Kk -+ 3, Interpolates (e — at t'.
fd <k+3, i 1 M at ¢/ 2

We also remark that the polynomial r — p is of degree at most k + 2 and
vanishes at ¢ and that the polynomial (e — ) x r — ¢ is of degree at most k+ 3
and vanishes at t'. Looking at the leading coefficients of these polynomials, we
obtain

P = Ne) X (o o) (o = ),
(o — ) X r—q:—kil (@) X (o —t)(e —tg) - (o —try1).

Eliminating r from these equations, we get

q—(o—m)xp:—kil () % (=) X (0 — fo) -~ (o — fhs).

Identifying the terms of degree k + 2 leads to

Ny(x) - Ny(z) = 21N

L :k+1 i’(x)a

which is just a rearrangement of (1). O

Remark 4 The trivial observation (2) is specific to the polynomial case. We
will later see how it can be used to simplify the arguments presented in the
proof of the monotonicity property for Chebyshevian B-splines.

The two following formulae are crucial in our approach.
Formulae 5 Using the notations

232(0:t0<"'<tk+1:1),2j12(0:t0<"'<t]‘:t]‘<"'<tk+1:1),



we have

k+1—1 r—t;
THN;(P(SU) = ﬁNéf“)(x) + N (x), Le[0,k—1], (3)
and -
ON;" L (mt)
L NV . 4
ot; k+1 7 )

PROOF. We rewrite (1) for ¢t = ¢; to obtain

T —t;
=0 lez'J(m) + Ni(z).

Ny‘ (ZL‘)

Differentiating the latter [ times, we obtain formula (3). Formula (4) is an
easy consequence of the identity %[to, cotirl] = [toy -yt by tka]. O
J

To give a feeling of the arguments involved in the proof of the monotonicity
property, we begin with the simple case of the zero of the first derivative of a
B-spline.

Proposition 6 Let s be the interior zero of Ny toyr - We have
0s
— >0, e 1, k].
o, j €1,k

PROOF. Differentiating N/(s) = 0 with respect to t;, we get
Os 8Nt/
— x N/ — =0

o, < Nels)+ ( o, | ©)

Since N/'(s) < 0, it is enough to show that (an:@> (s) > 0, or, in view of (4),
that

N/i(s) < 0.

Writing (3) for [ = 1 and z = s, we obtain

k ’ S—tj "

N (s)- ()

——Nu(s) = j
k+1 v(9) k+1"t

Besides, (3) taken for [ = 0 and x = s gives

S_tj /
E+1 Y

(8) = Ny (s) — Ni(s).



Hence,

(S - tj)2 " — i
ST NE(s) = R [N (s) ~ Ni(s)]

Let o be the interior zero of IVj;, i.e. the point of maximum of N;;. We clearly
have N/(0) < 0. Thus, if s = o, we obtain the desired inequality N/;(s) < 0.
We can therefore assume that s # o. ;

In this case, we can also assume that s # t;. Indeed, if s = ¢;, then (5) would
give N/;(s) = 0, so that s = 0.

Consequently, in order to prove that N/(s) < 0, we just have to prove that
[Ny (s) = Ny(s)] < 0.

From (3) for [ = 0 and & = o, one has Ny (o) = N¢(o), and then
Nyi(s) < Nyi(0) = Ni(0) < Ni(s),

hence the inequality [sz(s) - Nt(s)} < 0 holds. O

A little more work is required in order to adapt these arguments to the case
of higher derivatives. The following lemma is needed.

Lemma 7 Letl € [2,k — 1] and let 0 < zy < -+ < z_1 < 1 be the zeros of
NV,
1) Let 0 < 01 < --- < 0y < 1 denote the zeros of Nt(jl), we have

01 <21 <09< 2 < <011 <211 <o0y.

2) Let 0 < (3 < --- < (-1 <1 denote the zeros of Nt(j_l) and let r € [0,1 — 1]
be such that ¢, < t; < (.41 (having set o :=0 and ; :==1), we have

7 <G<2n<(< <z <
< Grp1 < 21 < G2 < Zpgp <0 < 212 < Qo < 2o

In other words, repeating the knot t; moves the zeros of the derivatives of the
B-spline towards t;.

Let us note that the second statement has already been obtained in the par-
ticular case [ = 2 [7, Theorem 6.

PROQOF. For the first statement, it is enough to show that there is a zero of
Nt(lfl) in each interval (o;,0;41), @ € [1,1 — 1]. To this end, we note that (3)



for | — 1 and = = o; gives

Since N( '(6;) « (=1)"*1, we have NV (o;) «~ (=1)i*!, and the result now
follows from the intermediate value theorem.

As for the second statement, we note that (3) for [ — 1 and = = ¢; gives

LS @)

NI = SN

Since N t] DG) - (—1), there is at least one zero of Nt Y in each of the

intervals ({1, (), ..., (Q_l,g), (Gra1,Grao)y -5 (Go2,¢—1). The result is now
clear for r = 0 and » = [ — 1. Then, for r € [1,0 — 2], we have t; >

(1, so that Nél‘”(g) = k+<11 Nt(]l)(gl) < 0. Besides, we have Nél_l)(al) =

k:ilth(f 1)(01) > 0. Thus there is a zero of Ni(l_l) in (01,¢). Likewise, there

is a zero of Ni(l_l) in (_1,07). The [ — 1 zeros of Nt(l_l) which we have found
and localized are simply zq,...,2. O

It is now time for the main result of this section.

Theorem 1 Forl € 1,k —1], let 0 < sy < --- < s, < 1 be the l interior

zeros of Nt(é?...,tkﬂ- For each i € [1,1], we have
882'
>0, e[k
o, Jj e,k

PROOF. As the case [ = 1 has already been treated, we suppose that [ €
[2, k — 1]. Differentiating Ni(l)(si) = (0 with respect to t;, we obtain

. aN® .
Since Ni(Hl)(Si) « (=1)", it is enough to show that ( ;Vj] ) (8i) v (=1)"L or,

in view of (4), that

Writing (3) for [ and x = s; and for [ — 1 and x = s;, we obtain



t]

(5i — )N (s:) = (k+2—DNS D (s;) — (k+ )N V(sy).

(k+1—O)NP(s)) = (si—t;)Ny V(s0),

Thus,

(si = t;)°Ny ™ (si) = (k+ 1= 1) [(k+2 = ONS(s:) = (b + DNV (s1)]

I

Let us suppose that s; = t;. It is then clear that | # k—1, and we can write (3)

for [+1 and = = s; to obtain mN(lH)( i) = N(l+1 (s:). As Né”l)(si) w (—1)7

we have the desired result N, t(jlﬂ)(si) «~ (=1)". We can therefore assume that

S; #tj

In this case, we can also assume that s; # ;. Indeed, if s; = o;, then N, t(;)(si)

0, and (3) for l and z = s; would give (s;—1; )N(Hl)( ;) = 0, where Ngh)(si) =
D -

i (03) # 0, so we would have s; = t;.

As s; # t;, in order to prove that N l+1)( i)« (=1)", we just have to prove
that [(k+2— )Ny (s;) — (k + )N V(si)] = (—1)%

Since Nél_l)(si)  (=1)"1 the result is clear if Nl 1)(si) « (—1)%. Hence we
assume that Nt(f_l (si) « (=1)"1. This implies that s; € [(;_1, (;]. Indeed, if
for example s; 7< (i_1, then s; < (;_3, because Nt(jl_l) (=1 on (¢2,Ga),
and lemma 7 yields s; < z;_1, which is absurd.

Now, noting that (3) for [ — 1 and z = o; implies (k + 2 — l)Nt(jl_l)(ai) =
(k + l)Nél_l)(oi), we get 7

(k+2=DINS(s)l < (B+2=DINS e
(k+2=DING V(03] = (k+ DN (03)]
< (k4 DNy = (e + DINST (s59)].

Therefore [(k+2 — )N~ (s:) = (k+ )NV (s)] « =N (s1)  (=1)".

4 A reminder on ECT-spaces

To formulate the subsequent results, we have to recall a few facts about ex-
tended complete Chebyshev spaces and to fix the notations. This is the purpose
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of this section. Its content is all very standard, and the reader is referred to
[10], for example, should more details be needed.

An (n + 1)-dimensional subspace G of C"(I), I interval, is said to be an ex-
tended Chebyshev space (ET-space) if any non-zero function in G has no
more than n zeros counting multiplicity. The space G is an ET-space if and
only if it admits a basis (go, ..., g,) which is an extended Chebyshev system
(ET-system), that is, for any points tqg < .-+ <t, in I,

d
9 (to) ... g (ty)

p|* =l s s (6)
ty ...ty (dn) ()
9o " (tn) - g (tn)
the occurrence sequence d of t being defined by d; := max{j : t,_; = --- = t;}.

The system (go, - . . , gn) of elements of C™([I) is said to be an extended complete
Chebyshev system (ECT-system) if (go, ..., gm) is an ET-system for any m €
[1,n], and an (n+1)-dimensional subspace G of C™(I) is said to be an extended
complete Chebyshev space (ECT-space) if it admits a basis (go, . - ., g,) Which
is an ECT-system.

If (go,-..,9n) is an ECT-system, given ¢; < --- < ¢, in I, there is a unique

w € span(go, . . ., g,) whose coordinate on g, is 1 and which satisfies
w4 (t) =0, di=max{j:t,_;=---=1t;}, i€ [1,n].
It is denoted w99~ (e;ty,...,t,), and is given by
9o v 9n-1 9n

d d
9(3 1)(t1) gr(zj%<t1) g4 (ty)

(dn) (dn) (dn)
9o " (tn) - gnli(tn) g ()
I (et L) = (=) ' .

d d
9" (t) - g (h)

dn dn,
96" (tn) - g (t)
According to (6), we easily read the sign pattern of w99 (e;tq,...,t,).

Given weight functions wy, . . . , w, such that w; € C"*(I) and w; > 0 and given
a point t € I, we now introduce generalized powers, following the notations
used by Lyche [6]. We start by defining inductively the functions Z,,(e,t) =
To(e, t,wi, ..., wy), m € [0,n], by

11



I(](O, t) = 1,

[
To(o,t,wr, ..., wy) ::/ w1 () L1 (T, t,wa, . .. Wy, )d.
t
Using integration by parts, it is easily shown by induction that
T(x,t) = (=1)" L, (L, ). (8)

We then set wu,, (e, t,wp, ..., Wy) = wo(e)L,(e,t,wr, ..., wy,), that is

Uo(x, tu U)()) = U)()(I)?

ur (2, t, wo, wi) = wo(x) /t wy (21)dzy,

U (2, L, wo, . . ., wy) =wo(x) /txwl(dxl)---/txn_l Wy (Ty)dTy, . . . dx;.

For example, w,,(z,t,1,1,2,...,m) = (x — t)™.
The system (ug(e,t,wp), ..., u,(e,t,wp,...,w,)) is an ECT-system, and we
write ECT(wy, ..., w,) for the space it spans, as it indeed is independent on

t. In fact, any (n + 1)-dimensional ECT-space admits such a representation.
In this context, the successive differentiations are to be replaced by the more
appropriate ones,

° 1
Lwo == D () ) le,wo - wiLw(n

Wo 1

° ° 1
L’LUnfly--,IUO =D < > o---0D <) y Dwn,...,wo - 7Lwn,1,...,wo7

Wnp—1 Wo Wn,

so that L, (ECT(wy, ..., w,)) is an ECT-space, namely it is ECT (wy, ..., w,).

5 Monotonicity property in ECT-spaces

The Markov interlacing property in ECT-spaces is not new, see e.g. [1]. Here
is yet another proof of it, or rather, of the monotonicity property. It is partic-
ularly suited to ECT-spaces and we present it for the sole reason that we like
it.

Let ECT(wy, ..., w,) be an ECT-space on I, and let us set (ug,...,u,) :=
(ug(e,t,wp), ..., uy(e t,wp,...,wy,)) for some t € I. Given t; < --- < t, in I,

12



let w stand here for

05--+y wn(.;t17“"tn) = wu() ..... un(.,tl,,tn)

We define 7; to be the zero of L,,(w) € ECT(wy,...,w,) which belongs to
the interval (t;,t;41), @ € [1,n — 1].

Proposition 8 For each i € [1,n — 1], we have

87'2‘
ot

> 0, j € [1,n].

PROOF. Dividing by wq, we can without loss of generality replace wq by 1
and L,, by the usual differentiation. We note that w is proportional to

Up e U up(Ti) - Uy (73)
f = uo(:tl) unftl) , thus we have f'(7;) = uo(jfl) unftl) =0. (9)
o (tn) Up (tn) uo(t,) Un (tn)

Differentiating f'(7;) = 0 with respect to ¢; leads to

or; " aof’ B

Note that f(7;) « (=1)%, so that f”(7;) «~ (—1)""!, hence it is enough to show
that

up(mi) () ()

<<9f’> (r) = uo(tj—1) wi(tj-1) - un(tj—1)

Ot up(ty) ity ..l (ty)

uo(tjr1) ur(tjr) - un(tjr)
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Let us introduce

uy(m)  wy(m) ... ul(m)

£ t) (i
g = to(tj-1) w1 (tj-1) n(tj-1) € ECT(wy,...,w,),

Uo Uy PN Unp,

ug(tj+1) urltjn) - un(tjen)

so that (g—{;) (1:) = ¢'(t;). We clearly have g(t;) =0, ...,9(tj—1) =0,9(tj11) =
0,...,9(tn,) = 0, and in addition g(t;) = 0, in view of (9). Therefore g =
¢ f for some constant ¢. Using the fact that (ug,...,u,) is an ECT-system,
manipulations on the rows yield g(7;) «~ (—=1)7. Now, since f(7;) « (—=1)¢, we
obtain ¢ «~ (—1)"". Hence, we get ¢'(t;) = ¢ f'(t;) «~ (=1)"H(=1)7 = (-1)7,
which concludes the proof. O

6 Generalized divided differences

Before turning our attention to the zeros of the derivatives of Chebyshevian
B-splines, we need to define these Chebyshevian B-splines. A prerequisite is
the introduction of the generalized divided differences, which is carried out in
this section. Proposition 11 is of particular importance for our purpose and
seems to be new.

For an (n + 1)-dimensional ECT-space on I, for points tog < --- <t, in I and
for a differentiable enough function f, we write PS5, (f) for the interpolator
of f at ty,...,t, in G, i.e. the unique element of G agreeing with f at g, ..., 1,.

Definition 9 The divided difference of a function f at the points to, ..., t,

with respect to the weight functions wy,...,w, is defined (independently on
tel) by
Wo ... Wy ‘ I
° f := coordinate of Pt]gCTén O ")(f) on up (e, t,wy, ..., wy,).
to ...t

Given t = (to < -+ < t,), let t\; represent the sequence ¢ from which ¢; has
been removed, and b the sequence ¢t from which ¢; and ¢; have been removed.

14



The identity

wo ... Wy
PPt ) (py . pEOT(o im0 F X Wap o (9381,)

by,
B to ... t,

is readily obtained, and provides the recurrence relation for divided differences.
This can be found in [9], expressed a little differently.

Proposition 10 For ty < --- < t, in I and 0 < 1 < 57 < n, we define
a = a1 (6, 5) by

ww(),---ywn(.;t\j) - w’wo,...,’wn(.;z\i) =aX ww()p--ywnfl(.;t\i,j)'

The constant « is positive and we have

PROQOF. To simplify the notations, we omit to write the weight functions
w,,. The previous identity used twice gives

B(f)=H,,(f) + [bylf x w(eity;) + [Lf x w(e:ty;)
:Pz\m(f) + [t f X w(ety; ;) + [Ef x w(e;ty;).

By subtraction, we get
([)f = [by]f) xw(ostyy) = [Ef x (w(osty) —w(esty)) = [Ef x aw(e;ty),
so that [t]f = 1 ([E\i] f—1tl f), which is the required result.

The positiveness of « is obtained by taking the values at t; of the functions
defining a. O

In the traditional polynomial case, with wy = 1,w; = 1,...,w, = n, one

easily finds ai[;,l.’_?,’t';;’"(z’, j) = t; — t;. Hence we recover the usual definition of

divided differences.

Finally, the following result is crucial in our further considerations.

15



Proposition 11 Forty < --- <t, in I, we have, for any j € [0,n],

0 wq ... Wy WO evv v o o Wit

i\ \ty ... t, to ...ty tj ...ty

where

w! tiit
) P L

10, stn

PROOF. We omit to write the weight functions w,, here as well. For ¢ small
enough, with t := (¢, ...,t,) and t(¢) := (to,...,t; +&,...,t,), we have

1 Q
€(|:t0tj+€tn:|_|:t0tjtn})zg{tot] tj+€tn )

where w(e;1) — w(e;t(c)) = a x w(e;ty;). Thus,

a _ —w(t;;t(e)) w'(ty; L)

- = — .

e ew(lyly) =0 wityly)

The latter limit is obtained using (7). The conclusion now follows from the

fact that the generalized divided difference depends continuously on the knots,
which was shown by Miihlbach [9]. O

For the polynomial case, a simple calculation gives ﬁtlo’,lf’tynﬂ( j) = 1.

7 Chebyshevian B-splines

We recall some properties of Chebyshevian B-splines that are to play a major
role in the last section. We make the simplifying assumption that each w,, is
of class C*.

Wp+1 --- Wo

/
to oot
depends only on Dy .. w,,, (f). Indeed, if Duyg. . w1 (f) = Dug,...0n:1 (9), then

The divided difference (note the reversed order of the w,,’s)

Wp+1 --- Wo

f—g9 € ECT(wpq1,...,w1), so that (f —g) = 0. Therefore

to oo toit
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we can define A € C([to, tn41])* such that

Wp+1 --- Wo
f =A (‘Dw07---7wn+1 (f)) .
| to et
Wp+1 --- Wo
One can prove that = Dug,...vp.. (f)(t) for some t € [tg, tni1],
tD . e tn_;’_]_

implying that X is a positive linear functional of norm 1 on C([ty, tni1]). We
then expect the representation

Wp41 --- W tnt1 o
= [ D ()0 M (0
to ... tnt1 to
tn+1
for some M;";"" > 0 satisfying /to My %3 (t)dt = 1.

This is the Peano representation of the divided difference. The choice

0 on (—oo, )
f=ul(e,x,wpyy,...,wp) = T
Uy (8, T, Wy, ..., w1) on [z, 400)
for which Ly, .. w,.,(f) = 6z, leads to
Wp+1 --- Wo
My () = wo(w) x | (9,2, W, - ).
to .ot

This identity is taken to be the definition of the Chebyshevian B-spline at
to, ..., tpe1 With respect to wy, ..., w,, and the Peano representation can now
be derived from there. The B-spline M, ;"" is positive on (tg,tn+1) and
vanishes elsewhere. For ty < -+ < t,,1, it is of class C"~! and its pieces on
each interval (¢;,¢;41) are (restrictions of) elements of ECT (wy, ..., w,). This

explains the reversed order of the w,,’s and the use of the differentiation L.

One easily get, with the help of (8),

Wp+1 --- Wo

+
t0,--stnt1 unfl(.7 T, Wn41, - - - 7w2>-

LwO Mwo,...,wn T :—wl T
( )U (@) to ... st
(10)

Then the recurrence relation for divided differences implies the differentiation

17



formula

Luy (Nig2itty ) (x) = Mg () = M (o),

10, stn41 t1,.tn41

wo,-- 7wn P wn+l: - W wo,-- 7wn
where Ny % 7" = oy " (0,n 4 1) x My 2ptr

Applications of the differentiation formula (I + 1 times) and of Descartes’ rule
of sign on the one hand, and application of Rolle’s theorem on the other, yields
the fact that Ly, . (M 0 t’ffl) possesses exactly [ + 1 interior zeros, where
it changes sign.

Remark 12 Some particular attention should be devoted to the interest-
ing case of the B-spline M7 , = = Ml’ ’iﬁl, which is a function of class
C™™!) positive on (tg, t,11), vanishing elsewhere and such that its n-th (usual)
derivative is, on each interval (¢;,;,1), a multiple of w with sign (—1)*. Given
t = (ty < -+ < tpy1), with w; denoting the monic polynomial of degree n
vanishing at ¢1,...,%,, it would be interesting to know if one can choose w
so that the [ zeros of (M)® coincide with the [ zeros of w" ™. This would
confirm the conjecture of Scherer and Shadrin mentioned in the introduction,
and would in turn provide the bound for the B-spline basis condition number
conjectured by de Boor. Let us note that the cases of small values of n reveal

that w cannot be chosen independently on t.

8 Interlacing property for Chebyshevian B-splines

In this section we finally state and prove the monotonicity property and the
interlacing property for Chebyshevian B-splines and the zeros of their appro-
priate derivatives.

Let us first emphasize two formulae which are essential in our approach.

Formulae 13

Ly (ME2507,) () = (= 1) g (2) %

t0,-ytn41
Wp+1 --- Wo
+
Uy (@, Wity .., Wipa), (11)
R A
WO, W
9 to,.- 7'rH:ﬂ1 _ /Bwn+1 ..... w— () I wal,wo,...,wn (12>
- to,..tnt1 J w—1 to,--stjtjsetnt1 ) -

ot

PROOF. Formula (11) is obtained in the same way as (10). Formula (12) is
obtained from Proposition 11. O
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Let us now establish a preparatory lemma.
Lemma 14 For all n > 2, there holds

Property A,: For anyl € [0,n — 2], if s1 < -+ < s;41 denote the zeros of

WQsen ey W
Lo, ... wo (Mm,...,mﬁ)’ we have

T — (Migf,%f”) (S,) = Luyy,... (M;)?,T:}L) (31) b (_1)i+17

or equivalently

Wp+1 -+ - W1
Jr
un—l—l(.7 Siy Wn41, - - - 7wl+2)
T ... Tn
Wp+1 - - W1 .
_ + i1
= (88, Wny1, .. Wia) ~ (—1) :
1 e Tptl

PROOF. The cquality Ly, (M2 (55) = Luyyosr (M2 ) (s, is

TQy-+sTn T1yeyTn+1

simply a consequence of L, ., (M 05 n ) (si) = 0. The other equality is

TOs--yTn+1
now derived with the help of (11). Thus only the sign of L, . ., (M Twole’jn) (si)
has to be determined.

Let us note that if A, _; holds, then so does the following property.

Property B,: For any m € [1,n—2], if f is an element of ECT(w,,...,w)

agreeing with u’ (e, z,wy, ..., w,_m) at 7,...,7, and if ¢(f) denotes the
coordinate of f on wu,_1(e, z,w,,...,w), then
f = wh (o, 2, wn, W) A=)
[(75,7i41)

Indeed, for m € [1,n—2], let us consider such a function f and let us suppose
that [f — ! (e, z, Wy, ..., w,_m)] has at least n+2 zeros counting multiplicity.
A repeated application of Rolle’s theorem implies that

Dwn_m,...,wn [f - u:;(.a Z, Wnp, ... 7wnfm)} = Dwn_m,...,wn (f) - uar(.a Z)

has at least n + 2 — m zeros, and then, applying Rolle’s theorem once more,
we see that L, . ., (f) vanishes at least n —m times. But Ly, ., (f) is
an element of ECT(wy,—ym—1, ..., w1 ), therefore Ly, ., (f)=0. The latter
implies that f € ECT(wy, ..., w,—m) C ECT(w,,...,ws). Since f agrees with
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b (@ 2, Wy, . o Wy ) At T1, ..., Ty, it follows that

Wy ... W1

+ _
u, (@2, Wy, Wy—g) = 0.
T .. Tp

Consequently, according to A,_1, we have Ly, . 5 (M’UO*"’“’”*) () #0,

T0y--sTn

ie.

Wy ... Wy

" ul (8,2, Wn, ..o Wyym) 7 0.

0 --- Tnp
But this contradicts the fact that f € ECT(w,,...,w).
We conclude that [f — (e, z,wy, ..., w, )] vanishes only at 79, . . ., 7,,, where
it changes sign. For x — —o0, one has f(x)—u} (z, 2z, Wy, ..., Wp—p) = f(x)

((f)(=1)""1, hence the sign pattern given in B,.

We now proceed with the proof of the lemma.
Firstly, we remark that the assertion in A,, is clear for [ = 0. Indeed, if s is the
zero of Ly, (MT“’OO“’“ ), then s € (71, 7,), and consequently M1 (s) > 0.

seoesTn41 yoensTmy

Let us now show A,, by induction on n > 2.
According to the remark we have just made, the assertion A, is true.

Let us then suppose that A,,_; holds for some n > 3, and let us prove that A,
holds as well.
For [ € [1,n — 2], let

20=To <2z < <2z <Zz41 =T, be the zeros of Ly, (Mwl’""w"> ,

T0s--+yTn
51 < --- < 5141 be the zeros of Ly, ., (MTwOOTfL) )

We will have shown A, as soon as we prove that s; € (z;_1, 2;), @ € [1,1+ 1].

We consider

fi € ECT(wpy1,...,wy) agreeing with w! , (e, 2;, Wpy1,. .., Wiya)
at T, ..., Tntl,
gi € ECT(wpy1,...,w;) agreeing with w! , (e, z;, Wpy1,. .., Wiia)
at 7o, ..., Th-
Let ¢(f;) denote the coordinate of f; on u,(e,t, wyi1,...,w).
Let also £(g;) denote the coordinate of g; on w,,_1(e,t, wy,.1,...,ws). In fact, we
have ¢g; € ECT (w41, ..., ws), as the coordinate of g; on u,(e,t, w,41,...,w;)
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is equal to zero, in view of Ly, (M%ITZ’”) (z;) = 0. According to A,_1,
we have

Wpy1 --- Wo i .
E(gl) = UI_1_1(% Ziy Wng1y - - - 7wl+2) 0 (_1) +l’ (S [[17 l]]
™ ... Tnp

Let us now remark that

gi - fl — _e(fz) X wwn+1,...,w1 (‘7 Ty 7Tn>'

Therefore,

(gi - fi)(Tn-i-l) = _é(fl) X Wawp41,.w1 (TTH—I; Tiy .- 77—71) e _E(fZ)

:gi(Tn—H) - u:zr—l—l(Tn-Ha Ziy Wnt1y - - - >wl+2)<j_,£(gi)-
Bn

We conclude that £(f;) v~ —£(g;) «~ (—=1)7*1 i € [1,1]. In other words,

Wpt1 -+ W1 |

iy i+l+1
Uy i1 (®, 2, Wy, .., Wiga) » (—1) ’
1 e T7‘L+1

that is
Lugy oy (M2 ) (23) o (1), i e [1,1].

Tl Tn+1

This implies the existence of r; € (2;_1, 2;) such that

Lwl:--~7w1 (Migf’,%f”) (7“1) = Lwl,~~~,w1 (M;fl)?’,;z):l) (Ti)v

Le.
Lusyyoo (M0 ) (ri) = 0, i € [2,1].

Let us also note that

W y.eny W _ W yeeny W
Lwl,-n,wl (Mrl,...,q-nj:1> (Zl) >0= Lwla---7w1 (MTO,,..,Tnn) (21)7

WL yeees W _ WY yeeeyW
Lug, oy (M2 ) (1) = 0 < Loy (M7 ) (),

hence the existence of r1 € (11, 21) C (20, 21) such that

wo,---,Wn _
Lwlv---ywo (MT(),...,T”+1> (Tl) - O

Similarly, we get the existence of 741 € (21, 2;41) such that

WO, W _
Lwl,...,’wo (MT(),...,T,,Lzl) (Tl“‘l) - O
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: WO e eryWn, :
Having found (+1 zeros of Ly, ., (MTO?M’THH), these zeros are just s1,..., S41.

On account of s; € (z,_1, 2;), we conclude that A,, holds.
Our inductive proof is now complete. O

Remark 15 The observation made in remark 4 was central to our proof of
the monotonicity property for polynomial B-splines. It also simplifies the ar-
guments we have just given here, as follow.

Proof of lemma 14 for polynomial B-splines. Let s; be the i-th zero of

MY . Then the polynomial p interpolating (e — ;)1 at 7o,.. ., Tyq is
of degree n, not n + 1. Its leading coefficient is Mr(?m+1(sz) As in (2), the
polynomial (e —s;) X p, of degree n+ 1, interpolates (o — si)’};l at 7o, .y Tnat-

Its leading coefficient is MT((I)),...,THH(S@') and is also the leading coefficient of p.
Therefore, one has

MO (s) =MD (s) (1) O

T1;--3Tn+1 T05--+3Tn+1

We are now ready to establish the monotonicity property for Chebyshevian
B-splines.

Theorem 3 For [ € [0,k — 2], let sy < -+ < si41 be the (I + 1) zeros of
Ly ( W, W ) For each i € [1,14 1], we have

to,..stk+1

382-
o,

>0, J € [1,k].

PROOF. Differentiating Dy, ,,....wp ( wo""’w’“) (si) = 0 with respect to t;,

t0,eestl41
we obtain
0, ) ODuy s,y (M%)
or X Do (MR ) (50) + 5t (1) = 0.
Since Ly, ,.....wo ( Zg?’_'."g]:‘jfl) (8;) (—1)i, it is enough to show that
ODurvn (M) (Mﬁ%ﬂﬁ@) _
815]- % W41 5., W0 at] % )
or, in view of (12) and (11), that
Wh41 «ov oo vnn Wy W-1 .
U§_l_1(°7 Siy We41y - - - 7wl+2) b (_1)Z+l-
to ... tj t; ...tk
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We consider

f € ECT(wpy1,...,w_1) agreeing with u; , (e, i, Wri1, ..., Wiia)
at to,. ..ttt
g € ECT(wgy1,...,wy) agreeing with uy , (e, i, wri1, ..., Wiia)
at t(), N 7tk+1~
Let ¢(f) denote the coordinate of f on ug o(e,t, wki1,...,w_1). We need to
show that

(f) o~ (1),
Let ¢(g) denote the coordinate of g on wuy(e,t, wyy1,...,wr). In fact, we have
g € ECT(wgy1, ..., wr), which is a consequence of Ly, ., (Mzgf’.’.'.;g’,:‘ﬁ) (s;) =
0. According to A, we have

W41 ... W1
5(9) = U;lq(‘a Siy WE41, - - - 7wl+2) b (_1)
tl .. tk—i—l

i+1+1

Let us now remark that

f —g= f(f) X wwk+1,...,w_1(.; tO? s >tk+1)‘

Therefore,

f/(tj) - g,(tj) :E(f) X wiﬂk-&-lp..,wfl(tj; th cee ,tk—i—l) o f(f)(_l)k+1+j
= — (9w (o siwipas 7wz+2))/ (tj) = Ug) (=1

Byy1

We conclude that £(f) «~ —€(g) «~ (=1). O

The interlacing property for Chebyshevian B-splines is deduced from the
monotonicity property in exactly the same way as in section 2. Its proof is
therefore omitted.

Theorem 4 Let | € [0,k — 2]. If the knots 0 =tg < t; < -+ < tp <ty =1
interlace with the knots 0 = t( <t} < --- <t} <t;,, =1, that is

t <t <ty <ty < <y <

and if t; < t. at least once, then the interior zeros sy < --- < S;41 of

Lu,....w0 ( fgot;ﬁr’j) strictly interlace with the interior zeros s7 < --- < s;,.; of
wo,..., Wk .

Lwl,..,,wo (Mté)w-’t;g_,_l)’ that is

§1 < 8] <8y < 8y <o < Spp1 < Sppq
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