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Abstract

The supremum over all knot sequences of the max-norm of the orthogonal spline
projector is studied with respect to the order k of the splines and their smoothness.
It is first bounded from below in terms of the max-norm of the orthogonal projector
onto a space of incomplete polynomials. Then, for continuous and for differentiable
splines, its order of growth is shown to be V/k.
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1 Introduction

In 2001, Shadrin [10] confirmed de Boor’s long standing conjecture [1] that
the max-norm of the orthogonal spline projector is bounded independently
of the underlying knot sequence. However, the problem was not solved to
complete satisfaction as the behavior of the max-norm supremum remains
unclear. Shadrin conjectured that its actual value is 2k — 1, having shown that
it cannot be smaller. Here the integer k represents the order of the splines,
meaning that the splines are of degree at most k — 1.

In this paper, we study the max-norm of the orthogonal projector onto splines
of lower smoothness. For a knot sequence A = (=1 =ty <t; <--- <tn_1 <
ty = 1) and for integers k and m satisfying 0 < m < k — 1, we denote by

Skm(A) = {s € C™ '[=1,1] : 8¢, 4 is a polynomial of order k,i = 1,..., N}
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the space of splines of order k satisfying m conditions of smoothness at each
breakpoint ti,...,ty_1. Thus Sk o(A) is the space of piecewise polynomials,
Sk1(A) is the space of continuous splines, and so on until Sy x—1(A) which is
the usual space of splines with simple knots. The orthogonal projector Ps, , (a)
onto the space Si.,(A) is the only linear map from Ly[—1,1] into Sy m(A)
satisfying

<P$k,m(A)(f)aS> :<f75>7 f€L2[_1a1]7 SESk,m(A)a

where (-,-) is the usual inner product on Ly[—1,1]. We are interested in the
norm of this projector when interpreted as a linear map from L.,[—1, 1] into
L.,[—1,1]. Shadrin established the finiteness of

A = Slip HPSk,m(A)HOO

by proving that Agy_; = max,, Ay, is finite. His proof was based on the
bound

|Psiisa, = 62",
in terms of the /,-norm of the inverse of the B-spline Gram matrix. But
he also remarked that the order of the bound obtained as such cannot be
better than 4*/v/k, the order of ||G5'||s for the Bernstein knot sequence 6.
Therefore, in order to get closer to the value 2k — 1, it is necessary to propose
a new approach.

The approach we exploit in the second part of this paper originates from the
known behavior of the quantity Ajo. The orthogonal projector onto Sy o(A)
has a local character, hence is deduced from the orthogonal projector onto the
space Py of polynomials of order k on the interval [—1,1]. In particular, for
any knot sequence A, there holds ||Ps, ,(a)llec = || Pp,[loo- Then, according to
some properties of the orthogonal projector onto polynomials, see e.g. [5], we
have

| Pscoa||_ = sup [Pr(H)(D)], so that  Agg =< Vk. (1)

Ml
We will show that the behavior of Ay ,, is not radically changed if we increase
the smoothness to m = 1 and m = 2, thus improving de Boor’s estimate [2]

Aer <|G57|| = 44/ Vk.
Namely, we will prove that

A < cst - Vk, m=1,2.

On the other hand, the order of Aj,, will be shown to be at least VE for
m = 1,2. This is a consequence of a result which gives some insight into the
inequality Ay ,—1 > 2k — 1. Indeed, for any m, we will indicate a connection,



extending the one of (1), between Ay, and the orthogonal projector onto
a certain space of incomplete polynomials. To be precise, we introduce the
following space of polynomials on [—1, 1],

Prm = span{(l +o)m,...,(1+0)k_1}, (2)

and we denote by pi ., the value at the point 1 of the Lebesgue function of
the orthogonal projector Pp, . onto the space Py, i.e.

prm = sup_|Pr, . (f)(1)|.
[l fllec<1

With this terminology, we prove below the inequality

Ak,m 2 pk,m- (3>

k—m

This lower bound is of order vk for small values of m and of order k for
large values of m, which gives some support to the speculative guess Ay, <

k/VEk —m.

2 Bounding A ,, from below

In this section, we formulate a result which readily implies the lower estimate
of (3). Let us introduce the quantity

Vo= s [P ()]

A=(—1=to<--<tny=1) L|[|flleo<1

We aim to bound Yy, y+1 from below in terms of Ty ., v, following an idea
used for m = k — 1 in [10] and which appeared first in [8] in the case k = 2.
Namely, we prove in subsections 2.1 and 2.2 that

m
Tk,m,N—i—l Z ?Tk,m,N + Pkm- (4>

In other words, we have

m k
(Yrmnt1 — 0km) = — (YhmN — Okm) s where oy, 1= Plkm-
k k—m
In view of Yy ;.1 = pro = Ok, We infer
N-1
Yhm N—Ckm > () (Oko0 — Okm) — 0, hence sup Yy, N > Okm.
k’ N—o0 N

This translates into the following theorem.



Theorem 1 There hold the inequalities

Supb )HPSk’m(A)HOO > TgmN 2> l<TZ>N1]Ok7O+l1 - <7Z>N1]0k,m.

A=(—1=to<--<ty=1

In particular, one has

We note that, in the case k = 2, Malyugin [7] established that these inequalities
are all equalities.

2.1 FEstimating i m i1 0 terms of Yim N

In order to derive (4), let us fix a knot sequence
A=(-l=ty<ty <---<ty_1 <tny=1),
and let us consider the refined knot sequence
Ayi=(—l=ty<ty <---<ty_1 <t<ty=1).
We have the splitting
Skm(D) = Stm(D)OTims,  where Ty = span {(e = t)7,..., (s = )i}

Let P, P and @ denote the orthogonal projectors onto Sy, (A¢), Skm(A)
and 7y, respectively, and let 1 denote the function constantly equal to 1.
We are going to establish first that

= sup [[B(f) = P(f) = Q:(f) + P(HDQ()] == 0. (5)

I flloo<1 e
The following lemma is a kind of folklore.

Lemma 2 The orthogonal projector P from a Hilbert space H onto a finite-
dimensional subspace V.=V, &V can be expressed in terms of the orthogonal
projectors Py and Py onto Vi and V4 as

P=(I—-PP) 'P(I - P)+ (I -PP) 'P(I - P).

PROOF. We remark first that the operator I — P, P, is invertible, because
|PLP2|| < 1 for the operator norm subordinated to the Hilbert norm || - ||.



Indeed, for vy € V5, we have
[v2]|> = || Proa||” + [Jve — Proa||” > || Proalf?,

and due to the finite dimension of V5, we derive that ||Py,| < 1, hence
that ||Pi P < [[Piw]|||P| < 1. Similar arguments prove that the operator
I — P, P, is invertible. Then, for h € H, we write Ph =: v; + vy for v € V;
and vy € V5. We apply P; and P, P, to Ph, so that, in view of PP = P, and
PP = P, we get

Plh = U1 + P1’U2,

th P(I — P h = (I — P P)v.
PPyl = Py Pyv; + Py, 1 1 ) ( 1 P2)v1

We infer that v, = (I — Py P) ' Py (I — P»)h. The expression for vy is obtained
by exchanging the indices. O

In our situation, and in view of (I — Q;P)™! = I + Q;(I — PQ;)"'P, Lemma
2 reads

P, = (I - PQt)_lp(I - Qt) + (I - QtP)_th(] - P)
= (I — PQ,) (P — PQy) + Qi — QP + Q,(I — PQ,) ' PQ,(I — P). (6)

We claim that, for the operator norm subordinated to the max-norm, one has

To justify this claim, we remark first that the orthogonal projector @ is ob-
tained from the orthogonal projector Pp,  onto the space Py, introduced in
(2) by a linear transformation between the intervals [¢, 1] and [—1, 1]. Namely,
for u € [t, 1], we have

O ) () = P (F) (2“—1—75) 7 <(1—t)x+1+t>.

fla) =1 i

Then, for s € S;m(A), [|s|lec < 1, we get, as ||s'||oc < C for some constant C,

1Qu(s) = s(DQ)] = ||Pry.,. (5 = s(D)1)]| _
< |Pr,.. | lls = sl oy < | Pro ]| C =),

This implies the first part of our claim. Next, fixing an orthonormal basis
(8)F; of Sgm(A), a function f vanishing on [—1,¢] and such that || f|le < 1
satisfies

L

Z<Siaf>8i

=1

1P flloe =

Lo n
<> [ Isitw)ldu- il =
00 =1



The second part of our claim follows from the facts that n, — 0 as ¢t — 1 and
that the norm of (); is independent of ¢.

Now, looking at the limit of each term of (6) with respect to the operator
norm, we derive (5) in the condensed form

P,— P —Q;+ P(e)(1)Q:(1) — 0.

t—1

From the definition of ¢;, one has in particular

sup [P (f)(1) — [1 = Q)] P(f)(1) = Q:(f) (V)| <er. (7)

Il flloo<1

Let us stress that the quantity [1—Q;(1)(1)] is independent of ¢, as it is simply
1= Pry , ()(D)] = - For £, € Luel—1,1], | fll < 1, lgllc < 1, and for
ft € Loo[—1,1] defined by

we obtain from (7) the inequality

|P(fe)(1) = Y P(fe) (1) — Qe(fe)(1)] < &t

We note that Q;(f;) = Q:(g) and that |P(f; — f)(1)] < m: to get

Timn1 2 [P(f) (V)] = [emP(fi) (1) + Qi (fe)(1)] — &
> [m P(f)(1) + Qu(g) (V)] — [veml e — €t

As the functions f and g were arbitrary, we deduce that

Thmner 2 [em| sup [P+ sup |Qu(g) (D] = [vem| e — &
I lloo<1 lglloe<1

The second supremum is simply the constant py ,,,. In this inequality, we now
take first the limit as t — 1 then the supremum over A to obtain (4) in the
provisional form

TrmN+1 = Vel Thom,n + Prom-
2.2 The orthogonal projector onto Py,

To complete the proof of Theorem 1, we need the value of 7 ,,, thus the value
of Pp, . (1)(1). For this purpose, we call upon a few important properties of
Jacobi polynomials which can all be found in Szegé’s monograph [12].



The Jacobi polynomials P(*% are defined by Rodrigues’ formula

i s ps) (p) = U4 ynta -
(1= 2)*(1+2)’ PP (@) = 2 [ =)™ (L o)™ (8)
They are orthogonal on [—1, 1] with respect to the weight (1 — x)*(1 + z)?,
when > —1 and 3 > —1 to insure integrability. They obey the symmetry
relation P (z) = (=1)"P¥*)(—x) and the differentiation formula

d n+a+pG+1
= | pla,B) _ TP 2 platl,f+1)
[P (@)] = P (). (9)
Their values at the point 1 are
1
P9(1) = <n+a> SRS i latl) (10)
n n!

These properties recalled, we can formulate the following lemma, which implies
in particular that vx,, = (—1)*"™m/k.

Lemma 3 There hold the representation

1

Pron(£)(1) =27 et m) [ (1 @) P, () f(@)d

-1

and the equality
Pp,,,(1)(1) =1~ (=1

PROOF. Let us introduce the polynomials p; € Py, defined by p;(z) =
(1+ 2)™P%*™ (z). The orthogonality conditions

1

| pi(a)p (o)

1
WO 5y = [ PO () PO gy = [
-1

show that system (p;)¥Z/~™ is an orthogonal basis of Pi.m. Therefore the

orthogonal projector onto Py, ,,, admits the representation

Ppk,m(f) _ _ism <pi7 f>

i=0 sz“% "

For y € [—1,1], it reads

k—1—m 1

PPk,m<f)(y) = Z h(0’2m)/ (1 + :L“)mpi(o,Qm) (:L“)f(:)j)dfb (1 + y)m i(O,Zm)(y)

1
i=0 -1

= [ KR 0 ()

-1



According to [12, p 71], the kernel K,ﬁ‘ﬁ@n(x, 1) is 272 Yk + m)Pﬁfﬁ)ﬂ(m),
hence the representation mentioned in the lemma. We then have

Py, (1(1) = 277k +m) [ (1 2)" P, (a)da

-1
1 d
. —m m (0,2m—1)
a m/ L+a)™ 1Pégfnm_l)($)d$>

—2 ([~ x)mP(O 2m)
5 1—-2""m (1 + )m‘lP,ﬁ(i’fnm‘l (x)dz.

The latter integral equals (—1)="2™ /k, as the following calculation shows

/1 (1+z)" 1P (0,2m— 1)(x)dx

® 2((113:m)' /11(1 ta) o [ )t da
1

1 dkfm

2k (k —m)! /_1 daxk—m [(1 - x>_m} (1- x)k_m(l + $)k+m_1dx

1 (=D (k=1 1 kem m-1
T 2km (k —m)! (m —1)! /—1(1 —o) (e e
DR —1) 2k —m) (m—1) L, 2m
= Zm (k= m) (m — 1), K = (=D 8

3 On the constant py ,,

We now justify that the quantity Ay, is at least of order V'k for small values
of m and at least of order k for large values of m. Precisely, the behavior of
Okm 1S given below.

Proposition 4 The lower bounds oy, for Ay, satisfy

Okk—1 — 2k — 1,
Ok k—2 kN Cr—2 k), Cr—2 = 46_1 ~ 14715,

Ok k—3 ~ Cr—3 ]i], Cr_3 ~ 12216,
’ k—o0

Ok~ cVk, c=2y/2/m~ 15957, if m is independent of k.

k—o0



This will follow at once when we establish the behavior of the constant py, ,,.
According to Lemma 3, this constant can be expressed as

1

prm = 27" (k- m) [

-1

(1+2)™ [P (2)| dar (11)

—1-m

To the best of our knowledge, whether py ., equals the max-norm of the or-
thogonal projector onto Py, is an open question, although this is known for
m = 0, is trivial for m = k — 1 and can be shown for m = k — 2. It also
seems that there has been no attempt to evaluate the order of growth of py .,
uniformly in m. Nevertheless, for small and large values of m, such evaluations
can be carried out.

Lemma 5 One has

Prk—1 = 2—1/k,
Prk—2 — 8e™! & 2.9430,

Pri—s — 2+8(2+ V3)elT3VI2 _g(2 — /3)eT3HVI/2 & 3.6649.

PROOF. The fact that Pél’%_Q) () = 1 clearly yields the value of py _1. We
then compute P"2~% (z) = 1 [(2k — 1)(1 4+ z) — 4k + 6] and we subsequently

obtain -
2 42k —=3) [2k -3\
Prik—2 = 7 + ( ) ( ) — 8e~L.

k 2k — 1
Finally, we find that P2(1’2k76) (x) equals

i (k= 1)(2k = 1)(1 +2)* = 8(k — 1)(k — 2)(1 + z) + 4(k — 2)(2k — 5)] .

The roots of this quadratic polynomial are

3(k—=2) 3(k—2)
:2k—7—2 = x2:2k_7+2 =

2k —1 ’ 2k —1

T

After some calculations, we obtain the announced limit from the expression

pracs = 2 d A oy ok (1)
4(2k — 3) 1+ 29\ *2
—k[(Q—k)(1+x2)+2k—5]( ) o

As for small values of m, the behavior of py ,, follows from a result of Szegd
[11, p 84-86], whose first part was sharpened in [6].



Proposition 6 ([11]) If2\—a+3/2 > 0, there is a constant cE\fyf) such that

1
/ (1—2) 1 +2)" ‘P,ff"ﬁ)(x)‘ do ~ &P ps
0 S
If 2) — a+3/2 <0, there is a constant d ﬁ) such that

1
[P P oo
0

n—oo

Only the formula for the constant cg\ B is relevant to us, it is

@5) OA+pt2

K /T

Lemma 7 If m is independent of k, one has

* (sin0/2)2 72 (cos 0/2)% 773 dp.
0

2v/2

PROOF. We split the integral appearing in (11) in two and use the symmetry
relation to obtain

/11(1+x \P”m)( )\da;
_/ " [P (2) da:+/ (1+a2)" [P ()| da
(2 4 i 5,

k—>oo

Substituting the values of the constants gives

(2m 1)+ é1£m)

2m+2

= o /r [/0’5 (Sin¢9/2)% (0089/2)7% d9+/0§ (sinf/2)"

- f:/; Vo (sin 6/2)

2m+2

- /0” (sin0/2)? (cos0/2) % do

[N

(cos 9/2)% dQ]

N|=
NI

(cos 9/2)7% df + /; (cosn/2)"2 (sin 77/2)% dn]

For p,q > 0, it is known that

| (sing/2) " (cos /2 o /01 W1 — w)T N du = lm.

10



Thus, in view of I'(2)['(1 — z) = 7/ sin(nz), we derive that

o _ T (L) iy

C(2m,1) + _
m,0 0,m 71_\/7—1_ F(l) ﬁ )
and the conclusion follows. O

Some numerical values of the constant py ,, are indicated in the table below.

Pkm ||[k=1| k=2 | k=3 | k=4 |k=5|k=6| k=7
m =0 1 1.6666 | 2.1757 | 2.6042 | 2.9815 | 3.3225 | 3.6360
m =1 1.5 | 2.1066 | 2.5693 | 2.9625 | 3.3120 | 3.6305
m =2 1.6666 | 2.3221 2.8 | 3.1959 | 3.5430
m =3 1.75 | 2.4493 | 2.9503 | 3.3586
m =4 1.8 | 2.5332 | 3.0560
m =25 1.8333 | 2.5927
m =6 1.8571

We observe that py o increases with k, a fact which has been proved in [9].
It also seems that py ., increases with k for any fixed m. On the other hand,
when k is fixed, the quantity py, does not decrease with m, e.g. we have
pro,0 ~ 4.4607 < pio1 ~ 4.4619. The tentative inequality porr < poro may
nevertheless hold and would account for the guess oy, < k(k —m)~1/2 rather
than the other seemingly natural one, namely oy, =< Ek+m)/2k Tndeed, we
would have oo, = 2k/k - pogx < 2paro < cst - \/E, so that the order of oy 1
could not be k%/4.

We display at last some numerical values of the lower bound oy, .

Opm |kE=1|k=2 k=3 |k=4|k=5|k=6|k=7

Il
o

1 1.6666 | 2.1757 | 2.6042 | 2.9815 | 3.3225 | 3.6360
3 3.16 | 3.4258 | 3.7031 | 3.9744 | 4.2356
) 4.6443 | 4.6666 | 4.7938 | 4.9603
7 6.1233 | 5.9006 | 5.8775
9 7.5996 | 7.1308
11 9.0745
13

I
—_

Il
oo [k | w |

S |3 |33 |3 |33
I

11



For a fixed k, it seems that oy, increases with m. However, for a fixed m, it
appears that oy, is not a monotonic function of k. The initial decrease of oy, ,,
could be explained by the facts that 0y,11,, = 2m + 1 and that oa,, ,,, < /m,
if confirmed.

4 Bounding Aj,, from above: description of the method

We present here the key steps of the arguments we will use to determine an
upper bound for Ay ,,. The idea of orthogonal splitting comes from Shadrin,
who suggested it to us in a private communication.

4.1 Orthogonal splitting

The space Sim(A), of dimension kN — m(N — 1), is a subspace of the space
Sko(A), of dimension kN, hence we can consider the orthogonal splitting

Sio(A) = Spm(A) B Rym(A),  with dimRym(A) = m(N — 1),

If Ps, ) Ps,..a) and Pgr, () represent the orthogonal projectors onto
Sk0(A), Skm(A) and Ry ., (A) respectively, we have

Psioa) = Fsy 1 (2) + PRy (), thus HPsk,m(me < HPsk,o<A>HOO+HPRk,mm)Hm

We have already mentioned that || Ps, ;(a)llcc = pr,0 for any knot sequence A,
therefore our task is to bound the norm || Pr, . (a)||co-

In order to describe the space Ry ., (A), we set

(to=-=tg<tr = =t1, < - <ty1=- =ty 1 <ln=-=1y)
k k—m k—m k
=t (11 <0 < T,

so that Sg,n(A) admits the basis of Lj-normalized B-splines (M;)E, where
M; == M, . ... Using the Peano representation of divided differences, we
have

1
fERkm(A) &= f GSk,o(A),/ M;-f=0, allq
-1
— f = F(k)7 F e SZk,k(A)7 [Tiv' . 7Ti+k]F = 07 all 4.

12



It is then derived that

F =0 k-fold at tg,
Rim(A) = FP U F € Sy 1 (A), F =0 (k—m)-fold at t;, i =1,...,N — 1,
F =0 k-fold at ty
= Rin(B) @R}, (A) @ - @ RELH(A),

where each space Rj,,(A), supported on [t;_y,t;11] and of dimension m, is
characterized by

fe Rim(A) — f=F® for some F € Sy x(A), supp F = [t;_1,ti41],
F =0 k-fold at t;_1,
and { F =0 (k—m)-fold at t;,
F =0 k-fold at t;,;.

4.2 A Gram matriz

The max-norm of the orthogonal projector onto the space Ry, ,(A) will be
bounded with the help of a Gram matrix. We reproduce here an idea that has
been central to the theme of the orthogonal spline projector for some time.

Lemma 8 Let (%>;1(11V—1) and (@j);n:({\f—l) be bases of Rim(A) and let M =

[(goi,@jﬂ?;(ivl_l) be the Gram matriz with respect to these bases. If, for some

constants Kk, y1 and Yoo, there hold
O [ <m @ el <m0 o] <l
then the maz-norm of the orthogonal projector onto Ry m(A) satisfies
HPRk,m(A)HOO <K Y1 Yoo
PROOF. Let P denote the projector Pr,  (a). For f € Loo[~1,1], || fllec = 1,
let us write P(f) = Z;":(iv_l) a;P;, so that || P(f)|lcc < Vooll@]|oo- The equalities

bi := (i, f) = (i, P(f)) = Z%’(%’,@ﬂ = (Ma),

mean that a = M~'b. Since |b;| < |l@i]l1, we infer that ||aljee < [[M 7o -
16]]oc < K - 1. Hence we have ||P(f)|leec < K71 * Yoo, Which completes the
proof, as the function f was arbitrary. a

13



Let us remark that the entries of the Gram matrix will be easily calculated

by applym% the followmg formula, obtained by integration by parts. One has,
for r; := VAV

,_\

(rors) = 3 R [s00) -0 seSa(a). (12)

l:0

4.3 Bounding the norm of the inverse of some matrices

If we combine bases of the spaces Rj,,,(A) to obtain L; and La-normalized
bases of Ry m(A), with respect to which we form the Gram matrix, we observe
that the latter is block-tridiagonal, as a result of the disjointness of the sup-
ports of R} ,,(A) and Ri,m(A) when |i — j| > 1. However, we may permute
the elements of the bases to obtain the Gram matrix in the form considered
in the following lemma and to bound the /,,-norm of its inverse accordingly.
Let us recall that a square matrix A is said to be of bandwidth d if A;; =0
as soon as |i — j| > d.

Lemma 9 Let B and C' be two matrices such that BC' and CB are of band-
width d. If ¢ ;== max(||BC||1, ||[CB]|1) < 1, then, with £ := max(|| B||oo, [|C]|c0),

the matrix

I|B
N = has an inverse satisfying HN_IH <(1+¢)
clr -

1+ (2d —1)¢
(1-¢)?

PROOF. First of all, let A be a matrix of bandwidth d satisfying || A||; < 1.
For indices ¢ and 7, let q := P%ﬂ represent the smallest integer not smaller

than “%d]' We borrow from Demko [3] the estimate

1Al
(I=A);| < T
| a1 = 1],
Indeed, for any integer p the matrix A? is of bandwidth pd and, as |i — j| >
(¢ — 1)d, we get

(1 - A);}| =

i,j‘_

< Z Al < Z [A4P[l < Z 1AT%,

hence the announced inequality. It then follows that

14



i = -

S L+ (24— 1)]AlL
< l1+2a54| = (13
el R DU H el VI ERE
We now observe that
—1
1|8 | 1-Bo)” \—B(I—CB)—ﬂ
cl1 |-ct-Boyt| u-cpt |

The estimate of (13) for A = BC and A = C'B implies the conclusion. O

5 Bounding A, from above: the case of continuous splines

We consider here the case m = 1, k£ > 2. We have already established that the
order of growth of A1 = supy ||Ps, ,(a)lle is at least V'k and we prove in this

section that it is in fact v/k. We exploit the method we have just described to
obtain the following theorem.

Theorem 10 For any knot sequence A,

2
Pl < T [Pl < G e

First of all, we note that the space R};J(A) is spanned by a single function f;
supported on [t;_1,%;11]. The latter must be the k-th derivative of a piecewise
polynomial F; of order 2k that vanishes k-fold at ¢;_; and at t;41, (k — 1)-fold
at t; and whose (k — 1)-st derivative is continuous at t;. It is constructed from
the following polynomial of order 2k,

(_1)k—1
2k=1 LI

) = (1—2)" (1 +a2)
which vanishes k-fold at —1 and (k£ — 1)-fold at 1. The notations

hi = ti_ti—la 52 =, Z.:]_,...?N,

15



are to be used in the rest of the paper. We define the function F; by

hi

(

_hi+1

2

o

21‘—ti_ _tz
h1> , @€ (tim, ),

)k_l r (ti +tip1 — 2%
iy

) , x € (ti,tit),

;v (tisy, tivr).

<

- 1
We renormalize the function f; := F ®) by settin P —

2

0
fi, where

2r — ti_ - tl
h1> , T € (tim1,t),

ti +ti — 2z
H) y T E (tiati-i-l))

;o & (tica, tigr)-

25, F) (

—26; 1 F® <

fi()

hi+1

0

At this point, let us recall the connection [12, p 64] between the Jacobi poly-
nomials P{~%% and Pfllﬁ)’

—1\!
()o@ = (") (50) P, =t s
which accounts for the following expression for F'*),
(1,0)

—2(1 — 2)"' P () (z).

(1:4) k—1

We are now going to establish that the bases (f;)~;" and (j?])jvz_ll of Re1(A)
satisfy the three conditions of Lemma 8.

5.1  Condition (i)

First we determine the inner products (f;, f,), non-zero only for |i — j| < 1.
This requires the values of the successive derivatives of F; at t;,_1, at ¢; and at
t;r1, which are derived from the values of the successive derivatives of F' at
—1 and at 1. These are obtained from (9) and (10), namely they are

2
FE)y = =2
( ) k’
FO(-1) = (=), F®(1) =k,
2 2
F(k+1)(_1): (_1)kk —1 F(k+1)(1): k(k _1).

16



Equation (12) for r; = f; reads

[s(t) = s(t))], 5 € Spo(A).

il

(fis) = F70(@) [st) — s(t])] =
We compute the differences

filty) = fith) = 26, FW(1) 4 261 F® (1) = 2k(8; + i41),
filtio) = filtt.) = 0 —26; FM (1) = 2(—1)*5;.

As a result, we obtain

(=D* 4
ko 0i4 041’

(=1F  bin

<fz7]?z> =1, <f2'717fi> = [ 6i+1.

then (fiy1, fz) =

The Gram matrix with respect to the bases (f;)Y ;"' and ( fj)é\f:—ll therefore has
the form

o~ o~

fi fo fs o
(- 0 0 ...

(%)

h 1
f2

k
(="
Ja 0 0 p Pz 1
0
here 0 > 0 and S Oit1 > 0 satisf + 3 1. To
wnere o; ‘—m ——— =2 11 g = T = 1 (07 ;. — L.
0i + 0i1 0; + 0it1 Y

bound the ¢, -norm of the inverse of this matrix, we could use (13) directly.
However, a result of Kershaw [4] about scaled transposes of such matrices
provide estimates for the entries of M ~! which, when summed, yield the more
accurate bound

k2
(k—1)%

27, <
[e.e]

5.2 Condition (ii)

From the expression for f;, we get ||fi|, = 2||F® ||, = 2\|P,§£’(1])\]1. Therefore,
according to (11), we have

4
I fill, = Lok0-

17



5.3  Condition (iii)

Let us start by establishing the following lemma.
Lemma 11 For any n,v € R, one has

max ‘T]Pk(l_’ x) + yP(l 0)( )) = max ‘nPk(l_’(l))(x) + VPk(l_’(l))(—x)’ :

z€[-1,1] ze{-1,1}

PROOF. Without loss of generality, we can assume that n > |v|. First of all,

the identity
l |
0 AT
=3 (1) (457) Pt

j=0 \J
is easily derived using (8), (9) and (14). Indeed, we have

P (@) = 2'(-1)'(1 — 2) " P (2)
(k=D (=Dt gn
K 2kU(k— 1) dak

B i( )dci 1)) s [P0
:i( K . ( —k;). 1 _“m(('Zi%)f (1;x)u R (@)
= @ (1;@)]' PUD (2).

This identity and the symmetry relation yield

(L +2) (1= )" (14 2)]

NP (x) + vPY (—x)
! l 1—|—:17 J s 1—x J ..
=3 () () o () ] R o
§=0

Every term in the previous sum is maximized in absolute Value at v = 1.
Indeed, according to [12, Theorem 7.32.1], there holds ’Pk“ )‘ < P,g“) (1).

Besides, for 7 > 1, we have
L+a\’  /1—ax\/
< <
—UK 2 )+( 2 ”—"’

(57 e ()

and for j = 0, we have ‘77 + (—1)’“‘5/‘ =1+ (—1)*'v. These facts imply that

1,0 1,0 1,0 1,0
P (2) + v ()| <pPMY () +vP)(-1). O

18



Let us now bound the max-norm of 7 := ¥ a; f; in terms of ||ao. This max-
norm is achieved on [t;, t;41], say, and since 7, 4, ,] = alﬁ+al+1ﬁ+1, Lemma 11
guarantees that this max-norm is achieved at one of the endpoints of [t;, ;1]
say at t;. Thus we have

Il < [JF6)] + Fesa )] ol < [5 [FO )]+ 5 [FO D] el

that is I
[Xaf], < 5 llalx.

5.4 Conclusion

The estimates obtained from conditions (i), (ii) and (iii) yield

k? 4 k+1  2k(k+1)
HPRk,l(A)HOO < W : %Uk,o : 9 = (k — 1)2 0k,0-

(15)

To conclude, we derive the bound

2
| Psea]| . < | Pscotar| ]| Prea < ak,0+wak,0 = mak,o-

This upper bound is much better than the bound ||G*||s, already mentioned
in the introduction, which was given by de Boor in [2], at least asymptotically.
In fact, this becomes true as soon as k = 4, as the following table shows. The
values of |G|« are taken from [10].

k 2 3 4 5 6 7 8
S 040 | 21.666 | 15.230 | 14.178 | 14.162 | 14.486 | 14.948 | 15470
1G5 | 3 13 | 41.666 | 171 | 583.8 | 2364.2 | 8373.857

Let us finally note that the estimate of (15) is fairly precise in the sense
that it is possible to obtain supa || Pr, ,(a)llec > 20%0 simply by considering
Pr,.a)(e)(t7) when N =2, #; — 0. This implies

s = oo

Sup |Psca]|. 2 Sup |Prosco)]
If, as we believe, the lower bound oy, is the actual value of Ay,,, the pre-

vious inequality reads o1 > op. This is in accordance with the expected
monotonicity of oy, and can be proved as follow. First, we readily check that

1 m
Prm = Prm41 @ span {(1 + .)mplgo_,f_:;l)} .

19



From the representations of the Lebesgue functions at the point 1 of the or-
thogonal projectors onto these spaces, we obtain, for some constant C, the
identity

27 (k4 m)(1+ )" P (2) = 27772 (ko D(1+ 2) T P ()
+C(1+2)" BT (),

The value of the constant C is 27™71(2m + 1), as seen from the choice z = 1.
With m = 0, we get

ka0 kE+1 1,2 1 01
S @) = =~ + )R @) + SR ().

The inequality 040 < 0,1 is then deduced from

k 1
Tk0 = Pro =5 /_1 | P ()| dae

kE+1 1 1,2 1/t 0,1
<= [ Q+oIB @)+ 5 [ 1P (@)dr
n 1 k—1 n 1
= — = ag —0 .
Pk,1 kpk,o 2 k,1 2 k,0

6 Bounding A;,, from above: the case of differentiable splines

We consider here the case m = 2, k > 3, for which the order of growth of
Akz = supy ||Ps, ,(a) | is also shown to be v/k. This section is dedicated to
the proof of the following proposition, where the notation w, < v, for two
sequences (u,) and (v,) means that there exists a sequence (w,) such that
U, < wy, n € N, and w, U

Proposition 12 For any knot sequence A,

3612 Vi

[Praal], < =5 8V2 -

HPsk,2<A>HOO S NG

The function f; previously defined is an element of the 2-dimensional space

};72(A). In this space, we consider an element g; orthogonal to f;. It must
be the k-th derivative of a piecewise polynomial G; of order 2k supported on
[ti_1,ti+1]. The function G; must vanish k-fold at ¢;_; and at ¢;,1, (k — 2)-fold
at t; and its (k — 2)-nd and (k — 1)-st derivatives must be continuous at t;.
It is then guaranteed that g, = Gz(k) belongs to R} 4(A). To be orthogonal
to f;, the function g; must further be continuous at ¢; . Let us introduce the

20



polynomial G of order 2k,

(=DF
2k=2]

G(z) ==

(1—z) (1 +2)k,

which vanishes k-fold at —1 and (k — 2)-fold at 1. Let us remark that

G*)
(@) 5

We now define the auxiliary function H; by

41— 2)72P7 (@) = P2 (a).

(14)

B (3 e
k—2
~ lerl <f;> G (%_thl_t) 1€ (tig, ),
k—2
_ kzj—l <_h2”1> G (W) , @ € (titiv),
0 & (tio1, tiy),

and we set, for some positive constants A and p to be chosen later,

B A
i+

~

12
Gi : Hi7 and i o — = (.
g 0i + 0it1 g

S
I
s@—\
=

First of all, we have to verify that g; defined in this way is indeed an element
of Rj,,(A) orthogonal to f;, i.e. we have to establish the continuity at ¢; of
the (k — 2)-nd, (k — 1)-st and k-th derivatives of G;, or equivalently of H;.
The values of the successive derivatives of G at —1 and at 1, obtained from
(9) and (10), are needed. They are

GH(1) = s,
GP(-1) = (-1", GH (1) = 2,
G(k+1)(1) — k(k _ 2>(k2 — 1).

12
As F=2)(1) = 0, the continuity of Hi(k_Q) at t; is readily checked. We have

1
= %2
k—i—lG 1)

4
Kk — 1)

g2

)

(t7)=H"2(t) =

21



1)

As for the continuity of Hi(kf at t;, it follows from

(k=1),,— k—1 2 1 2
H; )= |9 — 0| ——-20; 2= (011 — &),
kE—1 2 1

Hi(k_l)(t;_) = — (52 + 51'_4_1) T

2

k

Finally, the continuity of Hi(k) at t; is a consequence of

k) (4= . u .98k — L L4562 . M - 5.
Hz (tz ) (514_1 + 2 157,> 251 k 1 4(51 5 2]66151_,_1,
(k) ' k—1 4 ‘ ' . 1 as2 k(k — 1)

- 2]€(5151+1
This justifies the definition of g;. We are now going to establish that the bases
(fir gt and (fi, )7 " of Ry2(A) satisfy the three conditions of Lemma 8.

6.1 Condition (i)

First we determine the entries of the Gram matrix. The values of Hi(kﬂ)(ti_ )
and l:fi(kJrl)(t;r ) are required, they are

Hi(k+1)(t¢_) B <5i+1 + :;1&) 462 - k<k24_1)
8 g = B Rt
B kil (=8%)- k(k — 21)§k2 -1 _ _k(k23— 1) 85 436,62,

Equation (12) yields, in view of the continuity of Hi(k) at t;,

(g:,G1) = <)‘2/“L3 , (_Hi(ka) (h)) : {H(’“+1)(t7) — Hi(k+1)<ti+)}

5i + 5i+1) z i
i 4 k-1 s AN
= <5Z+5Z+1)3 ' k<k2—1) . 3 (51—1-52_’_1) — ?

We impose from now on 4\*u = 3, so that (g;, ;) = 1. Consequently, after a
reordering of the bases, the Gram matrix has the form
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fi
g1

g3

f2
92
Ja C
9a

The matrices B and C' are respectively lower and upper bidiagonal by blocks
of size 2 x 2. Their entries are given in Lemma 13 below and their ¢;-norms
satisfy max (|| B||1, [|C]|1) = max; max(®;, ¥;), where

O; = [{fior, fi)| + Kgimrs Fi)| + [{fier, Fid | + givrs i),
Ui o= |(fic1, G)| + [{gi=1, Gi)| + |{fit1, Gi)| + [{git1. Gi)|-

0;
Lemma 13 With a; = m and ﬂz =

. —1)*

<fi—17fi> :( k) Q;,
R -1 k—1

<9¢>1,fi> = >\< k) Qy,
. 3(=DF

<fi—1»gi> = XT%’

R 3
(gi—1,Gi)| < 70

ﬂ, one has
0i + i1
. —1)k
<fi+17fi> :( kf) ﬁia
. —1)k
<9¢+1:fi> :)\( k) Bis
R 3 (=1 k—1
<fi+1agi> = )\( k) Bis
- 3
(gi+1, i) < %@-

PROOF. 1) The inner products (f;_1, f;) and (fi11, f;) have been computed

in the previous section.
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2) We now calculate

A 2 k) k A 2
i) = ZUTH® oy — HE ()] = 2.
<f7.g 1> 61',1 +5'L Lk [ zfl(tz) 171( i )} (51 1_._51 k
k—1 _ 1
- <5z‘1 + k—l—l&) - (—25:) - <_1)k f- k+1 ’ 451'2 ) (_1)k1
- ( 1)k71
=4\ p i
_ A 20000 oy ) ] A 2
<fl7gl+1> - 5i+1 + 5i+2 k [Herl(tz ) Hi+1(ti )} - 5i+1 + 572-1—2 k
k—1 _ 1
R e L R A e
_1\k

The values of the inner products (gi 1, fi), (giv1, fi), (fir1, i) and (fi 1, Gi)
are easily deduced, keeping in mind that 4\?u = 3.

3) As for the inner products (g;_1,9;) and (gi+1, §;), we determine first the
value of H}f?l)(t;). We have

k—1 k2 —1
HE V@) = — (600 +———=6; | - 462 - (=1)*
i—1 (z) 1+k_+1 i ( ) 9

1 3 ro1 (b —2)(k+1)
—m'(—&;i)'(—l) 5

= 2= (K = 1) (651 4 6:)67 + 4(—1)%6;.

Let us note that the value of Hi(f)l (t;) has just been determined in stage 2)
when we computed (f;, g;—1). Then, according to (12), we obtain

A2 - _
(9i:9i-1) = AT {Hi(k: Vi) - [Hi(f)l(ti ) — Hi(f)l(tf)]

2 2 b1
= (51'—1 + 51)((51 + 5“_1) ’ {k((SHl - 51) ’ 2(_1) 5@'<5ifl + 51)
g (2D = D6 805+ a(-1)'e0) |
B A2 4(—1)k-1 4
_ e ll _ 4@'1%’] 5.

k k? —1
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Remembering that 4\?; = 3, it now follows that

o\ (—1)kt 408 1y
<nglagz> - 3 k' 1 - k’2 _ 1 Q;

and that (g;41,G:) =3

_1)k—1 46;0v;
( 1}2 ll— k%OLT] Bi.

To complete the proof, we just have to remark that the two expressions in
square brackets are not greater than 1 in absolute value. O

|
|+
(O8]

1+ A
We infer from Lemma 13 that ®; < + and U; < 2 , so that

3
S 43).

1
max (|| Bl|w, [|C]l1) < 7 max(1+A, 5

The latter is minimized for 1 + A = 3/A + 3, i.e. for A = 3. In view of Lemma
9, the {o-norm of M~ can be bounded provided that k > 4. Precisely, since

12
BC and CB are of bandwidth 3 and since max (|| B||oo, [|C]|c0) < =, we have

~k
- k(k +12)(k? + 80)
1
HM Hoo - (k2 — 16)2 (16)
6.2 Condition (ii)
From the expression of H;, we obtain
3 k—1 20;
= —— [ ~ 25 | F®) - gk
lgill 5i+5i+1‘< M ) k+1 |,
3 k—1 26;
% s 5, | F® i+l (k)
Tt o ( Trr “) TSR
2a; 2(1 — o)
_allpm — 24 (p o qt py _ 2 =) ngy
BH k;+1( +G)1+3 T ( +G)1
2
< 3||[F® +3HF(’“) ————(F® + G®)|| |
- H Hl E+1 ( ) 1

the last inequality holding due to the convexity with respect to «; € [0,1]
of the function involved. We remark that, according to Proposition 6, the
quantity |G® |, = ||[P®Y]|; tends to a constant as k tends to infinity. This
accounts for the rough estimate

244/2
~VaAVvE

12
"], = prgoeot e 169, 5

Jailh < 7o [FO) + s |
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The same estimate holds for || fi||1, as can be inferred from subsection 5.2.
6.3 Condition (iii)

Let us now consider the max-norm of r := " q; fj +>-b;g;, which we want to
bound in terms of max;(|a;l,|b;]). The function r achieves its max-norm on
[t1,t141], say, where the form of r(z), x € (t,t,41), is
20—t —t
1,0 1,0 2,0 2,0 | — biy1
nPD () + v B (<) o PEY () + VRED (<), s S
+
Such a function of u does not necessarily achieve its max-norm at v = =£1,
eg.n=v=2and n =1 = —1 provides a counter-example when k = 5.

However, the separate contributions Ci(u) = nP,f,l_’?) (u) + I/P,gl_’(l))(—u) and
Co(u) =17 P,g’g)(u) + v/ P,g’g)(—u) do. The first contribution is
Col) = — =20 gy A0 g
2(0; + 0141) 2(0141 + di142)
by (5z + %5”1) 011 bita (5z+2 + %&H) 011 ey
Y (—u) + 5 FY(u).
2(61 + 0141) 2(0141 + O142)

The max-norm of C' is achieved at 1, say, and we have

(0 +6i41)  2(d141 + Giy2)

(51 + %5”1) Or+1 <5z+2 + %5”1) Or+1 k:] max((a ], b))
261 + 6141)? 2(0141 + O142)? j s
(51 + ﬁ&ﬂ) Or41 N (5z+2 + kf’il@ﬂ) 0141
(07 + 0141)2 (0141 + 0142)?

|cl(u)|§|01<1)|§[2 O i1

4mgwmmw

We use the fact that, for ¢ > 0, one has [t + k/(k+ 1)]/(t + 1)* < k/(k + 1)
with ¢ = §;/8;11 and ¢ = 642/0;41 to obtain |Cy(u)| < kmax;(|a;l,|b;]).

As for the second contribution, we get

by 62 i1 07
C _ |- +1 G(k) . o + [+1 G(k)
Co(w)] ‘ (k4 1)(6 + 0141)? ) (k 4+ 1)(0111 + 0142)? )

k(k—1) K —k+2
(1 + 7 ) m]aX(|aj|7 1b]) = Wfﬂﬁxﬂaﬂ, [b51)-

<
T k+1
Putting these two contributions together, we deduce that

_ R 32+ k+2 3k
[SCaifi + s, < gy maxlasl )~ 5 max(lagl b))

Y
k—o0
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6.4 Conclusion

The estimates obtained from conditions (i), (ii) and (iii) yield

242 3k 36V2 38v/2
HPRk’2(A)HOO S \/—\/— 2 - \/— \/_ ﬁ \/E

In contrast with the case of continuous splines, the numerical values of our
upper bound are unsatisfactory, e.g. we obtain roughly 1574 for £ = 6. When
k is small, this is partly due to the poor estimate of (16). One way to improve
it would be to consider bases of Ry 2(A) better suited to the evaluation of

the inverse of the Gram matrix, providing in particular a bound also valid for
k=3 and k = 4.

thus “Psk’2(A)"OO g

Let us finally remark that if we consider Pg, ,a)(e)(t;) in the case N =
2, t1 — 0, we can again show that supy [|Pr,.)llcc > 20%0, hence that
supy || Ps, 5(a)lloc = or0. If the lower bound oy, is indeed the value of Ay,
this reads oy 2 > 0y, in accordance with the expected monotonicity of oy ,.
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