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Abstract

We consider expansions of smooth functions defined on compact intervals in eigenfunc-
tions of polyharmonic operators equipped with homogeneous Neumann boundary condi-
tions. Having determined asymptotic expressions for both the eigenvalues and eigenfunc-
tions of these operators, we demonstrate how these results can be used in the efficient
computation of expansions. Next, we consider the convergence. We establish the key ad-
vantage of such expansions over classical Fourier series, namely, both faster and higher-order
convergence, and provide a full asymptotic expansion for the error incurred by the truncated
expansion. Finally, we obtain conditions that completely determine the convergence rate.

1 Introduction

Modified Fourier expansions have recently been introduced as a minor adjustment of classical
Fourier series for the approximation of nonperiodic functions in bounded domains. Developed by
Iserles and Ngrsett for functions defined in the compact intervals [15], such expansions converge
uniformly throughout the domain (including on the boundary), in contrast to Fourier series,
which suffer from the well-known Gibbs phenomenon [17]. In fact, when truncated after N
terms, the expansion of a (sufficiently smooth) function converges at a rate of O (N *2) inside
the domain and O (N~!) on the boundary [21].

Whilst offering more rapid convergence, such expansions also retain many of the benefits of
classical Fourier series. Indeed, in the unit interval [—1,1] the modified Fourier basis is precisely

{cosnrz :n € N} U {sin(n — §)mz:n e N}, (1.1)
and thus only differs from the Fourier basis by the shifted argument n — % appearing in the sine
function. It is known that (1.1) forms an orthogonal basis of L2(—1,1) [15], hence any function
f € L2(—1,1) may be expressed in terms of its modified Fourier expansion

oo
flz) ~ %foc + Z [f,? cosnrz + [ sin(n — %)mc] , xe[-1,1],
n=1
where f¢ = fil f(z)cosnmzdr and f5 = fil f(z)sin(n — )rawda are the modified Fourier
coefficients of f. As regards numerical computation of these coefficients, it has been found to be
advantageous to use combinations of highly oscillatory and nonstandard classical quadratures,
rather than using the Fast Fourier Transform (which, unsurprisingly, could be exploited in
this setting) [15, 16]. This approach allows for more efficient computation of coefficients, with
computation of the first NV coefficients being possible in only O (N) operations, as opposed to
O (Nlog N) for FFT-based approaches.



To date, modified Fourier expansions have found applications in a number of areas, including
the spectral disctetisation of boundary value problems [3, 5] and the computation of spectra of
oscillatory integral operators [9]. Benefits over more standard approaches (typically polynomial-
based methods) have been documented in [5] and [9].

In this paper, we consider a particular generalisation of the modified Fourier basis (1.1). The
aim of this generalisation is to obtain both faster rates and higher degrees of convergence (by
the latter, we mean convergence in higher-order norms), whilst retaining the principal benefits of
modified Fourier expansions. This topic was originally developed in [6]. The intent of this paper
is to provide both a comprehensive theory of such expansions, including resolving a number of
conjectures raised therein, and, using theoretical results proved, give a more detailed account of
the practical computation of such expansions. First, however, we recap the salient aspects of [6].

1.1 Expansions in polyharmonic eigenfunctions

Modified Fourier expansions can be identified with expansions in eigenfunctions of the Laplace
operator equipped with homogeneous Neumann boundary conditions. In the unit interval, (1.1)
is precisely the set of eigenfunctions satisfying

—¢"(z) = po(z), wel-1,1, ¢(£1)=0. (1.2)

Interestingly, this observation facilitates the generalisation of modified Fourier expansions to
functions defined on certain higher-dimensional domains, including d-variate cubes [16] and
particular simplices [13]. As discussed in [15], Neumann boundary conditions are vital to the
success enjoyed by such expansions over classical Fourier series. Had Dirichlet boundary con-
ditions ¢(41) = 0 been employed, for example, leading to the basis {cos(n — §)mz :n € Ny } U
{sinnmz : n € N1}, slower convergence would be witnessed, as well as a Gibbs-type phenomenon
near the endpoints.

The interpretation of the modified Fourier basis in terms of eigenfunctions of the Laplace—
Neumann operators indicates how such an approach can be generalised. Seeking more rapidly
convergent expansions, we replace the Laplace-Neumann operator with a particular higher-order
differential operator equipped with suitably chosen boundary conditions. In [6], it was argued
that, amongst all operators of fixed, even order 2¢q, ¢ € N, fastest convergence occurs when
a function f is expanded in eigenfunctions of the univariate polyharmonic operator subject to
homogeneous Neumann boundary conditions

(—1)7CD (2) = po(x), ze[-1,1, ¢ (£1)=0, r=gq,....2¢- 1L (1.3)

In this case, as was shown in [6], the uniform convergence rate is O (N~?). This figure improves
with increasing ¢, and exceeds the O (N _1) estimate for modified Fourier expansions, which, in
view of (1.2), naturally correspond to index ¢ = 1.

A significant component of [6] was devoted to the construction of the expansion of a function
f in such polyharmonic—-Neumann eigenfunctions. It was shown that the spectrum of (1.3)
consists only of real, nonnegative eigenvalues p,, n € N, with corresponding eigenfunctions
¢n that form an orthogonal basis of L2(—1,1). For ¢ > 2, eigenvalues arise as solutions of a
particular transcendental equation and can be easily computed with Newton—Raphson iterations.
Moreover, corresponding eigenfunctions always occur in two cases, even and odd, and can be
written as sums of products of trigonometric and hyperbolic functions with coefficients that are
computed by solving a g x ¢ algebraic eigenproblem.

Also addressed in [6] was the computation of the expansion coefficients f,, = fi1 f(x)dn(x) da.
Using essentially identical techniques to those employed in the modified Fourier case, it was
shown that the first N coefficients can be computed in O (V) operations using only pointwise
values of f and certain derivatives.

1.2 Key results and outline

The intent of this paper is to present a more comprehensive study of the eigenfunctions of (1.3)
and the corresponding expansion of a function f in such eigenfunctions. The first result we prove



concern the precise nature of polyharmonic—Neumann eigenvalues and eigenfunctions. We show
that such quantities, whilst not being known explicitly for ¢ > 2, possess explicit asymptotic
representations (in n) that are accurate up to exponentially small remainders. Specifically,
having introduced the fundamental properties of polyharmonic-Neumann expansions in Section
2 (and recapped the principal results of [6]), we prove in Section 3 that, if u, = 27 is the n'h
eigenvalue, then

1
Q, = Z(2n+q—1)7r+(’)(e_"mq) , n>1, (1.4)
where v, = sin % Moreover, if ¢,, is the corresponding eigenfunction, we demonstrate that

qg—1
bn(z) = ZCS [ei(2n+q—1)n,\s(x—1) n (_1)7L+q+1e—%(2n+q—1)7r>\5(x+1):| +O (e ™), (L5)

s=0
where A\, = —ie s and the values ¢, are independent of n and known explicitly. Results (1.4) and
(1.5) are naturally of theoretical interest. Moreover, the are necessary precursors to a detailed
study of the convergence of expansions in polyharmonic-Neumann eigenfunctions, a topic we
consider further in Sections 4-6. However, before doing so, we demonstrate how (1.4) and (1.5)
provide a simple and effective means to compute the majority of the eigenvalues and eigenfunc-
tions (a necessary first step in constructing the expansion of a function f in such eigenfunctions).
Indeed, whilst eigenvalues and eigenfunctions can always be computed by solving an algebraic
eigenproblem, we show that this is only necessary for the first handful of values n = 1,2,....
Whenever n is sufficiently large, no computations are required: the estimates (1.4) and (1.5) are
exact up to machine epsilon.

Convergence of the polyharmonic-Neumann expansion is considered in Section 4. We prove
uniform convergence of this expansion for f € H'(—1,1) (the first classical Sobolev space), and
determine the corresponding rate of convergence in Section 5. For smooth f, we derive an
asymptotic expansion for the error incurred by its expansion (when truncated after N terms),
valid for any point « € [—1,1]. In particular, we show that the rate of convergence is O (N~9)
uniformly and O (N~=971) in (—1,1). These results generalise those proved in [21] for the mod-
ified Fourier (¢ = 1) case. Finally, in Section 6 we discuss the particular factors that determine
the convergence rate. Proofs in this paper are largely self-contained: we only assume some basic
spectral theory of self-adjoint differential operators.

1.3 Background

The expansion of a function in eigenfunctions of an arbitrary differential operator has been ex-
tensively studied. More commonly referred to as a Birkhoff expansion [7, 8, 10, 20], much is
known in the general case about both convergence and the asymptotic nature of the eigenvalues
and eigenfunctions. However, as mentioned in [6], this theory inadequately describes the case
of polyharmonic-Neumann expansions. In particular, estimates similar to (1.4) and (1.5) are
known to hold for a broad variety of differential operators and boundary conditions, but only
with O (nfl) remainder terms. To the best of our knowledge, the exponentially-small terms
appearing in (1.4) and (1.5) do not currently exist in literature. In addition, though much is
known regarding convergence of Birkhoff expansions, in particular as regards the phenomenon of
equiconvergence [19] (see also [24]), most studies consider only convergence in (—1,1) or assume
that the approximated function obeys the same boundary conditions as those prescribed to the
linear operator. For polyharmonic—Neumann expansions, such results are of limited use. Nev-
ertheless, the particular nature of the polyharmonic-Neumann operator and its eigenfunctions
permits us to compile a far more thorough and accurate theory of the corresponding expansions.

2 Polyharmonic eigenfunction bases

The univariate polyharmonic operator £ = (fl)q%, when equipped with homogeneous Neu-
mann boundary conditions, is semi-positive definite. By standard spectral theory, its spectrum



consists of a countable number of nonnegative eigenvalues [18], which we denote p,, n € N. For
convenience, we define a,, by i, = a29.

Since L[¢] = 0 if and only if ¢ € P,_; is a polynomial of degree less than ¢, pr = 0 is a g-fold
eigenvalue. The corresponding orthonormal eigenfunctions are ¢¢,, n = 0,...,¢ — 1, where
don = (n+ %)%Pn and P, is the n*" Legendre polynomial. All other eigenvalues s, are positive,
and by standard spectral theory, simple and the collection {u,} has no finite limit point. The
corresponding eigenfunctions ¢,, n € N, in combination with ¢g,, n = 0,...,¢ — 1, form a
dense, orthogonal subset of L?(—1,1).

An explicit form for the polyharmonic—Neumann eigenfunctions was derived in [6]. In the
next section we recap this construction.

2.1 Explicit form of polyharmonic-Neumann eigenfunctions

Let ¢ be a polyharmonic-Neumann eigenfunction with eigenvalue = 9. We first note that

2q—1

o(x) = Z o, (2.1)
r=0

where the values )\, € C satisfy A\2¢ = (—1)?, r = 0,...,2¢ — 1 and the parameters c, € C are
determined by the boundary conditions. Simplification of this expression requires separately
addressing the two cases corresponding to even and odd q. With ¢ even, the eigenfunction ¢
takes one of two possible forms ¢¢, ¢° corresponding to even or odd functions respectively. These
are

q

2
wr r
¢°(x) = E ¢t cos (aex sin ) cosh (aem cos )
q q

r=0
2.1
r r
+ Z d; sin (aem sin ) sinh (aex cos ) , (2.2)
r=1 q q
4.1
r r
@°(x) = ) cos (ozox sin ) sinh (aox cos >
—o q q

aq
2
—|—§ d°sin ( a®zsin ) cosh [ a®z cos — , (2.3)
— q q

respectively. The parameters ¢, dS, a® and ¢?, d2, a°® are specified by enforcing the boundary

conditions, which results in an algebraic g x g eigenproblem. The case of ¢ odd is treated in a
virtually identical manner [6].

It transpires that eigenfunctions always occur in even and odd cases, regardless of q. Hence,
we will occasionally use the notation ¢y, ¢ ,, and ¢7,, ¢ ,, to distinguish the such cases. More
frequently, however, we will write ¢g , ¢, and ignore this fact. As with classical Fourier series,
splitting into even and odd cases is most convenient for computations (where real numbers are
desirable), whereas for analysis, it is simpler not to make this distinction.

The biharmonic (¢ = 2) case warrants further attention. It presents the first significant exten-
sion beyond the modified Fourier case, and highlights several features of general polyharmonic—
Neumann expansions. In this setting, the eigenfunctions are given by

1 cosatx  coshatx 1 sina’x sinhalx
e - n n , o - n n , 2.4
9n(@) V2 ( cos g * cosh o, ) on(®) V2 ( sin a2 - sinh o > (24)

and the values of, a2, n € N are precisely the roots of the nonlinear equations tanh a®+tan a® =
0 and tanh a®—tan a® = 0 respectively. These values lie in intervals of exponentially small width.
In fact, for all n € N,

o5 € ((n - 2w (n— D+ e 2D7) | ad € ((n+ Hr— e 2D (nt D), (25)



30
25
2.0
15

10
0.5',"{"’
20

Figure 1: Error in approximating f by fn for ¢ = 1 (squares), ¢ = 2 (circles), ¢ = 3 (crosses) and
g = 4 (diamonds). Left: scaled error N%|f — fwn|lpeo(—1,1) for N = 1,...,100. Right: scaled error

Nq+1||f - fNHLOC(—%,%)'
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where ¢ = C%sln%“l Upon redefining af, = ag,—1 and of = gy, it is readily seen that this

establishes the conjecture (1.4) for ¢ = 2. Simple arguments, based on (2.4) and (2.5), also
verifies (1.5) in this setting. We defer a proof of (1.4) and (1.5) in the general case to Section 3.

2.2 Expansions in polyharmonic-Neumann eigenfunctions

We may express any function f € L2(—1,1) in terms of its expansion in polyharmonic—Neumann
eigenfunctions,

D~ 3 antnn(e) + 3 fun(e), (2.6)

where fo,, = f_ll f(@)pon(z)dz and f, = f f(x)pn(x)dx are the coefficients of f in the
polyharmonic—Neumann basis. Standard spectral theory verifies convergence of the right hand
side of (2.6) to f in the L? sense. Moreover, the following Parseval-type characterisation holds,

q—1 oo
AP =D Moml? + D 1l Y €T2(=1,1), (2.7)
n=0 n=1

where ||g||? = f_ll lg(x)|? dz is the standard norm on L?(—1,1). In practice, the expansion (2.6)
is truncated after NV € Ny terms, leading to the approximation

N

Note that fy is precisely the orthogonal projection of f onto the space spanned by the first N +g¢
eigenfunctions. In particular, fy — f in the L? norm. However, it turns out that, for sufficiently
smooth f, fy — f uniformly on [—1, 1] at a rate of O (N~9). Moreover, whilst f(+£1)—fy(£1) =
O(N™17), the error f(z) — fn(z) = O (N~7"') uniformly in compact subsets of (—1,1). In
other words, faster convergence occurs away from the endpoints. Figure 1 demonstrates this
observation for f(x) = e2* and ¢ = 1,2,3,4. We devote Sections 4 and 5 to the study of
convergence of the approximation fy, including a proof of these statements.

As mentioned, the purpose of polyharmonic—Neumann expansions is to obtain faster conver-
gence. The aforementioned convergence rates demonstrate the benefit gained by increasing g.
Figure 1 also highlights this improvement. For example, with ¢ = 1 and N = 50, the uniform
error in approximating f(x) = e?* is roughly 6.0 x 1072, whereas when ¢ is increased to 4, this
value is 1.1 x 10~%; approximately 5 x 10° times smaller.

This improvement in convergence of the expansion (2.8) with increasing ¢ is a direct conse-
quence of the Neumann boundary conditions. In the next section, we briefly explain why this is
the case.



2.3 Neumann boundary conditions

A simple argument to this end was given in [6]. If fn = Ll1 f(@)dn(x) dz is the coefficient of a
smooth function f with respect to polyharmonic eigenfunction ¢,, (for the moment we do not
specify boundary conditions), then, upon replacing ¢,, by (—1)%;, 2q¢$12® and integrating by
parts 2q times, we obtain the expression
2¢—1 1
. (1) o
Fo= S | S (1) O (@)D ()

Qn r=0

+ / D @), (2) dx] .

r=—1

It is known in a rather general context that the parameter a,, = O (n) for large n and the
derivative ¢$Z“) = O(n") [20]. Substituting these results into the above expression, a simple
argument now demonstrates that, amongst all possible boundary conditions, the fastest possible
decay of the coefficient fn is O (n’qfl). Moreover, such decay occurs when Neumann boundary
conditions are prescribed (in which case, the first ¢ terms of the above sum vanish). Upon the
assumption of uniform convergence of fy to f, this translates into a uniform convergence rate
of O (N~1) (see Section 5).
The necessity of such boundary conditions is highlighted upon consideration of the Dirichlet
boundary conditions
p(£1)=0, r=0,...,q—1. (2.9)

These give the slowest possible coefficient decay: fn =0 (n’l). In addition, the expansion of
a function f in polyharmonic—Dirichlet eigenfunctions does not converge uniformly on [—1,1],
and suffers from a Gibbs-type phenomenon near the endpoints x = £1 (a fact we will confirm
in Section 4).

It is possible that other boundary conditions yield the same coefficient decay (but no better).
For example, when ¢ = 1 the Robin boundary conditions ¢’'(+1) + a¢(+1) = 0, a € R, also
give fn =0 (n_Q). However, we make the choice of Neumann boundary conditions for their
simplicity, thereby making the construction of the approximation fy easier.

3 Asymptotics for polyharmonic—-Neumann eigenvalues and
eigenfunctions

This section is devoted to establishing the estimates (1.4) and (1.5). As stated, similar estimates,
but with only O (n’l) remainder terms, form a central component in the study of general
Birkhoff expansions [10, 20]. To the best of our knowledge, estimates for the polyharmonic—
Neumann case with exponentially small remainders do not currently exist in literature. As we
later discuss, this is doubtless due to that fact that such estimates are only valid under rather
specific conditions.

3.1 Polyharmonic-Neumann eigenvalues

Consider an eigenfunction ¢ with eigenvalue = ¢ # 0. By definition (—1)7¢(% = a?4¢ and
4t (£1) = 0,7 =0,...,g—1. Suppose now that we write ¢ as in (2.1). Then, an application of

the boundary conditions yields the following system of equations for the coefficients co, . .., cag—1:
2q—1 2q—1
Z coladg) e = Z cs(arg) e ™ =0, r=0,..,q— 1.
s=0 s=0



As a result, the values « are precisely the roots of the equation g(a) = 0, where

ea)\g eOé)\l e ea)\2q71
)\Oea)\o Alea)\l . )\zq_lea)\zq_l
-1 -1
AT hedM NI e AJa ! ez
g(O[) = det efa)\g e*Oé)\l e —ad2g_1 (31)
)\Oe—(XAO /\16_0‘)‘1 . Azq_le—a)\gq_l
-1 _ -1 _ _
MNTlem@do NI lemoM /\2q e e
Using Cramer’s rule, we obtain
qg—1
g—1
_ ad i ooy —A " r
gla) = E ’ sgn(o)e 2rsoAom) = Ao(q+n] H [)\U(T))\U(qﬂ)} , (3.2)
0€Say r=0

where Sy, is the set of permutations of the indices {0,...,2¢ — 1} and sgn(o) takes value +1 if
o is an even permutation and —1 otherwise.

Our interest lies with the asymptotic behaviour o — oo (since the eigenvalues p,, are non-
negative and possess no finite limit point, there must be solutions of g(«) = 0 in this regime).
Hence, we scrutinise the sum zz;(l) [Ao(r) = Ao(g+r)]- To do so, we introduce the following order-
ing on the values Ag, ..., A2g—1. We define A\g = —i and A, = AgA", where A\ = e's. Notice that
Ag =1, and A\g4r = —A,. Moreover, Re A, > 0 for r =0,...,¢q, and Re A\, < 0 otherwise.

Lemma 1. The quantity Re Zg;é[)\g(r) = Ao(q+n)] takes mazimal value 2 cot 3 = 20,. This is
attained precisely when o € Ty = Uy UV, where

Ug={o€Sy:{o(r):r=0,...,¢—1}={0,...,¢—1}},
Vo={o€Soq:{o(r):r=0,....,¢—1}={1,...,¢}}.

Moreover, Zg_é[ () — Ao(g+r)] = 2(0,—1) for o €U, and Zg;é[)\g(r) —Ao(g4+r)] = 2(04+1) for
o € V,. Conversely, if o ¢ To, then Re Y I_ [)\U(r) Ao(g+m)] < 2(0q — 7q), where g = sin 7.

Proof. A simple argument verifies that the maximal value is attained only for o € T5,. Further-

more

ZA _AOZX"— =0, — 1,

r=0 r=0 -1
and Y7 A\, =21+ 77 ' Ar = 0, +i. For the final part, we merely note that [Re \,| > Re A\; =,
for r # O q. O

This lemma allows us to immediately provide an estimate for the function g:

Lemma 2. The function g(a) defined by (3.1) satisfies
g(a) — 0204 Jet Vo det V3 [e—2ia + ( 1) 21(1] +0O ( 9q—’Yq)a) . a— oo,

respectively,

where Vo, Vi € CI%9 are independent of a and have (r,s)" entries AT and Agts

r,s=0,...,q—1.

Note that both Vj; and V; can be expressed in terms of products of diagonal and Vandermonde
matrices. Thus, the constant det Vpdet V7 can be exactly specified [11]. However, since these
exact values are of little relevance to the present discussion, we shall not pursue this further.



Proof of Lemma 2. Applying the result of Lemma 1 to (3.2) gives

q—1
g(a) 262(9q—i)(1 Z Sgn(g) H ()\O.(T-))\o—(q+r))r
ocU, r=0
qg—1
+ e2(9q+i)oz Z Sgn(a) H ()\U(T)/\U((H-T))T +0 (62(9q_7q)(¥) , O — 0Q. (33)
oeVy, r=0

If 0 € Uy, we may write

_f d(r) r=0,...,q—1
U(T)_{ g+o’'(r—q) r=gq,...,2¢—1,

where o', 0" € S,. In particular, sgn(c) = sgn(o’)sgn(c”). Hence

qg—1 g—1
Z sgn(o) H Ao Ao(gin) = Z sgn(o’)sgn(a”) H (Ao () Agtor ()
ocUy r=0 o’,0""€S, r=0

and this is precisely det Vpdet V. Similar arguments can be applied to o € V;. Noting that
A2q = Ao, We write

144 (r) r=0,...,q—1
a(r) { g+1+d"(r—q) r=gq,...,2¢—1.
In this case sgn(c) = —sgn(o’)sgn(c”), hence
q—1
Z sgn(o) H (/\U(T))\g(q+r))r = —det Vo det V3,
ocVy, r=0

where Va, V3 € C7%4 have (r,s)™ entries A7, , and X}, |, respectively. Observe that V5 = DV,
V3 = DVy, where D € C?7%1? is the diagonal matrix with pth entry \". Hence

det Va det Vs = (det D)? det Vg det V; = A7) det, Vg det Vi = e~ (97Y) det V det V4,
Substituting this expression into (3.3) now completes the proof. O
We are now able to establish the key result of this section: namely, equation (1.4). We have

20 n € Ny, is the n'' eigenvalue of the polyharmonic—
Neumann operator. Then a, = 2(2n+q— 1)1 + O (e7"™) as n — oco.

Theorem 1. Suppose that p, = 24

Proof. For an eigenvalue p = a?? we have g(a) = 0. Hence, et = emla=1) 1 O (6_2%‘1). O

The proof of this theorem is similar to that given for general Birkhoff expansions [20]. How-
ever, the greatly simplified nature of the linear operator and boundary conditions allows for a
more straightforward argument, and in turn, facilitates the greatly improved estimate (1.4).

As mentioned, this result is a vital step towards the effective computation of the values «,.
In Section 3.3 we consider such task. Before doing so, however, we turn our attention to the
asymptotic behaviour of the polyharmonic eigenfunctions ¢,,.



3.2 Polyharmonic-Neumann eigenfunctions

We wish to establish (1.5).
eigenvalue p = a9 # 0 can be written as

oMo AT
et et
)\g+1eo¢/\o )\?*Flea/\l
2q—1 2q—1
p(z) =det | AT et AT TecM
Aje—ho Ae—aM
)\gJFle*OC)\O )\111+167a)\1
)\(2JQ*2e—a>\o )\%Q*2e—a>\1

where Al! is the corresponding minor

)\gea)\o Agflea>u;71
2g—1 _a) 2q—1 _al,_
A[s] - )\0 e*no )\571 (§] 1
)\ge—a)\o )\q le—a/\S,1
5—
)\QQ 2 e~ o )\2q—126—a>\s,1
o—

Using Cramer’s rule once more, we deduce that

To commence, we note that the eigenfunction ¢ corresponding to

a)\2q7193
adag_1
/\2q 1€%2a
)\qul a)\2q71
2q—1
2q—1
Aga_ 160"\2‘1*1 = E es%(—1)* det Al
Aq e_a’\%*l 5=0
qJF1 7(1)\2471
AL e
)\2‘1 2 —a)\zq 1
q alg alog_
Agpp€t7ett /\2q 1€%N2a—1
)\23»711e0é/\5+1 )\2q 1 Oé)\zq 1
s
q —alg —oc)\ _
Asi1€ + Ag e N2t
2q—2_—a) q—2_—aX
Aspr e ez

q—1
q—1 _Na—2 r r
det AT = 3" sgn(o)erEr=0Aeer X0 Ao TT AT H Ao arr) (3.9)
0ESaq,s r=0
where Sa4 s is the set of bijections from {0,...,2¢ -2} to {0,...,s—1,s+1,...,2¢ —1}. Asin
the previous section, we wish to analyse det Al¥l as a — co. We have
Lemma 3. Suppose that s =0,...,q. Then
det AP = “det Bdet VIl 4+ 0 (epwq*"q)*R”S]a> ., a — 00,
where B € C7*9 has (r,s)™ entry AXI[7, | and
o o,
q )\q )\q >\q+
vl | s I (3.5)
21 2g 1 21 o
Ao? D VIR Y )\3‘1 !

Note that the matrices V¥ are independent of o (as is B). Moreover, each VIl corresponds

to a particular minor of the matrix V € Cl+tDx(@+) with (r,s)™ entry A9t

Though not

important in our present considerations, this observation will be used later.

Proof of lemma 3. Consider the quantity Re {Zf;é Ao(r) — Zg;g )\U(,H_T)]. Arguing as in Lemma
1, we find that this is maximised precisely when o € Ty, where

Tys={0€8Ssqs:{o(r):r=0,...,

_17S+1a"'7Q}}7

g—1}={0,...,s



in which case Zg;é Ao(r) = ZZ;(Q) Ao(g+r) = 204 — As. For o ¢ T, 5, we have

q—1 q—2
Re Z )\U(T) — Z Ag(q+r)] < 2(9q — 'yq) — Re As.
r=0 r=0

Substituting this into (3.4), we obtain

det Als] — o(26,=20)a Z sgn(o H -(FTT) )\q+qr+r ( [Q(Gq—'yq)—Re)\s]a).
€Ty s
In an identical manner to Lemma 1, we deduce that this sum is precisely det B det V15!, O

This lemma suggests that it is prudent to renormalise the eigenfunction ¢ by dividing by
e?%a® det B. This gives the expression

q—1
¢>(3?) — |:(_1)s det V[s]eksa(x—l) _ bse—)\,;oz(m+1):| +0 (e—2'yqo¢) . a— oo, (36)
s=0
where the constants by, ...,bs—1 are to be determined. We have

Lemma 4. The constants bs, s =0,...,q — 1 appearing in (3.6) satisfy
bs = (—1)° det ylslja—legdie L 0 (6_27‘1“) , a—oo, s$=0,...,q—1.

Proof. Consider the boundary condition ¢(4+")(—1) = 0, » = 0,...,q — 1. Substituting (3.6)
gives

=

0=a 9"plttr (1) = [(71)8 det VI zgHre=2Aeer (fl)q”)\g”bs} + O (e7 1),

S

2

Il
<

Suppose that D € R7%7 is the diagonal matrix with r*" entry (—1)9t". Then, written in matrix
form, the above expression is

DV, }1=5 = VI {(—1)" det VITe=2Aa} 070 1 O (e 27)
= (et vIlem2oe) vl 10,0} 4 O (e720e)
= det V[O] 21a{)\q+7 }q—O +0 ( —27(104) )

The matrix D is self-inverse. Moreover, D{\""}1Zg = {(—1)7F"\§""}_§ = {A\¢*+7}9Z(. Hence
Vb, 1125 = det VIl AT }IZ 0 4+ O (e7270%)
and, using a standard relation, b, = det V[O]ema% +0 (672%0‘), where

A AL A N

+1 T-‘rl ri% N q;%
q q +1 q q
. A S A DY LD Vot SRR VAR,
2q—1 2q—1 29—1 2q—1 2q—1
A2 SR D V. LD e RPN v

This matrix is obtained from the matrix VI by interchanging precisely ¢ — r — 1 columns.
Hence det VIl = (=1)7t7+1 det VIl Moreover, it is trivial to show that VI = DV4 where
D € C%%9 is the diagonal matrix with r*" entry A?t7. Substituting these observations into
the expression for b,., we deduce that b, = e?*(—1)9*"*+1det Ddet VI") + O (e_Q’V‘I"‘). Since

det D = A\’ +32(a=1) = (—1)%9-1 we obtain the result. O

10



Using this lemma, we obtain the expression

-1
o(x) = (=1)° det Vs ersale=1) 4 iq_lem"‘e_)‘s“‘(w"'l)} +0 (6_27‘1“) , o — 00, (3.7)

S

Q

Il
o

for the eigenfunction ¢. Equation (1.5) now follows after an application of Theorem 1:
Theorem 2. Suppose that j, = o291, n € Ny, is the n'™® eigenvalue of the polyharmonic—

Neumann operator with corresponding eigenfunction ¢,. Then

bn(x) = Cs [ei<2n+q—1>m(x—1> + (_1)n+q+1e—i(2n+q—1)m<x+1>} +O (e,

=}
—

Il
=)

uniformly in x € [—1,1], where ¢, = (—1)° det VI*! and the matriz VI is given by (3.5).

This theorem establishes (1.5). A simple consequence of this result concerns the asymptotic
behaviour of polyharmonic—Neumann eigenfunctions in the interior (—1,1). As the following
corollary indicates, such eigenfunctions are exponentially close to regular oscillators away from
the endpoints x = +1:

Corollary 1. Suppose that ¢y, is as in Theorem 2. Then

+g—1

On(z) = c(—1 o cosi@n+q— 1)z + 0O e~ 2™ (1=lz]) , n+q odd,
1

n+q

n () = —c(=1)2

Sln%(2n+q7 1)7r:17+(9 <efénﬂwq(1*|$‘)) , ’ﬂ+q even,

uniformly for x in compact subsets of (—1,1), where ¢ = 2e= 7 i det VIO,

Proof. Since Re Ay > v, for s =1,...,¢ — 1, an application of Theorem 2 gives

bn(z) = det VIO {e—%@mq—l)wi(z—l) n (_1)n+q+1ei(2n+q—1>wi<z+1)} L0 (e—%nmq(l—lr\)) _

— det V[O]e%(Zn—i-q—l)Tri [e—i(Qn—i-q—l)Triw + (_1)n+q+le£(2n+q—l)7rix:| +0 (e—%nqu(l—kﬂ)) .

The result now follows from considering the two cases separately and rearranging. O

In Figure 2 we exhibit this result for ¢ = 3. Note the very rapid onset of the asymptotic
behaviour away from the endpoints.

A central component of the study of general Birkhoff expansions is the phenomenon of
equiconvergence [19, 24]: inside the domain eigenfunctions approach regular oscillators in the
limit n — oo (though, in general, only at a rate of O (n_l)). For this reason, pointwise con-
vergence of Birkhoff expansions may be studied using standard tools of Fourier analysis. This
classical approach, however, is unsuitable for the study of polyharmonic-Neumann expansions.
As we prove in Section 5, such expansions converge much more rapidly than classical Fourier se-
ries. Moreover, our interest also lies with uniform convergence throughout [—1, 1], which cannot
be easily established through such means.

To connect these results to the explicit example of biharmonic eigenfunctions (see Section
2.1), we note that Theorem 2, when applied with ¢ = 2, gives

d)n(x) — (1 _ i)eio‘” [efianz + (71)n+leianx] — 9je~ ¥ [eanaz + (71)n+lefanm] +0 (efmr) )

)T+

A=

Suppose, for example, that n = 2m — 1 (the case n = 2m is identical). Then «,, = (m —
O (e7"™), and we obtain

h(im— 1
bom—1(z) = 2v2(=1)"icos(m — Lyrz — Ziw + 0O (e7?m7)

cosh(m — $)m

cos(m — H)wz  cosh(m — 1)z

cos(m — 5 cosh(m — H)m

= —zl

4O (e

11



Figure 2: Top row: the triharmonic eigenfunctions ¢, (thicker line) and approximations cos & (n+ 1)z
(thinner line) for n = 6, 14,20 (left to right). Bottom row: the error logy, [¢n(z) — cos & (n + 1)ma|.

Upon comparison of this formula with (2.4), we confirm Theorem 2 in this case (up to renor-
malisation by a factor of —2i).

Returning to the general case, one consequence of exponentially decaying remainder terms of
Theorems 1 and 2 is that we can perform an extremely detailed study of polyharmonic-Neumann
expansions. In particular, as we detail in Section 5, we are able to provide an asymptotic
expansion for the error f(z) — fx () in inverse powers of N at any point = € [—1,1]. Moreover,
the constants appearing in such an expansion are known explicitly explicitly. To do so, it is first
useful to provide an expression for the term det V1% appearing in Corollary 1. We have

Lemma 5. The quantity det VI is given explicitly by

det VI = etin-a’+50-2)  TT (x* - A7),
0<r<s<q
Proof. The matrix VI% has (r, s)'" entry A\7T]. We note that A777 = (AgA*+1)7H7 = AT AT\,
and therefore VI = DIONW DM where W is the Vandermonde matrix with (r, s)! entry A"
and D[l and D! are diagonal matrices with 7" entries A" and X% = (—1)" respectively. In

particular, det D0 = )\%q(gq_l) = e~ 1imBa-1(a=2) and det DIV = ezi9(a=1) After simplifica-
tion, this gives det D% det DIl = e1im(=4*+54=2)  The result now follows after applying known
results for the determinant of a Vandermonde matrix [11] to . O

As discussed in [6], much is known regarding the zeros of polyharmonic-Neumann eigenfunc-
tions. For example, the n'® eigenfunction possesses precisely n + ¢ simple zeros in (—1,1) and
zeros of consecutive eigenfunctions interlace [22]. As a direct result of Theorem 2, we are able
to precisely determine the distribution of such zeros in the limit n — oco. Unsurprisingly, given
that ¢,, is exponentially close to a regular oscillator in (—1, 1), this distribution is uniform:

Corollary 2. The zeros of ¢, are asymptotically uniformly distributed as n — oo.

Proof. Suppose that I = [a,b] C (—1,1) is a closed interval. Let Z,(I) be the number of zeros
of ¢y, in I. It follows from Theorem 2 that Z,(I) = 3(b—a)n + O (1) as n — oco. Since ¢,, has
precisely n + ¢ simple zeros in [—1, 1] , the proportion of zeros in [ is %\I\ + 0O (n_l) for large n
(note that |I| =2 for I = [—1,1], which explains the factor of 1).

It remains to show that the same result holds for intervals I containing at least one of the
endpoints x = +1. For this, we first note that ¢, is either even or odd. Hence, it suffices to

consider I = [a,1] C (—1,1]. If @ > 0, then

2(1) = 32 (11, ~a U o, 1)) = 2 {Z(-1,1)) = Z([~a,a])} = 5(1 ~ a)n + O(1),
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as required. If @ < 0, then Z(I) = Z([-1,1]) — Z([—a, 1]), and the result follows. O

Though this result is of interest, it is included only as a simple example of usefulness of
Theorem 2 and will not be needed in subsequent analysis. Conversely, the remainder of this
section is devoted to establishing several further estimates for polyharmonic-Neumann eigen-
functions that are required in Section 4-6, where we study the convergence of expansions in such
eigenfunctions.

The first of these results concerns the growth of derivatives of the eigenfunctions ¢,,. Intu-
itively, it feels correct that [|¢(") || = O (a”) for large . This is indeed the case:

Lemma 6. Suppose that ¢ is a polyharmonic—Neumann eigenfunction with corresponding eigen-
value j1 = o1 # 0. Then |0 oo = O (a”) for large a and any r € N. Moreover,

P(1) =dra” + O (e729%),  ¢(—1) = (=1)"i9 e ¥¢(1) + O (e7*1%), a — oo,
where d, = co(—1)7" 1+ S0 e AT

Proof. Consider equation (3.7). This expression is uniform in z € [—1, 1], therefore
q—1
¢(r) (J?) —a Z CSA: [e)\sa(z—l) + (_1)riq—le2iae—)\sa(m+1)} +0 (e—2fyqo¢> )
s=0

Since Re \; > 0, the functions e*+*(#=1) and e~ *+(@+1) are bounded by 1 on [—1,1]. Hence, the
first result now follows immediately. For the second, substituting x = 1 (for example) into the
above expression gives

q—1
¢(r)(1) - a" [CoAS(—l)Tiq_le4ia + Z c A+ 0 (6—2’7qa) )
s=0
Since e = (=1)971 + O (e7?71*) (see Theorem 1), the result now follows. O

To form the polyharmonic-Neumann expansion of a function f, it is necessary to normalise
the eigenfunctions ¢. For this, it is useful to have an asymptotic estimate for ||¢||. We have

Lemma 7. Suppose that ¢ is a polyharmonic—Neumann eigenfunction with corresponding eigen-
value p = a®? # 0. Then
o =c+0O (7)), a— oo, (3.8)

w(r—s)
2q °

1
— 934q(g—1)+1 i
where ¢ = 23 ||0§T<S<qsm

Proof. Suppose that we write b = i7" 'e?'®, so that

—

dx) =) cs [eaks(”’_l) + be_ksa(”‘“)} + 0 (e727%).

Q

[
I
)

Hence

q—1 1 _ -
||¢H2 — Z C'rés/ {ea)\r(ac—l) _i_be—/\roz(;c+1)} [eaz\s(x—l) _i_l’)e—/\sa(x—&-l)} dx—i—O(e_Z'qu‘).
-1

r,5=0

Consider the constant b. Since e?® = (=1)7"le™2* + O (e7274%), we deduce that b is real in
the limit o — oo. Specifically, b = b + O (6_2"“1"). Expanding the previous expression and
simplifying now gives

q—1 -
J6I2 =2 3 crz,emarth) { /
7r,5=0

1 1

cosha(\, + As)zdx + b/

cosh (A, — \g)w dx} +0 (e7 1)
~1

-1
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Note that fil cosh zx dx = %Sinhz for z # 0 and 2 otherwise. Moreover, for r,s =0,...,q — 1,
Ar 4+ As = 0 if and only if r = s = 0, and A, — A\, = 0 only when 7 4 s = ¢q. Hence

4c¢,Cs N _
2 _ 2 s —a(AetAs) o
17 = 4leol” + TESZO Oé(/\r-i—;\s)e sinh a( A, + As)
(r,5)7#(0,0)
! 4bc,.c 3 a-!
+ Z ﬁe_a(AT+AS) sinh Oé()\r - 5\5) + 4bz C7-éq_7.e_2)‘ro‘ +0 (e_Q’YqOé) . (39)

r,s=0 T 8 —1
r+s#q

The final sum is O (6_274“) and hence can be discarded. For the second sum, we notice that
26~ FA) sinh (A, + Ag) = 14 O (e724?) for (r,s) # (0,0). Therefore

q

Z 4c,.Cq

-1
r,s=0 a()"l‘—"_j\s) r,s=
(r,5)7#(0,0) (r,s) ( 0)

X < 2 ¢ C
e sinh a(A, + As) = — Ej e UG
e sinh (A, + As) - Y + 0 (e )

Now consider the third sum in (3.9). Since 2=+ +X) ginh (A, — A,) = e720 — ¢=20Ar 4

—e2ie r=0s=1,...,q—1

- —2ix _ —
e—2a)\s_e—2a)\rz e ) 5*0,7"—1,...,(]*1
67210( _ e2loz r=s=0
0 otherwise

up to a term of order e~27%®_ it follows that

CrCs e~ Ne) i
2b Z 2l -2 ) (ArtA )smha()\r —As)

r,s= O
rts#q

_ 7()2 COCS 21a + bz ACT‘CO)\ ) 72ia +0 (67201’711) .
— A0

Recall from the proof of Lemma 4 that det V% = det D det V14 and det D = (—1)%9~!. Hence
co = det VIO = (~1)9i9 1 det VI4 = {97 1¢,, and therefore

2l __ :2(q—1) jdiee,, —2y5¢
bcoe™* =1 eM%y = cg+ O (e7710%),

since et = (4= L O (e774%) (see Theorem 1). Since b is real in the limit o — oo, we also find
that bcpe™ 2 = ¢, + O (e_Q'W’). Substituting these observations into the previous expression,

we obtain

b Z Crcs ) —(X()\TJFXS) sinh a()\r — j\s) = % aCs - — Z E (e_Z'Yqoc) ;
r,s=0 s:O
T+85ﬁq

for the third term of (3.9). Combining this with the expression for the second term, now gives

2 1 c,C
2 2 Ut 294
o|F = 4lcol” + — g — 4+ O (e “7a%) .
|| H |O‘ 4 ) Ar >\s ( )

(r,8)#(0,0),(g,9)
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To establish (3.8), we first need to show that the sum vanishes. To prove this result, it suffices
to show that

t _ q _

CrCt—r CrCt—r
Y =0, t=1,...,q, Y ————=0 t=q+1,...,2¢—L
= At A ! r=t—q Ar A ! !

Moreover, since A, + A;_, = —iA"(1 — A7?), these conditions reduce to

t q
et ANTT=0, t=1....q, Y &N "=0, t=q+1,...,2¢—1. (3.10)

r=t—q

Suppose that we define the matrix V' € ClUTD*@+1) with (r,s)™ entry X4+7 7,5 =0,...,q. It
is readily seen that (—1)9+" det V1"l = det V/(V~1),.,. Hence

{e,}_y = (=1)%(det V)V~H0,...,0,1} .

Consider the matrix V. Since A\IT" = NT"A™ A% we may write V = DIVW DI where W is
the Vandermonde matrix with (r,s)™ entry A", and D[ and DI are the diagonal matrices
with 7" entries A" and A" = (—1)" respectively. Simple arguments now give that

(-1 o v
(e = WO, 0,1}

Set e, = ( dizv ¢r. To prove (3.10), it suffices to show the result with the values ¢, replaced by
er. Note that W{e,}?_, = {0,...,0,1} T, and this is equivalent to the polynomial interpolation
conditions p(A\") = 6,4, 7 =0,...,¢q, where p € P? is the polynomial > ?_ e a". Trivially, p can

written in terms of the ¢*" Lagrange polynomial:

Now consider the polynomial

q 2q
g(x) = ple)p(\"'2) = Y e, AT =y
t=0

r,5=0

where v = Zi:o er€_r A " fort=0,...,qand v = g:tiq er€_p A T fort=q+1,...,2¢—1.

Therefore, it suffices to show that the polynomial g(z) involves only 1 and 22? and no other
powers of . We have

B R _ .
pla)p(A ") ‘deth H @A™ =N = Ve [T = 27y (@ - At
r=0

The product may be written as HT (@ —A"). Since X is a 2¢"™™ root of unity, this reduces to
229 — 1. Hence q(x) = —|det V|72(227 — 1), as required.
We conclude that [|¢[|> = 4|co|? + O (e7274). To complete the proof, we recall Lemma 5.
Since ¢o = det V19 and

| det VIOU2 = H AT =22 = H 2 [1 — cos @} = gala—1) H sin? 7“(;7;3)’

0<r<s<q 0<r<s<q 0<r<s<gq
we obtain the result. O

Much like Theorems 1 and 2, this result is of both theoretical interest and practical use, since
it can be use to construct polyharmonic-Neumann expansions, as we next consider.
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n| 1 2 3 4 5 |10 15 ] 20 | 25 | 30
| en | 2437400 [516 [ 6.99 | 844 | 155 225 | 295 | 36.4 | 433
=21 4.1 3 3 2 2 2 1 0 0 0 0
g len| — |62 — [620] — [1B6] — |27 — |377
=21 4.1 0 3 0 2 0 1 0 0 0 0
| en | 235|463 442 (544 | 6.97 | 116 | 168 [ 21.5 | 265 | 314
=% 14, | 4 3 3 2 2 1 1 0 0 0

Table 1: Numerical computation of a, for ¢ = 2,3,4. The value e, = —logy, (|on — $(2n + ¢ — 1)|/an)
1

measures the number of significant digits (a dash indicates where a, = i(Qn + ¢ — 1) exactly) and an

is the number of Newton—Raphson iterations required to obtain machine epsilon.

n 1 2 3 4 5 10 15 20

¢=2(76,2) | (42,4) | (1.9,5) ) [ (3.9,8) | (6.3,15) | (9.6,22) | (1.5,28)
q=3 | (15,2) | (29,3) | (65,5) | (1.5,5) | (2.8,7) | (1.3,12) | (4.3,19) | (2.2,24)
q=4] (1.0,2) | (5.0,3) | (9.3,4) | (7.2,5) | (3.9,6) | (1.9,10) | (9.9,16) | (4.4,20)

Table 2: Uniform error in approximating ¢, using Theorem 2 for ¢ = 2,3,4. Here (¢,n) = ¢x 107" for
ceRandneN.

The estimates proved in this section, namely the exponential asymptotics for polyharmonic
eigenvalues and eigenfunctions, improve known results in the literature of Birkhoff expansions.
We speculate that the principal reason for their omission is due to the fact that such estimates
are only valid under very specific conditions. In fact, there is evidence to suggest that only the
polyharmonic operator with particularly simple boundary conditions will admit such estimates.
A proof of such result requires further study, most likely along similar lines to [20], and is beyond
the scope of this paper.

As we now address, such exponential asymptotics are of great use in the computation of
the expansion fy. In [6], the polyharmonic operator was chosen, out of all possible 2¢*® order
operators, for its simplicity. The previous comments indicate another reason for this choice.

3.3 Computation of polyharmonic-Neumann expansions

In [6] it was shown how to construct the eigenfunctions ¢, in a systematic manner (see also
Section 2.1). Once the values a,, have been computed, the coefficients of such functions are
found by solving a g x ¢ algebraic eigenproblem. Computation of the values «, involves solving
a transcendental equation, which can be performed with standard iterative techniques, e.g.
Newton—-Raphson.

However, the exponential asymptotics of this section mean that such procedure is only nec-
essary for small values of the parameter n. Once n is sufficiently large, we may use the approx-
imations given in Theorems 1 and 2 instead (note that Theorem 2 gives an expression involving
complex parameters. It is a simple, but tedious, exercise to translate this result into a real form,
thereby giving an expression better suited to computations). To highlight this, in Tables 1 and 2
we consider the error in approximating «,, and ¢, by their asymptotic estimates. As is evident,
such estimates are accurate to within machine epsilon whenever n > 15, meaning that only the
first 15 eigenvalues and eigenfunctions require numerical computation. Moreover, for the values
a, only at most four Newton—Raphson iterations are required for convergence, a fact which is
easily explained from the exponential asymptotics. We remark in passing that had the estimates
in Theorems 1 and 2 only been accurate up to O (nil) (as is the case for the majority of Birkhoff
expansions), then computation of both «,, and ¢, would have been significantly harder.

The other main task in constructing the expansion fxn involves computing the coefficients
fn. We shall not dwell on this issue, since it has been dealt with more thoroughly in [6], aside
from mentioning that the basic approach is to replace the function f by a certain interpolating
polynomial p and approximate the coefficient fn by p,. This is a so-called Filon-type method
(see also [14]). High asymptotic accuracy is guaranteed by interpolating certain derivatives of
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f at the endpoints = +1, whilst high classical order (in the sense of numerical quadrature) is
obtained by interpolating the function f at a number of nodes in [—1,1].

4 Convergence of polyharmonic-Neumann expansions

In the final three sections of this paper we consider the convergence of expansions in polyharmonic—
Neumann eigenfunctions. To this end, we address the following three questions:

1. In what sense (i.e. norm) does fx converge to f?
2. What is the rate of convergence in terms of N7
3. What factors determine both the degree and rate of convergence?

In particular, we wish to determine conditions under which fx — f uniformly on [—1, 1], thereby
confirming the advantage of polyharmonic-Neumann expansions over both Fourier series and
expansions in polyharmonic-Dirichlet eigenfunctions, for example. Moreover, we also seek to
fully confirm the advantage of increasing the parameter ¢: namely, both a faster rate and higher
degree of convergence of the expansion fy.

Since polyharmonic-Neumann eigenfunctions form an orthogonal basis of L?(—1,1), the ap-
proximation fy converges to f in the L? norm (as mentioned in Section 2.2). Our main focus
of this section is the question of convergence in higher-order Sobolev norms H", » € N. In turn,
this study allows uniform convergence to by verified, using standard imbedding theorems.

As mentioned in Section 1, much is known about the convergence of general Birkhoff expan-
sions, especially as regards the phenomenon of equiconvergence. However, these results typically
insufficiently describe the case of polyharmonic-Neumann expansions. In the forthcoming sec-
tions we present a largely self-contained convergence analysis of such expansions.

4.1 Duality under differentiation

In [3], it was shown that modified Fourier expansions (polyharmonic-Neumann expansions with
q = 1) form an orthogonal basis for not just L?(—1, 1), but also the space H!(—1,1). In particular,
fn converges to f € HY(—1,1) in the H! norm. This proof was generalised in [6]: polyharmonic—
Neumann expansions form an orthogonal basis H?(—1, 1), provided this space is equipped with
the inner product

(1), = [ @) + 7@ @] do. fg -1 (41)

Central to this proof is the following lemma:

Lemma 8. If we apply the operator dd;q to the set of polyharmonic—Neumann eigenfunctions

On, we obtain, up to scalar multiples, the set of polyharmonic eigenfunctions that satisfy the
Dirichlet boundary conditions (2.9). Such eigenfunctions are dense and orthogonal in L2(—1,1).
Moreover, for f € Hi(—1,1), (fx)? is precisely the truncated expansion of f9 in such eigen-
functions.

Proof. Though this proof is found in [6], it is useful to repeat it here, since similar techniques
will be used later.

It is clear that ¢-fold differentiation yields the set of polyharmonic—Dirichlet eigenfunctions
(note that the polyharmonic—Dirichlet operator has no zero eigenvalue). Density and orthogo-
nality now follow directly from standard spectral theory [18]. For the second result, we first note
that, for f €e H"(-1,1),r=0,...,q,

024

/_ @)ola)do = (=1 / @) @) da (4.2)

where ¢ is a polyharmonic-Neumann eigenfunction with corresponding eigenvalue y = «??. This
follows from the equality ¢(*9 = (—1)9a29¢ and repeated integration by parts. Now, suppose
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that ¢(9 = ¢1), where 1 is the corresponding normalised polyharmonic-Dirichlet eigenfunction
and c is a constant. Using (4.2) with r = ¢ gives

1 1

2 _ .2 dz = (q) @D (2)dr = o29.

¢ =¢ [ w@i@r= [ §9@oe 0@ dr = a
Moreover, we have

1 1 ! 1 /1
- (9) (9) S (@)
| t@owae = o [ 1O@e 0@ =1 [ D@

so that (f, )09 (z) = (f9,4)y(x), where (-,-) is the standard Euclidean inner product. The

result now follows. O

This so-called duality under differentiation of polyharmonic—-Neumann and polyharmonic—
Dirichlet expansions immediately provides the main result:

Theorem 3. The set of polyharmonic—Neumann eigenfunctions forms an orthogonal basis for
the space H1(—1,1) equipped with the inner product (4.1). In particular, fn converges to f in
the H? norm and we have the Parseval-type characterisation

q—1 o)
115 =D fonl® + DA+ pa)lful?s  Vf € HI(=1,1), (4.3)
n=0 n=1

where || f| = \/(f, f)q is the norm induced from (4.1).

This theorem indicates that polyharmonic-Neumann expansions contrast strongly with, for
example, Fourier series, which only converge in the L? sense (as we later consider, the same is
true for polyharmonic-Dirichlet expansions). This higher degree of convergence translates into
a faster convergence rate, as we demonstrate in Section 5.

Theorem 3 also provokes the following question: for which values of r # 0, ¢ does fn converge
to f € H"(—1,1) in the H" norm? As we will show in Section 4.3, this holds for all » = 1,...,¢—1.

To do so, much as in Lemma 8, we first need to describe the r** derivative f](\; ) in terms of an
expansion in certain polyharmonic eigenfunctions.

4.2 Biorthogonal pairs of polyharmonic—Neumann eigenfunctions

For r = 1,...,q — 1, the derivative fj(\;) can no longer be expressed as an orthogonal series.
Instead, it can be written in terms of a certain biorthogonal pair of polyharmonic eigenfunctions.
Let us first recall some theory of Birkhoff expansions (see [20], for example). Suppose that
the polyharmonic operator £ = (—1)¢ dde;q is equipped with boundary conditions B,.¢ = 0,
r=1,...,2q. The adjoint boundary conditions B[¢] =0, r = 1,...,2q, are defined so that

/11 Lo(x)p(z)de = /11 (2) L0 (z) da,

for all 2¢-times continuously differentiable, comlex valued functions ¢, ¢ satisfying B,.¢ = 0 and
By = 0. We say that the operator £, when equipped with boundary conditions B, (which we
write as {£, B,.}), is self-adjoint provided B, = B (up to reordering).

Under some assumptions on the B,., the spectrum of {L£, B,.} is countable with real eigenval-
ues {pn} and eigenfunctions {¢,} [20]. Moreover, the spectrum of {L£, B} consists of precisely
the values p,, with corresponding eigenfunctions {1, } that satisfy (¢n,¥m) = dp,m (after ap-
propriate renormalisation). For this reason, we refer to the pair {¢,, ¥, } as a biorthogonal pair
of polyharmonic eigenfunctions. Such biorthogonality signals that a function f may be expanded

in the formal series
o0

n=1
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Note that we do not make an assumptions regarding convergence of this series at this point.

It is evident that, when prescribed either Neumann ¢4+ (£1) = 0, » = 0,...,¢q — 1, or
Dirichlet ¢(")(£1) = 0 boundary conditions, the operator £ is self-adjoint. We now catalogue
the nature of the polyharmonic operator under a variety of other boundary conditions:

Lemma 9. Suppose that p =1,...,q— 1 and that the polyharmonic operator L = (—1)‘1% 18
equipped with boundary conditions
PP (£1) =0, r=0,...,q—1. (4.4)
Then the adjoint boundary conditions are
p(£1) =0, r=0,...,p—1, ¥ V(x1)=0, r=0,...,q—p—1. (4.5)

In particular, the corresponding pair of polyharmonic eigenfunctions subject to boundary condi-
tions (4.4) and (4.5) are biorthogonal.

Proof. We have

2q—1

/ Lo@)id(z)de = (—1)7 Y (~1)7F160) (z) 27

r=0

1
+L1 é(x)Lop(x) da

If ¢ satisfies boundary conditions (4.4), then this sum vanishes precisely when 1) obeys the
conditions (4.5). O

In subsequent analysis, it is necessary to understand the nature of the zero eigenfunction
of the operator £ when equipped with boundary conditions (4.4) or (4.5). Recall that the
polyharmonic-Neumann operator has a zero eigenvalue of multiplicity ¢. The corresponding
eigenspace is Py_1, the space of polynomials of degree ¢ — 1. Trivial calculations verify that the
polyharmonic operator with boundary conditions (4.4) or (4.5) has a (g —p)-fold zero eigenvalue.
The corresponding eigenspaces are Py_,_; and {g EPp1: 9 (£) =0, 7r=0,...,p— 1} re-
spectively.

We are now in position to prove the main result of this section:

Theorem 4. If we apply the differentiation operator dd—;,, p=1,....,q — 1, to the set of
polyharmonic—Neumann eigenfunctions, we obtain, up to scalar multiples, the set of polyhar-
monic eigenfunctions that satisfy the boundary conditions (4.4). Furthermore, for f € HP(—1,1),
(fn)P) is the truncated expansion of fP) in the biorthogonal pair of polyharmonic eigenfunctions
corresponding to boundary conditions (4.4) and (4.5).

Proof. The first result is trivial. For the second, suppose that ¢, is the n'" polyharmonic—
Neumann eigenfunction with eigenvalue p, = o29 # 0. Let ¢>££’ ) = cn¥n and ¢£?q‘p ) = dnXn,
where {¢,,, x»} is the biorthogonal pair corresponding to boundary conditions (4.4) and (4.5).
Assume that such eigenfunctions are normalised so that (¥n,, Xm) = 0p,m. Setting r =p, ¢ = ¢y,
and f = ¢, in (4.2) immediately gives

_1\q+p 1
= (;)d / a(a)nla) do.

Hence, ¢,d,, = (—1)97Pa29. Moreover, using (4.2) once more,

Fuo ) = S e, / 7O (@) xn () dan () = (7, x0) ().

It follows that

d:vP Z futn(@ i ( ,xn) (), (4.6)



for any N € N. To complete the proof, we need to consider the component of the expan-
sion fy corresponding to the g¢-fold zero eigenvalue. To this end, suppose that we write
{Yon :n=0,...,¢g—p—1} and {xo,n : » = 0,...,¢ — p — 1} for the sets of polyharmonic
eigenfunctions corresponding to the zero eigenvalue and subject to boundary conditions (4.4)
and (4.5) respectively. It now suffices to show that

qg—p—1

p 171
% Z fO,n¢0,n(x) = Z (f(p)7XO,n) ’Q[J()’n({l?). (47)
n=0

n=0

Since {4, } is a basis for P,_,_1, we have dd:p ZZL;B fomqboﬁn(x) = ZZ;%A antho () for values

an € R. Due to the biorthogonality relation (¢ n, X0,m) = 0n,m, we have
v
an = (da:P z:()fO,quO,vaO,n) .
In view of (4.6) and the fact that (¢, X0,m) = 0, we may write

dr a1 N o dp
Ap = (dxp {Z Jo,m®0,m + mZ:lfMﬁm} aXO,n) = <d:1:PfN’XO’n> )

m=0 =

for any N € N,. We now note that, since xéfi(:l:l) =0forr=0,...,p—1, integration by parts

p times gives the relation
(9 x0m) = (9:472) (4.8)

for any function g € HP(—1,1). In particular, a, = (fN?XéI:r)l)' Since N was arbitrary and

fn — fin the L?(—1,1) norm, it follows that a, = (f, x((f%). An application of (4.8) now gives

an = (f®),x0.n), hence verifying (4.7). O

Well-known results for general Birkhoff expansions can now be used to establish convergence
of fl(\;) to f(") in L2, and hence convergence of fy to f € H"(—1,1) in the H" norm. However, the
particular nature of polyharmonic—Neumann eigenfunctions allows us to present an alternative,
simpler proof of this conjecture in a completely self-contained manner.

4.3 Convergence in H" norm, r=1,...,¢—1

Throughout this section we write ¢ for a positive constant, independent of f and N.

Our technique of proof will be based on known results for the cases r = 0, ¢ and interpolation
therein for the intermediate values r = 1,...,¢— 1. To do so, we first need to establish a Bessel-
type inequality in the H” norm for polyharmonic-Neumann expansions. Specifically, we shall
prove that || fn|l» < ¢||f|l» for f € H"(—=1,1) and N € N,..

We commence by stating the following lemma, found in a virtually identical form in [10,
p.2332]:

Lemma 10. Suppose that a = (ay,as,...), where a,, = fil e*n(1E2) £ (1) dx (with the same sign

for all n) and f € L2(—1,1). Suppose further that z # 0 and Rez < 0. Then a € I2(N) and
lall < cllfl, where [lall* = 3277, lan|?.

This lemma possesses the following converse, also found in [10]:

Lemma 11. Suppose that b = (by,bs,...) € I>(N). Then, for Rez < 0 and z # 0, the family
of all finite sums of terms of the form b,e*™ (%) s uniformly bounded in L2(—1,1) with norm
bounded by c||b|.

With these lemmas in hand, we now return to the polyharmonic problem:
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Lemma 12. Suppose that {¢,, xn} are a biorthogonal pair of polyharmonic eigenfunctions, with
Yn and xn subject to boundary conditions (4.4) and (4.5) respectively. Then, the family of all
finite sums of terms (f, Xn)Vn is uniformly bounded in L2(—1,1) with norm bounded by c|| f||.

Proof. Recall Theorem 2. We may write x,, as

=

Xn(x) _ [asean/\s(zfl) + bsefan)\s(:wrl)] +0 (ef’ﬂﬂ"\{q) , (49)

<)

w
Il
=)

with constants a, and b, independent of n. Since o, = i(2n+q— 1)mr+0O (e7™™a) and Re Ay <0,
Xn is a finite sum of exponentials of the form e*”(1%%) with Rez < 0 and z # 0. Hence, for
f € L3(—1,1), it follows from Lemma 10 that the sequence (f, x,,) is in 2(N) with norm bounded
by c¢||f]|. Since we may also write t,, in the form (4.9) (with different constants a, and bs), the
full result is now a simple consequence of Lemma 11. O

We are now able to prove the aforementioned Bessel-type inequality for polyharmonic—
Neumann expansions:

Lemma 13. Suppose that f € H (—1,1), r = 0,...,q, and that fy is the truncated expansion
of f in polyharmonic—Neumann eigenfunctions. Then || fnll» < c||f|- for all N € N;..

Proof. By Theorem 4, the function f](vT) is a finite sum of terms of the form (£, x,)¢,. An
application of Lemma 12 now gives the result. O

Having established this inequality, we may now prove the key result of this section:

Theorem 5. Suppose that f € H'(—1,1), r =0,...,q, and that fn is the truncated expansion
of f in polyharmonic—Neumann eigenfunctions. Then fn converges to f in the H (—1,1) norm.

Proof. Since we have already proved the result for 7 = 0, ¢, we assume that r=1,...,¢—1. In
this case, given € > 0, there exists g € H9(—1,1) with ||f — g||» < € [2]. In view of Lemma 13,
lfnv — gnll» < ce. Hence

If = fnlle < llg —gnllr + 1L = glle + 11f8 = gnllr < llg = gnllg + (1 + c)e.
Since g € H1(—1,1), |lg — gn|lq < € for large N (by Theorem 3), completing the proof. O

An immediate consequence of this theorem is uniform convergence of polyharmonic-Neumann
expansions:

Corollary 3. Suppose that f € H"(=1,1), r = 1,...,q, and that fy is the truncated polyharmonic—
Neumann expansion of f. Then f](vs) converges uniformly to f) for s=0,...,r —1.

Proof. This follows immediately from the Sobolev imbedding H*(—1,1) < C*7![-1,1], s € N,
(see, e.g. [2]) and Theorem 5. O

In particular, this corollary establishes that fy converges uniformly to f € H(—1,1). Note
that this improves upon a result proved in [6], which assumed H?(—1, 1)-regularity.

We remark in passing that, as a consequence of Theorem 5, the expansion of a function in
any biorthogonal pair of polyharmonic eigenfunctions with boundary conditions (4.4) and (4.5)
converges in the LZ norm. This result, as mentioned, is known in a more general context. The
(somewhat circuitous) method of proof presented above cannot be extended to arbitrary Birkhoff
expansions (except in certain cases), since it relies both on the particular duality of polyharmonic
eigenfunctions and known results for the Dirichlet and Neumann cases (themselves consequences
of standard spectral theory for self-adjoint differential operators).

Theorem 5 and Corollary 3 clearly demonstrate the advantage gained from increasing the
parameter ¢: namely, higher orders of convergence. As we consider in Section 5, this in turn
corresponds to faster convergence rates. In addition, these results provide criteria for both the
best and worst boundary conditions to prescribe to the polyharmonic operator in terms of the
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convergence of the truncated expansion fy, as opposed to the arguments of Section 2.2 based on
the decay of the coefficients fn Specifically, it is easily established that the expansion based on
polyharmonic eigenfunctions subject to boundary conditions (4.4) converges maximally in the
H97P(—1,1) norm, p = 0,...,q. Correspondingly, for boundary conditions (4.5), only L2(—1,1)
convergence occurs. Hence, choosing p = 0 for the highest possible degree of convergence, we
once more arrive at Neumann boundary conditions. Conversely, Dirichlet boundary conditions
(p = q) give the worst degree of convergence.

4.4 Pointwise convergence

Corollary 3 verifies that fy and its first (¢ — 1) derivatives converge uniformly to the correspond-
ing derivatives of f. In this section, we prove that the ¢ derivative of fy, whilst not converging
uniformly on [—1,1], does in fact converge to f(9 uniformly in compact subsets of (—1,1).

To prove this result, we first note that the expression (4.2) for the coefficient fn can be
repeatedly integrated by parts to give

1 2=

=g 07 [F @l D) = e ol )
+ % /1 FrP (@)l P) (2) da, (4.10)
Qn -1

provided f € HY?(—1,1), p = 0,...,q. In particular, since o,, = O (n) and gb%q_l)(j:l) =
(£1)"dg—1027 1 4+ O (n?~'e~"™) by Lemma 6, we have

Fo = 3 [FOWO (1) = FO1)0 D (1] +0 (0.
= Ziﬂﬂ [f@(l) + (—1)"+1f(‘”(—1)] +0 (n77?), (4.11)

for f € H9"2(—1,1). Furthermore, for z € (—1,1), it follows from Theorem 2 that
¢ (z) = ad(—1)%¢ [e_ia"(m_l) + (—1)”+1ei“”(’”+1)} +0 (nqe_%”m‘l(l_lml)) . (4.12)

We are now in a position to establish pointwise convergence of f](\?) to f:

Theorem 6. Suppose that f € H972(—1,1) and that fx is the truncated expansion of f in

)

polyharmonic—Neumann eigenfunctions. Then fj(\? converges to f(9 uniformly in compact sub-

sets of (—1,1).

Proof. First consider the sequences

Qp On

N N
+1)" _. +1)" .
aﬁ(ax): E (£1) e lan(e=1) bﬁ(aﬂ): E (+1) elon(@+) N e N.
n=1 n=1

We claim that these sequences converge uniformly in compact subsets of (—1,1). Note that
emiantn(e=1) — g-lan(@—1)(_1)ng-izgnm(z+1) 4 & (¢~"7). Hence, for example,

2€—iaN(9c—1) M (_1)71 .
+ + _ —itnm(z+1) — Ny,
a —ay = e 'z + O (Ne 7).
Nanr N S Dy vy ( )

Much like the tail of a Fourier series, this sum tends to zero as N — oo for every M € N. Hence
CLE forms a Cauchy sequence, and thus converges uniformly in compact subsets of (—1,1) to a
continuous function a*(z). Similar arguments confirm convergence of ay and bﬁ. Using (4.11),

(4.12) and this result, we deduce convergence of fj(\?)(x) to a continuous function g(x). Since

fj(\?) — f@ in the L2 norm and g is continuous, we conclude that g = f(9), as required. O

22



D
=
=
S
E
3
3
3
3

:

>IN

;

AAAAAnn

vvvaU

0.6}
0.4
0.2¢

10  -05 05 1.0 10  -05 05 1.0

Figure 3: The Gibbs phenomenon for polyharmonic—Dirichlet expansions. Graph of f(z) = 1 and f50(x)
for —1 < x < 1, where g = 2 (left), ¢ = 3 (right) and fx is the expansion of f in polyharmonic—Dirichlet
eigenfunctions.

As mentioned, the expansion of a function f in polyharmonic-Dirichlet eigenfunctions does
not converge uniformly on [—1,1]. However, in view of Lemma 8, the previous theorem equiva-
lently states that such expansions converge away from the endpoints £ = 1. Near the endpoints,
however, they suffer from a Gibbs-type phenomenon. In Figure 3 we exhibit this effect for the
approximation of the function f(z) = 1 by polyharmonic-Dirichlet eigenfunctions: the presence
of O (1) oscillations near x £ 1 highlighting the Gibbs phenomenon in this case.

5 Rate of convergence

The intent of this section is to provide estimates for the rate of convergence of the approximation
fn. We first derive results in various Sobolev norms. However, the exponential asymptotics of
Section 3 can be used to provide precise expressions for the pointwise error f(z) — fnv(z) at any
point « € [—1,1]. In turn, this allows us to derive not only the stated O (N_q_l) estimate for
the convergence rate in (—1, 1), but also an exact expression for the leading order error term as
a function of x. We dedicate Section 5.2 to this topic.

5.1 Convergence rate in various norms
Standard techniques of Fourier analysis are used to derive the first result of this section:
Lemma 14. Suppose that f € H(=1,1). Then ||f — fnllr < eN"F||flls fors=r,...,q.

Proof. Consider the case r = 0. By (2.7), we have || f—fn[? = >, o | fnl?. Note that 25| f,,|? =
( 1), 1/)”), where 1, is a polyharmonic eigenfunction equipped with boundary conditions (4.4)

and p = ¢ — s. It now follows from the proof of Lemma 12 that _ _ afﬂfn\z < c||f]|?>. Using
this result and the fact that a, = O (n), we obtain

2s
az’® s _ » _
1= vl =D 5l SNT2 D7 ol ful? < N72FIE,
n>N T n>N
which completes the proof for r = 0. Now suppose that r = 1,...,s. Recall the interpolation

inequality (see, for example [2])

i, YgeHs(-1,1). (5.1)

gl < cllgll*~* g

Setting g = f — fn and using the previously derived result, we obtain

1—z r 1—-z

[flls = Wf = fnlls = eNT72| 1 flls

Note that || f— falls < ||flls+ ] fnlls- An application of Lemma 13 now gives || f — fn|ls < <[l flls,
O

If = fllr < eN7s05) f—=fnlls-

thus completing the proof.
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Figure 4: Error in approximating f(z) = ¢2* by Fn[f](z) for ¢ = 1 (squares), ¢ = 2 (circles), ¢ = 3
(crosses) and ¢ = 4 (diamonds). Left: scaled error Nat3 If — Fn[f]l] for N =1,...,100. Right: scaled
error N9~ 2|1 = Zn[f]1.

This lemma gives estimates for the convergence rate of fy in various Sobolev norms. However,
for smooth functions f, it leads to the conclusion that || f — fnx|| = O (N~?). This turns out not
to be the case, the convergence rate is in fact O(N *q*%), as the following result demonstrates:

Theorem 7. Suppose that f € HIT1(=1,1). Then || f—fnllr < cN"=0 2| f|l441 forr =0,...,q.
Moreover, ||(f — )™ |loo < N7 f|lqe1 forr=0,...,q— 1.

Proof. From (4.10) we find that |f,| < en=91| f|,+1. Hence, using (2.7), we have

If = fxl? < ell fllgan D n 2072 < eNT2 2,

n>N

which gives the result for » = 0. By an identical argument, using (4.3) instead of (2.7), we also
obtain the corresponding result for » = ¢q. The full proof now follows after an application of (5.1)
with g = f — fy and s = ¢. To derive the estimate for the uniform error, we use Theorem 7 and

the Sobolev interpolation inequality ||g||eo < c/lgllllgll1, Vg € HY(—1,1), with g = (f — fn)™.
O

The first part of Theorem 7 is verified in Figure 4. The result for the uniform error, i.e.
If — fnlloo = O (N~9) was confirmed in Figure 1.

5.2 The error f(z)— fy(x)

The exponential asymptotics of Section 3 allow us to determine an explicit asymptotic expan-
sion for the error f(xz) — fy(x) in inverse powers of N. This expansion involves only certain
derivatives of f evaluated at the endpoints x = +1. A particular consequence of this result is
the aforementioned estimate f(z) — fx(z) = O (N~77!) for —1 < 2 < 1. However, we may also
give an exact expression for the leading order behaviour of the error as a function of both N
and z. This was originally established in [21] for the modified Fourier (¢ = 1) case. Our result,
proved in a similar manner, extends this result to arbitrary ¢ > 2.

For simplicity, we assume that f € C*[—1, 1] throughout this section. Minor modifications
can be made to the results proved herein to deal with lower regularity. To commence, recall that

Ju

¢n(x) _ Cs [eAsan(mfl) + (_1)n+q+1ef)\san(az+l)} +0 (efnrr'yq) ’ (52)

S

Q

I
=)

by Theorem 2. For convenience, we disregard all exponentially small terms from this point
onwards. Note also that ||¢,|| ~ ¢, where the constant ¢ is known explicitly (Lemma 7). Suppose
now that we define

1 +1)"
o*(r,N;x) = = Z ( o/”) on(z), r>1, NeN,. (5.3)
n>N n
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Note that the functions ©F are well-defined and continuous (as functions of ) for all values
r > 1, since the infinite sum converges uniformly on [—1,1] (though we have not explicitly
shown it, it is a simple exercise to verify that ||¢dnlcc = O (1) for all n). We seek explicit
expressions for ©F. In [21] it was shown for the case ¢ = 1 that ©F can be written in terms of
a particular special function, the Lerch transcendental function ®(z, s,a) [23], defined by

o0 n

@(z,s,a)zz(niia)s, Rea >0, Res>1, |[s|]<L (5.4)
n=0
As we now demonstrate, Lerch functions are also used to express ©F for arbitrary ¢ > 1:

Lemma 15. The function ©F(r, N;x) satisfies

QT(il)N “ Asan(z—1) l)\q(ac—l) 1
0 (r,N;z) = 720 e @(ie?* 5(2N+q—1))

T2
T C =0
+ (~1)tem e g (e A CHIT p LN 4 g 1)) } :

where ® is the Lerch transcendental function (5.4).

Proof. Consider the sum Zn> N ; Using the asymptotic expressions for «,,, we have

Z eran _ Z e/\%(2n+q71)ﬂ'
SN ayp =N [5(2n+q— )7
don & by )7 ey (o1
- — (2 e“Ncb(eE” 12N + —1) 5.5
@7 2 mriev e r ) raENTam). 69

. X . . .
Next, consider the sum ) (—1)"<-~. In an identical manner, we derive
) n>N a ’

n

(§] T 1
D) = () ()Y e (—eP T feN +q - 1)) .
n>N n
We conclude that
Aag,
3 (il)"ear = (2) (1) NN (ie%A LN +q- 1)) (5.6)
n>N n

With this to hand, we replace ¢, by (5.2) in (5.3), giving

N 1 q—1 e)xsan(x—l) ) e—/\san(w—l-l)
OF(r Niz) =5 e | D (F)"——— + (1) > (F1)'—————
¢ s=0 n>N An n>N An
—1

o (2)'S an(a— L@
:c2<7r> cs{(ﬂ)NeAs ~ 1)<I>(ie2A( D %(2N+q—1))
=0

+ (—1)r (F)Ne eovEt g (qte‘%kﬂ(”””, r, 52N +q - 1)) ] :

as required. O

The functions ©F appear explicitly in the asymptotic expansion of f(x) — fx(x). To derive
such result we first recall the expression (4.10) for the coefficient f,,. Setting p = ¢ and iterating
we arrive at (see also [6])

q— 1( rq+

fure 3030 CUE et (1)ps= (1) — pCrenees) (_1)g—D (1) .

r=0s=0 On
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Since a;,, = O (n) and o) =0 (n"), this is an asymptotic expansion (in the Poincaré sense) for
the coefficient f, in inverse powers of n. Moreover, recalling that ¢4 (1) ~ (£1)rtrtatiq ar
(see Lemma 6), we have

ooql rq+

q s—1 + n+s+1 p—
Z Z (2r+1)q+9+1 |:f(2r+1)q+s + (_1) f(2r+1)q+s:| ) (57)

r=0s=0 On
where f+ = f(")(£1). With (5.7) in hand, we now obtain the main result of this section:
Theorem 8. For large N, the error f(x) — fn(x) has the following asymptotic expansion

oo g—1

f(x) ~ Z Z(—l)’"‘”sdq,s,l {f(;rﬂ)qﬂ@*((?r +1)g+s+1,N;z)

r=0 s=0

+ (—1)S+1f(—2r+1)q+59*((2r +1)g+s+1,N;2)|. (5.8)

Proof. We may write f(z) — fn(z) = >, o n l|dnll =2 frubn(z). Substituting the asymptotic ex-
pansion (5.7) and replacing the various infinite sums with ©% now yields the result. O

Note that it is not clear a priori that (5.8) is an asymptotic expansion for f(z) — fnx(z) in
the usual Poincaré sense. However, this turns out to be the case, since the functions ©% (r, N; z)
satisfy ©%(r, N;z) = O (N™") for -1 <z < 1 and ©%(r,N;2) = O (N'"") when z = 1. In
fact, not only can we derive such estimates, we may also exactly determine the leading order
asymptotic behaviour of the functions ©%(r, N;-) in these cases:

Lemma 16. The function ©F (r, N;x) satisfies

—ilanz ianz
eIAN e

+ (=

OF(r,N;z) = coc 2 j:lN[_ -
( ) = coc(£1) 1 Fie 27 1+ e

}e““’a +(’)(N = 1)

uniformly for x in compact subsets of (—1,1). In particular, ©%(r, N;z) = O (N~T).

Proof. For x € (—1,1) we have Re A;(x — 1) < 0 and ReAs(z +1) >0,s=1,...,g — 1. Hence,
up to exponentially small terms,

2 (£1)Ne

T2

0% (r,N;z) = {ei‘”(xl)(l) (:I:e*i%(wfl)” 22N +q— 1))

+ (~1)rHeeN @t (e EHIT r LON 4 g - 1)) }
In [21] an asymptotic expansion for the Lerch function ®(—e!™*, r, M) was derived. In particular,

B(—e™ p, M) = M~ (1+e7) ' 4 0 ( ”U) . M —oo, —l<z<l.

We now consider the four Lerch functions appearing in the previous expression. Setting M =
2(2N + ¢ — 1), we have

@ (e 2N + g 1)) = @ (—e BT LN + g - 1))
1: -1
— M (1 — ie*im) 10 (M*““)) .
Similarly
1 1. -1
o ( e3@HDT LN 4 g 1)) M (1 + ief”””) +O (M*““)) .

Hence

e—i(xN;L' eiaNa:
. 1: + (_1)q+1 . 1:
1 —ie-3ime 1+ iezie

@+(T,N;x):coc_2[ }e”Na +O (N,

In a similar manner, we find an expression for ©~(r, N; z), giving the result. O

26



It remains to determine the behaviour of @i(r, N;z) when 2 = +1. For this, we have
Lemma 17. The functions ©%(r, N;x) satisfies ©F (r, N;F1) = O (N~") and

2(£1)7dy . .

Proof. By the definition of ©F, we have

O (r,N;F1) = C% > (j(j) on(F1).
n>N n

Since ¢(F1) = (F1)"T971dy by Lemma 6, it follows that

do(F1)*T! 3 (=1)" _ do2"(F) (=Y

c? cAnr

0*(r,N;F1) = ®(-1,7 42N +q-1)),

r
n>N n

and this is O (N~"). Now consider ©F(r, N;+1). By identical arguments

2" (1) dy 1
O*(r,N;+1) = ( 2)7_ 0 Z T .
cn = [m+ 52N +q—1)]"
The right hand size is precisely ((r, (2N + ¢ — 1)), where ( is the Hurwitz zeta function [1].
The result now follows immediately, since {(r, M) ~ fllM 1=7 for large M. O

As shown in [21], it is also possible to provide a full asymptotic expansion for the Lerch
function ®. Hence, we could have given a complete asymptotic expansion for ©F in inverse
powers of N. However, our interest lies primarily with the leading order behaviour of ©%, and
in turn the error f(x) — fy(x), for which we have the following theorem:

Theorem 9. The error f(x) — fn(x) satisfies

dg—1coe'*N

F@) = fn(z) = [f + DY ()T G (Nsa) + G (Nsa)] + O (N7,

2 q+1
ciay

uniformly for x in compact subsets of (—1,1), where GE(N;x) = efone(] 4 jezim)=1  Ip
particular, f(x) — fn(z) = 0O (qu’l) for =1 <z < 1. Moreover,

2dg_1dp(£1)9
c2mq

f(£1) — fa(£1) = ay+O (NI =0(N9).

Proof. We combine Lemmas 16 and 17 with (5.8). O

This theorem is verified in Figure 5. In particular, the oscillations (at a frequency of O (N))
present in the diagrams are due to the e*'*N® terms appearing in the functions G*. Moreover,
1
the envelope curve, which grows large as |z| — 1, is explained by the denominators 1 + iez'™*.

6 Derivative conditions and higher-order convergence

Closer inspection of the asymptotic expansion (5.8) reveals that the rate of convergence of the
approximation fy is completely determined by the values of certain derivatives of the function
f evaluated at x = +1. As proved, for arbitrary functions with no vanishing derivatives, the
uniform error is O (N~9). However, whenever a finite number of such derivatives are zero, we
can expect faster convergence of the approximation.

To properly detail this effect, we define the finite set D,, C N by

D, ={leN:l=2r+1)g+s<m, reN, s=0,...,¢g—1}, meN, (6.1)
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Figure 5: Pointwise error f(z)— fso(z) for [z| < 5 with ¢ = 2 (left), ¢ = 3 (right) and f(z) = 2 cos 2z.

and, for p=0,...,¢— 1 and k € N we let

pro =2kq, prp=(2k+1)g+p, p=1,...,9—1 (6.2)

Note that the derivative f()(+1) appears in (5.8) if and only if I € D,  for some k,p. For
this reason, we say that a function f obeys the first pi, derivative conditions if fO(£1) =0,
Vi€ Dy, -

For example, when ¢ = 1 this condition is equivalent to f™+)(+1) = 0,7 =0,...,k — 1.
The properties of modified Fourier expansions of functions obeying such derivative conditions
have been detailed in [3, 5].

Returning to the general case, we have

Theorem 10. Suppose that f obeys the first pi, derivative conditions. If p # 0, then the error
f = fnlloo = O(N=PRr) and f(z) — fn(z) = O (N~Pee=Y) uniformly for x in compact subsets
of (=1,1). For p =0 these values are O (N*(%“)q) and O (Nf(%“)q*l) respectively.

Proof. This follows immediately after substituting the derivative conditions into the expression
(5.8) and using the estimates of Lemmas 16 and 17 for the functions ©%. O

This theorem demonstrates the effect of derivative conditions on the convergence rate of
polyharmonic—-Neumann expansions. For example, when ¢ = 1 a function obeying the first
2k = py,,o conditions has an O (N~2~1) uniform error; a result which is also found in [3, 21].

Throughout this and the previous section we have assumed that the approximated function
is smooth. This is not necessary, and results could have been also derived under lower smooth-
ness assumptions. Naturally, derivative conditions only makes sense for functions of sufficient
smoothness. However, as the following theorem attests, whenever this is the case they also endow
the approximation fy with a higher degree of convergence:

Theorem 11. Suppose that f obeys the first py p, derivative conditions and that f € HP#»(—1,1)
forp #0 or f € H?*¢+(—1,1) when p = 0, where | = 0,...,q. Then, the approzimation fy
converges to f in the H™ norm forr =0,...,prp orr=0,...,2kq + | respectively.

For the sake of brevity, we omit the proof of this result, which follows along similar lines to
that of Theorem 5, making necessary adjustments for the particular derivative conditions.

7 Conclusions

The aim of the paper was to study expansions in polyharmonic eigenfunctions equipped with
homogeneous Neumann boundary conditions. First, we have obtained exponential asymptotics
for both the eigenvalues and eigenfunctions, and, using these results, determined a full asymptotic
expansion for the error in approximating a smooth function by its truncated expansion. In doing
so, we have resolved several conjectures raised in [6]. Moreover, we have detailed how such
asymptotic estimates can be used to efficiently construct the truncated expansion.
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The main drawback of polyharmonic-Neumann expansions is that, though it is theoretically
possible to obtain arbitrarily high orders of convergence, as ¢ increases so does the computational
cost in forming the approximation fn. Therefore, it seems inadvisable to use values of ¢ much
greater than ¢ = 4. Nevertheless, as mentioned in Section 1, slowly convergent modified Fourier
expansions have been found to offer a number of advantage over more rapidly convergent methods
in a number of applications. Polyharmonic-Neumann expansions may also possess benefits in
these regards, and this remains a question for future research.

If rapid convergence were required, however, it may be better to use a small value of ¢ in
combination with a technique to accelerate convergence. Since the factors that control conver-
gence are now well-understood (see Section 6), such a device can be developed. In [12] and [4],
the convergence acceleration of modified Fourier expansions has been addressed. Techniques
presented therein could also be extended to this setting.

Modified Fourier expansions were generalised in [16] to d-variate cubes, and their convergence
studied in [5]. This presents an obvious extension of polyharmonic-Neumann expansions. How-
ever, care must be taken. Polyharmonic eigenfunctions in cubes cannot be expressed in terms of
simple functions, and thus are of little use in practical computations. However, it can be shown
that the eigenfunctions of the subpolyharmonic operator £ = (—1)4 (83‘11 +... 4+ 853) arise pre-
cisely as Cartesian products of the univariate polyharmonic eigenfunctions studied in this paper.
Hence, this provides a potential means to generalise such expansions to higher dimensions.
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