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Abstract

Modified Fourier series have recently been introduced as an adjustment of Fourier series for the
approximation of nonperiodic functions defined on d-variate cubes. Such approximations offer a number
of advantages, including uniform convergence.

In this paper we extend Eckhoff’s method to the convergence acceleration of multivariate modified
Fourier expansions. By suitable augmentation of the approximation basis we are able to increase the
convergence rate to an arbitrary algebraic order. Moreover, we demonstrate how numerical stability can
be greatly improved by the use of appropriate auxiliary functions.

In the univariate setting it is known that Eckhoff’s method exhibits an auto-correction phenomenon.
We extend this result to the multivariate case. Finally, we demonstrate how a dramatic reduction in the
number of approximation coefficients can be achieved by using a hyperbolic cross index set.

Introduction

The modified Fourier basis was introduced in [16, 17] as an adjustment of the Fourier basis for the ap-
proximation of smooth, nonperiodic functions defined on 2, where Q is the d-variate cube (—1,1)?. In the

univariate case, the Fourier sine function is replaced by sin(n — %)waz, yielding the basis

{cosnrz,n € N} U{sin(n — §)mz,n € Ny}

The multivariate basis is obtained by Cartesian products. The advantage of this basis is that the modified
Fourier expansion of a sufficiently smooth function f converges uniformly on €. In particular, there is no
Gibbs’ phenomenon near the boundary, [1, 16, 28].

Unfortunately the convergence rate of the modified Fourier approximation remains relatively slow. If NV
is a truncation parameter, the uniform error is O (N _1) on  and O (N _2) inside compact subsets of €2,
[1, 16, 28]. Much like the Fourier case, this is due to ‘jumps’ in certain derivatives of the function at the
endpoints z = £1 (in the univariate case), [28]. In the multivariate case similar analogues hold, though the
jump conditions (otherwise referred to as derivative conditions) are more complicated to express, [1, 15].

In the univariate Fourier setting, provided the values of these jumps are known, there is a effective
tool to accelerate convergence, namely the polynomial subtraction device, [19, 21]. This idea was first
considered by Krylov, [20], and has been widely studied since then (see [5, 18, 23] and references therein).
Polynomial subtraction is readily adapted to modified Fourier expansions, [16] and to the multivariate case,
[15, 24, 25, 27].

Unfortunately, such jump values are unknown in general. In typical applications only the modified Fourier
coeflicients of a given function may be known, and, even if arbitrary pointwise values of the function can be
calculated, approximation via finite differences is not recommended for this purpose, [23].

As noted in [10], the previous lack of robust methods for the approximation of jump values is the central
reason why the polynomial subtraction technique has not been extensively utilized (see also [23, p.101]).



In this paper, to circumvent the aforementioned problem, we use Eckhoff’s method for this task, [8, 9, 10].
This approach is based on the observation that the modified Fourier coefficients themselves contain sufficient
information to reconstruct the jump values. This idea was previously considered in [22] (see [8] for further
references).

Eckhoff’s method was originally presented for the univariate, Fourier case. Analysis for the rate of
convergence was carried out in [4]. The the extension to bivariate functions was developed, without analysis,
in [24, 25, 27]. The aim of this paper is to extend Eckhoff’s method to the modified Fourier approximation
of a function defined on the d-variate cube, and to provide analysis therein. The central result we prove
demonstrates that approximating the jumps in this manner (as opposed to using their exact values) does
not deteriorate the convergence rate.

In fact, using approximate jump values offers at least one significant advantage. It was observed in [26] and
proved in the univariate, Fourier case in [29] that Eckhoff’s method exhibits an auto-correction phenomenon
inside the domain. In other words, the convergence rate of the approximation based on approximate jump
values is much faster in compact subsets of ) than the corresponding approximation based on the exact
values. We provide an extension of this result to the multivariate, modified Fourier case.

Polynomial subtraction and Eckhoff’s method both rely on the construction of a smooth function to
interpolate the jump values. In standard implementations [4, 10, 19, 21] such a function is constructed from
a certain set of polynomials (the possibility of using other functions was suggested in [10]). Though this is the
most convenient choice, it leads to poor numerical stability. In Section 1 we introduce a set of trigonometric
functions that dramatically improve numerical stability.

Standard multivariate approximations using Fourier series involve O (N d) terms. However, it turns out
that this figure can be significantly reduced to O (N (log N )d’l) by using a so-called hyperbolic cross index
set, [3, 33]. The use of such an index set does not deteriorate the convergence rate, aside from possibly a
logarithmic factor, [33]. In the modified Fourier case this has been studied in [1, 15]. In the final part of
this paper we demonstrate how to incorporate such an index set into Eckhoff’s technique. With the aid of
numerical examples, we highlight the advantage of this combined approach: using only relatively few terms
we are able to produce highly accurate approximations of multivariate functions.

There are numerous devices for convergence acceleration of (univariate) Fourier expansions, including
filters [32], Gegenbauer reconstruction [12, 13] and Fourier continuation methods [7] to name but a few.
Without doubt, certain methods are more suitable for different applications. However, there are a number
of advantages to Eckhoff’s approach which warrant detailing. First, as we demonstrate in this paper, the
combination of the multivariate version of this technique and hyperbolic cross index sets facilitates the
construction of highly accurate approximations comprising only a small number of terms. Second, Eckhoff’s
method can be incorporated in spectral approximations of boundary value problems (see [10] and references
therein for hyperbolic problems and [1, 2] for applications of modified Fourier expansions to second order
boundary value problems).

Furthermore, Eckhoff’s technique is not restricted to Cartesian product domains. In theory it can be
developed for any domain on which suitable orthogonal expansions are known. For example, the modified
Fourier basis is known explicitly on the equilateral and right isosceles triangles, [30]. The construction
of accurate representation of functions on such domains is typically difficult, and Eckhoff’s method may
provide an attractive alternative to methods based on orthogonal polynomials. This is an area for future
investigation.

The remainder of this paper is organized as follows. In Section 1 we develop and analyse the univariate
version of Eckhoff’s method for modified Fourier expansions. We then demonstrate how superior numerical
results can be obtained by using a particular subtraction basis. Section 2 is devoted to the development
and analysis of Eckhoff’s method for functions defined on d-variate cubes. In Section 3 we extend the result
of [29] concerning the existence of an auto-correction phenomenon to the multivariate form of Eckhoft’s
method. Finally, in Section 4 we demonstrate, without analysis, how a significant reduction in the number
of approximation coefficients can be achieved. Numerical examples are provided.

The main results of this paper, namely the proof of convergence in the multivariate case, the existence
of the multivariate auto-correction phenomenon and the use of a particular subtraction basis to improve
numerical stability, can be readily adapted to the Fourier setting (with a little care, such results can also
be applied to general Fourier-like expansions). However, due to the faster convergence rate, we consider
modified Fourier approximations throughout.



1 The univariate version of Eckhoff’s method

1.1 Definitions and basic properties

Given a function f € L?(—1,1) and truncation parameter N > 2 we define the truncated modified Fourier
expansion of f by

1 N-1
Fulfl@) = 57+ Z {f9 cosnra + fl sin(n - Hrah =37 3 flloll@), = e[-1,1]
i=0 n=0
Here (;5([)0]( )= 2, (;5[1]( ) =0 and P (x) = cosnrx, o (z) = sin(n — §)7z otherwise, and
1
— [ f@elle) ds, ic {01}, mew, (1.1)
-1

is the n** modified Fourier cosine (i = 0) or sine (i = 1) coefficient of f. As demonstrated in [16, 28] this

series converges uniformly to f on [—1,1] under some mild regularity assumptions (see also Section 1.2).

Indeed, the coefficients £ are O (n=2) for large n (in comparison to O (n™!) in the Fourier case).
Provided f € H?*(—1,1), k € N, simple integration by parts of the right hand side of (1.1) yields

k—1
™ g (CDF ol
=37 e A g f, i 0.1, meN, (1.2)
=0 () (k)
where pl¥ = n2n2, pll! = (n — %)*r? and
(D" API[f] = FED) + (1) (-1, e {01}, reN. (1.3)

The values Ay] [f] are the requisite jump values for modified Fourier expansions. We say that a function f
satisfies the first k derivative conditions if the first k£ such values vanish:

FEDA) 4 (—1)H Y1) =0, ie{0,1}, r=0,..,k—1.

Equivalently, the first k& odd derivatives of f vanish at the endpoints z = +1. In this case the coefficients
f,&z] =0 (n*%’z) and faster convergence of the approximation Fy|[f] is observed (see Section 1.2).

1.2 Polynomial subtraction

If the first & such jump values are non-zero we seek to interpolate them with a function g;. Since the function
f — g satisfies the first k derivative conditions, the new approximation Fx[f — gr] + gx converges at a faster
rate to f. This is the principle of the polynomial subtraction process, [19, 21].

To find a suitable function g we first introduce (smooth) subtraction functions p([)z], ’“vPLZ]—la where p[f]
is even (respectively odd) if ¢ = 0 (¢ = 1), that satisfy the conditions

AP [pl] = (07 { ) @) + () D = 6, ns =0,k -1, i€ {01} (14)

We say that p[] e pL] , are Cardinal functions for the first k derivative conditions. With this in hand, we
define gj as follows:
1 k-1
=> 3 Alfpi(z), = e[-1,1]. (1.5)
=0 r=0

Construction of appropriate Cardinal functions is commonly achieved by taking linear combinations of stan-
[4] [4]

dard (smooth) functions ¢, ..., q;_;. Such functions must be chosen so that the interpolation problem
find all: 3 all {(qyl)2r+1(1) v (_1)1+1(qyl)27“+1(1)} =, ie{0,1}, r=0,..k—1, (16)
s=0



has a unique solution for all choices b[i] € R. We call {qy] :1€{0,1},7r=0,...,k — 1} a subtraction basis.

[ are specified to be polynomials of degree 2r + 1, [4, 10, 21], in which

case qr and we refer to p[ri] as Cardinal polynomials. This explains the name ‘polynomial
subtractlon. However, as we shall demonstrate, a significant advantage is gained by allowing the more
general form (an idea which was suggested in [10]).

For later use we mention the following subtraction basis:

Usually the Cardinal functions py
[i] _ 2(r+l) %

9 (z) = cos(r + Dma, g (z) =sin(r + V)7rz, r=0,...k—1. (1.7)

It is readily demonstrated that the interpolation problem (1.6) has a unique solution in this case. The

functions q,[ai] are dual to the modified Fourier basis functions in the sense that the derivative of qinf is

proportional to qr[L 1} This property was exploited in [1, 2] to analyse modified Fourier expansions. In the

sequel, we demonstrate a practical use of this dual basis in Eckhoff’s method. As we shall observe, it offers
a significant numerical advantage over subtraction bases consisting of polynomials.
If gx is given by (1.5) we define

Fnalfl(@) = Fnlf = gil(@) + g(2), @ e [-1,1], (1.8)

as the k' polynomial subtraction approximation of f (for convenience we interpret Fy o[f] as Fn/[f])-
Suppose that ||-||o is the uniform norm on some domain Q and that | - ||, is the H9(Q2)-norm. Concerning
the error of polynomial subtraction we quote, without proof, the following two lemmas, found in [28] and [1]
respectively:
Lemma 1. Suppose that k € N, f € H**2(—1,1) and that Fn x[f] is given by (1.8) using exact jump
values. Then || f9 — (Fyi[f]) @l is O (NT2k71) for ¢ = 0,...,2k. If, additionally, f € H?***3(—1,1)
then convergence rate of (Fn x[f])@ to f(@ is O (N9=2k=2) ‘uniformly in compact subsets of (—1,1).
Note that the final condition in this lemma, namely that f € H?*+3(—1,1), can be relaxed to the condition

that f € C?*+2[—1,1] and f(®**2) has bounded variation, [28]. Concerning the error in the standard Sobolev
norms || -|| , we have:

Lemma 2 Suppose that f € H?*T2(—1,1) and that Fn [f] is as in Lemma 1. Then || f — Fnx[f]llq is
O(NI2k=3) for ¢ =0, ...,2k + 1.

When & = 0 Lemma 1 also establishes the pointwise and uniform convergence rates of Fy[f] to f
described in the Introduction.

1.3 Eckhoff’s method for approximation of jump values
Observe that, due to the definition of the Cardinal functions p[ﬂ, we may re-write (1.2) as

k—1
W= "p A+ 0 (n22), (1.9)
r=0

where, for ease of notation, we write prn] for the modified Fourler coefficient of p corresponding to qﬁw.

Note that, by construction, the coefficient corresponding to qﬁn ~'is zero. Due to uniform convergence of
Fnlf] to f, we have

J@) = Ayl = 32 3 AV (B (@) — Fn @) ) + O (N4, w11,

Now suppose that the values A[Ti ) [f] are approximated by values A[f ] [f] and that g is constructed as in (1.5)
using these approximate values. Then, using (1.8) and the above expression, we obtain

k—

f(@) = Fnlf 21: > (,4[Z Al [f]) (p,[f] (z) — fN[plf]](:c)) +O (N2,

=0 r=0

[



Now consider, for example, the uniform error. Since ||pf! — Fy[p]loe = O (N72r=1), to obtain an
O (N _Qk_l) uniform error using approximate jump values we require that

To do so we utilize Eckhoff’s method, [8, 9, 10], which we now describe.
Eckhoff’s method is based on (1.9). Suppose that N < m(0) < ... <m(k —1) < aN, m(r) € N are given

values and a > 1 is constant. Then we define fl[f] [f] as the solution of the 2k x 2k linear system

Sl A =N =0, k—1, i€ {01} (1.11)

These linear systems decouple into two k x k linear systems corresponding to ¢ = 0 and ¢ = 1, which can be
solved in parallel. We write VI for the k x k matrix with (r, s)'" entry pASM . Note that the choice of the

m(r)
values m(r) is essentially arbitrary. However, particular choices lead to better numerical behaviour and the
auto-correction phenomenon, [29], as we shall see in the sequel.
Nonsingularity of these linear systems can be immediately guaranteed:
Theorem 1. For sufficiently large N the linear system (1.11) is nonsingular. In particular, if p([]i], ...,pLi]_l
are Cardinal polynomials or arise from the subtraction basis (1.7), then (1.11) is non-singular for all N.

Proof. Since m(r) > N, we have [ (—1)’”(””(/1“]

m(r) m(r

))7871 +0 (N*%*z). Hence VI = DLyl 4

@) (N Qk_Q), where DIl is a non-singular diagonal matrix and VIl is a Vandermonde matrix with (r,s)th

(4]

m(r

entry V4 = (u

result. If pq[j ] are Cardinal polynomials, then py

holds for all V. _
Suppose now that the functions qk] are given by (1.7). Then, due to (1.6), it suffices to prove non-
singularity of the matrices with (r, s)*® entries

))_S. Since the m(r) are distinct, this matrix is non-singular. Hence we obtain the first
[4] (4]

m m(r

() Is precisely (—1)mn+i(y, ))_3_1. Thus non-singularity

(0] 2(_1)m(r)+s+1(8 + %) ] 2(_1)m(7‘)+s+18

T (2 = s+ 5P B0 () - 57 = 2

After appropriate premultiplication by non-singular diagonal matrices, we obtain matrices with (r, s)'" entries

1

- -1
{m(r)? = (s+3)7) . {(m(r)—3)* ="},
respectively. These are Cauchy matrices, hence nonsingularity follows immediately. O

The standard construction of Eckhoff’s approximation (see [4, 10]), uses the Cardinal functions p7[~i] and

values AU [f] given by (1.11). Indeed, this is the most simple form to consider for analysis. However, for
computational purposes it is often more convenient to use the subtraction basis qy], without resorting to
Cardinal functions. In this case

and the values AL [f] are specified by the linear system

S
i

Gl A1 = f 0, r=0, k=1, ie{0,1}. (1.12)

@
I
=)

The resulting approximation is identical to the Cardinal function formulation.



1.3.1 Convergence rate of Eckhoff’s approximation

Analysis of Eckhoff’s method in the univariate, Fourier case was carried out in [4]. Using virtually identical
techniques, the following result can be deduced for the modified Fourier setting:

Theorem 2. Suppose that m(r) = c¢(r)N+O (1), where c¢(r) > 1 and that at mostl < k of the c(r) are equal.
Suppose further that 2K > 1+ 1 and that f € H**+5)(—1,1). Then the coefficients AL [f] of Eckhoff’s
approzimation satisfy (1.10).

This result was originally proved in [4] for the Cardinal basis comprised of polynomials. However, it is
easily extended to the general case. Using this result we deduce the following;:

Theorem 3. Suppose that I, K and f are as in Theorem 2, and that Fn i[f] is the approximation of f with
jump values approzimated using Eckhoff’s method. Then ||f — Fn x[f]llq is O(NT2%=3) for ¢ =0,..., 2k +1.

Proof. Suppose that we write F§, +1f] and Fy [f] for the approximations based on the exact jump values

A [f] and their approximations A [f] respectively. In view of Lemma 2 it suffices to consider the difference
flevk[f] — Fnx[f]. We have

1 k-1

175k 1] = Frvalflla < D23 [ADL = AP [[ph = Fu o], (1.13)

=0 r=0

Now suppose that a smooth function h satisfies the first r derivative conditions. It can be shown that
[I1h — fN[h]Hq — O(N?27=3) for all ¢ € N. Substituting this result with » = P into (1.13) and using
Theorem 2 immediately yields the result. O

Theorem 4. Suppose that f and Fy i[f] are as in Theorem 3. Then || fD — (Fn i[f]) @0 is O (N9=2671)
forq=20,..,2k.

Proof. This follows immediately from Theorem 3 and the Sobolev inequality

Ihlloe < ev/IIRllIRlL, VR e H'(=1,1),

where c is a constant independent of h. O

These results, in comparison with those of Section 1.2, demonstrate that Eckhoff’s method for approxi-
mating jump values does not deteriorate the convergence rate of the approximation. However, as we describe
in the Section 3, for certain choices of the values m(r), Eckhoff’s approximation offers at least one significant
advantage.

The results of Theorems 2, 3 and 4 also demonstrate that, for certain choices of m(r), Eckhoff’s method
requires additional smoothness to obtain the same convergence rate as the approximation based on the exact
jump values. However, whenever the ¢(r) are distinct, the smoothness requirement is identical.

In [4] the authors also compare the size of the error constants in || f —F% . [f]llo and || f —Fn x[f]llo- They
demonstrate that approximating the jump values in this manner not only leads to the same convergence rate,
but also that the error constant is not increased unduly. For this reason we address only the asymptotic
order of convergence throughout the remainder of this paper.

1.3.2 Choice of the values m(r)

The values m(r) > N can be chosen arbitrarily, provided they are distinct and satisfy m(r) = c(r)N + O (1).
Numerous choices are possible, including

m(ry=N+r, r=0,.,k—1 (1.14)

In this case ¢(r) = 1 for all r, so that the function f being approximated must have H3+1(—1,1) or
H3k+2(—1,1)-regularity (depending on whether k is odd or even) to ensure convergence. Other choices that
require only H?#+2(—1,1)-regularity are also possible, including

m(r)=(r+1)N, r=0,.,k—1, (1.15)
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Figure 1: Log error log,, | f(1) — Fn,k[f](1)] against N = 1,...,100 for Eckhoff’s approximation using three different
bases: Cardinal polynomial basis (thinnest line), Chebyshev polynomial basis and the dual basis (1.7) (thickest line).
Here f(x) = cosh6z (top diagrams), f(z) = Becos sr(1-2%) (bottom diagrams) and m(r) = N +r, r =0,....,k — 1.
Numerical results obtained in standard precision, using the LinearSolve routine in Mathematica.

and, given some arbitrary value w = 2,3, ...,
m(r)=w'N, r=0,.,k—1. (1.16)

One immediate disadvantage of these choices is they do not lead to an auto-correction phenomenon (see
Section 3). Further, the values fr[f], n=20.,N-1n=m(), r=0,..,k—1, required to form the
approximation are not contiguous for (1.15) and (1.16), in contrast to (1.14)

1.3.3 Practical solution

The matrix VI is ill-conditioned. In fact, since VI is of the form DV where VI is a Vandermonde
matrix, the condition number is O (N2*+1=3) for any choice of the values m(r), where [ is the number of equal
values ¢(r). This can be proved using well-known bounds for the norm of the inverse of a Vandermonde
matrix (see [11]). Nonetheless, reasonably accurate numerical results can be obtained using the Bjork—
Pereyra algorithm, [6]. In this manner the values Al [f] can be found in O (k?) operations.

However, far better numerical results can be obtained by replacing the Cardinal basis pLZ ! with an appro-
priately chosen subtraction basis q,[}]. In this case, the linear system to solve, namely (1.12), is often much
more mildly conditioned (though asymptotically the same order), leading to better numerical results.

A significant improvement is offered by choosing qy] as the (2r + 7)'" Chebyshev polynomial. This is
a fairly standard approach, and the underlying matrix of the linear system is a generalized Vandermonde
matrix (see [14]).

However, this can be further improved upon by using the basis of dual functions (1.7). In Figure 1 we
give numerical results for this basis and the Chebyshev and Cardinal polynomial bases applied to several
functions. We observe that the approximation based on (1.7) offers the smallest error. Moreover, unlike
the Cardinal polynomial basis, the error remains bounded. Note that the functions used here exhibit two
features, large derivatives and high oscillation, which make their approximation prone to numerical errors.
However, by simply replacing the subtraction basis we are able to obtain vastly superior approximations.

Regardless of the particular problem, the functions (1.7) offer a vast improvement in terms of the condition
number of the linear system. As mentioned, the condition number scales like N2#+1=3 regardless of the
subtraction functions used. However, a vast reduction in the constant occurs when using (1.7). For k£ = 10
and values (1.14), the L® condition number constant is roughly 3 x 10716 for the linear system based on



N 25 50 100 150 200
m(r)=N+r | 1.215 x 10%* | 1.808 x 103 | 7.398 x 10%% | 2.784 x 10% | 5.335 x 1076
m(r) = (r+ 1)N | 8.688 x 103 | 2.147 x 10%¢ | 5.552 x 10*! | 8.185 x 10* | 1.451 x 10%7
m(r) =2"N 2.933 x 1072 | 7.206 x 107 | 1.861 x 10°3 | 2.742 x 10°° | 4.859 x 10°®

Table 1: L*° condition number of the linear system (1.12) using the functions (1.7) with & = 10 and values m(r)
given by (1.14)—(1.16). All values to 4 significant figures.

(1.7). In comparison, for the Chebyshev and Cardinal polynomial bases these figures are 1 x 1072 and 3 x 103
respectively, the latter being roughly 10 times larger.

This effect is perhaps not surprising: the underlying matrix of the linear system (1.12) is a Cauchy matrix
(see Theorem 1). Typically such matrices, though ill-conditioned themselves, are less poorly conditioned than
Vandermonde matrices (see [14, chapter 22]). Note that such a linear system can also be solved in O (k?)
operations.

In all numerical results thus far, we have used the values (1.14). Seemingly, the condition number of the
linear system (1.11) can be vastly improved from O (N?’(’“_l)) to O (N2(k_1)) by using the values (1.15) or
(1.16) instead. However, though true in theory, in practice the constant is so overbearingly large that it
nullifies this effect. In Table 1 we give figures for the condition number of this linear system using the values
(1.14)—(1.16). In this case, N > 200 before the values (1.15) begin to offer an advantage (for the values
(1.16) the scenario is much worse). However, since k = 10 in this example, any reasonable function will be
well-resolved by Eckhoff’s approximation for a much smaller value of V.

Numerical results can often be further improved by solving over-determined least squares problems. This
approach is fairly standard, [4, 10]. For practical purposes, the least squares systems are solved by singular
value decompositions, which can be found to high accuracy for Cauchy matrices, [14, p.515].

2 Eckhoff’s method for multivariate expansions

In this section we extend Eckhoff’s method to functions defined on the d-variate cube 2 =[ —1, 1]¢. To do so,
it is first necessary to introduce multivariate modified Fourier expansions and the multivariate polynomial
subtraction technique. The reader is referred to [1, 17] and [15] for further details.

2.1 Multivariate modified Fourier expansions

Suppose that z = (21, ...,74) € Q and that f € L?(Q). The N*'" truncated modified Fourier series of f can
be written in the following succinct form:

Fnlfli(z) = Z ny]qﬁk](x), z €.

i€{0,1}¢ n€ly

(2.1)

Here i = (i1,...,%q4), n = (n1,...,nq) and q%(:c) = qb%i](xl)... E’Z](xd). Iy C N% is some finite index set.
Throughout this section we assume that I is the full index set
In={neN":0<ny,...,ng <N -1} (2.2)

Note that |[Iy| = O (N?). In Section 4 we consider a different choice of index set, which greatly reduces the
complexity Eckhoff’s approximation without unduly affecting the convergence rate.



Throughout this section the bivariate case will serve as our primary example. In this setting (2.1) is

Fnlfl(xy,ze) = [0 0] Z { 0 COSN T + fn1 o sin(ny — l)mcl}
ny=
1=
+2 {fOO ,0] COS Mo TXo + fO s sm(n2 — %)'/T-TQ}
no=0
N—-1
+ Z { n01 212 COSM TT] COSNaTTTe + f,[g 1,12 cosnymxy sin(ng — %)ﬂ'l‘g
ni,ne=1

—|—fn11 %2 sin(n; — %)mrl COSNaTTTy + f,[Ll1 1712 sin(n; — %)7‘({21 sin(ng — é)wacg}

2.1.1 Expansion of multivariate modified Fourier coefficients

The multivariate coefficients fy[f ], given by
= [ f@éllie) dz, ic ol e
Q

are O (n_z) for large n, where n=2 = (ny...ng)~2. In fact

1SS (rena) ™2 =072,

where m = max{m, 1} for m € N. Here, and for the remainder of this paper, we use the symbol A < B to
mean that there exists_ a constant ¢ independent of N such that A < ¢B.

The coefficients fy[f] admit an expansion similar to that of the univariate coefficients given in (1.2). For
this we need some additional notation. Suppose that [d] is the set of ordered tuples of length at most d
with entries in {1,...,d}. We define [d]* = [d] U {0}. For t € [d] we write [¢| for the length (number of
elements) in ¢, so that t = (t1,...,t;¢). We also write ¢ € [d] for the tuple of length d — |t] of elements not
int. For j € {1,...,d} we say that j € t if j = ¢; for some [ = 1,..., [t|. Given x = (1, ...,24) we also define
Ty = (xtl g eeny xtltl )

For a multi-index o = (a1, ..., g) € N, we define |a| and |a|s by

d
laf = ZO‘Ja lorfoo _]maxdaja
Jj=1
and the differentiation operator D by

DY = o = 9000,

Ozt...0z8
If a=(rr,..,r),r €N we also write D". If t € [d] and r € N we define D] = Oy, ...8;” g
Given j=1,...,d,r; =0,....,k—1 and i; € {0,1} we define Byj][f] by

(—I)TJB,EZJJ][f](:IJh ey Tj—1, Tj41, ...71‘(1) :6§§j+1f(1‘1, vy Tj—1, 17$Cj+1, ...,l‘d)

+ (_1)ij+18§:j+1f(w17 sy Lj—1, _17 Ljt1y-eey md)-
For t € [d]*, e = (rey, - 7t,,) € NIt and 4, = (iy, o ity,,) € 10, 1} we define Byf][f] as the composition
B = 8% || s ] - |

Note that these operators commute with each other and with differentiation in the variable xz.



Finally, given ¢ € [d]*, r, € NI*l i € {0,1} and ns = (ng,, ..., gy ) € NIl we define A[rljnt[f] € R by

AL ) = P TT (ul)) [ BEIDE Aol o) dae (23)
J¢t

Note that the final integral is just the modified Fourier coefficient of the function Byj] [Dtgk f](z¢) correspond-
ing to indices iy and ng. For this reason, we have the bound

’ o ‘<Hn_2k 2= %2 ynpe N i {0,134 (2.4)
Jé¢t

We are now able to derive an expansion for ﬁ[f I After k integrations by parts in each variable, we obtain

(rj+1)

=3 Z Al T 1)|m|+m|H<ug;])’ _ (2.5)

te[d]* |re]oe=0 jet

As we establish in the sequel, the values AL"}M [f], t € [d], are the appropriate generalization of the univariate

‘jumps’ A[Ti ) [f] given in (1.3). The task of approximating these values to sufficient accuracy is the content of

the remainder of this paper.
Suppose that pm ey pE] , are the Cardinal functions introduced in Section 1.2. Given t € [d], i; € {0, 1}

and r; € {0,...,k — 1}* we define
pld () = T bl (e

JEt

With this in hand, we may rewrite (2.5) as

= Z Al i + 0 (n7272). (2.6)

teld]* |rt]co=0

If the functions p[] are Cardinal polynomials then the final term of (2.6) vanishes. To simplify matters,
throughout the remainder of this paper, unless specified otherwise, we assume that this is the case.

We have not yet specified the smoothness required for the expansion (2.5)—(2.6) to be valid. Appropriate
conditions can be established upon introduction of the following spaces:

2.1.2 Sobolev spaces of dominating mixed smoothness

As described in greater detail in [1], modified Fourier expansions are best studied in so-called Sobolev spaces
of dominating mized smoothness, [31, 33]. Given q € N, we define the ¢'" such space by

HI (Q) ={f:Df € [*(Q), Ya e N |a| < g},

mix

with norm

/]

2 _ 2
q,mix ~ Z ”DafH :

lafoo <q

The importance of such spaces in the study of modified Fourier expansions is immediately emphasized by the
observation that Fy[f] converges uniformly to f on Q provided f € H (Q2), [1]. Returning to the expansions

mix

derived in the previous section, it is readily seen that (2.5)—(2.6) are valid for functions f € H2¥ (Q2).

We shall not discuss such spaces in greater detail. We refer to [31, 33] for further reading, and to [1] for
use of such spaces in the study of multivariate modified Fourier expansions.
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2.2 Multivariate polynomial subtraction
As described in greater detail in [15], to intepolate the jump values Lit],n{[ f] it suffices to interpolate the
exact Neumann data of the function f on the boundary. In other words, given k € N, we seek a function

gk such that

2r+1 27‘ 1 :
ot gk|Ij:i1 =t f|x__ﬂ, Vj=1,..,d, r=0,.,k—1
In the notation of the previous section
Bidgy) = BUI[f], i €{0,1}, rj=0,. k=1, j=1,..,d (2.7)

As in the univariate case, the function f — gi satisfies homogeneous Neumann boundary conditions up to
order k, and (as we shall observe) this guarantees faster convergence of the approximation Fy x[f] given by

Fnelf] = Fnlf — gkl + gk

We refer to F [f] as the k' polynomial subtraction approximation of f.
A suitable function gj is given by the following lemma;:

Lemma 3. Suppose that f € H?**(Q) and that

=> X Z 1) B ) (@p)plid (), @ € . (2.8)

te[d] i, €{0,1} 171 1] 00 =0
Then gy, satisfies (2.7).

Proof. It suffices to prove that g, satisfies (2.7) with j =1, ; = 0 and r; = s. We split the terms of (2.8)
corresponding to different ¢ € [d] into the three following cases: (i) ¢t = (1), (ii) ¢ = (1, u), where u € [d],
1 ¢ u, and (iii) ¢ = u, where 1 ¢ w.

Consider case (i). The contribution of the corresponding term to Bl (9] is

1
3 Z Bl [B[“ ..,xd)py‘;l(xl)} (22, .y 20) = BOf] (22, ..., 24).

7,1 07’1 0

[4]

Here the second equality follows directly from the properties of the Cardinal functions p;-'. It now suffices
to prove that the contributions corresponding to cases (ii) and (iii) cancel. For case (ii) the contribution is

1

k—1
> Z > > (=yMBPis [ [f](xf)p[“](xt)} (22, ..., Tq)

i, €{0,1} ] |7y ]oe=021=07r1=0

= > Z B[] (0)plie) (2.,

1, €{0,1}ul [ry]oe=0

where (0,iy) = (0,%uy, s duy, ) and (8,70) = (8,Tuy;s -7y, ). It is readily seen that this is precisely the
negative of the contribution of case (iii). O

Concerning the error of polynomial subtraction we have the following result, proved in [1]:

Theorem 5. Suppose that f € H***2(Q) and that F i[f] is the k" polynomial subtraction approzimation

to f. Then ||f — Fni[fllloo is O (N727Y) and ||f — Fnilf]llq is O(NT2k=3) for ¢ = 0,...,2k + 1. If,
additionally, f € H?*T3(Q) then f(z) — Fni[f](z) is O (N~2k72) uniformly in compact subsets of Q.

miz

As in the univariate case, we interpret Fy o[f] as just Fy[f]. When k = 0 this theorem also establishes the
rate of convergence of the multivariate modified Fourier expansion Fx[f].

11



For d = 2, the function gi is given by

1 1
ZZP“] 1) B[] (22) +ZZBZQ] )il (22)

11—07“1 0 12 O’l"2 0

1
-5 S B By st

i1,i2=017r71,r2=0

For d > 2 the problem with the practical computation of g, as given by (2.8), is that it requires knowledge
of the exact derivatives of the function f over (d — 1)-dimensional subsets of the boundary. One approach
to alleviate this problem, which we now introduce since it will be used in the sequel, is to approximate
these lower dimensional functions using polynomial subtraction. To do so, requires knowledge of functions
over (d — 2)-dimensional subsets of the boundary. However, we may repeat the same process, replacing
exact functions by polynomial subtraction approximations, until we obtain an approximation that uses only
derivative values over the 0-dimensional subsets of the boundary consisting of the vertices (£1, %1, ..., £1).

To differentiate between the two approaches we refer to the approximation based on (2.8) as ezact
polynomial subtraction and the approximation obtain by the above process as approximate polynomial
subtraction. We write g, Fx .[f] and gj, F .[f] respectively. Note that for d = 1 both approximations
coincide. '

In the d = 2 case we merely replace the univariate functions BI[f] and BE2[#] by their & polynomial
subtraction approximation. This yields the new function gj} given by

21: Z Pl () P i [B[“] ]} (z2) + 21: kz_:l FNk {By;][f]] (1)pi2) (22)

i11=071=0 i2=072=0
1
S S B el
41,i2=07r71,r2=0

For d > 3 we define the new approximation inductively. If F ;[-] has been obtained for d — 1, we define the
d-variate approximate polynomial subtraction function gi by

Z Z Z \t|+1]_-a |:B£i:]|:f]i| (xt')p[ri:](mt)’ z e Q. (2.9)

teld] i, €{0,1}t! |r¢]|oc=0

We now prove the following lemma, which demonstrates that replacing (2.8) by (2.9) does not deteriorate
the convergence rate of the approximation:

Lemma 4. Suppose that f € H***2(Q) and that Foklf] is the kth approzimate polynomial subtraction

miz

apprommatzon of f Then ||f — Ff p[flllo is O (N72*7Y) and ||f — Ff ,[f]llq is O(N9=2k=3) for q =
2k + 1. If, additionally, [ € HZfi“‘?’( ) then f(z) — F{ . [f](z) is O (N=2=2) uniformly in compact
subsets of Q.

Proof. By Theorem 5 it suffices to consider the difference Fy, ,[f] — Fi ,[f]. We use induction on d. For
d = 1 there is nothing to prove. Now suppose that the result holds for d — 1. We have

Frxlfl@) = Fi il f1(2) = g5 (@) — gk (2) — Fv [gk — 98] (2)-
— [ =l .y
Since Ff [h] ~ = F§ ilh] = W for all i € {0,1}, n € Iy and arbitrary functions h, it is follows that
Fnlgg — g] = 0. Hence

Fialf (@) = Fi o lf1(2) = gic(2) — gic(2)

Y Y Yo D (BEF) (i) = F3 i [BE 1] (@) ol (o).

te[d] ZtE{O 1}|t| |T’t|oc_0
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If f € H2**2(Q) then it can be shown that B%t][f] € H?+2(—1,1)/"l [1]. Since [t| > 1, we may use the

mix mix

induction hypothesis on each such term to obtain the result. O
For practical purposes we need an explicit expression for gj!. This is given by the following lemma:

Lemma 5. The approzimate polynomial subtraction function gi is given by

k—1
= > > > Z AU TIpEed (2) 618 (), (2.10)

i€4{0,1}4 t€]d] |74 ]00=0 |ng|oo=0

where the coefficients A[th]n,[f} are defined in (2.3).

To prove this lemma we need the following notation. Given ¢ € [d] we write [t] for the set of tuples u € [d]
with u C t. We write [¢]* = [t] U {0} and @ € [t]* for the tuple of elements in ¢ but not in u. Further, given
t,u € [d]* we write t Uu € [d] for the ordered tuple of elements j =1, ...,d in ¢ or in u and ¢t Nu for the tuple
of elements in both ¢ and u.

Proof of Lemma 5. We prove this result by induction on d. For d = 1, since gf = g§, and Al [f] = Bl (1],
there is nothing to prove. Now assume that the result holds for d — 1. Then, by definition

LY YT (i, [BL111] @l o). (2.11)

teld] i, €{0,1}t] |r¢]oo=0

Since Byf][ f] is a function of at most (d — 1) variables, we may use the induction hypothesis to derive an

expression for Ff {Byf] [ f]} (7). To do so, we first note the following;:

A, [B1] = s L) [ B (DB ) ee) dea, v 0

JEU

Since the operators B “] and Byf] commute with each other and with differentiation in the independent
variables, this gives

A [BEIA] =~ T (ulish) / Bl (D] 04 (wa) e,

JET

Since u € [t]*, @ = f\u = tUu. Hence .A[rz']n {Byf][f]} = AT,UU nsof]. Our next observation is the

following. If h is a function of at most (d — 1) variables, and g is the approximate polynomial subtraction
function for h, then

N—1
Fnlh—gil@) =Y. > Allpell(z), xe[-1,1]"",
i€{0,1}4-1 |n|0=0

where AE][ h] is the value An,m[ | given by (2.3) with ¢ = @). This follows immediately from the induction
hypothesis and equations (2.5) and (2.10).

Returning to B,[it] [f] and using these observations we obtain

v B @) = D0 > Al

i7€{0,1}l |ng|co=0

k—1
DD IS Z ALl () gl ().

i€{0,1}# w€[t] [7u o0 =0 |naloe=0
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Substituting this into (2.11) gives

= > (- 't'“{ Z AWl () 917 ()

i€{0,1}4 te[d] [7¢]00=0

YOS OY A 1p£f:5:}<mu>¢£ﬁz]<“>}' 212

w€[t] |7t uuloo=0|nalec=0
To complete the proof it suffices to show that, for any v € [d], the coefficient of A[ﬁlm,ﬁ [f]pﬁﬂ(xﬁqﬁ%?(x@
in (2.12) is precisely 1. The first term of (2.12) gives a contribution of (—1)/*/*1. For the second, the terms
that give contributions satisfy t Uu = v. Since t,u # @ and there are < |1l)| ) possible choices of u with

|u| =1, the contribution of the second term is

(_1)|v< \711\ >+._._+< |v\|1i|1 ) pylol+1 lz; ( El ) 1) = 1= (1)l

Summing together the contributions of the two terms now yields the result. O

The result of this lemma justifies the statement made in the previous section: in the multivariate case, to
accelerate convergence it suffices to approximate the jump values Akj,n{[ f]- This indicates the appropriate
generalization of Eckhoff’s method, which we consider in the next section.

Though the approximate polynomial subtraction process achieves a significant improvement over exact

polynomial subtraction, it still requires knowledge of the values ALZ],,,[ f]- In general these are unknown.
Since there are

2’12( )kJNd I=2M{(k+N)— k' =0 (kN?"Y), k<N,
such values, the need for a method of approximation becomes more vital as d increases.

2.3 The multivariate version of Eckhoff’s method

We now extend Eckhoff’s method to the multivariate setting. The bivariate version of this method was
originally developed, without analysis, in [24, 25, 27]. In this section we first provide an extension for general
d and then provide pertinent analysis.

We seek to approximate the exact jump values .A[Tijmz [f] with values 7[Tlt]n?[ f]- Suppose that we define
the subtraction function

= > > Z Z AL 11PE () i) (), (2.13)

i€{0,1}4 te[d] |7¢|co=0 [nf|cc=0

and the approximation Fy x[f] = Fn[f — gx] + gk. In the univariate setting it follows from (1.11) that the
function gj, satisfies the condition
Gl =fi o =m(0),....mk—1), ic{0,1}. (2.14)

n

For the d-variate extension we enforce a similar condition. Suppose that we define the finite index set
My, C N by

My, = U {n = (ny,...,nq) € N¢: n; =m(r;), r; =0,....,k—1ifj€t, n; =0,..., N—1, 0therw1se} (2.15)

We now impose the condition
G =fil wne M, ie{0,1}% (2.16)

14
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Figure 2: (left) Index set M5 with N = 25 and m(r) = N+2r. (right) Index set Mo with N = 50 and m(r) = N+2r.

For d = 1 (2.16) reduces to (2.14). For d = 2 we obtain the following system of equations

~ 4]

_ 7l _ . 2
Gorn(rr)ym(rs) = fm(m%m(r?), ri,re=0,....,k—1, i€{0,1}7,

Ty = I s 71 =0,k =1, ma=0,.,N—1, i€{0,1}?,
G ey = ey =0, N =1, ma =0, k-1, i€{0,1}2 (2.17)

Figure 2 shows typical form of the index set M} for d = 2. Note that, as in the univariate case, the system
of equations (2.16) completely decouples for different values of i € {0,1}.

For practical and analytical purposes, we need to expand the left hand side of (2.16). Given u € [d],
5y €10,....,k — 1}l and ny € {0,..., N — 1}/%l, the corresponding term in gy, is

A [ )0l ) = A (1) [T ) TT 04y
jEu jéu

For this term to give a non-zero contribution to the left hand side of (2.16) we require that ¢ C w, where
t € [d] is the tuple corresponding to n € M. Hence

k—1
Y Y ALY - Y nv;;g]{z SRECN ]H@Z;]}, (2.19)

wE[d] |$u]oo=0 JjEu [st|eo=0 JEL tCU [54\¢t]0o=0 jEu\t
tCu
where u\t € [d]* is the ordered |u| —| t| tuple of elements j =1, .., d that are in u but not t. Here r;, j € t is
the index used in the definition of My, (2.15), and VI is the matrix introduced in Section 1.3.
For d = 2, we may expand the system of equations (2.17) using (2.18) to give the following linear system:

k—
Z T:Tll‘/;[;?sz LZ1]752 [f] = f7[:z](r1)7m(rz)’ ri,r2=0,..,k—=1, 1€ {0, 1}27
S81,82= =0

Z Vr[f}ll{ ol Z Al ] nggl} — f}fj(n)’nz, =0, k=1, ny=0,..,N—1, ie{0,1}?
s1=0 s2=0
k—1 -
> VT[;?;Q{ ool Z Al 1A HEQ]} £ iy M =0, N =1, 1 =0, k=1, ie{0,1}
52:0 S1= 0

In this case, it is obvious how to solve these equations. We first obtain AL"}M [f] from the first equation, then

use this to find Arl no | f] and flﬁﬂ,nl [f] explicitly. At each stage we have to solve linear systems involving
the matrix V0, and, since we need to do this repeatedly, it is easiest to find (V["])_1 first.
The same can be done in d > 3 dimensions. Starting with the equation corresponding to ¢t = (1,2, ...,d),

we find A[sz [f]. Using this we solve the d equations corresponding to |t| = d — 1. Continuing in this manner

15



we obtain all the coefficients .AU«Z]J,{ [f]. Though straightforward in theory, this process becomes increasingly
complicated to implement for large d.

Note that existence and uniqueness of a solution to these linear systems is completely determined by the
non-singularity of the matrix VI (see Theorem 1).

In the univariate case, the complexity of forming Eckhoff’s approximation is O (max{kQ, kN }) In the
multivariate setting it is readily seen that this figure is

O (max{k*™", k'N}).

Typically k < N so this figure reduces to k?N¢. In comparison, forming the approximation Fy[f] involves
O (N?) operations, so the increase in complexity is relatively mild for moderate values of k. Nonetheless,
the value N¢ grows exponentially with d. In Section 4 how it can be reduced dramatically without affecting
the convergence rate of Fy j[f] unduly.

2.4 Analysis of Eckhoff’s method

To commence our analysis we require the following two lemmas, the first of which is a generalization of
Theorem 2:

Lemma 6. Suppose that h € Hfm(erK)(Q), where 2K > 141 and | is the number of equal values ¢(r), and
that t € [d]. Suppose further that

Bl =0, r=0,....,k—1, i;€{0,1}, jet,

J

and that the values &[ft]nt satisfy
S IV el - il
|st]co=0JETL

for all n € N such that n; =m(r;), r; =0,....,k —1 when j € t and nj; € N otherwise. Then we have

glidl

Tt,Ng

2(|7¢t oo —k) =—2
< N2rile K2,

Proof. For each j € t we may expand Al (k + K) times with respect to n; using the univariate expansion
(1.2). We now apply (Vr[;]l])_l to the result and use Theorem 2. O

Lemma 7. Suppose that t € [d], 7 € {0, ...k — 1} nz € {0,..., N — 1}/l and

d=y Y (Al 1 =Al i) TT 5 (2.19)

we[d] |su\t\oo—0 jEu\t
tCu

Then
el

Tn"t

£| S N2rele—h) =2,
Proof. Consider the right hand side of (2.16). Using the expansion (2.6) gives

f[l] = Z Z Asu ”u SH[T:H] + Z Z Asu nu psuzu]u n e Mk» ) S {0, 1}d

w€[d] [$u]oo=0 wE[d])" |Su]o0o=0
tCu tZu

Equating this with (2.18) and rearranging gives

Z [TVl el ==Y Z AD e e My, e {01} (2.20)

|s¢]oo=0JEL wE[d]™ |Su|co=0
tZu
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We now split the terms in the right hand side into two cases. If u € [d]* and ¢ € u the either t Nu = () or
tNu # . Suppose first that t Nu # . We have

psuﬁ“]—Hp =11 vl 11 ps][”~

JEU JEtNU J €u\t

Substituting this back into (2.20) we obtain

k—1 k—1
S OTIvEL e == > Al T v Tl -3 sz%M /15 ).

|st|oo:0 Jet tZu ‘su,‘oo:O JetNu Jeu\t tZu |9u‘oo—0
tNu#£D tNu=0

(2.21)
We now use Lemma 6 on each term of the right hand side. Consider first terms in the latter sum. The values
Asu,nu [f]Ds. Z”] are the modified Fourier coefficients of a d-variate function h that satisfies

Blildp =0, r;=0,...k—1, jea.

Tj

Since t C u, an application of Lemma 6 now yields the required bound for such terms.
For terms in the first sum, we essentially repeat the same process, but taking the term || jetru Vr[j’l ; into
account where necessary. O

Due to Lemma 4, to estimate the convergence rate of the multivariate Eckhoff approximation Fy x[f], it
suffices to consider the difference F3 ;. [f]—Fn k[f], where Ff; , [f] is the approximate polynomial subtraction
approximation introduced in Section 2.2. For this we need the following lemma, which demonstrates the
importance of the quantity (2.19) in the analysis of Eckhoff’s approximation:

Lemma 8. We have

k—1
R - A= Y Y Y S € 0@ TT (P @) = Fulpl)(ay) - (2:22)

1€{0,1}% t€[d] |re] o0 =0 [l oo =0 jet

Proof. We may write
Frowlfi(x) = Fnelfl(@) = hi(x) — Fnl[he] (@), (2.23)

where hy is the smooth function

k—1
Z Z Z Z (ALZ, ng *Av[}t]m{[f]) [“](xt)¢[“]( )

1€{0,1}2 te[d] |74 |00 =0 [n7|oc=0

To prove the result it suffices to demonstrate that the right hand sides of (2.22) and (2.23) have equal
modified Fourier coefficients for all indices i € {0,1}% and n € N¢. For coefficients with n € Iy it is readily
shown that both sides give zero, hence we consider n ¢ Iy. In this case, there is some u € [d] such that
n; > N whenever j € u and n; = 0,..., N — 1 otherwise. By identical arguments to those used to obtain

(2.18) we have that the coefficient the right hand side of (2.23), namely ﬁ;g], is

k—1
hew = Y prilell (). (2.24)
[7u oo =0

We now cousider the corresponding coefficient of (2.22). For each ¢ € [d], due to the function ¢£§§], we must
have that u C t otherwise the corresponding term vanishes. However, due to the product, we must also have
that ¢ C u for a non-zero contribution. Hence, ¢ = u and the modified Fourier coefficient of (2.22) reduces
0 (2.24), completing the proof. O

With this in hand we are able to deduce the main result of this section:
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Theorem 6. Suppose that [ € HZ,STk+K)(Q), where 2K > 14+ 1 and 1 is the number of equal c(r), and

that Fn [f] is the multivariate Eckhoff approzimation of f. Then ||f — Fni[f]lloc is O (N72*71) and
If — Fnklflllq is O(NI2*=2) for ¢ =0,...,2k + 1.

Proof. Tt suffices to consider the difference F3; , [f] — Fn k[f]. Using Lemma 8, the bound derived in Lemma

7 and the fact that ||p[z] Fnlp M]HOO =0 (N?"71), r € N, we deduce that
k—1
Pl Pl s XY S X e T - Al
i€{0,1}4 te[d] |r t|m_0|nt\oo_0 jet
< Z kX:l Z ——2]\;2(|m|oc HN72TJ-71 SN*%*l,
te[d] I7t]oo=0 |n7]00=0 jet

which gives the result for the uniform error. Now suppose that a € N? is a multi-index with |a| < ¢. Then

D* (Fklf] = Fnlf1)

k—1
Y Y Y Y e 0 T (95790 () = 02 Fnpli)a) ) -

€{0,1}4 t€[d] |rt]oo=0 |n¢| oo =0 jet

Note that
Dl < nge =T a5,
J¢t

and that ||p[z] Fnlp M]Hq = O(N727-3). Using these observations, we obtain

D F - Al S S S Y atnelide ) [ e

i€{0,1}4 t€[d] |7t] 0o =0 |ng|0o=0 jet

< Nlal-2h-3 < ya-2k-3,
Summing over all |a| < ¢ now gives the result for the H%-norm error. O

As in the univariate case, additional smoothness is required for the multivariate version of Eckhoff’s
method over approximation by polynomial subtraction unless the values ¢(r), » = 0, ...,k — 1, are distinct.
However, as we now consider, there is an advantage to choosing equal values ¢(r), namely a much faster
convergence rate inside the domain ).

3 The auto-correction phenomenon

As demonstrated in Lemmas 1 and 4, the approximation based on exact jump values has a convergence rate
one power of N faster inside the domain than on the boundary. It turns out that for the particular choice of
the values m(r) = N +r, Eckhoff’s approximation possesses the much faster convergence rate of O (N ’3’“’2)
away from the boundary; a full O (N ’““) faster. This auto-correction phenomenon was observed numerically
in [26] and proved in the univariate, Fourier case in [29]. The aim of this section is to extend this result to
the multivariate modified Fourier setting.

In previous sections we observed that Eckhoff’s approximation decouples into terms corresponding to
each paticular value of i. The analysis of each such term can be handled separately, and, since the analysis
is virtually identical, it suffices to consider only one particular value. For the remainder of this section we
assume that f only has non-zero modified Fourier coefficients when ¢ = (0,0, ...,0). Accordingly, we drop
the [i] superscript.

Since uniform convergence of Eckhoff’s approximation on € is guaranteed by Theorem 6 we may write

f(:C) - fN,k[f](x) = Z vn¢n Z Z Z vn¢n T € Q, (31)

n&ln te[d] nt|oo >N |ngloo=0
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where v(z) = f(z) — gx(z) and g, is given by (2.13). Following the same method of proof as in [29] we seek
to expand the right hand side of (3.1) using the so-called Abel transformation. Given a sequence a,, € R,
m € N, we define the operator A,.,,, r,n € N, by

AO,n[am] = Qnp, ArJrl,n[am] = Ar,n[am] + Ar,nJrl[am], TN e N.

It is easily seen that
Drplam] =3 ( Z ) Gnis, TnEN. (3.2)
s=0

Now suppose that a,, € R, m € N¢. We write AJ . j =1, ..,d, for the above operator acting on the j* entry

rno

of n. Further, given t € [d], r € NIl and n € NIl we define AL, by the composition of |¢| such operators:

Dtlam] = D8 (88, [0 e, o] ] -

It follows from (3.2) that

Tty Tty
Tty ) 3.3
B (e e

;=0 Sty ‘—0

where (n + s,m;t) has j*® entry n; + s; if j € t and m; otherwise.

Before using this transform, we need some additional notation. Given z,y € R% we write 2.y = x1y1 +
..&qya, and if y = (c,c, ..., ¢) has equal entries, just z.c. Moreover, given u € [t]*, 7, € NI*l and k € N we
define (r,; k) € NIl by the condition that the 5" entry of (r,;k), which we write (r,;k);, takes value r; if
7 € u and k otherwise.

Lemma 9. Suppose that g € H} (Q), t € [d] and that x € Q. Then, for k € N, we have

> Gntn,(z1) =
[nt]oo >N
{Z Sl (BTN Azwm,(nu;mwmle”"“'“}'

UWE[t]* |ru|oo=0 Jet [naloo 2N

Proof. We proceed by induction on |t|. Suppose first that |[¢| = 1 and, without loss of generality, that d = 1.
The verification of the lemma in this case is very standard (see also [29]). We have

Z gneinrmc — Z (Al,n[gm] gn+1 einma Z Aln m einTe _ o—iTx Z gneinﬂx +gNei(N—1)w3:

n>N n>N n>N n>N

Rearranging gives
i(N—1)rz

. e 1
Z gnezn‘n'x _ . gN + — Z Aln m] znﬂ'w7
n>N 1+e7im= 1+emm &%

which provides the result for k£ = 0. Iterating this process yields the result for general k.
Now let t € [d] be of length |t| > 2. Write ¢ = (¢1,7), where 7 € [d] and |¢t| = |7| + 1. We have

Z gn(bnt -Tt Z (bntl xt1 Z gn¢n7(xT)

[nt]oo >N ng, >N [7|oc >N
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Using the induction hypothesis we obtain

k
Z gn¢nt xt =R Z ezntlﬂwtl{ Z eiﬂ'wu.(N—l) Z H(l_'_e—iﬂ'wj)—(ru;k)j—l

|nt|o<>2N nf1>N “6[7—]* ""u‘oo:Ojet

X Z A‘(I-T-u;k+1)7(7bﬁ;N) [gm}eiﬂ'nﬁ,mﬂ }

[na|oo >N
k
=R Z eiwa:u.(Nfl) Z H(l + efzw:c]-)f(ru;k:)jfl
ue[T]* |7u]oo=0 JEL
X Z eiﬂ"rbﬁ.ﬂ?ﬁ Z eintlﬂ'ztl AZ—TU;k-‘rl),(na;N) [gm]- (3.4)
[ng|oo >N ng, >N
Using the result for |¢t| = 1 yields
k
> e TAL i e lGal = D @V )T AL AT [
ne, >N 7y =0
_|_ Z 1,7T:Et1 —k— 1Ak5+1 ntl [A?Tu;k-'rl),(nﬁ;]v) [gnl]:l . (3.5)
ng, >N

If we substitute (3.5) into (3.4) we obtain the result. Note that if v € [¢t]* then either v = (¢1,u) for some
u € [r]* or v € [7]*. The two terms of (3.5) correspond respectively to these scenarios. O

The crux of the auto-correction phenomenon is the following trivial observation:

Lemma 10. Suppose that v = f — gi, where gi is given by (2.13), and that the values m(r) = N + r,
r=0,...,k—=1. Then A}, [0m] =0 for all |ri|ec <k —1, [nt]oc < N and t € [d].

Proof. By construction 9, = 0 for |n|o, < N 4+ k — 1. We now use (3.3) to obtain the result. O

We may now re-write (3.1) as follows:

fl@) = Fralfl@) = Z hng ()P (7). (3.6)

teld] |ngleo=0

Here hy,;(x¢) is obtained from the expansion derived in Lemma 9. This gives

k
hmm):%{ )OED DR | (RTINS Afru;m,(nm[@m]emu-“}.

UE[]* |7u]oo=0 JEt |nalee >N

Consider the term of h,,, corresponding to u = t separately. This is

k
eiﬂ'rf,-(N—l) Z H(1+e—iﬂx T;—lﬂih [Am].

|7t |oo=0 JEE
Using Lemma 10, all terms of this expression where |r¢|. < k are zero. Hence, we define
Hy, () = N0 N T+ )7 AL o], (3.7)
|7¢|oo=k JEL
and

k
(z) = Z Z eim@u-(N=1) H(l_’_e—lﬂ'lﬂj)_(’f‘u;k})_l Z Afru;k+1),(nﬂ;1\7)['ﬁm]emnﬂwﬂ’ (3.8)

UE[E]™ |ru|oe=0 JEt [nglee >N
uF#t
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so that the function h,, may be expressed as hy, (z:) = %{Gnt xy) + Hy,(24) } To derive an estimate for
the error f(x) — Fnx[f](x) we need bounds for the functions G,,; and H,;, which we present in the sequel.
First, however, it is useful to consider the case d = 1 to demonstrate elements of the multivariate proof.
This is given in a similar form in [29]:

3.1 Thecased=1

For d =1, using (3.1) and the characterization given in Lemma 9 with ¢ = (1) we may write

k 6i(N71)7rz
f(l‘)*f]\[,k[f](l’) = Z f)nd’n(-r) = %{ Z WAT’N[{JWL}FW Z Ak+1 n[vm] anx}'

n>N r=0 n>N

In light of Lemma 10, A, n[0y,] = 0 for r =0, ...,k — 1, so this reduces to

ei(Nfl)ﬂx 1 i
f(z) = Fnilfl(z) :%{MAk N[Om }+W§Ak+l nlOmle }
=R{H(z) + G(2)}, (3.9)

where G(z) and H(z) are the univariate forms of G, and H,,. Note that for d = 1 there is only one ¢ € [d],
namely ¢ = (1), and trivially £ = . We now seek bounds for G and H.
To do so, we require the following lemma, which is given in a similar form in [29]:

Lemma 11. Suppose that ps, s =0, ..., k—1 are the univariate Cardinal polynomials for the first k derivative
conditions. Then

L (@str DD
Arn s = Ps

—l—O(n_zS_T_?’), vreN, s=0,..,k—1, n— .

Proof. By construction, py,, = (—1)™(mn)~2(5*1), Using (3.2) we obtain

S (D" (7 (-1
DrnlPsm] = Z( l ) (n + )m)26+D) = (n)2(s+D) Z( l > W

1=0 =0

m(ﬁ%i(l)l<§>{i(i>p( 25+;9+1 >+O(nr1)}

_pSnZn (25+p+1> p_(_l)l(7;>lp+0(n_23_r_3).

It is readily seen that

i(—l)l ( 717 ) P = { (()—l)rr! izg, e —1,

=0

Substituting this into the previous expression now gives the result. O

We now consider the coefficients 9,,,. Using the asymptotic expansion (1.2) and the form of the univariate
function g, we obtain

Al k+K-1
Up = Z (Ar[f] - Ar[f])pArn + Z A [flpry, + O (n72(k+K+1)) :
r=0 r==k
provided f € H2(k+KH)(*1a 1). In particular
- 1 k+K—1

3

AL Bonltrl + Y A1 nlfr] + O (02D
r=k

:0
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Using Theorem 2 and Lemma 11 we obtain

k—1
|As n[@m]‘ < Z N2(r—k)ﬁ—2r—s—2 + ﬁ—Qk—s—Q + ﬁ—2(k+K+1)_
r=0

In particular, provided 2K > k 4 1, we have

Dk N[Ol S N2 [Dpganlom]] S N7 a2
Recalling the definitions of G and H given in (3.9), this yields

G@)| S N2 |H(x)| SN2 e (-1,1),
provided f € H3*+1)(—1,1). From this we immediately obtain the univariate result:

Theorem 7. Suppose that Fy i[f] is the univariate Eckhoff approzimation of f € H3*+D(Q) using the
values m(r) = N +r, r =0,...,k — 1. Then f(x) — Fyr[fl(z) is O (N’3k*2) uniformly for x in compact
subsets of 2.

3.2 Bounds for G,; and H,,

For the extension of the proof of the auto-correction phenomenon to the multivariate setting we first require
bounds for the functions G,,; and H,,.. For this we need the following preliminary result:

Lemma 12. Suppose that t € [d], 7, € NIYl, 2K > k + 1 and that the function h € Hiflk+K)+1(Q), satisfies
the first k derivative conditions. Then

< 5—2k—2 ——2r; __ 7—21:—2772“
‘Amnt [ha]l S H = niy

JjEet

Proof. Tt suffices to consider t = (1, ...,d) and use induction on d. Consider d =1 and a univariate function
h. Since h obeys the first k derivative conditions, we have

kK1
hn= > A, [h]p8n+(9( —2(k+K)— 1) 7
s=k
Hence, using Lemma 11, we obtain
k+K—-1
Ay [hn] Z As[h) Dy n[psy] + O ( 2(k+K+1)) < RT2k=2 4 2k -1

This gives the result for d = 1. Now assume that the result holds for all functions of at most (d—1) variables.
Then, if h is function of d variables and t = (1, ..., d), we have

k+K—-1
Aitmg }AL Z Z Arhn, Su Mg [h}ﬁs\unu] + O (n*Q(kJrK)—l)
u€ld] |su|oo=Fk
k+K-—1
S S Al MBI, [ ]+ O (7071).
[ ]léuloo*k

Using Lemma 11, we deduce that

|ATU7nu psunu | S H ’ Tj,M [psjn ]’ S _7Tu 25”72~ (310)

JEuU
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Furthermore Aj,, ,, [h] is the modified Fourier coefficient of a function of x5 that satisfies the first k derivative
conditions. Since || < d, we may use the induction hypothesis and (3.10) to give

k+K—-1
j : j : ,—rﬂ —2k— 2——Tu 28, — 2+’I’L 2(k+K)-—1 <,'7Lt—7“1,ﬁ—2k:—2
~Y b

we[d] |$u|oco=k

A%,

as required. O

With this in hand we may estimate the functions G,; and H,,;. We have:
Lemma 13. Suppose that f € Hf’nflkﬂ)(Q). Then the function H, defined by (3.7) satisfies the bound

[ Hop ()] S N7 72052

)

uniformly for x, in compact subsets of (—1,1)*.

Proof. We first observe that, for n € N such that n; > N whenever j € t and n; =0, ..., N — 1 otherwise,

0,, satisfies
k—1
Z p/S\tntht’nt Z Z Asvanv psvnv (311)

[st |00 =0 vE[d]™ |$v]0o=0
tZv

We now substitute the two terms of (3.11) into the definition of H,,, given in (3.7) and consider them
separately. For the first term we observe that

A:uN [ﬁ;ntgst,n{[f]] = Ait,N [ﬁ;nt] gsi,m[ = st,nt HATp psjn
JEt

Using Lemma 7 and (3.10) we obtain the bound

’Art [p £ ]H 5 N2(|St\m—k) HN—Qsj—rj—Qﬁg2 5 N—2k—\'r't\—2|t|ﬁ52.

Stmy T StyNE
jet

Since |r¢| >| rt|oo = k and [t| > 1, we obtain the required bound for the first term.
Now consider the second term of (3.11) substituted into (3.7). For v € [d]* with ¢ Z v either (i) vNt # 0
or (ii) vNt = . Consider case (i) first. We have

AL [Asums[Boun, ] = D10 ylBorn )0 v sy s 1]

Since Ay, n, [f] = IA”L%, where h is a function of x5 that obeys the first k£ derivative conditions, we may apply
Lemma 12 to give

2s;—r;—2 2k—r; 72— 25\t — 2_—2k 2
|A/rf7 [A51/7n1)[ psvn,u H N i 7 H N 7 \

th
JEtNV jEt\v
—|re|=2|tNv]|—2(k+1)([t\v]) = —2 —3k—2--2
SN n;" SN ng .

Here the final inequality follows since, by assumption, |[tNvl, |t\v| > 1. Now consider case (ii). Since tNv = 0,
we have

Ait, [-Asu,n@ [f]ﬁs:nv] = Ait,N [-Asu,na [f]]ﬁ;nv
Using Lemma 12 and (3.10) we obtain

|A£t,N [-Asy,n,; [f]]?/;)’nv]| S HN—rj—Qk—Q H ﬁjf2k72 Hﬁj_QSj_Q S N_|Tt|°°_2k_2’ﬁ52 5 N—3k—2,ﬁ{72’

JEt j&vut JEV

since |r¢|oo = k. This completes the proof. O
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We now derive a bound for Gy;:
Lemma 14. Suppose that f € H,‘ikaH)(Q). Then the function G, defined by (3.8) satisfies the bound
|G ()| S N 7372072, (3.12)

uniformly for x; in compact subsets of (—1,1)".

Proof. Since z; € (—1, 1) it suffices to bound

k
Z Z Z ‘AETu;k—H),(nﬂ;N) [{}m] ) (313)

UE[]™ [Tu]oo=0|ng|ec >N
uFt

by the right hand side of (3.12). To do so we substitute the two terms of (3.11) into (3.13) and consider
them separately. For the first term we have

Sy Y Y |8t ) nay B Eorms 1] (3.14)

WE[]™ |Tu]oo=0 |ng|ooc >N |$¢]|cc=0
uFt

Since u C t, we observe that

Azru;k—s-l),(nu;N) [ﬁs\tmgst,nf[f]] = Est,nf[ﬂ H Aij,N[ﬁ;\jm] H Ai+17nj [ﬁs\]nﬂ

JEu JjEt\u

Using Lemmas 7 and (3.10) we deduce that

‘A)ETu;k+1),(nﬂ;N) l:ﬁs\tntgst:n{[f]]‘ S NQ(‘Stloo—k) H N_QSj—’I‘j—z’ﬁEQ’fL’EQSﬂ—k—Z}.
JEuU

Substituting this into (3.14) we obtain

Sy YOy

WE[E]" [Tu|o0=0 [N |oc >N [5¢t]|0o=0
uFt

Z Z Z Z N2(stloo—Fk HN—zsj—rj—zﬁgzhl__bzsﬂ_k_g,

Aﬁru;kJrl)v(ﬂa;N) [ﬁ;ntgst’"?[ﬂ]

’U,E ] ‘Tu‘oo—o"nu‘oo>1v|9t‘oo—0 JjEuU
At
k k—1
< 7_7'{_2 E 2 § N2(|St|w7k) HN72SJ'7TJ'72 H N72sj7k:—2
WE[t]™ |7u]oo=0 |8t |cc =0 JjEu jEt\u
uFt

k
__9 — 2k — | | — 2| — (k+2) (|~ |u]) —3k—2-—2
P2y Y N < N2

WE[t]™ |ru]oo=0
uFt

A

Here the last inequality follows by noting that [¢| —| u| > 1.
We now consider the second term of (3.11) substituted into (3.13):

> Z ) Z > ’ (a1, (maiy [Asuns[10s00,] | -

ve[d]* |su|(x,—0ue[t] 7w |00 =0 |ng|oc >N
tZv

(3.15)
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As in the proof of Lemma 13 we split this into two cases: either (i) v Nt # 0 or (ii) v Nt = (). Suppose that
we comnsider case (i). Since v Nt # @) we have

Aiérmk—&-l),(nmN) I:Aswanf) [f]ﬁ;)'nv} = AED:Q1,;k+1),(nﬂm1,;N) [ZTS\unv] Aﬁpfmg;k—t—l),(nﬂnﬂ;N) [Asmna [f]] .

We have ) )
tNov 28:—14 —2—725um, k—3_—4Su\t—
’A(T'uﬁv;k+1);(n'ﬁﬁv;N) psvnv H N== unv nv\t
]Euﬂv
Furthermore
tNv 2k—r; 72—731@ 3=—2k—2
‘A(T’unﬁ;k‘i‘l),(nﬂnﬁ%N) [AS"’"“ ’ H N 7 TMany tUv
JEUND

Combining these two estimates we obtain

t ——~ —2s;—r;—2 —2k—r;—2-—2853nv—k—3-—3k— 3——2
‘A(ru;k:—‘rl),(na;N) I:ASU,nv [f]péu n,U] ‘ 5 H N 7 H N 7 Ngay Nans Mg
JjEuUNV JEUND

Hence

k—1 k
Z Z Z Z AEM;’HIL(%;N) ['AS'“"'U[f]p/S\”"v]

[80]oo=0uE[t]" |ruloc=0 |ng|oc >N
At

Z Z Z H N—285—r;—2 H N—Qk—rj—Q H N—2sj—k—2 H N_3k_2’ﬁ;2

‘Sq,|oc—0u€ [£]* |rulee=0Jj€EuNv JEUNT jeanv JETND
uFt
§ N— k+1)|uﬁv|N (k+2)\uﬁv|N (3k+2)\uﬁv|
t
ue[t]*
uFt

We claim that this term is < N7**~2n?. We have two possibilities: either N # @ or uNv = 0. If
4N 7T # () then the result follows immediately. Suppose that @N o = @. In this case, it follows that uN o # @
and @ Nwv # (). Hence we also obtain the result. This completes case (i).

Next consider case (ii). Since v Nt = @) we have

Alpiti1), nav) [Asom [FPsin, ] = Dok (masn) sy [l o,

In the standard manner we obtain

HN—Qk r7—2——3k 3ﬁ_2k 2771—251,—2 < N— (k+1)\u|—|r7‘,|mﬁj3k—3ﬁj2.

t
‘A(ru;k-l—l),(nﬁ;N) [-Asu,nu pévn o\t u t

JEU

Hence, in this case

k—1 k
)IED DD DS ’Afru;km,(na;m [As, n [f]ﬁs\mu]’ STIN 202 S N3 202,

[80]oo=0 UE[t]" |ru]oo=0 |ng|occ >N JETU
uFt
where the final inequality follows since |@| > 1. This completes the proof. O

3.3 Analysis of the auto-correction phenomenon and numerical results

We may now prove the key result of this section:

Theorem 8. Suppose that Fi i[f] is the multivariate Eckhoff approzimation of f € Hi,g,k+1)(Q) using the

values m(r) = N +r, r = 0,....k — 1. Then f(z) — Fni[f](z) is O (N73*=2) uniformly for x in compact
subsets of €.
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Figure 3: Graphs of |f(z) — Fni[f](z)] for —1 < z < 1 (left), —0.75 < z < 0.75 (middle) and —0.5 < z < 0.5
(right), where N =50, k = 2 and f(z) = 2° sin 5z + cos 6z.

(z1,22) N =10 N =20 N =30 N =40 N =50
(1,1) | 4.958 x 1078 | 1.307 x 10710 [ 3.799 x 10~12 | 3.022 x 10~ 13 | 4.202 x 10~ 1%
(—1,-1) [ 6341 x 1078 [ 1.372 x 10710 [ 3.723 x 10712 | 2.861 x 10~13 | 3.898 x 10~ 14
(2,2) [ 1.189x 1072 [ 4.293 x 10~™° [ 2.039 x 10~ | 4.673 x 10719 [ 1.485 x 10~2°
(0,0) | 9.542 x 10713 | 1.885 x 10716 | 9.473 x 10719 | 2.037 x 10720 | 1.002 x 10~2!

Table 2: Pointwise error |f (1, z2) —Fn,k[f](x1, 22)| for various values of (x1, 22) and N, where k = 4 and f(z1,z2) =
(63’31 + 674961) (sin 5x9 + %) Results to 4 significant figures.

Proof. Substituting the bounds derived in Lemmas 13 and 14 into the expansion (3.6) immediately yields
the result. O

Note that for the auto-correction phenomenon we require f € H>F+Y (Q), rather than just f € H3*+1(Q)
or f € H3*2(Q) for uniform convergence (see Theorem 6). This extra smoothness condition is also present
for polynomial subtraction: here H2*+3(Q)-regularity is required to obtain an O (N _Qk_2) error away from
the boundary, rather than just H2%2(Q)-regularity for uniform convergence (see [1]). In [29] the author
demonstrates that slightly different smoothness assumptions can be imposed depending on whether k is even
or odd. For simplicity we do not make this distinction.

For values general values m(r) it can be shown using similar methods that an auto-correction phenomenon
is present provided the first | < k values are chosen so that m(r) = N +r, r =0,...,I — 1. In this case the
convergence rate away from the boundary is O (N _Qk_l_z). In particular if m(0) = N, as is the case with
the choices (1.15) and (1.16), then the convergence rate is O (N ~2+73).

The auto-correction phenomenon is also exhibited by the error f — Fy x[f] measured in the L?(Q’) norm,
where Q' is some set compactly contained in 2. This has been studied in the univariate, Fourier case in [29]
and the extension to the multivariate, modified Fourier case is straightforward.

Though the analysis in this section was carried out for the approximation based on Cardinal polynomials,
it is a simple exercise to extend it to the general subtraction bases described in Section 1. Hence we
have established the existence of an auto-correction phenomenon for arbitrary dimension d and arbitrary
subtraction basis qg].

In Figure 3 we demonstrate the univariate auto-correction phenomenon. For the particular choice of
function and parameters the error at the endpoints is roughly 108, whereas in the interval [—0.5,0.5] this
figure is 5 x 10713,

In Table 2 we present numerical results for the auto-correction phenomenon in the bivariate setting. Once
more we observe that the error inside the domain is much smaller than on the boundary.

4 Hyperbolic cross index sets and Eckhoff’s method

Thus far the approximation Fu x[f] has been based on the full index set (2.2). This is arguably the most
natural index set to consider. However, it turns out that the truncated expansion Fy|[f] of a function f
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based on this index set includes a large number of terms that have a insignificant contribution to the overall
sum.

In view of this, an alternative approach to define Iy is to include only those terms in Fy[f] that are
greater in absolute value than some tolerance e. This is the idea of hyperbolic cross index sets, [3, 33]. In
many applications, modified Fourier series included, such an approach leads to a greatly reduced index set
of size |Iy| = O (N(log N)d_l). Moreover the approximation Fy[f] converges to f at a comparable rate. In
this section we consider the use of such a set in Eckhoff’s approximation.

4.1 A hyperbolic cross for modified Fourier coefficients

To develop a hyperbolic cross index set for modified Fourier coefficients we need an estimate for | f,[f]| This
is provided by the bound |f7[f]| < (Ry...fig) 2. If we set € = N2, then the term Fis included in Fy [f] only
if n1...ng < N. This leads to a hyperbolic cross index set:

In={neN:n..ng <N} (4.1)

This set, in conjunction with modified Fourier series, has been investigated in [1, 15]. It is lementary to show
that |In] = O (N(log N)?~1); a vast reduction over the full index set (2.2) for which this value is O (N4).
Furthermore, we have the following result proved in [1]:

Theorem 9. Suppose that f € H***2(—1,1)2 and that ff\,yk[f] 18 the exact polynomial subtraction approz-

miz

imation to [ based on the hyperbolic cross index set (4.1). Then

I = Falflle = O (N2 1og N)*1) - IIf = Fealflllo = O (N3 log M) 7))
I = Fralflls =0 (N7272) | g =12+ 1.

If, additionally, f € H2ET3(Q) then f(x)—Ff ,[f](x) is O (N~2572(log N)*~') uniformly in compact subsets
of Q.

In view of Theorem 5 we conclude that replacing the full index set (2.2) by (4.1) does not affect the
convergence rate of the approximation aside from possibly a logarithmic factor (note that setting £ = 0
in the above theorem establishes the convergence rate of Fy[f] to f). This, combined with the significant
reduction in number of expansion terms, makes hyperbolic cross index sets greatly beneficial.

4.2 The hyperbolic cross version of Eckhoff method

Given n € N? we define |n|y = n;...7q so that the hyperbolic cross index set (4.1) includes only those n with
|n|o < N. To adapt the multivariate version of Eckhoff’s method to use hyperbolic cross index sets we first
replace the function gy given in (2.13) by

k-1 N-1
gr@) =Y > > > AL ek ). (4.2)
1€{0,1}4 ¢€[d] |reloo=0 |nz0=0
The new function gj satisfies the conditions
Gin) = I, ne My,
where M;, is the index set

M, = U {n = (n1,...,nq) € N n; =m(r;), r;=0,...k—1if j €t, Inglo <N, otherwise}.
te(d]

Note that the only difference in the definitions of g and M}, is the replacement of |nz|oo by |nzlo. We now
define the approximation Fy x[f] in the standard manner:

Fnklfl = FnIf — g] + gk
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1072 107*| 1076 | 108 | 10710 | 10-12 | 107'* | 10716
1] 121 | 1521 | 31329 | — — — — —
89 513 | 3053 | 17461 | 97241 | — — —
2] 49 121 561 1849 | 10201 | 60025 | — —
49 105 | 297 841 | 2269 | 6269 | 17501 | 48485
3 81 121 169 441 1225 | 3969 | 13689 | 47089
81 117 | 193 353 697 | 1333 | 2773 | 5585
4] 81 121 169 289 529 | 1089 | 2401 | 5929
81 121 165 257 397 593 | 1005 | 1649
51 121 | 121 169 289 361 625 | 1089 | 2025
121 | 121 169 273 329 493 789 | 1145

Table 3: Number of terms in the full (top value) and hyperbolic cross (bottom value) index set versions of Eckhoff’s
approximation applied to the function f(z,y) = ¢** (cos 3y + sin 2y) required to obtain an accuracy of | Fax[f](1,1) —
f(L,1)] < 107% for j = 1,2,...,8 (the dash indicates where more than 100,000 terms are required to obtain the
prescribed tolerance).

1000 2000 3000 4000 5000 6000 i 1000 2000 3000 4000 5000 1000 200030004000 50006000

-2 _af
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—8F
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—14¢

k=2 k=4

Figure 4: Log error log,, |f(1,1,1) — Fn,k[f](1,1,1)] against number of approximation terms for the full (thin line)
and hyperbolic cross (thick line) versions of Eckhoff’s method applied to (4.3).

Here Fy[h] is the truncated modified Fourier series of a function h based on the index set (4.1).

For d = 2 there is no difference between the functions given in (2.13) and (4.2). The only difference
between the two resulting approximations arises from index set used in Fy[-]. However, for d > 3, the
functions (2.13) and (4.2) are distinct.

It is readily seen that the operational cost of forming the hyperbolic cross version of Eckhoff’s approx-
imation is O (max{k™! k*N(log N)*~'}). For k < N this represents a significant reduction over the full
index set version, where the corresponding figure is O (max{k*** k“N%}) (see Section 2.3).

In Table 3 we demonstrate the improvement offered by this approximation. As an example, we observe
that for £k = 3 to obtain an error of less than 1076 requires around 50,000 terms for the full index set
version of Eckhoff approximation, but only around 5,500 for its hyperbolic cross counterpart.

For d = 3 the improvement offered is more substantial. In Figure 4 we compare the error of the full and
hyperbolic cross versions Eckhoff’s method applied to the function

flz1,20,23) = (xf cos 51 + % sinb — % cos 5) (cosh 229 — cosh 1sinh 1) (a:g, sin 23 + % cos2 — i sin 2) .
(4.3)
For k = 4, using roughly 5000 terms, the hyperbolic cross version offers an error roughly 10° times smaller
than the full version. For k = 6, the hyperbolic cross approximation obtains machine epsilon using roughly
4000 terms. The full index set approximation will not reach this value until the number of terms exceeds
20, 000.

Figure 4 also demonstrates the advantage offered by the combination of Eckhoff’s method and the hy-
perbolic cross. To obtain an accuracy of 10710 with k = 6 requires less than 2000 terms, whereas to do the
same with the original (k = 0) modified Fourier approximation Fx|[f] requires in excess of 102 terms.

The analysis of this approximation is beyond the scope of this paper. Numerical results indicate that
the uniform convergence rate remains O (N —2k=l(log N )d_l). This is a subject of further investigation.
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Unfortunately, numerical results also demonstrate that there is no auto-correction phenomenon for the
hyperbolic cross version of Eckhoff’s method. Away from the boundary the approximation converges at the
same rate as exact polynomial subtraction. In other words, the error is O (N~2~2(log N)4~1).

Conclusions and future work

The aim of this paper was the convergence acceleration of multivariate modified Fourier expansions. To do
so we have generalized Eckhoff’s method to multivariate expansions, and proved that this approach yields
not only faster uniform convergence but also an auto-correction phenomenon inside the domain. We have
then considered two improvements. First, we have greatly increased numerical stability by using a particular
subtraction basis. Second, we have demonstrated how a significant reduction in the number of approximation
coeflicients can be achieved by using a hyperbolic cross index set. The combination of Eckhoff’s method and
such index sets yields accurate approximations comprising only a relatively small number of terms.

There are a number of areas for future investigation. First, as mentioned in the Introduction, Eckhoff’s
method can be extended to non-Cartesian product domains, provided suitable orthogonal expansions are
known. Due to their applications in spectral elements, the equilateral and right isosceles triangles are two
important examples which warrant future consideration.

In [1, 2] the author considers the application of modified Fourier series to the spectral approximation of
second order boundary value problems. The method possesses a number of advantages including mild condi-
tioning of the discretization matrix and the availability of an optimal, diagonal preconditioner. However, the
convergence rate is only cubic in the truncation parameter. Accelerating convergence is a subject of current
investigation, including the incorporation of the methods developed in this paper into such approximations.

Finally, there are several open problems relating to this paper itself. First, as mentioned, the analysis of
the hyperbolic cross version of Eckhoff’s method has not yet been carried out. We intend to address this in
a future paper. Second, we have demonstrated numerically the advantage offered by the subtraction basis
(1.7). However, we are yet to explain theoretically why this is the case.
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