On the singular values of the Fox—Li operator
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Abstract

The Fox—Li integral operator

Folf] = / f(:c)ei“’(w*y)2 dz, y € [-1,1],

plays an important role in laser engineering. However, the mathematiabjisis of its
spectrum is still rather incomplete. In the present paper we obtain signifiesv insight
into the spectral properties, by giving a complete description of the sthgfilar values
of F,. In addition, numerical experiments appear to point to a deep connédxettareen
our analysis and the spectrum of the Fox—Li operator.

1 Introduction

The Fox-Li operator is
1
Flfi) = [ @) e, ye -1, (L)
—1

1
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where f € Ly[—1,1] (Cochran & Hinds 1974). Its spectrum has important appboatin
laser and maser engineering (Fox & Li 1961); unfortunatigle lis rigorously known about

it. F,, is compact, hence(F,,) consists of a countable number of eigenvalues, accumglatin
at the origin. Computation (cf. Fig. 1.1) seems to indicétat they lie on a spiral, com-
mencing atv 72 /(—iw)? and rotating clockwise to the origin, except that, strersuefforts
notwithstanding, the precise shape of this spiral is yehonln.

Indeed, rigorous results on the Fox—Li spectrum are fapérse. Henry Landau (1977/78)
determined the pseudo-spectrun(F,,), Michael Berry and his collaborators have written
a number of papers on physical aspects of the spectrum aagptations in laser theory
(Berry 2001, Berry, Strom & van Saarlos 2001, Berry 2003), &amd recent paper, the current
authors have analysed a number of efficient numerical mstfvwthe determination of (F,,)

and, with greater generality, of spectra of integral opagatvith high oscillation (Brunner,
Iserles & Ngrsett 2010).
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Figure 1.1: The spectra of;oo and F2q0.

The purpose of this brief paper is to characterize completeF,, ), the set ofsingular
valuesof the operator (1.1). We recall that, given a Hilbert-spaperator!” : H — H, the
singular values of are square roots of the eigenvalues of the self-adjointtipesemidefi-
nite operatofl"T*.

Unlike o (F,), the sets(F,,) consists of real, nonnegative points. The spiral goes away!
However, computational evidence indicates that it is regdleby a different, arguably just as
striking, feature: Asymptotically i, s(F,,) consists of just two distinct points!

Fig. 1.2 displays the approximate singular values obtafred nine(2N +1) x (2N +1)
matrices approximating, 7., for three different values ab. (We defer the description of

how these matrices were constructed to the next sectiore)fdllowing features should be
easily ascertained by the observant reader:

1. The set(F, ) is mostly composed from just two values, one at the origintardther
strictly positive. There are few additional values at theeiiface but it would not be
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Figure 1.2: Singular values originating (2N + 1) x (2N +1) matrices approximating.,
for different values ofv and V.

surprising altogether were they to go awayMs— oco.

2. The above positive singular value depends updmt is independent aV, hence it is
likely to stay put asV — oo.

3. The multiplicity of the positive singular value seems ®ibdependent oiV. In other
words, and disregarding the few intermediate singulareslit appears that thrank
of the matrix is asymptotically independent ¥t

We prove in the sequel that all these observations are true.dé\so by discretizing the
spectral problen¥, F:[f] = w1f. The outcome is an algebraic eigenvalue problem with a
self-adjoint Toeplitz matrix, and this allows us to use threfi@nder—Szégtheory explicating
the asymptotic behaviour of finite sections of self-adjdioéplitz—Laurent operators. Com-
bining this with basic asymptotic results in a comprehemslescription ofs(F,F}) and
leads to our complete description of the set of singularasbf 7.

We conclude the paper with a number of observations on thetrsjpe of 7,,,. Firstly, we
explain why our method of analysis of singular values fatisrsin explicating the spectrum
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of the Fox—Li operator. Secondly, we exhibit initial obs#tens linkingo (F,,) with the
Jacobi theta functiofis.

2 The singular values ofF,

2.1 The operatorF,F>

The sets(F,,) of the singular values aF,, coincides with the square roots of the eigenvalues
of the positive semidefinite operatan,, = F,F.. But, for everyf € Lo[—1, 1],

/ / f lw(:rl z2) dxleflw(mg v)? das
_ 71wy / fxl 1wa:1/ 2iw(y7w1)w2 das dzy

sin 2w(y — )

= e iwy /_1 W f(a )7w(y_x) dz.

Lemma 1 The sets(F,,) coincides with the square roots of the eigenvalues of theabpe

Y i@l =) )
_/—1f() w(y—;p) d’ ye[ 17”- (21)

Proof SinceM,, is compact and has solely point spectrum, we have proveceahav
w € s(F,) iff there existsy € Lo[—1, 1] such that

i [ iws? sin2w(y — x
S /16 g(%)MdIZILQQ(y), ye[-1,1].

The theorem follows by letting (y) = ei”yzg(y). O

2.2 A general highly oscillatory convolution-type problem

The operatoZ,, is a special case of a general self-adjoint integral opewatoonvolution
type,

y) = / @KLy -z)dr. yel-L, 2.2)

where thekernel K, is analytic and even if—2,2] and oscillates rapidly fow > 1. It

is a compact operator and it follows from standard Sturmetiiée theory thato (K. ) is a
point spectrum with a single accumulation point at the origihe spectral problem (2.1) is a
special case of

Ko [f](y) = Mf(y)a /S [717 1]7 (2.3)

which we consider next.
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We discretizefC,, at equidistant points: this, we hasten to say, is emphéticelt an
effective numerical method for the solution of (2.3), cetfiafalling well short of thefinite
section techniquesf (Brunner et al. 2010). However, ‘naive’ discretizationeguidistant
points has a crucial feature which we exploit in our subsetjaealysis.

Equidistant quadrature

N
Colfl) e 3 FEKuly—5),
m=—N

where N € N is sufficiently large, is applied f2 N + 1 equidistant values aof, whereby
(2.3) is approximated by the algebraic eigenvalue problem

KW gINT — ) IN] g IN]
where

] _ V]

n n—m?’

1
m,nz—N,---va Where T[N]:in( )7 7’[,:—2N, 2N

N n
K7[n, n N W ?

while f,[,ﬂv] ~ f(%). Our main observation, enabling subsequent analysisoptper, is that
K[Vl is a self-adjoinfToeplitzmatrix with the symbol

N

AN = 3 A,

n=—N

which is analytic onz| = 1. This is the time to recall a few pertinent facts from the tiyeo
of Toeplitz matrices and operatorsd@cher & Silberman 2006, Grenander & ShetP84).
Thus, given the symbat(z) = Y2 7,2, analytic on|z| = 1, the bi-infinite Toeplitz—

Laurent operatorl’, whereT,, ,, = Tpm—n, m,n € Z, has the continuous spectrum
o(T) = {r(") : 6 € [—m,n]}.

Let TNl be an(2N + 1) x (2N + 1) section ofT’, i.e. an(2N + 1) x (2N + 1) matrix
such thatf,[é\;]I = Tm—n,m,n = —N,...  N. Provided thafl" is Hermitian (or, with greater
generality, normal) the Grenander—Saeheorem (Grenander & Sz&d 984) claims that
eigenvaluesr (7)) are equidistributed along the curv¢T’) asN — oo. In other words,
letting dv!"V! be theenumeration measurf the eigenvalues of [V,

2N 41
1

Ww(t) = 5t 3 a(t — AN,
k=1

whereAEcN] are the eigenvalues &flV and ¢ is the Dirac delta function, then, @ —

oo, dviM % dv, where dv is supported on the curwe(T). Moreover, the proportion of
eigenvalues tending to any measurable subse{df equals the proportion of the measure
of this set to the measure of the entire spectral curve.

Although K] tends (in a well-defined sense) to the integral operdtoasN — oo, we
cannot use the Grenander—Sé¢georem in this setting becaug”! is not a section ofC,,.
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Instead, for everyN >> 1 we consider the Toeplitz—Laurent operafoF¥! with the symbol
7N 1t thus follows thatr (K [V) approaches

N
. . 1 .
N]y _ N] /.10y . _ n\.ind .
o(K! ])7{7[ ](e)‘_ﬂgegw}{ g Ku(F)e .—7T§9§7r}.

n=—N

However,
N 1
1 in i — o _
v > Ku(f)e 9:/1Kw(t)eN9tdt+(’)(N %) = K,(NO) + O(N~?),
n=—N -
whereK,, is thetruncated Fourier transfornof K,

1
K,(s) = [ 1 K, (t)e'* dt.

This is perhaps the moment to impose an extra conditiod&’gnnamely that its truncated
Fourier transform exists fav > 1. We refrain from doing so because, in the general case,
it is sufficient for it to exist in the sense of distribution&ie, for the application we have in
mind, the existence is trivially assured.

Theorem 2 It is true that

o(Ky) C {K,(t) : t e R}. (2.4)
Proof Follows at once from our analysis, because in any reasomabtgc (e.g. the
Hausdorff distance) compactnesstaf implies thatr (K V) Y250 o (k). O

2.3 The spectrum of M., explained

Setting
sin(2wy
Kw(y) = ¥7 Yy € [_272]7
wy
we recovertM,, = F,F}. Itis clearly an even and analytic function, hence withia sicope
of our analysis. Its truncated Fourier transform can beutated directly, e.g. with MPLE:

K, (t) = —QL[Eil(—it + 2iw) — Bij (=it — 2iw) — Ei; (it — 2iw) + Ei; (it + 2iw)
w
+ log(—it + 2iw) — log(—it — 2iw) — log(it — 2iw) + log(it 4 2iw)].
However, a simple calculation confirms that

omi,  |t| < 2w,
log(—it + 2iw) — log(—it — 2iw) — log(it — 2iw) + log(it + 2iw) =
0, [t] > 2w.

Moreover, employing the standard asymptotic expansioh@g&kponential integral,

oo
n!

. . n 3T
Eiy(z) ~e7* ) (1) o larg 2] < -, [z > 1

n=0
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Figure 2.1: Truncated Fourier transforiigo, and K.

(Abramowitz & Stegun 1964, p. 231), we deduce that
—f[Eil(—it + 2iw) — Eiy (—it — 2iw) — Biy (it — 2iw) + Ei; (it 4 2iw)]
w
2e™ cos 2w )
N T 42 +0(w™),
valid for t € R except in a neighbourhood of= +2w. However, fort = +2w we have

.. . .
K, (+2w) = E[Ell (4iw) — Eip (—4iw)]
and using the asymptotic formula again, we have

A cos 4w

Ko(#20) ===+ O(w™).
We deduce that
ka~d 5 TS oy 25)
wl(t) ~ +O(w 7). .
0, [t] > 2w

Fig. 2.1 displays truncated Fourier transformsdor 100 andw = 500 and it is vividly clear
that they approximate a scaled indicator function of therivel [—2w, 2w].

Note that we could have proved (2.5) by a simpler and mostsiiargument, yet one
which does not provide us with an easy means of estimating)(MQ) terms. Thus,

1 _: . 2w s . R
Rw(t) = / Ln@wx)em dzx = l/ ST ot/ (2) g — K°°<t> + @(W_Q) )
—1 —

1
wx wJ o, T w 2w
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where K>°(t) = [75 K(x)el*" dz is the standard (i.e., not truncated) Fourier transform of

the kernelK. Since
/oo Sinxeizt do — m, It] < 1,
—00 T 07 |t| Z 17

Theorem 3 The spectrum aM,, consists ofiw/m 4+ O(w™') eigenvaluesr/w + O (w™?),
the remaining eigenvalues beid®(w—?).

we deduce (2.5).

Proof We have already proved that, up(ﬁ(w—Q), o(M,,) consists just of two distinct
points, namely 0 and/w. It remains to determing,,, the number of the nonzero eigenvalues.
To this end we calculater KV in two different ways. Firstly,

tr KN — _ T N —2 ar—2
r K Z 1 wlﬁ:w —|—(9(w N ),
pea(KINT)
wherexY! is the number of eigenvaluesw + O(w™?2) of the(2N + 1) x (2N + 1) matrix
KNI Secondly,

N

2N +1
tr KV v _ 2N+l _ -1y
r K > kN N~ Ke(0) 4+0(N7Y)
m=—N
Therefores’ = 4w/m+O(w™t, N~2) and the theorem follows by lettiny — oo. O

Corollary 1 The Fox-Li operatof,, hasdw/m+O (w™!) singular valuegr /w)z +O (w™?)
and an infinity of singular values which a@(w=2).

This result completely confirms the numerical evidence gf Ei2.

3 Back to the Fox—Li spectrum

Inasmuch as singular values 6§, are interesting, the real prize is the spectrum of the opera-
tor. It is therefore of interest to apply the method of anialys the last section to the Fox—Li
operator directly. Thus, we discretiZg, at2N + 1 equidistant points, whereld%,,[f] = A f

is approximated by the algebraic eigenvalue problem

B[N]f[N] _ /\[N]f[N]7 (3.1)
where

. 1
BNl — ) [N] m,n=—N,...,N, with U%\q:ﬁewﬁ/NQ’ n=—2N,...,2N.

m,n n—m» )

The matrixB[M is symmetric and Toeplitz, but it is not normal. We denotesysibol by

N

vVl (2) = Z oIV,

n=—N
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Lemma 4 ltis true that

forall -=m <6 <mandN > 1.
Proof Similarly to Subsection 2.2, we approximate the finite sum

1 N
,U[N](eie):ﬁ Z eiw(%)z—&-wn
n=—N

by an integral, which can be computed explicitly, andNets> 1. O

Lemma 4 implies that

{ lim oM () ;16| < TI'} C{E,(t) : t e R},

N—o0

7'('%6_#/(4“)) it 1 it 1
Fu(t)=i——FF— [erf(é - + (—iw)Q) - erf(; - - (—iw)Q)], teR.

(—iw)? (—iw)? (—iw)?

Fig. 3.1 displays real and imaginary partsif, as well as its absolute value, all scaled
by (—iw/w)%, for two different values olv. It is clear that real and imaginary parts oscillate
wildly, decaying for|t| > 2w, while the scaled absolute value seems to approximate the
indicator function of the interval—2w, 2w]. Much of this intuition is confirmed by basic
asymptotics. Since

_,2 o 1
e & (1) (D 3m
erfz ~ 1 — - nz:;) ntl |argz|<z, |z] >1
(Abramowitz & Stegun 1964, p. 298), we have
. . sint
Byt ~ 202 1 0(672), > w?,

hence the gentle decay for largé Moreover, applying the asymptotic formula to

”(6_1;;(4‘”) {erf((iW);Jré(_ii:) >+erf<<i“’) (_ii:) ﬂ

D=

>
=
—
~
S~—"
I
N[

[N
N[—=
[N

we obtain

Nl

m 1

e T L oW, wE s i
(—iw)>
This is consistent with Fig. 3.1.
Unfortunately, since/!! is not a normal operator, there is no immediate connectien be
tween the mapping ofz| = 1 under its symbol and the spectrum Bf,. Having said so,

Fw(t) ~
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Figure 3.1: In the top row: real (solid) and imaginary (datted) parts of —iw /)2 F,,(t)
for w = 100 (left) andw = 500. In the bottom row:(w /)2 |, (¢) for the same values af
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we note that computation indicates tat(0) = w2 erf((—iw)z)/(—iw)? is either the spec-
tral radiusp(F,,) or at least an exceedingly good approximation thereof. Wealdave an
explanation for this observation.

Another interesting observation, so far without any obsiouplications for the spectrum
of the Fox—Li operator, is the close connection of the symBéll with the Jacobi theta
functionds (Rainville 1960, p. 314). Recalling the definitionof¥!, we have

N
ia 1 2
oIV (eBe) = i 1+ 2];71 qk cos(20k) |,

whereg,, = ¢«“/N°. Compare this with the standard definition

Os3(a,q) =142 z qu cos(2ak).
k=1

The snag is that absolute convergence of the above expamesjoines|q| < 1, while |gy| =
1: what makes)[V] stay ‘nice’ whenN — o is the normalizing factot /N.

Yet, there appears to be a deep connection between the thetéoh ando(F,,), and
this is confirmed by our numerical experimentation. Thus, ceasider sequenceg =
{gn.w}Nen such thatgy | < 1forall N € N, limpy_.o0 qN’u,qu1 =1, and examine

H[N](a) _ 93(04"]N7w) N> 17 _

N ) <a<

ro| 3
v

(it is enough, by symmetry, to restriatto [0, 5]). Everything now depends on the specific
choice of the sequencag in our experience, we need to attenugte| by exactly the right
amount, to obtain a good fit with the Fox—Li spiral. After agamumber of trials, we have
used )

w2

23 N2’

and this results in Fig. 3.2, where we have superimposedhtita function curve on the
eigenvalues off, for v = 100 andw = 200. Although the match is far from perfect, in
particular in the ‘intermediate’ regime along the spiraldave can provide neither rigorous
proof nor intuitive explanation, there is enough in the fegto indicate that, at the very least,
we are on the right track in seeking the explicit form for tepéctral spiral’ ot (F,,).

dN,w = 1
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