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Abstract

We describe an asymptotic method for approximating satstiof systems
of ODEs with oscillatory forcing terms. The approach is lohea asymptotic
expansions in inverse powers of the oscillatory parametand on modulated
Fourier expansions. We revise some relevant examplesidimg) problems that
appear in the modelling of mechanical and electronic systemd for which the
method is superior to standard methods.
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1. Introduction

The efficient and accurate solution of systems of ordinaffemintial equations
(ODEs) subject to oscillatory forcing terms is highly redev in several aspects of
the modelling of electronic circuits subject to amplitudeldrequency modulation,
see for instance [3, 12, 21] and also [10] and the refereegsin. More precisely, in
this review we are concerned with systems of ODEs of the form

Y'(t) = h(y(t) + 9. (O F(y(®),  y(0) =y, (1)

wherey(t) : R — R%, f(y),h(y) : R? — R? are analytic functions (generally
nonlinear), and the scalar temp(¢) can be written in the form of a modulated Fourier
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expansion (MFE), that is

oo

go(t) = D am(t)e™". 2)

m=—oo

Observe that we allow the coefficients, (¢) to depend on the variabte and also
that within this setting we cover the case of ODEs with oatilty forcing terms (when
the functionf (y(¢)) is constant). In general, we make the important assumptiat t
the functionsh and f are independent af. Under certain conditions it is possible
to allow dependence an in the differential equation with only minor changes in the
general setting, see the details below.

Typical examples of forcing terms are

gw(t) — eiwt, gw(t) — eﬁCOSWt_ (3)

In this latter case, the forcing term has full spectrum, disvis from the Fourier
expansion

encoswt _ Io(n) +2 Z I,,,(n) cos mwt, (4)
m=1

in terms of the modified Bessel functiofig (), see [1, Eg. 9.6.34]. Other examples
include two different large frequencies, .., (t) = sinw;t sinwsyt, and combinations
of the above. See for instance [11], and also [23, 22], wHaeetype of problem is
formulated in terms of PDEs.

From a mathematical point of view, the use of standard metbbdumerical ODEs
(such as Runge—Kutta) is problematic in this context, siheescillatory behaviour of
the solutions of the differential equation imposes exaeglgismall stepsize which is
both too expensive for implementation and leads to an actation of round-off error
due to the large number of steps needed to integrate the OBRBiuen interval.

As a toy example, consider the following second order lirearation with forcing
term:

y'(t) +y(t) = 2sinwt, y(0)=1, ¥'(0)=0.

or in matrix form
y(t) = ( f)l (1) )y(t) +sinwt( (2) ) . (5)

If we setw = 10* (a very modest value, given the high frequencies in which we
are interested), and solve it with theAvLAB standarcdde45 routine in the interval
t € [0,10], with initial valuesy(0) = 1, ¢'(0) = 0, the number of steps needed for a
fixed relative tolerance is

RelTol | Steps
10-% | 42.233
1075 | 127.329
1078 | 345.189
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Figure 1: On the left, the functiop(¢) (solid) and its derivative)/(¢) (dashed),
solutions of the system (5), with = 10*. On the right, detailed plot of the derivative
y'(t), showing the rapid oscillations that are superimposed estiooth curve on the
left.

The plots shown in Figure 1 are quite revealing of the behanabthe solutions of
this kind of systems of ODESs, and they give a crucial insiglat teads to thensatz
that we propose later on. Observe that the (apparently)shavying functiony’(¢)
is superimposed with tiny oscillations (of amplitud&w—1)), which impose a very
small stepsize on a standard time-stepping routine. Sewiaisexample in [8]. This
is consistent with the behaviour observed in the example.

The reason for the poor performance of standard methodsisns#iting is a
direct consequence of their underlying mathematical coogon. Methods such as
Runge—Kutta are essentially based on Taylor expansion atdhing the exact and
the numerical solution up to a certain order. In any nhumérneethod of orderp
with steph, the error scales roughly like?*t1y(P+1)(¢), and since the amplitudes
of the derivatives of highly oscillatory functions grow yeast, typicallyy ®*+1) (¢) =
O(wPT1) (consider the standard examplé) = ™), we requireh to be extremely
small in order to keep the error down to an acceptable size.

2. Perturbation theory and oscillatory integrals

The idea of the proposed method is related to perturbatiearth although not in
a standard form. We recall that, roughly speaking, pertishanethods (such as
averaging) are designed for problems where the perturb#tio other terms in the
differential equation) is multiplied by a small parametersee for instance [4, 25].
Then the general idea is that the solution of the unpertusigstém plus corrections in
powers ofz yields a good approximation to the solution of the pertunexblem.

In our case the perturbation is not necessarily small in siaea somewhat related
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idea can be applied, becausgif(t) is of the trigonometric type, for instance, then
it gives a contribution which is not small but has an averdgeeoo because of major
cancellation between positive and negative parts of tharigtermg,, (¢) f (y(¢)).

More rigorously, the main idea is to consider the system ¢ perturbation of

Z'(t) =h(z@t),  2(0)=uy,, (6)
and then use nonlinear variation of constants [17], in otolezlate the solutions of the
perturbed and unperturbed systems with the same initiat dat

ot

y(t) — 2(t) = / Bt — ) F(y(5))g(s)ds. @)

0
Here® is the solution of the so-called variational equation
M ICTO)
0z
The matrix® is in general not available analytically, yet if the integids smooth
enough andy,(t) is a trigonometric function (see the examples cited beftreh
integration by parts gives

y(t) — 2(t) = / B(t— 5)FW()gu(s)ds = Ow™), w00, (8)

since® is independent af.

This demonstrates that, subject to fairly general assumgti the difference
between both solutions is of ordél(w~!). Note that here it is essential to suppose
that the function& and f are independent @f, otherwise the estimation needs to be
modified.

This observation makes it possible to use the methodolaggntey developed for
oscillatory integrals, see for instance [19] or [18], as fieative alternative to standard
quadrature. More explicitly, in [8, 11] the authors proptiseuse of Filon quadrature
(plus waveform relaxation) to approximate efficiently ttseitlatory integral presentin
(7). This method is numerically effective, but it has theadigantage of time-stepping,
which can be expensive.

A deeper idea, in the spirit of the general theory of osahgintegrals, is to look
for a full expansion of this integral in inverse powers of teillatory parametep,
either by repeated integration by parts or by another methibd mainansatz proposed
in [9, 10] is precisely that the solutiay(¢) admits an expansion in inverse powers.of
and that the terms in this construction adopt the form of ntetdd Fourier expansions.
This can be seen as a correction (in inverse powets thiis time) of the solution of
the unperturbed system, in the spirit of perturbation theor

If feasible, this approach confers three important contjrial advantages: firstly,
the terms in the expansion can be computed beforehand (digaibyoor numerically),
and then the desired value ofcan be substituted therein, without subdividing the
interval of integration. Secondly, the cost of the methoé@ssentially independent
of the size ofw, unlike what happens with standard methods, and incredahkisg
parameter will make our method more accurate. Finally, dhee(w-independent)
coefficients have been computed, the equation can be sobsty dor different
frequencies.

$(0) = I.
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3. The form of the asymptotic expansion

3.1. Systems of ODEs

If the forcing term in the differential equation can be waittas a modulated Fourier
expansion, it seems reasonable to suppose that a similatge holds for the solution
of the ODE. More explicitly, we assume thgft) can be written in the form

TOIS) SR RONEPES] (©)
s=0

where the functiong, () may depend ow, but in any casep (1) = O(1), w > 1,
for s € Z,. Each of theyp(¢) is itself a modulated Fourier expansion:

()= D pen)e™r, s> 1. (10)

Once we stipulate that the coefficients of the ODE are indégeinofw, the first
level of the expansion can be simplified, thatys,(t) = p, o(?), i.€. py ., (t) =0
whenm # 0. This prevents positive powers affrom appearing in the derivative of
y(1).

We also impose),(0) = y(0) = y, in order to match the initial condition, which
means thatp,(0) = 0 for s > 1, or equivalently

> P =y D> Pa0)=0  s>1

m=—0o0 m=—0o0

Therefore, the generahsatzis

o0 o0

y(t) ~pool) + D — D7 P (1)
s=1

m=—0o0

We differentiate the functiog(t) formally,

/ / - . Tmwt - i - / . imwt
Y ~ Poo T Z UMPy € + Z s Z [ps,m + Zmps-}-l,m] e .

m=-—00 s=1 m=-—00

Observe that for simplicity of notation, we have omitted dependence onof the
p..m(t) terms. Next, we expand the functiohsf : RY — R? about the leading term
Po,o- In this expansion, we group all those terms that multiplyadinverse) powers
of w, thus separating orders of magnitude:

SN AN |
h(y) ~ h(Po,o) + Z oS Z ] Z hn(Po,os Xy > Xy, ) (12)
s=1

n=1 " kel,, s

(P Bree 8 = 3w 3 2 P00) -
( n(p().,Oa EEER) ))7—22%7 i Oy - 05, r=1,2,...,d,
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Z Prm (1) (13)
and
I, = {(k:l, .. .,kn) e N" . |k:| = s}, (14)

with the standard notation for multi-indicgs| = k1 +k2+. . .+ k,,. A similar formula
applies to the functiorf.

Finally, we collect all those terms that have the same fraquéhat is, those terms
that multiplye?™~* for eachm € Z) within each level:

oo

- 1 Tmw
h(y) ~ h(py.) *ZE 3 bs[hle™, (15)
s=1

m=—0o0

where we use the notation

Z Z Z n(P0,0s Pyias "+ P i) (16)

n= 1 T k€ln LEKn m

and
Kpm={(1,...,1ln) €Z" : || =m}. a7

Equating both sides of the differential equation, from (&hd (15), a general
pattern emerges: for > 1, we obtain nonoscillatory differential equations for the
pso terms:

+ Z a7 5,—7 (18)
with initial condition
ps,O(O) = Z ps,m(0)7 (19)
m##0

since we have imposed thet, (0) = 0 for s > 1. Additionally, we get recursions to
computep, ., ,,,(t) for m # 0 from the previous coefficients:
7: o0
Dsi1m = T _p;,m + bs,m[h] + Z ar (t)bs,m—r[f] (20)
r=—00
form # 0.

This is the general scheme that we are going to use to dedaa®#ificients in
the expansion. Note that the differential equations forghg terms can in principle
be solved by standard methods, since there is no highhatseiy behaviour involved.
However, in some cases there may be an additional structtinestequation (such as a
Hamiltonian formulation, see the example of the invertedidudum later on), and this
calls for more specialised methods.

We remark that modulated Fourier expansions for oscifa@DEs have been
widely analysed as an essential tool in Geometric Numetigabration and highly
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oscillatory ODEs in [6, 7, 16]. In that context, the authaes@oncerned with equations
of the formz + Qz = g(x), where

0 0
Q_(O wQI)’

w > 1 and! is the identity matrix, both in Hamiltonian and non Hamiliamsettings.

The main difference between this setting and the one prajiagéis paper is that
from the point of view of perturbation theory, this is no l@ng regular perturbation
problem but a singular one. Note that @nsatz corresponds essentially to a regular
perturbation problem: we expand the perturbed solutionverise powers ab, so the
standard small parameter would be= 1/w, and we assume that when— oo we
only have the unperturbed solution.

If powers ofw are allowed in the differential equation, shyy), f(y) = O(w"),
r > 0, then great care is needed, since we may be faced with a aimgesiturbation
problem, and the derivation of the terms in the asymptot@aesion should be carried
out in a different way, see [16, XI11.5]. One important caseene our setting remains
valid, while allowing dependence an of the coefficients of the ODE, is that of the
inverted pendulum, that we analyse in Section 6.3.

3.2. Second order ODEs

The general setting (11) can be simplified in some circunegt®nOne particular case
of importance is that of second order differential equatianth oscillatory forcing
terms. This situation has been analysed in [9] for diffde¢eiguations of the form

y'(t) — R(y)y'(t) + S(y(t)) = g (t),  y(0) =wo, ¥'(0) =1y,

which includes equations of Van der Pol and Duffing type. Ia tase, if we are only
interested in the analysis of the solutig(t), and not of the derivative, we may assume
that

1 -1 = :
y(t) ~poo(t) + —prolt) + > = D prm(t)e™ (21)
r=2

m=—oo

We note that this is consistent with the fact thét) exhibits small oscillations with
amplitudeO(w~2), increasing t@)(w ') for y/(¢), see [9]. However, if we analyse the
complete system, then we need to use (11), because thetilerivdl have oscillatory
terms at thed(w1!) level.

If we are working with a second order differential equatidthe form

y'(1) + Swt) = 9.(OQ(1),  y(0) =yo, ¥'(0)=up,
then using (21), we obtain the scheme

o0

Plo=—bsolSI+ D ar(t)bs,—[Q), (22)

T=—00
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for s > 1, together with the initial conditions

ps0(0) == > pem(0), s>2, (23)
m##0

Pao(0) = =D Pim©) =i Y mpeim(0), s>2,
m##0 m=-—00

see [9], and also

1 _ G
Ps+2,m = W {p;’,m =+ 2Zmp;+17m + bs,m[S] - Z ar(t)bs,mT[Q]} ) (24)

r=—00

form # 0. In this case

ZQ()POO Z Z Hpkl,l

k€l,, s LEK, m i=1

In this setting we can also allow dependencewrin the coefficients of the
differential equation. For example, in the case of the im&pendulum, see Section
6.3, we have)(y(t)) = O(w). Our approach is still valid in this situation, although we
will need to shift the coefficients, ,,,[Q] computed above, because of the extra power
of w. Moreover, from (8) we deduce thatt) — poo(t) = O(1) whenw is large,
so we need additional terms in the expansion in order to gteeghat the difference
between the perturbed and unperturbed solutions beconabvgnenw grows.

4. Construction of the asymptotic expansion

In this section we derive the first few terms of the asymptetigansion explicitly in a
general setting.

4.1. The zeroth term

The termp,, ,(t) obeys the following differential equation:

which is obtained by equating all th@(1) terms with zero frecuency in the ODE.
Additionally, we impose the initial conditiop,, ,(0) = y(0) = y,. Equating nonzero
terms with the same frequency, we obtain

iam(t)

f(po,o)a m # 0.

Pl = —
1,m m
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4.2. The firstterm

Whens = 1 we obtain

Pio=biolh] + Z a(t)by,—[f]. (25)
Here

bl,m[h] = hl (p0,0vpl,m)a m e Za
and similarly forf. Additionally we have the initial condition

p1,0(0) == Z pl,m(())a

m#0
which follows froms), (0) = 0. Furthermore, we get

Z. oo
Pom == | =Pl +0umlh]+ D arbim[fl],  m#0, (26)

SO we can computp, ,,, for m # 0 from (26).

The equation and initial conditions fgs, , are obtained when analysing the
O(w™2) terms.
4.3. The second term

Whens = 2 we obtain

Pho=baolhl + D ar(t)bs,—[f]. 27)
Here
1 o
b2 m[h] = h1(pg o, Pam) + B Z h2(Po.0s P1.1>P1.m—1)5 m € Z,
l=—o0

and similarly forf, together with

pz,o(o) == Z p2,m(0>a

m#0
and a recursion for thg; ,,, terms,
i , =
= —— | — b m h rb m—r 9 0 28
P3m | 7P2m + b2,m | ]+T;OOG 2, [f] m # (28)

It is clear that the process can be iterated, at the pricecoé@singly cumbersome
expressions.

We point out that when the forcing term has a finite number ofzeoo frequencies,
then there is a considerable simplification in the consimacsee the examples below.
Moreover, in many relevant cases the functiérand f are quite simple, for example
multivariate polynomials of low degree, and hence many $einaolving high order
derivatives vanish identically.
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5. Bandwidth and stability

We highlight two important aspects of this approach: firstighe original forcing term

is band-limited, that is, if there existssuch that,,, = 0in (2) if |m| > o+ 1, then is
this bandwidth preserved in thg, (¢) functions of the expansion? Secondly, if we fix
w, is it possible to say something about the stability of tHatsan whent grows?

The answer to the first question is in general negative. Isil#tem is nonlinear,
one should expect an increase in the number of nonzero fnetrgeas we move to
higher values ot. We call this phenomenadsiossoming, and it is mainly due to the
convolution-type term

o0

> ar ()b mr[f]

T=—00

that appears when computipg., , ,,,, Se€ the previous section. Nevertheless, the rate
of increase can be estimated in general. Namely, we havelibe/ing result:

Theorem 1 For s > 0, the maximum bandwidth 6, of thetermp_(¢) is
0s = sp,
where g is the bandwidth of the original forcing term.

Proof. We refer the reader to [10] for the details. O

The actual rate of blossoming can be smaller in some impiorgases. For instance:

Theorem 2 Let f(y) be constant, then we have 6, = 0, ; = o and the maximum
bandwidth 6, of theterm ) (¢) is

0s = (s —1)p, s> 2.

Proof. See [10]. O

In [9] another particular case is considered: if we are dealiith second order
differential equations and we are only interested in blosag for y(¢) (and not for
the derivative)’(t)), then we have the following

Theorem 3 If y(t) is a solution of the ODE
y'(t) = Ry()y' (1) + S(y(t)) = g (1),

where R(y) and S(y) areanalytic, and if 6, isthe maximum bandwidth of v, (t) in the
asymptotic expansion of y(t), thenitistruethat 6y = 6; = 0, 63 = ¢ and

-1
95,:{52 Jg, s> 3. (29)
Regarding stability for fixed values af, it is possible to carry out an analysis of
the method by means of standard linearization of the difféabequation around the
unperturbed solution. We take a partial sum of the asynmpégpansiorz(t), in such
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away thaty(t) — z(t) = O(1/w). If the coefficients of the ODE are independentof
then it suffices to take(t) = v,(t), otherwise we need more terms in the asymptotic
expansion, according to (8).

Let us writey(t) = z(t) +w(t), assuming thatv (t) = O(1/w) for largew. Then,
to leading order we have

w' = [A(t) + B(t)go ()] w + 9o (1) f(2),  w(0) =0, (30)

where A(t) and B(t) are respectively the Jacobian matriceshodind f evaluated at
z(t). Now we split the matriced(t) + B(t)g., (t) = U + V (t), whereU is a constant
matrix, and compare (30) with the system

v =Uv, v(0) =0,
with trivial solutionv = 0. Variation of constants gives
t t
w(t) =0 +/ ®(t — s)F(s)ds = / =9IV F(s)ds, (31)
0 0

where®(t) = eV is the fundamental matrix of the system and
F(s) = V(s)w(s) + gu(s) f(2(s))-

It is clear from (31) thatw(¢) represents a deviation from the zero solutign),
and therefore the behaviour af(t) ast > 0 is related to the stability of this zero
solution. This in turn is governed by the eigenvalues of thelamental matrix/, see
for instance [25, Ch. 6]. More explicitly:

Theorem 4 If

= all the eigenvalues of the matrix U, say A\x, 1 < k < d, satisfy that R\, < 0,
and those eigenvalues with zero real part are simple, and

= itistruethat for any ¢ > 0 there exist constants ¢y, co > 0 such that

/' IV(s)llds < e, / 90 (s) F(2(s)llds < e,
0 0

then the zero solution solution v (¢) is stable in the sense of Lyapunov, and w(t)
is bounded.

Proof. It is a consequence of Gronwall’'s lemma, see [10] for motaitse O

When any of the eigenvalues of the mattixhas a positive real part, then one
should expect deterioration of the approximation whemows, even if one still has
theO(w™1!) estimate. A typical example of this situation is given bytsyss that can
develop chaotic behaviour. In those cases, the solutidmegbérturbed system may be
very different from the solution of the unperturbed one, aciially one of them can be
chaotic and the other non chaotic, if the perturbation isldigechaos suppression, see
forinstance [5]. That being said, it may happen that evehigxtase the approximation
is acceptable for small values fdepending on the application that we have in mind.
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6. Examples

In this section, we present the method applied to sever&trdiit problems. In
all cases, we will compare the approximation given by the fiegv terms of the
asymptotic-numerical solver with the exact solution (whis either analytically
available or computed numerically — and laboriously — wigmdlard MATLAB routines
up to prescribed accuracy). Although other more sophistitazomparisons are
possible, we will normally use the standard ODE solede45 in MATLAB, with
absolute and relative tolerance equalto ' as an illustration.

We use the notation

%%mgﬁ%?
n=0

for the errors, taken componentwise.

We remark that the values af that we use in these examples are smaller than
the ones normally present in applications. This restmict®essentially imposed by
the fact that the comparison with the ‘exact’ solution progiwith MaTLAB should
be reliable and affordable. Increasiagwill benefit the asymptotic-numerical solver,
since the approximation with a fixed number of terms will berenaccurate, and the
computational cost will be roughly similar.

)

6.1. A damped harmonic oscillator

As a first example, we consider a simple forced oscillatohw#mping. This system
is modelled by a simple second order ODE:

2" (t) + b’ (t) + kx(t) = pcoswt, x(0) = xp, 2'(0) = xy), (32)

whereb is the damping coefficienk; the spring constant and we have set the mass
equal tol for simplicity. We introduce a forcing term with amplitugeand frequency
w, and we suppose that > wy, wherew is the natural frequency of the unperturbed
oscillator in the underdamped case. In matrix form:

/() = ( ot )w(t) + ( ! ),ucoswt, (33)

thereby using our notation

ne = (% L )e s@=(1]).

The construction of the asymptotic expansion is partidylsimple in this case,
since we have after brief computation:

0 1
p6,0 = ( _k —p )po,Oa PO,O(O) = z(0),
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Figure 2: Solution of the perturbed system (32), with par@nsd = 4.2, b = 0.6,
u = 0.8 andw = 50.

x10™ x 10~ x107°

Figure 3: Absolute errors in the approximation of the solutf the perturbed system
(33) fork = 4.2,b = 0.6, up = 0.8 andw = 100. Top row, errors inz(t) using the
zeroth term (left), using up to the first term of the approxioa(centre) and using up
to the second term of the approximation (right). Bottom reame forx’ (¢).
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together with

e 0
DPi,—1—= o < 1 ) = —Pi1,1-

Because the functiofi is constant, we have from (18) and (19) thatfoe 1
0 1
p/s,() = ( —k —b )ps,()7 ps,O(O) = - Z psm(o)
m##0

In particular, that means that

0 1
pll,O = ( _k b )pl,Oa pl,O(O) =0,

which leads tg, , = 0. Hence we conclude that in this case the first term is simply

B (t) = ( 2 )smm.

Note that theO(1/w) term is0 for the first component of the solution. In other
words,z(t) is superimposed with tiny oscillations of amplitu@1/w?), whereas in
the case of the derivative/ (¢), these oscillations have amplitude of ord2(1/w).
This is intuitively consistent with what can be observedigure 2, and also with the
ansatz taken in [9]. Analogously,

iz 1
Dy 1 = 9 ( b > =DP21>

and since the bandwidth in this exampl&is= 1, see Section 5, then we know that
P2, = 0if |m| > 1. Furthermore

1
plz,o = Up2,0a pz,o(o) = *2172,1(0) =p ( b ) )

hence
-1
¢2(t)p2,o+ﬂ< b >C05Wt-

Hence, writing everything together, we have

1 0 . 1 -1
Sa(t) = poo(t) + = ( i ) sinwt + = [p2,0(t) + 1 ( b ) coswt]
as our approximation to the solution of the ODE (32) up to odgv—2). In Figure 3
we plot the errors when taking the first few terms of the exjpamsompared with the
solution of the perturbed system computed directly by therbMB standard routine
ode45.

Regarding stability, since the system is already line@ntlatrixU is directly

0 1
=% %)
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with eigenvalues
_ —bE VD -4k
S E—
Since bothb, k£ > 0, then the real part of both eigenvalues is always negatide an
we have asymptotic stability according to Section 5.

At

6.2. An expcos oscillator

We include an example that features an oscillator with fodlctrum, to show that the
method can be equally effective. More precisely, we rededléxample of a simple
electronic circuit that was presented in [10],

L IL gu(t) — z(t) L

"t) = ——===a(t) + — |exp| =—5—= | = 1| — Sy(t () = x(t

(0 = ol + g [exn (2 WO, 3 =)

whereL, R, C, I, andVr are parameters, and the perturbatiog.i§t) = et <5,
Realistic values of the parameters are for instahee 10~%, R = 100, C = 1079,

I, = 1072 andVr = 0.0259. The constant term-I,L/C can be added in th@(1)

level in a straightforward way. The resulting system is

G6) = ) G0 = (52)-(0)

whereg = I, L/C. The properties of similar types of oscillator have beerlyes®al in
[8] and [11]. As noticed before, see (4), the functigr(t) can be expanded in Fourier
series using modified Bessel functions, whose asymptotiaweur for large orders
guarantees convergence for fixed valueg ahdt.

It is clear that the coefficients atg, = I,,,(1) for m € Z, using the fact that for
integer orderd,,, (1) = I_,, (1), see [1, Eq. 9.6.6]. The equation for the zeroth term
follows from (18):

Po,0 = h(pPo,o) + To(1) f(Po.o), Po,0(0) = z(0),

and also L ()
il (1
Pipm = ——1 F(Poo), m # 0.

The differential equation for the nonoscillatory functipp , cannot be solved
explicitly because of the nonlinearity originating in then€ttion f, but, being non-
oscillatory, can be computed numerically using standarthous.

The differential equation fop, , reads

oo

Pio=biolkl+ > ar ()b, [f],

which can be simplified to

= I (p)

Y arbr o [f] = L(bio[f] +i)y =

, f(po,o) = Io(p)b1,o[f]
r=—00 r#0
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the last sum bein@ because of the symmetry of the modified Bessel functions with
respect to the order. Hence

p/l,O = by o[h] + Io(n)b1o[f] = (J[h] + IO(H)J[f])pLOa p1,0(0) =0,

which implies thap, , = 0. Therefore,

Py(t) = 2f(po o) i In(r) sin mwt.
m=1 m

Observe that this last sum converges as well due to the dédag modified Bessel
functions, so its numerical implementation is not probléma

In a similar way, one can compute the second tergit), although the different
sums involving modified Bessel functions that appear can Ui (expensive to
evaluate. In particular, observe that 1/Vr, so if Vp = 0.0259 theny is moderately
large and the convergence of the series (4) can be slow. Vg Inatvever, that even
in this situation the cost of computing the expansion is rsiy independent ofu
(whereas any standard numerical method will need to redhecstépsize considerably
whenw grows).

6.3. The inverted pendulum

Our main motivation for extending the method to systems ofE®@Dwhere the
coefficients depend on the parametesriginates in equations that model mechanical
systems, more precisely the equation governing the mofidnecinverted pendulum
(also known as th&apitza pendulum)

1
0" (t) = 7 [g + aw’ coswt] sin (), 0(0) =6y, 0'(0)=0),  (34)

where/ is the length of the rody is the gravitational acceleration,is the frequency

of the highly oscillatory motion of the pivot arttit) measures the angle with respect
to the vertical direction = 0 being the top position of the pendulum, see Figure 4.
The pivot is subject to a fast vertical movement given by tipeagion

y(t) = %coswt.

Itis known that the top position of a pendulum, which is naliyrunstable, can be
rendered stable by means of this fast vertical oscillatithe pivot. In order for this
stabilization to be possible, we need- O(w~1), so that the forcing input has velocity
of orderO(1) with respect tov, and therefore finite kinetic energy. An alternative
justification comes from the stability analysis of a Mathéguation, which is obtained
by supposing that the deviation of the pendulum from thdearposition is small and
thereforesin 6(¢) ~ 6(t) in (34), see for example [2@7.7].

We can rewrite the ODE as follows:

0" (t) = % g+ owcoswt]sinB(),  0(0) =0y, 0'(0) =0,  (35)
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y(t)

Figure 4: The inverted pendulum. The top position, corresjiig tod = 0, is
unstable, but can be rendered stable by adding a fast Jamimeementy(t) of the
pivot.

where nows = O(1) with respect tav. The coefficients of the forcing term are clearly
g
20

We can adapt the ansatz (21) to this case, but since therdingar] dependence
onw in the differential equation, it should be now

am =0, |m| # 1.

a;r —a—_1 =

00) ~ poot) + 30 o= D pr(t)e ™" (36)
r=1

m=—0o0

Equating coefficients at th@(w) level, we get

o0
B Z M2py g (£)e = %cos wt sin(po,o(t)),

m=—0o0

SO

pL() = p1.oa(t) = =3 sin(po(t)):

TheO(1) level gives

2
. o° .
Po(t) =  sin(poo(t) — 175 sin(2po.o(t))
with initial conditionspg o(0) = 6(0) andpy o(t) = 6'(0). This is the averaged system
proposed in [24], and it can be solved using standard praesdiélternatively, if we
define the potential

2

1 g o
H(p,q) = 5p° + 5 cosq = 275 cos2q

1
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Figure 5: The functiod(¢) with £ =1, g = 9.8, w = 100 ando = 1 (left) ando = 10
(right), with initial valuesf(0) = 0.1 and¢’(0) = 0. Observe that the top position,
0(t) = 0, becomes stable in the second case.

and setz, 2') = (g, p), then the equation

2"(t) = Lsin(z(t)) — - sin(2z(t))
14 4¢? ’
is of Hamiltonian type, see [16], and more specific methodsxeaused. For instance,
in [24] the well-known Verlet scheme is proposed, in the eghbf macrointegration
in the Heterogeneous Multiscale Method.
Furthermore, thé&(1) level provides the coefficienis ,,, (¢) for m # 0:

1 . o
P2.m = =5 [QZmme Y] c0s(p0,0) [P1,m—1 + P1m+1]| s

which are, after brief computation,

1o , o
P2,+1 = :F? COS(po.,o)po,o Y] 0s(Po,0)P1,0
0'2 .
P22 =P2,-2 = 3902 sin(2po,0)-

Observe that this is consistent with the bandwidth predidig the theorem
presented in Section 5.

The scheme for computing higher order terms can be obtanoed the general
formulas (22) and (24). However, since we have a factonultiplying the forcing
term, we need to shift the coefficients corresponding todinetionQ(y(t)), namely:

o0

p/sl,() = _bs,O[S] + Z aT'(ﬁ)bs-l-l,—r[Q]a

r=—00



Asymptotic solvers for oscillatory systems of ODEs 19

fors > 1, and

1 , >
Ps+2,m = 2 p/sl,m + 22mp,s+1.,m + bs,m[S] — Z ar(t)bs+1,m—r[Q] |
where in this case
S(y) = —5siny,  Q(y) =siny.

Applying this, we obtain:
Pio = —b1,0[S] + a1z, —1[Q] + a—1b21(Q],

and since
b1,0[S] = 5" (po,0)p1,0 = —% cos(po,0)P1,0,
0 o
b2, +1[Q] = 7 cos*(po,0)Ph,0 — Y] c0s(2po,0)p1,0,

then
2

Plo= %Cos(po,o) - 207 cos(2po,0) | P1,0,
with initial conditions

g . o
p1,0(0) = 7 S Yo, p/f,o(o) = *ny) €OS Yo,

computed from (23).

Figure 6 illustrate the errors when we take the zeroth anadheth plus the first
term in the expansion, compared with direct computatiomefaolution in MATLAB.
As expected, and in accordance with (8), the approximatotowrderO(w—!) gives
an error of orde®(w!) for the functiond(t), and of ordeK)(1) for the derivative.

It is possible to compute higher order terms, although thelala becomes quite
cumbersome due to the terms involving thefunction and the shift due to the
dependence ow. This becomes feasible using a symbolic algebra packageyéu
omit further details for brevity.

7. Conclusions

This paper has presented a snapshot of the state of the ameéw a&omputational
approach to ordinary differential equations with highlycilatory forcing. Such
equations are ubiquitous in numerous applications, wHikdrtdiscretization by
standard methods is prohibitively expensive and, for séalifrequencies, often
impossible.
The main organising principle of our approach is to combirsyngptotic

expansions (in inverse powers of the frequency) with nucaérsolution of non-
oscillatory problems. This leads to a number of importaneatages.
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x 10

Figure 6: Absolute errors when taking the zeroth (left) drelzeroth plus first terms
in the expansion, with parametets= 1, ¢ = 9.8, w = 1000 ando = 10 and initial
valuesd(0) = 0.1 andé’(0) = 0.

1. The entire process consists of ‘non-oscillatory’ coragiohs: only the final step,
a synthesis of different multiscale components, feeddlason into the system.

2. The accuracy of the truncated multiscale approximatimoproves with the
growth in frequency. This flies in the face of the usual nucarintuition,
which is based upon Taylor expansions, but should not beisstngrbecause
of the extensive use of asymptotic information.

3. Once the different multiscale components are in placey ttan be used
repeatedly with different frequencies: this is an impoatrtadvantage in
engineering design problems when the real challenge is lectsthe right
frequency for a task in hand, e.qg. for a stabilisation of aadyital system.

4. The ‘leakage’ of oscillations to different bandwidthsrionlinear systems (a
process we have termed ‘blossoming’) can be tracked eftpland with great
precision.

5. Finally, the availability of a truncated asymptotic nmdble expansion
represents significantly more than just a long string of fl@ggpoint numbers
or a graph, the usual output of a standard numerical methbd.eXpansion in
guestion consists of terms which are either solutions ofturttively simpler,
non-oscillatory ODEs (of which a great deal of useful qadiNe information
can be derived) or can be obtained by simple recursion. Tdreresuch an
expansion is a valuable tool in the analysis of the undeglfiighly oscillatory
ODE.

This is the moment to mention that the approach of this papgrsit one of the
many useful tools that have emerged in the last two decadmgrinnderstanding and
computation of highly oscillatory phenomena. Of particutdevance to the model of
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this paper, an ODE system with highly oscillatory forcinge @omogenization [15]
and multiscale methods [14]. Indeed, there are profoundhections between our
approach and thieterogeneous multiscale method [2, 13, 24]. It is fair to expect
that the future of highly oscillatory computations, an egiey subject of applied
mathematics with an increasing profile, will depend not oimgls ‘wonder method’

but on the understanding and combination of a number of sinagd computational
methodologies.

Finally, let us comment on the scope of the approach destiibghis paper.
The underlying motivation to our work is the modelling of hifrequency electronic
circuits. The breadth of phenomena modelled in this settargges well beyond
‘simple’ ODEs and it also includes differential-algebraiguations (DAES), delay
differential equations (DDESs) and even partial differahéiquations (PDEs), all with
highly oscillatory forcing. An extension of the methodoyogf this paper to these
settings is a matter of active research. Here we just statestich an extension,
although often highly nontrivial, is possible. The next ltdrage is to integrate the
different components — ODE, DAE, DDE and PDE expansionse-antoverarching
technique for realistic electronic circuits.

Acknowledgements

The authors acknowledge useful discussions with J. M. Samna (Universidad de
Valladolid, Spain).

References

[1] M. Abramowitz and I. A. Stegun. Handbook of Mathematical Functions,
volume 55 ofNational Bureau of Standards Applied Mathematics Series. U.S.
Government Printing Office, Washington, 1964.

[2] G. Ariel, B. Engquist, and R. Tsai. The heterogeneoudistdle methoddMath.
Comput., 78:929-956, 2009.

[3] M. V. Bartuccelli, J. H. B. Deane, and G. Gentile. Freqoefocking in the
injection-locked frequency divider equatioRroc. Royal Soc. A, 465:283-306,
20009.

[4] N. N. Bogoliubov and Y. A. Mitropolsky.Asymptotic methods in the theory of
non-linear oscillations. Hindustani Publishing Corp., 1961.

[5] C.-U. Choe, K. Hohne, H. Benner, and Y. S. Kivshar. Chagspsession in the
parametrically driven Lorenz systerihys. Review E, 72:036206, 2005.

[6] D. Cohen.Analysis and Numerical Treatment of Highly Oscillatory Differential
Equations. PhD thesis, University of Geneva, 2004.

[7] D. Cohen, E. Hairer, and C. Lubich. Modulated Fourier @axgions of highly
oscillatory differential equationg-ound. Comput. Maths, 3:327-345, 2003.



22 M. CONDON, A. DEANO, A. ISERLES

[8] M. Condon, A. Deafio, and A. Iserles. On highly oscillgtproblems arising in
electronic engineerindSAIM: Mathematical Modeling and Numerical Analysis,
43:785-804, 2009.

[9] M. Condon, A. Deafo, and A. Iserles. On second orderdiffitial equations
with highly oscillatory forcing termsProc. Royal Soc. A, to appear, 2010.

[10] M. Condon, A. Deafio, and A. Iserles. On systems of difféial equations with
extrinsic oscillation.Disc. Cont. Dyn. Syst., to appear, 2010.

[11] M. Condon, A. Deafio, A. Iserles, K. Maczyhski, and Tu.X On numerical
methods for highly oscillatory problems in circuit simuéat. COMPEL,
28:1607-1618, 2009.

[12] E. Dautbegovic, M. Condon, and C. Brennan. An efficieahlimear circuit
simulation techniqud EEE Trans. Microwave Theory and Applications, 53:548—
555, 2005.

[13] W. E and B. Engquist. The heterogeneous multiscale agsthComm. Math.
Sci., 1:87-132, 2003.

[14] B. Engquist, A. Fokas, E. Hairer, and A. Iserles, editoHighly Oscillatory
Quadrature. Cambridge University Press, Cambridge, 2009.

[15] B. Engquist and P. E. Souganidis. Asymptotic and nuca¢thomogenization.
Acta Numerica, 17:147-190, 2008.

[16] E. Hairer, C. Lubich, and G. Wanne&seometric Numerical Integration. Springer
Verlag, 2nd edition, 2006.

[17] E. Hairer, S. P. Ngrsett, and G. Wann&olving Ordinary Differential Equations
I. Nonstiff Problems. Springer Verlag, 1993.

[18] D. Huybrechs and S. Olver. Highly oscillatory quadratu In B. Engquist,
A. Fokas, E. Hairer, and A. Iserles, editoktighly Oscillatory Problems, pages
25-50, Cambridge, 2009. Cambridge Univ. Press.

[19] A. Iserles and S. P. Ngrsett. Efficient quadrature ohhjigpscillatory integrals
using derivativesProc. Royal Soc. A, 461:1383—1399, 2005.

[20] D.R. Merkin.Introductionto the Theory of Sability. Springer Verlag, New York,
1997.

[21] D. O'Neill, D. Bourke, Z. Ye, and M. P. Kennedy. Accurateodeling and
experimental validation of an injection-locked frequedayider. InProceedings
2005 European Conference on Circuit Theory and Design, pages 409-412, 2005.

[22] R. Pulch. Multi time differential equations for simtileg frequency modulated
signals.Appl. Num. Math., 53, 2—4:397-409, 2005.



Asymptotic solvers for oscillatory systems of ODEs 23

[23] R. Pulch and M. Gunther. A method of characteristiesfilving multirate partial
differential equations in radio frequency applicatiofppl. Num. Math., 42, 1—
3:397-409, 2002.

[24] J.M. Sanz-Serna. Modulated Fourier expansions anerbg@éneous multiscale
methodsIMA J. Num. Anal., 29(3):595-605, 2009.

[25] F. Verhulst.Nonlinear Differential Equations and Dynamical Systems. Springer
Verlag, 1990.



