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Abstract

Backward Error Analysis (BEA) has been a crucial tool when analyzing long-time be-
havior of numerical integrators, in particular, one is interested in the geometric properties
of the perturbed vector field that a numerical integrator generates. In this article we present
a new framework for BEA on manifolds. We extend the previously known “exponentially
close” estimates from R"™ to smooth manifolds and also provide an abstract theory for
classifications of numerical integrators in terms of their geometric properties. Classifica-
tion theorems of type “symplectic integrators generate symplectic perturbed vector fields”
are known to be true in R™. We present a general theory for proving such theorems on
manifolds by looking at the preservation of smooth k-forms on manifolds by the pull-
back of a numerical integrator. This theory is related to classification theory of subgroups
of diffeomorphisms. We also look at other subsets of diffeomorphisms that occur in the
classification theory of numerical integrators. Typically these subsets are anti-fixed points
of involutions.

1 Introduction

Let M be a smooth manifold, where, by smooth we throughout the paper mean C*°. A smooth
manifold is presumed to be finite dimensional, while infinite dimensional manifolds (when
considered in Section 4) will always have the name “infinite”, when addressed. Let X(M)
denote the set of smooth vector fields and let X € X(M). Consider the ordinary differential
equation

d

dt
The flow map corresponding to X is denoted by fx : R x M — M. Also, we sometimes use
the notation

(t) = Xy(t), y(t) c M. (1.1)

0 (t) = 0x,.4(q) = Ox(t.q),

and if the vector field X is obvious we sometimes use 6 instead of 6.
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A numerical approximation to the solution of (1.1) can be found by constructing a family
of diffeomorphisms {®, },>( and then (for each fixed ) one can obtain a sequence { g, }nen,
often referred to as the numerical solution, satisfying ¢, ,+1 = ®p(qn,). We will throughout
the paper denote the family {®}, },>¢ by ®,. More formally we have the following:

Definition 1.1. An integrator is a one-parameter family ®,, : M — M of diffeomorphisms
that is smooth in h and satisfies ®y = id (the identity mapping). If X € X(M) and

d

2 e =X
dh h=0 h(p> Y2 pEM,

then ©y, is called an integrator for X. If, for any chart (U, ) on M, there exist a constant
C > 0 such that, for ), = ¢ o &), o 0~ ! and sufficiently small h

B4 (2) = byn(@)ll < CRPH, 2 € p(U),

where Y is the vector field on o(U) induced by o, the integrator ®y, is said to be consistent
with X of order p.

Remark 1.2. It follows immediately by smoothness and the Taylor theorem that if ¢, is an
integrator for X then ®,, is consistent with X of order one.

If @, is an integrator for the vector field X then, under suitable assumptions on ®;, one
can guarantee that there is a metric d on M such that

d(Qna 6X,nh(Qo)) < Chp, pE N, C > O,

at least for n < N for some N € N and sufficiently small /. The integer p is often referred to
as the order of the numerical integrator.

The idea of backward error analysis is the following. Supposing that we have a numerical
solution {qnn} i-. ¢hn+1 = Pn(qnn), could it be the case that the sequence {gy .} is the
“solution” to a different differential equation i.e. does there exist a vector field Xex (M), a
perturbation of X, such that

Ghn = 0 1, (00)? (1.2)

If such a vector field exists, one can analyze the flow map 63 to gain information about the
behavior of {g,}. In most cases (1.2) may not be obtained, and one has to concentrate on

constructing a family of vector fields X (h), depending on the parameter h, such that

d(qn,n, ej(h)mh(%)) < f(h),

where f : R — R is continuous and f(h) — 0as h — 0.

The construction of the family of modified vector fields X (h) and the analysis of the cor-
responding flow map 0, is known as Backward Error Analysis (BEA), and the family X (h)
is often referred to as the modified or perturbed vector field.

BEA is very well understood when M = R™, and modified vector fields X (h) are formally
expressed as an infinite series

X(h) = X1 + hXo +h2X5+ ..., (1.3)

where X; is uniquely defined by ®;,. Thus, it makes sense to talk about the modified vec-
tor field generated by ®;,. There are several articles on the subject, Hairer and Lubich [7],
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Calvo, Murua, and Sanz-Serna [3], Benettin and Giorgilli [2] and Reich [14]. In the papers
of Hairer/Lubich and Reich the question of closeness of the numerical solution and the solu-
tion to the modified equation is addressed. In particular, it has been shown that for a suitable
truncation of the series (1.3)

HQ}?(h),h(Q) — &)l < Che /", q €k,

where C',y > 0 and K is compact. A crucial assumption for the previous estimate to be true is
that both the vector field and the integrator ®;, are analytic.

A very important application of BEA is that it can be used to show when the numerical
solution preserves the geometric properties of the original vector field, e.g. will the flow map of
the modified vector field be symplectic provided that the original vector field is Hamiltonian?
The answer is yes, if the integrator is symplectic. Several other results regarding geometric
properties of modified vector field can be found in [6], [9]. However, all these results are so
far only valid when considering ODEs in R", and thus our goal is to extend these classification
theorems to general manifolds. We will deviate quite substantially from the usual framework
[9] and instead introduce a new completely abstract approach in the spirit of Ebin and Marsden
[5]. This framework uses the idea that one may consider the set of diffeomorphisms on M as
a (infinite dimensional) manifold itself [5], [12]. Our classification approach does not depend
on any previously developed theory in R", and we will only rely on estimates valid in the
Euclidean space for the “exponentially close” bounds.

2 Background and notation

We will first introduce some notation. If M and A are smooth manifolds and F' : M — N is
a smooth map, we will adopt the notation from [10] and denote the derivative, or the tangent
mapping 7,F : T, M — T,N, by F, e.g. for x € T,M we let F.x = T,,Fx. The derivative of
a function F' : R" — R™ will be denoted by D F', and similarly derivatives of higher order will
be denoted by D" F. As usual we identify D" F'(z) with L{ (R",R™), the set of symmetric r
linear mappings from R" to R™.

Given a vector field X with corresponding flow map 0x : I x M — M, where [ is an
open interval of R, we will allow slight misuse of notation by letting 6x (¢, s, p) denote the
flow of X at time ¢ that takes the value p at time s i.e. 6x(0,s,p) = 0x(s,p).

We also adopt the Einstein summation convention, meaning that Y, 2" E; will be denoted
by #°E;, hence omitting the summation sign.

Throughout this section M = R" and we will review some of the well known results that
will be crucial for our developments in the upcoming sections.

Let @, be an integrator on R"™, and suppose that ®;, is consistent of order p with X €
X(R™). As discussed in the introduction, the idea is to look for a family of vector fields X (h)
such that ¢, ~ Qg(hm and thus the study of the numerical solution reduces to the study of

the flow 0)}(}1)‘ The family of modified vector fields X (h) is formally defined in terms of an
asymptotic expansion in the step size h; i.e.,

X(h) = X1+ hXy+ h*X5+ ...

The infinite sequence of vector fields {X;};—;
expansion of the one-step method ¥} i.e.,

s can be obtained by using the Taylor series

.....

), = id + h®dy + h>Dy + .. .,
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where id is the identity map and the ®;s are smooth mappings, and then compare this series
with the expansion of the flow map 6, (h)- The vector fields X; are chosen such that these
two series coincide term by term. We will follow the recursive approach by Reich [14] when
defining the vector fields X, as this approach is advantageous when one wants to study the
geometric properties of the modified vector field as done in Section 4.

The recursive construction is as follows. Let ®;, be an integrator for the smooth vector field
X. Suppose that we have obtained { X }é‘:p and we want to determine X, ;. Let

Yi(h) =Y WX
j=1

Suppose that {X;}’_, has been chosen such that the distance between ®;,(¢) and 0y, y,(1)(q) is
O(h*!) for all ¢ € R™. Now define

. o —Ohy
Vier(h) = Yi(h) + WXpr, Xeaag) = lim 2 i@

lim P . geR™  (2.1)

Note that the limit exists by the choice of Y;(h). This definition of Y;;(h) generates a flow
map that is O(h'?) away from ®;,. Indeed, by Taylor’s theorem and the definition of Yy, (h)
we get
Oy () (@) — Onyiny (@) = K Xiga(q) + O(R™?)
and
Onyim (@) — ®r(q) = K Xia(q) + O(R™?).

Thus,

Ony1 (@) — Pu(q) = Ony,m (@) + h Xiga(q) — Prlg) + O(RF?) 22)
— O( hi+2). ’
Letting X; = X the construction is complete. Note that it is easy to see that X; = 0 for
t =2,...,pwhen ®, is of order p.

As mentioned above there are several important results regarding BEA in R”, and for an
excellent review we refer to [9]. Some of the results in [14] are of crucial importance for the
following arguments and we will give a short summary. Let B, (x) C C™ be the open complex
ball of radius  around x € R™. Let also || - || denote the max norm on C". Let  C R" be a
compact subset and define, for Z € X“(R"), the set of analytic vector fields, and r > 0,

1Z]l, = sup || Z,|l, where B,K= | Bray.

z€BK 20eK

Lemma 2.1. (Reich) Let @}, be an integrator for X € X(R™). Suppose that the vector field X
is real analytic in an open setU C R™ and that there is a compact subset K C U and constants
K, R > 0 such that || X ||r < K. Suppose also that the mapping h — ®,,(x) is real analytic
forall x € U. Then there exist M > K such that

1—
|, —id|ar < [7IM < (1—a)R for |r|< %,

where o € [0, 1).



Theorem 2.2. (Reich) Let the assumptions of Lemma 2.1 be satisfied and let ®}, be consistent
of order p with X . Then, the family {X;} deﬁned in (2.1) is analytic and, for all integers
m > p+ 1, there exists C > 0, such that, for X (h),, = X1 + hXy + h*X3 + ... + X,,,, we
have

h(m —p+ l)M)m

sup [ @1(x) — O, (@)]] < Ch( =73

zell

where X is defined as in (2.1). Also,

_p M 7j—1 .
sp Xyl <0 (VDY Gz pe
zell

Remark 2.3. Note that Theorem 2.2 is not quoted directly as stated in [14], but the bounds
presented here come from equation (4.8) and (4.4) in the proof of Theorem 4.2 in [14].

3 Backward Error Analysis on Manifolds

The following theorem is a generalization of Theorem 4.2 in [14] and Theorem 1 in [7].

Theorem 3.1. Let M be a smooth manifold, X € X(M) and let ®;, be an integrator that is
consistent with X of order p. Then there exists a family of smooth vector fields {X;};en on
M, where each X is uniquely determined by ®;,, with the following properties:

(i) There is a metric d on M such that if K C M is a compact subset and for X ~n(h) =
X1 +hXo+. .. BN Xy there exists a Cy > 0, depending on N, such that for sufficiently
small h > 0 we have

d(0%, ,(q), ®r(q)) < CyEVH, qeKk,

where 05 is the flow map of)N(N(h).

(ii) If M, X are analytic and h — ®y,(q) is analytic for q in compact K C M, then there
exists an integer k (depending on h) and C,~ > 0 such that for X (h) = X1 + h Xy +
... k¥ X, it follows that, for sufficiently small h,

d(®4(q), b5 ,(q)) < Che™ /™, (3.1)

for all ¢ € K, where d is the same metric as in (i). Also, there exists a finite collection
F of charts on M, covering IC, and a constantNC’ > 0 such that if (U,p) € Fand Y,
Y (h) are the vector field induced by ¢ and X, X (h) respectively then

sup ||V (z) — Y(h)(z)| < Ch?, sup | DY (z) — DY (h)(z)|| < Ch?. (3.2)
z€p(U) z€p(U)

Proof. The construction of {X} is as follows: For any chart (U, ¢), let &, = ¢ 0 &, 0 ¢!
and let Y be the vector field induced by . Doing the calculations in (2.1) and (2.2) with QA)h
and 6y we obtain a family of smooth vector fields {Y;} on ¢(U), and hence also a family
{p;1Y;} on U. It is easy to see, using the fact that Y; is uniquely defined by ®,,, that {p 1Y}
is independent of the choice of charts. Thus, we obtain a family of global smooth vector



fields { X} from the local construction. Also, each X is uniquely determined by ®),. (This
construction can also be found in Theorem 5.1 Chap. IX.5 in [9]).

To show (i), note that, by compactness of K, consistency of ®;, and the fact that Ox =
P, = id, we can find a finite collection F = {(Uj, ¢;)} of charts such that there are open
sets V; C Uj and hy > 0, such that 0y ;,(V;) C U; and ®,(V;) C Uj, for h < hq (for some
ho > 0) and {V;} covers K. We may also assume without loss of generality that gpj_l is defined
on QOJ(UJ>

To get the desired metric and bound that we asserted, we use the Whitney Embedding
Theorem to obtain a diffeomorphism F' : M — N C R™ for some m > 2n, where N/
is an embedded submanifold and n = dim(M). By the discussion above and by letting
Xy = Xo+hX; + ... hY Xy we have that if p € K then ¢ = ¢(p) for some (U, ) € F, and
by a little manipulation and the calculation in (2.1) and (2.2)

IF o ®4(p) = Fobg, ,(p)l = [Foe  (®u(q)) — Fop (05, 4(@)] < Cxh"  (33)

where C'y bounds the Lipschitz’s constant of all F' o gpfla_ndffN(h) =Y +hY; +...AVYy.
Note that I o o~ is Lipschitz by smoothness and since ¢(U) is compact and can be assumed
without loss of generality to be convex. Also, since N is embedded, it has the subspace
topology and hence it inherits a metric from R™ which again leads to a metric d on M induced
by F.

To show (ii), notice that we may, by arguing as in the proof of (i) and possibly changing
JF, where F is as in the proof of (i), assume that for each (U, ¢) € F there is an r, > 0 such
that B, _(0) is properly contained in o(U),

Oxn(p™ (B, (0) CU, (¢ ' (B,(0) CU, &< h,

and Uy e r ¢ '(B,,(0)) is an open cover of K. Let (U, p) € F and let Y be the induced
vector field on V' = ¢(U) of X by ¢, and let K = B, (0). From the previous discussion it

follows that there exists an R, > 0 such that the complexification of Y is defined on B Rwl%
and by continuity ||Y'||z, < K, for some K, > 0. Now consider the integrator on V" defined
by &, = ¢ o &, o o~!. We can now apply Lemma 2.1 and Theorem 2.2 to obtain constants

M,, C, > 0 such that
Yo = Yi+hYs+ 02V + ...+ ™Y, m>p+l,

where Y/ is the vector field on ¢(U) induced by X; and . We have the estimates

- h(m —p+ 1)M \m™ ~
() — 05, () < O (MTEEDYNT ek G
©
mel<c (S2E) L veR gzper 6:5)
©

To get the metric and the desired bounds, let
M =max{M,:p e F}, C=max{C,:¢p € F}, R=min{R,:p e F}.

To show (3.1), we can now use the same approach as in (i) and apply (3.4) to get

qeK,

h(m —p+ 1)M>m

d(®n(q), 0%, ,(a) < CN’h< R



where C'is a constant depending on C' and the Lipchitz constants of Fop™1. (F'is here as in the
proof of (i)). To get the desired bound we choose m to be the integer part of y = 7~ +p—1.
Hence, we get

IA
Q2

he™™
he pt1

_pe”/h, q e K,

d(®n(q), 0%, 1(q))

C
Ch

IA A

where v = R/(Me).
To show (3.2), note that by analyticity and Cauchy’s integral formula, it follows by (3.5)
(by possibly changing C') that

RN B
mox (@l oy < ¢ (L) wek gzpel
Thus, since &, is of order p
max(|[Y;(z) — Y;(h)(2)],| DY;(z) — DY;(h)(z)|)
m 7j—1
<C > (hMj_ )
Jj=p+1
B R hM(j —p)\' 7
_C(R> 2 < R ) (3.6)
Jj=p+1
p m p j—p Jj—1-p
SC(R) > e ()

. j—1-p
where d, bounds g —2 and K bounds > (mj_ _pil> . Also, in the second to last

inequality we have used the fact that

h < e
~ Me(m—p+1)

The theorem follows. ]

Remark 3.2. The computation in (3.6) is almost word for word taken from the last computa-
tions in the proof of Theorem 4.2 in [14].

The idea is now to use this result and follow the ideas in the proof of Corollary 2 (p. 444)
in [7] applied to a general manifold setting. Unfortunately the corollary cannot be applied
directly but after a series of preparations we can follow the analysis in [7] closely.

Let us first recall some basic facts from differential geometry that will be useful in the
following argument. By the normal space to an embedded submanifold M C R" at = we
mean the subspace N, M C TR" consisting of all vectors that are orthogonal to 7, M with
respect to the Euclidean dot product. The normal bundle of M is the subset NM C TR”
defined by

NM =[] NaM = {(z,0) € TR" : 1 € M,v € N,M}.

reEM



Define amap £/ : NM — R” by
E(z,v) =z + v, (3.7)

where we have done the usual identification. A tubular neighborhood of M is a neighborhood
U of M in R” that is the diffeomorphic image under E of an open subset V C NM of the
form

V={(x,v) e NM: |v| < ()}

for some positive continuous function § : M — R. A useful fact that will come in handy in
the next theorem is that every embedded submanifold of R™ has a tubular neighborhood.

Theorem 3.3. Let M be a smooth manifold and X € X (M) with flow map Ox that exists for
all't € Rand all p € M. Let O, be an integrator that is consistent of order r with X. Let
{Ghn}nez, be the numerical solution produced by ®, recursively and let {X;} be the family
of vector fields from Theorem 3.1. Suppose that there is a compact set K C M, hg > 0
and T < oo such that {qnn}n<r/n C K for all h < hgy. For any integer s > r + 1, let

X (h) = X1+ hXy + ... h* 1 X,. Suppose also that

U 0%y ({anntnzrn) C K. (3.9)

t<T,h<hg,s<co

(i) Then there are constants L > 0 and Cy > 0 (depending on s) such that

Os ™ 17’L
d(e)z(h),nh(qO)a Qn) < hsf (eLh T 1) 5 nh < T.

(ii) If M, X and h — ®,(p) are analytic and X (h) is as in (ii) of Theorem 3.1, then there
exist constants L > 0 and C' > 0 such that

d(e)?,nh(q())a Qn> < e_W/h% (eLhH—ln - 1) ) nh <T.

Proof. We will show that there are constants C' > 0 and L > 0 such that

d(0%,(p),0%,(q) < Ce"d(p,q),  t<T, p,q€{qnntncr/n (3.9)

where d is the same metric as in Theorem 3.1. Now, suppose for the moment that (3.9) is true.
Recall that {gp , }nez . is the numerical solution obtained recursively by @, and let ¢, = kh.

Also, to avoid cluttered notation we will use just X for X (h). Then

A(0x 1, (d0): Gn) < D O (bus tim1, Gu-1), O (bns s @)
k=1
< Z CerM =) d(0 = (ty, tr 1, qr1), O (b th, Q1))
k=1

= Z CeLhr(t"*t’“)d(Q)},h(Qkfl), ),

k=1

where the second inequality follows from (3.9) and the last equality follows from the fact that
O (te,te, qr) = qu and Oz (ty, te—1, qr—1) = Qg,h(CIk—l) Thus, using Theorem 3.1, we get the
two cases



(1) d(ei,tn(90)7 @) < C1hst! ZZ;S eLh kR < hs% (eLh"“” B 1) 7

(i) d(0z,, (90),qn) < Cohe™ WS é LhTkh < e=v/hCa (eLhTHn - 1) ,

where C'; and (), are the constants form Theorem 3.1 (i) and (ii) respectively. Also, the last
inequalities in cases (i) and (ii) come from the standard techniques used to prove convergence
of one step methods (details can be found on p. 161 [8]). Thus, to conclude, we only need to
show (3.9). To do that we will transform our problem from the manifold setting into a vector
space environment and then follow the analysis in Corollary 2 [7] quite closely.

By Whitney’s embedding theorem we obtain a smooth embedding F' : M — R™, for
m > 2n, where n = dim(M). Let N = F(M). Now, F, X and X induce vector fields on V,
namely, F, Xr-1) and F, X r-1(- With a slight misuse of notation we will also denote these

vector fields by X and X respectively. Our first goal is to extend X and Xtoa neighborhood
around V.

Let U be a tubular neighborhood of AV i.e. NV C U C R™ where U is open in R™ and
diffeomorphic to an open set V C NN of the form

V={(z,v) € NN : |v] < 6(z)}

for some positive continuous function 6 : N/ — R. Note that diffeomorphism mentioned above
E :V — U is defined as in (3.7). For (z,v) € NN we identify T{, ,, NN with T,N x R™~"
and define the vector fields Z and Z by

Ziow) = (X0,0) € TN XR™™ Z,y = (X,,0) € TLN x R™™"

Now Z and Z are obviogsly smogth, thus, we can define smooth vector fields Y and Y onU
by Y = E.Zg-1)and Y = E,Zg-1). We are now in the position where we can apply the
ideas from the proof of Corollary 2 [7]. But before we do so we need to establish two facts.
Claim I. There exists a smooth vector field YonUsuchthatY — Y = W'Y, Indeed, by
the construction of X and the fact that ®,, is of order r, it follows that there is a vector field X
on N such that R N
X =hr"(X-X). (3.10)

Thus, for x € U, we have
Y, = Ve = BuZprie) — Zo1 ()
= L. ((X g1 0) = (Xa(e-1())1 0)) (3.11)
= W' E(X (1)), 0),
where 7 : NA” — A is the canonical projection. Thus, by letting ¥ = E.(Zg-1(y— fZVEfl(,))
the assertion follows.

Claim II. There is a compact set K O F(K) such that the interior K° > F(K) is open in
U, and there is a constant A/ > 0 such that (independently of /) we have

sup [V () <M, sup|DY ()] < M, (3.12)
zelz ZEIE
P 92
sup H$QY(2€, s, 2)|| < M, sup Hmey(t s, 2)|| < M, s<t<T. (3.13)
zek 2eK



Let F be the collection of charts referred to in Theorem 3.1 (ii). It is easy to see that we
may without loss of generality assume that F is a family of charts on A/, covering F(K),
with the properties stated in Theorem 3.1 (ii). Now, for (V,¢) € F, define U, = {z € U :
m(E~'(x)) € V}, where 7 : NN — N is the canonical projection. Observe that U, is
obviously open in R™ and also

c U v

(Vyp)eF

(this is clear by the definition of £). Let Kbea compact set with the properties that Ke is open
in R™ and B N
FiKyckeckc |J U,

(Vip)eF

Note that (3.13) follows immediately from compactness of K and smoothness of 6y-. To see
(3.12), for (V, ) € Flet F,, : U, x R" — R™ be defined by

Fo(z,v) =Tp1(»)E - (Tago_1 -v,0), a=po W(E_l(x)),

where
TEl()ET NXRmn%Rm

and A - y denotes that the operator A acts hnearly on y. Then by (3.11) we get
Y, =Y, = WFy(x, Xo(p(@)),  pla) = pom(ENx), zel,
where )/fw is the vector field on (V') induced by X and O, ()A( is defined in (3.10)). Hence,

D(Y=Y)(x) -y
= W DFy(x, X,(p(x))) - (y, DXy(p(x)) - Dp(x) - y), x €U, y€R™

By Theorem 3.1 (i1) it follows that there is a constant & such that

sup || X, (y)| < K, sup |[[DXy(y)| < K,
y€p(V) y€p(V)

uniformly for all sufficiently small & and all ¢ € F. This allows us to find a constant bounding
IDF(2, X (o), DX (p(x))] and || Dp(a)|| forall € U, and ¢ € F. Since {U,,}per
covers K we, deduce that | DY (z)|| is bounded _uniformly for all sufficiently small 5 and for
all z € K. Similar reasoning gives a bound on ||Y ()| for small / and all z € K.

Note that we may without loss of generality assume that K is convex. Indeed, if that
is not the case choose a compact set K whose interior is open and an open set U such that
F(K)ycK°cKcUcK,andan f € C>(R™) such that 0 < f(z) < 1, supp(f) C U
and f is equal to one on K. Define Yy = 1Y, Yf =f Y and Yf =f Y. Now Claim I and Claim
IT are still valid (possibly with different constants) for these vector fields and since they are
globally defined K could be chosen to be convex.

Now, using Claim I and the Alekseev-Grobner formula (p. 96, [8]) (recall that Ox (¢, s, p)
denotes the flow of X at time ¢ that takes the value p at time s i.e. 0x(0, s,p) = Ox(s,p)) we
get, for p € F({qnn}n<r/n), that

t
T a v
0 (1) = 0% () + / o0 (s, 00 ()Y (0 (s)ds,  t<T.
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Note that the latter expression is justified by the assumption on global existence of x and
(3.8). Hence, by using the above expression also for ¢ € F({qnn }n<r/1), subtracting the two
equations and applying Claim II (this is where convexity is crucial) it follows that

t
(p) (q) r 211 p(P) (q)
162 (8) — 09 )] < Mlp— gl + / 0D (1) — 09 (1), t<T.

Letting L = 2M? and by appealing to the Gronwall lemma [8] gives
109 (1) — 09 @) < Ce™|lp—ql,  t<T.

Hence, since M inherits a metric from N similarly to what is done in the proof of Theorem
3.1 we obtain (3.9), and we are done. O

4 Geometry in Infinite Dimensions

Given an integrator ®;, Theorem 3.1 assures us that there is a unique family of vector fields
{X;} such that for some properly chosen N, the vector field Xy(h) = X7 + hXs + ... +
hN=1 X will have a flow map @ Tn (W)t that is close to the integrator (in the sense described
in Theorem 3.1). Thus it makes sense to talk about the perturbed vector field induced by
®;,. In the following we will refer to Xy (h) as the perturbed vector field and to simplify
the notation we will denote the perturbed vector field by X (h). Tt is of great importance
in order to understand the behavior of the numerical approximation that we understand the
behavior of Ty A convenient tool for analyzing 6 S OT is the theory of classifications of
diffeomorphisms.

Definition 4.1. Let M be a smooth manifold. Define
Diff(M) = {¢ € C®(M, M) : ¢ is a bijection, ¢~' € C®(M, M)}.

In the following we will consider subsets of Diff (M) with certain geometric properties.
We are interested in determining under which conditions geometric properties of the flow map
of the original vector field will be preserved by the flow map of the perturbed vector field. In
other words, if the flow map 6y, of a vector field X is in some subset S C Diff (M), under
which conditions will ¢ Ty € S? To answer the previous question it is convenient to look at
Diff (M) as a manifold itself, in particular as an infinite dimensional manifold.

4.1 Cartan’s Subgroups

Diffeomorphism groups and subgroups occur frequently in classical mechanics and are there-
fore a crucial concept in Geometric Integration. The theory of such groups originate, from the
work of Lie and Cartan [4], in particular Cartan gave a classification of the complex primitive
infinite-dimensional diffeomorphism groups, finding six classes. We will give a brief review
here and refer to [11] for a more detailed discussion. The diffeomorphism groups of Cartan
are as follows:

e Diff (M), the group of all diffeomorphisms on M.

e The diffeomorphisms preserving a symplectic 2-form w on M, that is the set of diffeo-
morphisms ¢ such that p*w = w.
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e The diffeomorphisms preserving a volume form x on M, that is the set of diffeomor-
phisms ¢ such that ¢*p = p.

e The diffeomorphisms preserving a given contact 1-form « up to a scalar function, that
is the set of diffeomorphisms ¢ such that (p*a), = c,(p)p.

e The group of diffeomorphisms preserving a given symplectic form w up to an arbitrary
constant multiple, that is the set of diffeomorphisms ¢ such that p*w = c,w.

e The group of diffeomorphisms preserving a given volume form p up to an arbitrary
constant multiple, that is the set of diffeomorphisms ¢ such that p*w = c,w.

These subgroups serve as a motivation for most of the theory in the upcoming sections.

4.2 Infinite-Dimensional Manifolds

We will give a short review of the basic definitions of infinite dimensional manifolds, their
tangent bundle and tangent spaces. For a more thorough treatment of the subject we refer to
[12].

Definition 4.2. A Hausdorff space M is called a C*°-manifold modeled on a separable locally
convex topological vector space E if M is covered by an indexed family {U,, : a € A} of open
subsets of M satisfying the following:

(i) For each U,, there is an open subset V,, C E and a homeomorphism p,, : Vo, — U,.

(ii) IfU,NUs # () then goglogoa is a C™ diffeomorphism of o, (U,NUg) onto gogl(UaﬂUg).
The maps gogl o (p, are called coordinate transformations.

(iii) The indexed family A is the maximal one among indexed families satisfying (i) and (ii)
above.

M is called a Frechet, Banach or Hilbert manifold if E itself is a Frechet, Banach or Hilbert
space respectively.

Throughout the paper we will use the name E-manifold to describe a C*°-manifold mod-
eled on a separable locally convex topological vector space £. With a smooth structure on
M we can define the tangent bundle and the tangent space. First we need to introduce an
equivalence relation.

Definition 4.3. Let M be an E-manifold. Let x € V,, andy € V. Then x and y are equivalent
(x ~ y) if and only if x and y are contained in the domains of gogl © P, Yo’ © w5 and

w50 palT) =Y.

Now, for an infinite dimensional manifold M covered by {U, = ¢.'(V,) : a € A} we
may view M as {V,, : a € A} glued together with the equivalence relation from Definition
4.3. This gives rise to the following definition of the tangent bundle and the tangent space.

Definition 4.4. The tangent bundle T M of an E-manifold M is the collection {V, X E : o €
A} glued according to the following equivalence relation:

(x,u) e Vo x E and (y,v) € Vg x E

are equivalent if and only if x ~ y and (4'051 O Do)l = .
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Definition 4.5. Define the mapping 7 of | J,c4 Vo X E onto | J,c 4 Vo by n(x,u) = z. Since
(x,u) ~ (y,v) yields n(x,u) = 7w(y,v), then 7 naturally defines a mapping (which we will,
by slight abuse of notation, denote by the same symbol) w of T M onto M. This map is called
the projection of the tangent bundle. Then the tangent space of M at p is defined as

T,M =7""(p).

4.3 The Smooth Structure of C*(M), H*(M) and Diff (M)

Before we define C*(M) and H*(M) and show how to make them into manifolds, we need
to discuss how to make Banach and Hilbert spaces out of sections of vector bundles. We will
follow [13] (Chap. 1V) quite closely. Firstly, we need to define an inner product and norm on
Lfym(R”, R™). Let {e;} be an orthonormal basis for R" and define, for T, S € L%, (R",R™),
the inner product and norm

(T,S) = (T(ei, ... e;), S(e™,....e%)),  ||T| = (T,T)"2

Secondly, let M be a compact manifold and let 7 : £ — M be a smooth vector bundle
over M of rank m. Now, for smooth f : N' — M, where N is a smooth manifold, we let
7' . f*E — N denote the pull back bundle and I'( E') denote the set of all smooth sections of
E.

We can now make subspaces of I'(F) into Banach and Hilbert spaces. Let I'(3,,,R™)
denote the vector space of all functions from the closed n-ball B,, C R™ with radius one into
R™, regarded as the set of sections of the product bundle B,, x R™ over B,,. Now cover M
with finitely many charts {(U;, ¢;)}i_, such that ¢;(U;) = B,,, and choose trivializations ¥;
on (¢; 1)*E such that ¥; : 7/~'(B,) — B, x R™. Define the linear mapping

HG}F(BmRm), F&) = (&,---&), &) =Wi(€oy () @D

and define the norm || - |5 and inner product (-,-)s x in the following way. For u =
(u1,...,u),v=(v1,...,v,) € B,_, T'(B,,R™), let

[ul s = max Z sup || D7u; ()|

1 x€B,

4.2)

and for £, n € T'(E)

1€llss = [F($)Br: (& mrn = (F(E), F(0))x-

Let C*(E) = I'(E) and H*(E) = T'(E), where the closures are in the norms || - || and
|| - [|#,s respectively. These Banach and Hilbert spaces will be useful in the next developments.

Given two smooth manifolds, M and N, let C*(M, \') denote the set of mappings from
M to N such that their derivatives (in any local coordinates) of order < k exist and are con-
tinuous. Also, if s > dim(M)/2 we let H*(M, N') denote the set of mappings from M to N/
with square integrable (in charts) derivatives (in the distributional sense) of order < s. We will
show how to make C*(M) and H*(M) (where C*(M) and H*(M) are short for C*(M, M)
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and H*(M, M)) into a Banach and Hilbert manifold respectively. The description will be
rather brief and we refer to [5] and [12] for a more detailed discussion.
First one needs candidates for the charts on C*(M). Let f € C*(M) and define

TyCH M) = {g € C*(M,TM) : mog = f},

where 7 : TM — M is the canonical projection. Note that 7;C*(M) can naturally be
identified with C*(f*(T'M)) with the norm as discussed above, and hence we have the de-
sired Banach space. Similar reasoning applies to H*(M) by replacing C*(f*(T'M)) with
HE(f*(TM)).

As we will only need a chart around the identity in the following arguments, we will show
how to construct the chart for f = id and refer to [5] [12] [15] for the general case. Let exp,
denote the Riemannian exponential map exp, : T, M — M (note that exp, is defined on all
of T, M since M is compact). Define Exp : TM — M x M, by

Exp(v,) = (g, exp,(vy))-

Now Exp is a diffeomorphism from a neighborhood N (M x {0}) of M x {0} C T'M (where
we have allowed a minor misuse of notation using M x {0}) to a neighborhood U/ (A) of the
diagonal A C M x M. This defines a neighborhood V(id) around id, namely,

V(id) = {f € C*(M) : Gr(f) C U(A)}, 4.3)

where Gr(f) is the graph of f. Similarly, we define a neighborhood W((y) of the zero section
Co: M — TM by

W(G) = {X € TaC*(M) : X(M) € N(M x {0})}
We can now define the chart (wgyp, V(id)) by

wpo(f) =Explo(id f),  feV(d),

4.4
wg)}p(X) =PryoExpo X, X € W(¢), 4

where Pry : M x M — M is the projection onto the second factor.

Using this differentiable structure, C*( M) becomes a Banach manifold [5], [12] and sim-
ilarly we can make a Hilbert manifold of H*(,M). The brief discussion above can be summa-
rized in the following theorem [15].

Theorem 4.6. Let M be a compact Riemannian manifold. Then, with the differential structure
suggested above, C*(M), where k > 1, and H*(M), where s > dim(M) /2, become Banach
and Hilbert manifolds respectively. Also

TaC*(M) = X (M),  TaH* (M) = X5;(M),

where X*(M) denotes the set of vector fields whose derivatives (in local coordinates) of or-
der < k exist and are continuous, and X5;(M) denotes the set of vector fields such that the
derivatives (in the distributional sense) of order < s in local coordinates exist and are square
integrable.

Actually, the differentiable structure suggested above is independent of the choice of Rie-
mannian metric on M, however, that fact will not be central in the upcoming discussions.
Throughout this paper C*(M) and H*(M) are understood to have the differential structure
as presented above. The following property of integrators is quite convenient and will be a
crucial ingredient in some of the later sections.
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Theorem 4.7. Let M be a compact n dimensional manifold and let ®;, be an integrator on
M. Then there exist neighborhoods U C C*(M) and U C H*(M) of id (the identity), where
k > 1and s > n/2, such that the mappings R > h — &, €¢ Uand R 5 h — &, € U are
smooth for sufficiently small h. Also, (4 ‘h:Oth)(q) =4 ‘h:oq)h(q>'

Proof. We will first prove that h — ®;, € U is smooth. Note that by the reasoning in Section
4.3 there is a neighborhood U C C*( M), containing the identity, defined by

U={feC"M):Gu(f) eUA)},

where U(A) is defined as in (4.3), such that (), wgy,) is a local chart around id, and wgy,, is
defined in (4.4). We claim that &, € U for all sufficiently small h. Indeed, this is true, for
since U(A) is a neighborhood of the diagonal A € M x M (in the product topology), and
by compactness of M, it suffices to show that for ,s > 0 and ¢ € M, there is an hj such
that ®,(B,(q)) C By4s(q) for h < hy, where B,.(q) denotes the open ball of radius  around ¢
with respect to some metric d on M. Let X € X(M) be defined by X, = - | 1o ®@n(p). Then
there is a hg > 0 such that

9X7h(BT(Q)) C BT-I—S(Q): h < hy. 4.5)

Now, since ® : R x M — M is smooth, and by the classical convergence analysis of integra-
tors in R” and compactness of M, it follows that there is a C' > 0 such that d(0x ,(q), ®r(q)) <
Ch for h < h for some h > 0. Thus, using (4.5), the assertion follows.

Consider the smooth mapping wgy, © @ : R x M — T'M as a time-dependent smooth
vector field. Choose charts {(U;, ¢;)} and trivializations {W;} and define F as in (4.1). To
prove that h — ®,, is differentiable, we need to show that there is a vector field Y € X(M)
such that

P_{% |F(wgxp 0 P)(h+1,-) — F(wpxp 0 ) (h,-) —tF(Y)|gxr =0,

where | - |5 is defined as in (4.2), and
Pr% |F(wgxp © @) (h +t,+) — F(wgxp 0 P)(h,:) —tF(Y)|s =0,

where | - |, is the norm induced by (-, -); defined in (4.2). We claim that he vector field defined
by Y, =4 ’u:h(wEXp o ®)(u, p) is the right candidate (obviously Y € X(M)). Letting &; be a
local representative of wg,y, o ® with respect to W; and ¢; as in (4.1), it suffices to show that

MHmwsmrﬂD§@+¢x) U@mﬂg—ﬁﬂg- E(u,2)|| =0 (4.6)

t—00<I<k 4¢3, U lu=h

and
timmax + [ (D& (h+ 12) ~ Dlhr) — D] g(u,)
g, (P60t = Detha) — D] Gwa

d
D'&i(h+ t,x) = D'&i(h,x) — D'~

U lu=h

&i(u, x)> dx = 0.

To see (4.6), let £ = (,0,...,0) and let D denote the total derivative on C*(R"*!, R") Then,
by Taylor’s Theorem [1] and smoothness of &; it follows that

&(h+tx)—¢&(h x)— ti &i(u, )

du lu=n

=&(h+t,x) = &(h,z) — DE
t 1

= D%¢(h,x)(t,1) + R(h, =

)

&i(h, @) (?)
t,1),
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where both l~72§~ and R are smooth. Hence

1 - - -
lim max sup ¥||DZD2§Z-(h, z)(t, 1) + D'R(h,z,t)(L,1)|| = 0,

t—0 0<I<k z¢p3,

where D'D?¢;(h, z)(t, 1) and D'R(h, z,)(#,) and are the I-th derivatives of

z+— D%(h,x)(f,1) and x> R(h,z,1)(t,1)
respectively, and we have shown (4.6). Now, (4.7) follows by similar reasoning. To show
that i — @, is infinitely smooth we observe that wgy, o ® is infinitely smooth and since
Y, = %!u:h(wExp o ®)(u,p) we may argue as above using Taylor’s theorem and deduce

smoothness. We are now done with the first part of the proof. The last assertion of the theorem
is straightforward, as seen by the following calculation

d

d
21 e () = —‘ o ®)(h,
dh h=0 h)(Q) dh hZO(WE 1% © )( q)

exp, " (Pn(q))

(

_ i‘

"~ dhln=0

= (oxp; )| @(a)
7" dhh=0

d
~ 2 ().
dh‘h:o n(a)
0

Let D'(M) be the set of C'* diffeomorphisms on M (a compact manifold) and let Diff* (M)
DY M) N H5(M), for s > dim(M)/2 + 1, Then Diff*(M) is open in H*(M) ([5] p. 107)
and

Diff*(M) = {¢p € H*(M) : 1is bijective, 1v~' € H*(M)}. (4.8)

Since Diff*(,M) is an open subset of H*(M), it naturally inherits its smooth manifold structure
from H*(M). Throughout the paper Diff*(M) will denote the set in (4.8) with this smooth
structure. We immediately get the following.

Corollary 4.8. Let M be a compact manifold and let @), be an integrator on M. Then there
exists a neighborhood U C Dift*(M), where s > dim(M) /2 + 1, such that the mapping R >
h — ®), € U is smooth for sufficiently small h, and left multiplication L, : (%|h:0®h)(q) =

% ‘h:OCI)h(q>'

Proof. Follows immediately from Theorem 4.7 ]

The next theorem describes the smoothness of the group operations: multiplication and
invertion on Diff*(M).

Theorem 4.9. [15] For s > dim(M)/2 + 1 it follows that Diftf*(M) is a smooth infinite
dimensional manifold and a Lie group in the following sense: For g € Diff*(M), right multi-
plication is C*° as a map

R, : Diftf*(M) — Dift*(M), Ry(f)=fog.
Left multiplication is C* as a map

L, : Diff*™* (M) — Diff*(M), L,(f)=gof.
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The group multiplication i is C* as a map
p: Diff*™ (M) x Diff*(M) — Diff*(M),  u(f.g) = foy.
The inversion v is C* as a map

v : Diff* " (M) — Diff* (M),  v(f) = f

4.4 Alternative Definition of the Tangent Space at the Identity

Similarly to the discussion in the previous section one may consider submanifolds of Diff*(M).
We thus consider a symplectic 2-form on M and let

S = {p € Diff*(M) : p*w = w}. 4.9)
Then, according to [5], if s > $dim(M) + 1 then S is a closed submanifold of Diff*(M) and
TiaS ={X € X;(M) : Lxw = 0}, (4.10)

where £ xw denotes the Lie derivative of w with respect to X.

Returning to Cartans subgroups of Diff (M), we are interested in determining the tangent
spaces at the identity for these subgroups of Diff (M). But not only that, we will see in the
upcoming discussion that there are subsets of Diff (M) without group structure that may be
of interest in geometric integration. The problem we are faced with when focusing on find-
ing 7345 for some subset S C Diff (M), is that, to be rigorous (according to Definition 4.5),
we must impose a smooth structure on S. This can be quite technical and sometimes may be
impossible. Note that the crucial assumption in defining a smooth structure on Diff*( M) has
been compactness of M, and this is an assumption we would like to remove. Also, we are
interested in very specific subsets of Diff(M), namely subsets of one-parameter diffeomor-
phisms (integrators and flow maps).

Our goal is therefore to find a definition of the tangent space at the identity of subsets of
integrators and flow maps that is independent of the choice of smooth structure on the set, and
also coincides with the usual definition on well-known examples. Note that by our definition
of integrator, it is superfluous to talk about integrators and flow maps, as a flow map is an
integrator.

Suppose that we should choose a heuristically and more intuitive definition of the tangent
space at the identity of (4.9) to obtain (4.10). A natural definition would be to consider the
collection of derivatives at zero of smooth curves R > ¢ — f(¢) € S, where f(0) =id i.e.

d
TidS:{XGX(M):X:E
Thus, if we consider the set S C S defined by SN: = {®,, € S : ¥y is an integrator}, a natural

definition of the tangent space at the identity of S is

f@), f(t) €5, f(0) =id}.

t=0

_ d 3
TuS={X €X(M): X = %’hzo@h, o, € S},

where % |h:0(I>h would have been well defined by Corollary 4.8 had we considered the smooth
structure discussed in Section 4.3. But this definition is based on an underlying smooth struc-
ture on .S since the derivative % } n—o®n 1s defined as the derivative of the mapping i — @), €
S. To get rid of that extra technicality we suggest the following

d

TS ={X € X(M): X, = i

(I)h(Q)a (I)h € g}
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This definition does not depend on any smooth structure on S, it only depends on the smooth
structure on M as we take the derivative of the mapping h — & (q) € M.

Note that it is not clear that with the latter definition that T}4S = {X € X(M) : Lxw = 0},
(even though that is the case, see Section 5) but if we consider the following subset of S,
namely, S = {6, € S : 0,1is a flow map}, then obviously, by the formula for the Lie derivative

TiaS = {X € (M) : Lxw = 0}.

Thus our definition is compatible with (4.9) and (4.10). To be more formal, by the reasoning
above, we suggest the following definition.

Definition 4.10. Ler S C Diff (M) be a set of integrators. Define the tangent space at the
identity by

_d

~ dhln=0

Note that the name “tangent space” used here is a slight abuse of language as there is
no restriction on S and therefore 7}qS may not be a vector space e.g. consider S = {®,}
containing only one element. Then the vector field X defined by X, = % ’ hzoé[)h(q) isin TigS
but tX, for £ € R, may not be in 7}4.S as @, may not be a flow map.

TaS ={XeXM): X, dy(q), ¢, € S}

Remark 4.11. Note that if A = T;,5 there may exist S such that S + Sand A = T,,S.
Consider the following short argument. Let M = R” and let w be a symplectic 2-form on M.
Let A={X € X(M): Lxw =0} and

S ={6; € Diff(M) : 6jw = w, 0, is a flow map}.

Then A = T;4S. Let X € A and let the integrator ®;, be Euler’s method applied to X and let
S = S U ®,,. By consistency we have d%‘hzocbh(x) = X,. Hence T;;S = A.

S Classification Theory of Integrators

In the following we will assume that X € A C X(M) where A is a vector subspace of the
infinite dimensional Lie algebra of vector fields on M. In addition we will assume that there
is a semigroup S C Diff (M) such that A = T;4S. We will show that if the integrator &, € S
then the perturbed vector field X (h) € A.

Theorem 5.1. Suppose that X € A C X(M) where A is a linear subspace. Let S C Diff( M)
be a semigroup such that A = TiyS. Suppose also that the integrator ®;, € S for all h. Then
the perturbed vector field X (h) € A and the flow map O%n of X (h) is also in S.

Proof. Let {X;} be the family of vector fields from Theorem 3.1. It suffices to show that
X, € Aforall j € N. We do so by induction. Suppose that X; € A for i < j. We will
show that X;; € A. To to that we need to show that there is a one-parameter family of
diffeomorphisms W), € S such that, for p € M, we have X;,1(p) = |, _ Uu(p). Let

)?j =X, + hXy+ ...+ W1 X;. We claim that

_p—-1 )
vy, = 95(7-,}11/(1“) 0 Qp1/(1+4)

is the right candidate. Note that it is not clear (because of the root) that ¥, is smooth at h = 0,
but that is part of the proof. However, ¥, € S| indeed, by the induction assumption and the
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assumption that A is a vector space we have 9;?1_t =0_ %t € S, so since ¢, € S and by
I ’

the semigroup hypothesis the assertion follows. Let (U, ¢) be a chart on M, and let )7 and
{Y;} be the vector fields induced by ¢, X and {X;}. By the construction of { X} it suffices

to show that - . O\IJh( z) = Y,i1(x), where U, is a local representative of U, with respect to
¢, and x € ¢(U). To see this, note that by the construction of {X,} and Taylor’s theorem it
follows that R

Op(x) = 05 () + WY (2) + W2 Z(, D),

where EI\Dh is the local representative of ®;, with respect to ¢ and Z is some smooth mapping.
This gives, again by Taylor’s theorem, that there is a smooth mapping R : R” x R" —
L2 (R™) such that

sym
05, O, (z) = 05!, 05, (@) + 7Y (@) + 2 Z (2, )
_ —1 29-1
=1+ D9}~/J_7h(x)W(x, h)+ D H%Vh(x)(W(x, h), W(x,h)) (5.1)
+ R(Op, ,(x), W(x, h))(W(x, h), W(z, h)),
where W (x, h) = hiTY; 1 (x) + W2 Z(x, h). It is easy to see (by smoothness) that
291
HD 9?7_7;1(‘7:)(“/(3:7 h)7 W(l’, h))
+ ROy (), W, )W (e, ), W, W) = O), b — 0.

And also, since 0};1}1 is a flow map, it follows that DQ};lh(x) =1+ O(h) as h — 0. Hence

Js Js

0= o ®y(x) =z + W'Y (2) + O(WH?), h — 0.

Y;,h
Hence, )
(z) = lim ; -4 (@),
The fact that X; = X € A completes the induction and we are done. u

In a later section we will treat the case where S is not a subgroup, but has some other
structure. However, a natural question to ask is: does S have to have any structure at all? The
answer is affirmative as the following example shows.

Example 5.2. We follow the reasoning in Remark 4.11 and let w be a symplectic 2-form on
M = R". Also, we have the subspace A = {X € X(M) : Lxw =0} and

S ={6; € Diff(M) : 6jw = w, 0, is a flow map}.
Then A = T;yS. If X € A and @, is Euler’s method applied to X and we let S = SU®, then

% h:O<I>h(:c) =X, and T,S=A.

Thus, if we relax the semigroup hypothesis in Theorem 5.1 and assume no structure on the set,
then S is a set and 7}4S = A so, if Theorem 5.1 was true without the semigroup assumption,
the perturbed vector field of Euler’s method would be symplectic. It is easy to find examples of
symplectic vector fields such that the perturbed vector field of Euler’s method is not symplectic
and thus we have a contradiction.
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| Subsets of Diff (M) \ Subsets of X(M) |
Let w € Q%(M) be symplectic.

{®,, € Diff( M) : Pjw = w} {X e X(M) : Lxw =0}
{®), € DIff M) : Pjw = co,w} {X € X(M) : Lxw = fBxw}
Let o € Q*(M) be a volume form.
{®, € Diff(M) : ®jp = p} {X e X(M) : Lxp =0}
{(I)h € DIH(M) : (I);;,u = Cq;h/JJ} {X € %(M) : EX,LL = ﬁx/JJ}

Let o € Q'(M) be a contact form.
{@1 € DIff (M) : (®10), = ca, (P} | {X € X(M) : (Lxa), = Bx(p)oy}
Let f € C®(M).

{®, € Diff(M) : fod), = f} {XeXx(M): f,.X =0}
Let o : Diff(M) — Diff(M)

be a smooth homomorphism.

{®), € Diff(M) : o(d},) = ®, '} (X eX(M):0.X =X}

Table 5.1: Subsets of diffeomorphisms with corresponding candidates for the tangent spaces
at the identity.

Remark 5.3. Note that Theorem 5.1 is just Theorem 3.1 in [14] with R” replaced by a general
manifold M and the additional assumption that .S is a semigroup. The previous example shows
that Theorem 3.1 in [14] is incomplete.

We are now ready to make use of Theorem 5.1 in analyzing geometric properties of the
perturbed vector field. To be able to utilize Theorem 5.1 we therefore need to determine
the tangent space at the identity for the desired subsets of Diff(M). Table 5 shows several
subsets of Diff (M), that may be of some interest in Geometric Integration, with corresponding
subspaces that are candidates for being the tangent space at the identity for the corrsponding
subsets. We intend to prove that these subspaces actually are the correct tangent spaces.

As Table 5 shows, the Lie derivative is crucial in computing the tangent space at the identity
in several interesting examples. The following result is therefore crucial

Proposition 5.4. Let M be a smooth manifold and let ®; be an integrator. Suppose that
X =X(M) and % ‘t:()(bt(p) = X, for p € M. Let T be a smooth covariant k-tensor field on
M. Then

. P <T‘I’t(P)) —Tp
(LxT)p = 11_{% ; .

Proof. Let 0, be the flow map of X. Then, for p € M we have

. Hf(Tet(p)) —Tp
(‘CXT)I) - 11_1)% f’

thus the assertion will be evident if we can show that there is a C' > 0 such that for X1, ... X}, €
T, M we have

|(I):(T¢t(P)>(X17 s Xk) - GI(TQt(P))(le e Xk‘)’ < Ct27 (52)
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for sufficiently small . We will prove this. Let (U, ¢) be a chart containing p then, in these
coordinates, 7 will have the form

T = Ti1...ikdx“ ®X...& dl’zk,

where 7;, ;, : M — R is a smooth function.
Note that the assertion (5.2) becomes evident were we to show that there is a C' > 0 such
that

|Tirin (P2 (P) — Ty (Be(p))] < CF? (5.3)
and
|d§[j7’1 |9t(p)® .. ®dl’7’k ‘Gt(p)((et)*XlT ceey (et)*Xk) (5 4)
— da™ \q)t(p) ®...® dw“"}q)t(p)((@t)*Xl, o (D) X)) < OFF

for sufﬁciently small ¢. Let §, = ._ @ o6, 0! andlet {e;} be the usual basis for R" such that
8 = ¢, e;. Also, let X; = ala ,where 1 <[ < k. Then

da™ |9t(p) ® ... ®dr"™ }Qt(p) 01) X1,y (01)Xk)
, , 0 ' 0
o 7 7 ] _ J _
= dxz" ‘Gt(p) ®...®dx"* {@(p)(al(et)*axj KIS ,ak(et)*axj p)
= dz" ‘Gt(p) ®...®dz" {Gz( (o7 (00)ue;, - .., a0 (6))e;)
= dz" ‘Gt(p) ®R...® daci’“{et( ChSO* 1b“( e, - - akgo* b- (t)e,)

= (a{:b?(t)éfj) .. (aibﬁ(t)éﬁ)
= (a1b;' (1)) . . - (apbj* (1),
where b : R — R, Vf(t)e, = (6;).e; and 0, is the Kronecker delta. Let P, =pod,0pt

Then by exactly the same calculation as above we get

dx™ ® ... dr"* |@t(p)(((l>t)*X1, oy (D) X)) = (a]lc“(t)) (afﬂc”‘ (1)),

‘ @+ (p)

where ¢} : R — R and ¢} (t)e, = (®,).e;. Thus, to show (5.4) we only need to show that

ci(t) — b(t) = O(t?), which is easily seen to follow if [|(®;). — (6;).]| = O(t?). To see the
latter note that, by our assumption and by Taylor’s theorem, we have <I>t( ) =z+ tX (x) +
t2Yy(z) and 6,(z) = z + tX () + t2Yy(x), where X is the vector field induced by X and
v, and Y; : R® — R" is smooth. Hence, taking derivative with respect to x and possibly

restricting to a compact domain yield the assertion. Note that (5.3) follows by the fact that
®,(x) — 6;(z) = O(t?) and smoothness of 7;,_;, . O

Throughout this section we will use (as oppose to the notation in section 4.3) the notation
C>(N) for C*(N,R) when N is a smooth manifold.

Corollary 5.5. Let 7 € Q"(M) be a smooth k-form. Let
S1={®;: ®;7 =7}, So={P;: i1 = co(t)T, co € C*(R)}
and Sz = {®, : (P;7), = ca(t,p)7, co € C®(R x M)}. Also, let
A ={X eXM): LxT=0}, Ay={X € X(M): LxT =axT, ax constant}
and Az = {X € X(M) : LxT = ax1, ax € C®°(M)}. Then T;4S1 = Ay, T;4Ss = As and
TiqSs = As
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Proof. Let ®, € Sy and X = %! t:o(Dt' Then, by Proposition, 5.4

o —
CXT — 11]:% t(T‘l)t(f)) Tp — C,(O)Tp,

where the last equality follows by our assumption, so X € A and hence 7;,5, C As. The
inclusions 73,57 C A; and T;4S3 C As follow similarly. As for the other inclusion, let
X € Ajz and 6, be the flow map of X. Then, forp € M and X3, ..., X,, € T, M we have the
following differential equation

d

E t:t()e:(Tgt(p))(Xl’ T 7Xn) = 6:0 ((EXT)GtO(p)) (Xh e 7Xn)

= ax (b, (p)) (QtngtO )) (X1,..., Xn).
Thus, 0; (79,)) (X1, . . ., X;,) must satisfy

0; (1o, )(X1,..., Xp) = eﬁX(t’p)Tp(Xl, o X)),

where Ox(t,p) = fot ax(0s(p)) ds. Hence, 6; € Sy. The inclusions A; C T;4S; and A; C
T;45, follow similarly. [l

Corollary 5.6. Let X € X(M) and 7 € QF(M). Let @}, be an integrator for X.
(i) If LxT = 0 and ;1 = T then the perturbed vector field X (h) satisfies LgT = 0.

(ii) If LxT = axT and ®;7 = co(h)T, where c is smooth, then the perturbed vector field
X (h) satisfies LT = a 3.
(iii) If LxT = axT where ax € C®°(M) (®;7), = co(h,p)T, co € C®(R x M)}, then
the perturbed vector field X (h) satisfies LT = a1 where oy € C®(M)
Proof. Note that the sets 51, .53, 53 from Corollary 5.5 are easily seen to be groups and the

corresponding sets A, Ay, A3 are vector spaces, a fact easily seen from Cartan’s formula.
Thus, the assertion follows by Theorem 5.1. ]

We can now prove the main theorem.

Theorem 5.7. Let X € X(M) with corresponding flow map 0, and let ®;, be a numerical
integrator for X with corresponding perturbed vector field X(h (h) and flow map 6,. Then

(i) ifwisa symplectlc 2-form on M such that 0w = w and ®jw = w then the perturbed
vector field X( ) is symplectic i.e. it satisfies L5 W = 0, and 9*w = w.

(ii) if i is a volume form on M such that 0} ;. = v and @} = pu then the perturbed vector
field X (h) is divergence-free i.e. it satisfies dle(h) =0, and 07 ju = p.

(iii) if w is a symplectic 2-form on M such that 0;w = a(t)w and Pjw = [(h)w, where
a, 3 : R — R are smooth, then the perturbed vector field X (h) satisfies ,C)?(h)w = pw,

where p is a real constant and 9~;‘ w = a(t)w, where & is smooth.

(iv) if p is a volume form on M such that 671 = o(t)p and ®pp = B(h)p, where o, 3
R — R are smooth, then the perturbed vector field X (h) satisfies L TmH = P, where

p is a real constant and Qt = a&(t)u, where é is smooth.
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(v) if T is a contact 1-form on M such that (6;7), = o(t,p)T and (9} 1), = B(h,p)T, where
a, B € C*(R x M) then the perturbed vector field X (h) satisfies L, T = pT, where
p € C®(M) and 071 = a(t,p)r, where o € C®(R x M).

(vi) if f + M — R is a smooth function such that f,X = 0 and [ o ®, = f. Then the
perturbed vector field X (h) satisfies f. X (h) =0and f o6, = f.

Proof. (1)—(v) follow from corollary 5.6 and Theorem 5.1. To show (vi), note that
S={ei: fop=[}

is obviously a semigroup and it is easily seen that
TiaS ={X € X(M) : f.X =0}

and the latter is a vector space. Hence, appealing to Theorem 5.1 yields our assertion. U

6 Smooth Homomorphisms and Their Anti Fixed Points

In the previous section we considered subsets of Diff (M) that are semigroups. It turns out
that there are interesting examples that do not fit into the previous framework. One of these
examples are anti-fixed points of smooth homomorphisms and this is the theme in this section.
By a smooth homomorphism we mean a C'' mapping o : Diff*™*(M) — Diff*(M), (recall
(4.8) for the definition of Diff*(M)) where s > Sdim(M)+1and k > 0, such that o (o ®) =
o(¥) o o(®). An anti-fixed point of ¢ is an element & € Diff (M) such that o(®) = &1
Recall also X3 (M) from Theorem 4.6.

An example of such a smooth homomorphism is the following. Let p : M — M be a
diffeomorphism and denote the mapping

Ui poWop! (6.1)

by o. Note that this is a homomorphism on Diff (M), since (¥ o &) = (V) o o(P). Also,
by Theorem 4.9, ¢ is C* as a map

o : Diff ™" (M) — Diff*(M).

Theorem 6.1. Let M be a compact manifold, s > dim(M) + 1 and k > 0. Let X € X(M)
with corresponding flow map 0, and let ®;, be an integrator for X. Let o : Diff*™ (M) —
Diff*(M) be a C* group homomorphism and define

S ={p e DiffF ™ "( M) : o(p) = (")} and A={X € X5 "M):0.X =—1.X},

where 1 : Dift*™* (M) — Diff* (M) is the inclusion map. Suppose that 0, € S. If &), € S then
the perturbed vector field X (h) € A and 0, € S, where 0, is the Sflow map of X (h).

Proof. The proof is similar to the proof of Theorem 5.1. Let
S = {®), € S : ¥, is an integrator}, A=ANEM).

We will first show that A = Tidg . To see that Tidg C fl, let ¥, € S be an integrator. To get
the desired inclusion we have to show that
d d

JE vy =L v, 2
T o) = e 6.2)
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where d% ‘ oY 1s well defined because of Corollary 4.8.

To see this, for any chart (U, @) let U, = o o ¥, 0 o1 LetY = %]hzolﬂh and Y be
the vector field induced by ¢ and Y. By Taylor’s Theorem and a little manipulation we have
U, (y) = y—hY (y)+O(h?), where y € (U), and thus, by Corollary 4.8 ¥ =Y
Hence, we have

’dh
d d

\Il = — \Ililz—Y
dhh0<h) dhlp=o B ’

and this yields (6.2). To get the inclusion 7;uS O A we must show that for Y € A the
corresponding flow map satisfies o(fy;) = 9;’1 To see that, note that by Corollary 4.8 ¢ —

Oy, € Diff*"* (M) is smooth so t + o (fy;) € Diff*(M) is smooth and

oY =

d d

— Oy, =0,—| Oy;,=0.Y =-Y.
dt t:OU( Y’t> 4 dt lt=0 ve=9

Thus, o(fy,) is the flowmap of —Y and hence o(fy;) = 0_y,; = 9;71.

We can now proceed as in the proof of Theorem 5.1. The Theorem will follow if we
can show that X (h) € A. The proof is by induction. Now for sufficiently small 4 > 0 let
X; (h) = X1+ hX; + ...+ h7' X, where X; is constructed as in the proof of Theorem 3.1.
Suppose X e A for all j < i for some j. We will show that X;.; € A, thus we need to show
that o, (X@H) i+1, which we will do.

Let 6; be the flow map of X (h). Let 92 + = 0; n/0+ and <T>t = ®,1/0+4. We will need the
following fact ’

d A A d

X1 = o tzoﬁ,;tl o®, and — X;4 = - t:oei’t o ;. (6.3)

Suppose for a moment that (6.3) is true. Then

di . .
0:(Xin1) = 0u(— ol Lo
d

~ dtli=o
d H—1

T
di  ~ .

- E t=0 .

where the second to last equality follows by the induction hypothesis on X; and the proved
fact that A = T,4S. Thus, to conclude the argument we only have to show (6.3).
It suffices to show (6.3) in local coordlnates Let (U, ) be a chart on M, and let (IDh =

wodyopland b, =pob; hoQ” L Let Xz+1 be the vector field on ¢(U) induced by X,
and . By the construction of X; (h) it follows that for y € ¢(U) we have

O (y) = Qz‘,h(y)+hi+15€i+l<y)+0(hi+2) and ¢, '(y) = éi_,;}(y)—hi+1)?i+1(y)+0(hi+2)'

So, by arguing as in the proof of Theorem 5.1, we get

07} 0 Duly) = y + W X1 (y) + O(WF?)

Oin 0 @' (y) =y — hi+15€i+1(y) + O(h'*?).
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Lett = h't'. Then

1 X .
~ (91 4(1/144) o (I)t(l/u-i) —d d ~

—1 X
Xy = i t = 21|, iieo © Puans.
And similarly we get —)?Hl = % tioéin(l/l-H) o <~I>t_(11/1+i), proving (6.3). The fact that X, =

X € A completes the induction. ]

Corollary 6.2. Let M be a compact manifold. Let X € X(M) and let O, be a numerical
integrator for X. Suppose that o is defined as in (6.1) and that 0(0x ) = HX L, and o(®y) =

@, ! then the perturbed vector field X (h) of ®y, satisfies 0, X (h) = —X (h) and 0(fx.,) = 9;( .
where 0 is the flow of X (h).

Proof. Follows from Theorems 4.9 and 6.1. O]
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