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Abstract
This paper is devoted to the asymptotic behaviour of individual eigenvalues of trun-
cated Wiener—Hopf integral operators over increasing intervals. The kernel of the operators
is complex-symmetric and has a rational Fourier transform. Under additional hypotheses,
the main result describes the location of the eigenvalues and provides their asymptotic ex-
pansions in terms of the reciprocal of the length of the truncation interval. Also determined
is the structure of the eigenfunctions.
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1 Introduction

A truncated Wiener—Hopf operator is of the form
(K- f)(t) :== f(t)+/ k(t — s)f(s)ds, t e (0,7). (1.1)
0

We suppose that k is a function in L?(R), so that the integral operator in (1.1) is a Hilbert—
Schmidt operator and thus compact on L?(0,7) for all 7 > 0. Let sp K, be the spectrum of
K,. Since K, — I is compact, all points in sp K \ {1} are eigenvalues. We are interested in
the location and the asymptotic behaviour of these eigenvalues as 7 tends to infinity.

The two basic assumptions stipulated in this paper are that the kernel k(¢ — s) is complex-
symmetric, which means that k is a complex-valued function satisfying k(t) = k(—t) for all
t € R, and that the so-called symbol of the operator,

a(z) =1 —|—/ k(t)e®tdt, xR,

is a rational function. These two assumptions are equivalent to the requirement that

m

Zpg(t)e_)‘“ for t>0,
K ={

Zpg(—t)ek‘”“ for t<0,

=1

*This author acknowledges support of the present work by a grant of the DAAD and by CONACYT grants
80503 and 102800.



where Ay are complex numbers with Re Ay > 0 and py(¢) are polynomials with complex coeffi-
cients. As k(t) = k(—t) for all ¢ € R if and only if a(z) = a(—=z) for all € R, the Wiener—Hopf
operators considered here are just those with even rational symbols. We may write

where (; € C, u; € C, Rep; > 0, and —Cjz # p3 for all j, k. To indicate the dependence of K
on the symbol a and in accordance with the literature, we henceforth denote K, by W.(a).

This paper was motivated by the recent papers [3], [4], [8], [9] dedicated to the Fox-Li
operator and it was encouraged by the recent investigations in [1], [5] on individual eigenvalues
of certain Hessenberg or Hermitian Toeplitz matrices. The Fox-Li operator is (1.1) with the
kernel k(t) = it” Clearly, k(t — s) is complex-symmetric, and although the function k is not
in L?(R), the Fox-Li operator can be shown to be the identity plus a trace class operator. Its
symbol is

a(z) = 14 re™/ e /4, (1.3)

Numerical computations and arguments from physics indicate that the eigenvalues of W, (a)
line up along a spiral commencing near the point 1+ /m/7 ¢'™/* and rotating clockwise to the
point 1. However mathematically rigorous and at the same time satisfactory results are very
sparse. These include Henry Landau’s analysis of the pseudo-eigenvalues [13] of the Fox—Li
operator and Henry Landau and Harold Widom’s paper [14], which, as shown in [3], provides
deep insight into the singular values of the Fox—Li operator. Of course, (1.3) is far from being
a rational function, but we think that exploring the case of even rational symbols might well
be a first step towards gaining an understanding of the situation for the Fox-Li symbol (1.3).

We take the liberty to repeat the quote from Cochran’s book [10, p. 279] made already
in [8]: ”The analysis of integral equations with general complex-symmetric kernels remains, at
present, an art form in which each separate equation appears to necessitate treatment based
almost solely on its own individual features and peculiarities.” The features and peculiarities
exploited here are the difference kernel and the rationality of the symbol.

We extend a from the real line R to R := R U {£oo} by defining a(+oc) := 1. Let R(a) :=
a(R). By our assumptions, R(a) is an analytic curve in the plane such that when z moves from
—o00 to 0, the symbol a(z) traces out this curve from 1 to a(0), and when z goes further from
0 to oo then a(z) follows this curve back from a(0) to 1. The winding number of the function

a about any point outside R(a) is zero.

The Wiener—Hopf analogue of the Brown—Halmos theorem for Toeplitz matrices [6, Propo-
sition 2.17] tells us that sp W.(a) is contained in the convex hull of R(a) for every 7 > 0.
Classical results on the finite section method for Wiener—Hopf operators [12, Theorem III.3.1]
show that if a is even and continuous on R U {co} and U C C is any open neighbourhood of
R(a), then sp W, (a) C U for all sufficiently large 7. In [7], the limit of sp W, (a) in the Hausdorff
metric was determined for arbitrary rational symbols a. In the case of even rational symbols,
the result of [7] implies that sp W.(a) converges to R(a) in the Hausdorff metric. There are
also results of the type of Szeg6’s limit theorems, which describe the limiting density of the
points in sp W, (a). One such result is Theorem 2.6 of [3]; see also [6, Example 5.39], [15], [18]
for the Toeplitz case. Finally, if a is real-valued, theorems on the asymptotic behaviour of the
extreme eigenvalues of W (a) may already be found in Widom’s papers [16], [17].

The results of this paper are different from those cited in the previous paragraph. We
provide here asymptotic expansions for individual eigenvalues. Under additional hypotheses,
which include that the set R(a) is a curve without self-intersections and that the roots of
certain polynomials are all simple, we prove the following. We associate a number g > 0 with



a, consider the half-stripe
S;:={2€C:Rez>0, |Imz|<g/r},

and show that, for 7 large enough, all the eigenvalues of W (a) are contained in a(S;). Further,
we construct a finite cover I; U...U Iy = (0,00) by open intervals, and for each I € {I,}_,;
we consider, subject to certain circumstances, either the segments

1\ 7 1\ 7
Iy =|k—z )= |k+2 )=
o |(+2) 7 () 7
contained in I or the segments
Iy, = [ki, (k + 1)5}
T T
being subsets of I. In this way we obtain N families of rectangles
Spr={2€S5;:Rez €I}

We prove that if 7 is sufficiently large then each set a(Sk ) contains exactly one eigenvalue,
and the eigenvalue A\g ; in a(Sk ) has an asymptotic expansion

ci(km/T)  colkm/T)
2ir * (2i7)2

Mer ~ alkm/T) +

with computable coefficients ¢ (k7 /7), ca(km/T),.... We also show that the eigensubspaces are
all one-dimensional and describe the structure of the eigenfunctions.

In the following Section 2 we illustrate the strategy of our approach by a simple example.
Section 3 contains the precise statement of our main result, while Sections 4 to 6 are devoted
to its proof. The big advantage of rational symbols is that we have an explicit formula for the
Fredholm determinant

det (11)\(Wf(a) - AI)) . (1.4)

Such a formula was established in [2]. See also [11] for an alternative approach. A point A # 1
is an eigenvalue for W (a) if and only if (1.4) is zero. Our assumption that « is an even function
facilitates the analysis of (1.4) significantly, and after writing A in the form A = a(z), we will
arrive at a nonlinear equation for z. If z is restricted to one of the small rectangles Sy -, this
equation is of the form z = ® . (z) with a contractive map @y, of Sy, into itself. Banach’s
fixed point theorem then accomplishes the rest.

We remark that basic ideas of the present work can already be found in Harold Widom’s
1958 paper [16]. He studied Hermitian kernels, but the equations he obtained and his analysis
of these equations are very similar to what will be done in Section 4, and the method we will use
in Section 6 to determine the eigenfunctions is also essentially already in Widom’s paper [16].
However, the non-Hermitian case has several subtleties, and we see the main contribution of
this paper in overcoming the obstacles caused by them. We also consider the application of
Banach’s fixed point theorem to the eigenvalue analysis of Wiener—Hopf operators as a certain
novelty. Finally, we consider this paper as another piece of the art mentioned in the quote of
Cochran and hope it will be useful for forthcoming research into complex-symmetric kernels.

2 A preparatory example

In order to gain an understanding for some aspects of the general setting, we first consider the
case r = 1, therefore
$2 _ C2
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To avoid unnecessarily cumbersome expressions, let us take ¢ = 0 and g = 1. The resulting
symbol a(z) = 22 /(2? + 1) is real-valued and the corresponding kernel

—e /2 for ¢>0,

k(t) = { (2.1)

—et/2  for t<0,

is Hermitian, but the example nevertheless illustrates the full extent of phenomena associated
with the general setting. For A\ # 1, the two complex solutions of the equation a(z) = A are
2z =w; =w and z = wg = —w, where w is any choice of the square root \/A/(1 — ). In the
case at hand, the determinant (1.4) is

-\ . .
det W, (b) — T (W16 4+ Whe 7) (2.2)
o (1+ i) (1- iy
11 1+ iw 1—iw
1o b WMiET W=y

if A ¢ {0,1}, while
det W, (a) = e /2(1 4 7/2)

when A = 0. We see in particular that A = 0 is not an eigenvalue. Setting (2.2) to zero, we

arrive at the equation
) %% 1—iw)?
2iTw 2
=—-—= = =: b(w). 2.3
¢ 1%t < > ) (23)

1+iw

The eigenvalues of W, (a) are just the numbers A = a(z) resulting from the solutions of the
equation %7 = b(z). Since |b(z)| = 1 for all z, all solutions of this equation are real numbers,
and we therefore write x instead of z. Specifically, the eigenvalues are A = a(x), where x satisfies

one of the equations
1 km
xr=—argh(x) + —

k € 7. (2.4)
2T

A moment’s thought reveals that
arg b(x) = 2mm — 4 arctan x.

Fix m = mg and insert the corresponding argument of b in (2.4). Denote the right-hand side
of (2.4) by ¥y -(z). We then have

2 2
|y, - (z) — ¥y - (y)| = —|arctanz — arctany| < —|z — y|
T T

for all z,y € R, which shows that if 7 > 2, then W, is a contractive map of R into itself.
Hence, each of the equations (2.4) has a unique solution. The set of solutions may be denoted
by {zk.r}rez. In fact, this set does not depend on mg: see Figure 2.1. The set {zg ;}rez
is symmetric about the origin, and hence the eigenvalues of W.(a) are the (real) numbers
Ak,r = a(xy, ;) obtained from taking all z; » with xy , > 0.

In the general case, things are more elaborate. We will again arrive at an equation z =
Uy, () with a map Uy, that is contractive for sufficiently large 7. However, z is then located
in a complex domain which, moreover, may not contain all of R. The problem then is to find
appropriate closed subsets of C, the complete metric spaces required by Banach’s fixed point
theorem, so that ¥y , maps these subsets into themselves. We will construct small rectangles
Sk, which do that job. In the special case at hand, these rectangles collapse to line segments
on R and the general construction that will follow below amounts to the following.
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Figure 2.1: We took 7 = 5. The horizontal lines are y = kx /7, the upper curve is the graph
of y = x + (2/7)arctanz (corresponding to m = 0), and the lower curve is the graph of
y=2a+ (2/7)arctanx — /7 (corresponding to m = 1).

Let I be the open interval I; := (0,2/3) and choose argb(x) = —4 arctan x for z € I;. Note
that then argb(x) lies in (—m,7) and is separated from the boundary points +7 as = ranges
over I;. Let IC;(I1) denote the set of all integers k for which the closed line segments

s = [(k - ;) z (k + ;) :] (2.5)

are contained in Iy. For each k € K. (I1), consider equation (2.4). Since argb(z) is in (—m, ),

it follows that . L ) )
™ e s
%argb(x)+76<(k—2) T’(k+2> 7_)

Thus, Uy, maps I , into itself. Banach’s fixed point theorem now yields a set X7 := {x r.1}
of solutions of equation (2.4). Next, let I := (1/3,3) and choose argb(z) = 27 — 4 arctan z for
x € I. This time argb(I3) is contained in a closed subset of (0,27), we denote by K, (I2) the
integers k for which

Loy = [k;(lu— 1)2}

is contained in Iz, and consider equation (2.4) for k¥ € K.(I3). Our choice of the argument
guarantees that Uy, (I ) C I and we again have recourse to Banach’s fixed point theorem.
We obtain a second set Xy := {x, -2} of solutions. Finally, for = in I3 := (2, 00) we proceed as
for x € I, that is, take argb(x) = —4 arctan x, consider equation (2.4) for k in the set K, (I3)
of all integers for which the segments (2.5) are subsets of I3, and eventually arrive at a third
set X3 := {zy,r 3} of solutions of (2.4). Note that the sets X; and X coincide on I; N I;,

Xinhinl,=XoN1 NIy, XoNIoNIs=X3N 1IN 15,

The set of eigenvalues of W.(a) is a(X; U X5 U X3).



Let us now turn to the eigenfunctions. Suppose that A = a(w) is an eigenvalue of W (a).
We start with the initial guess @, () = c1et + coe™“t and consider the equation

(1= Neor (1) + / "K(t = 8)pr(s) ds = 0 (2.6)

with k given by (2.1). Evaluating the integrals fOT k(t — s)et¥* ds and writing

w2

1 1

1 1
A 1— - — — = —,
214w 21—iw

equation (2.6) becomes

1 1 . e(—l—i—iw)T e(—l—iw)T . 0
(1+iwcl+ 1iw62)e + [ —w P 02}6 -

The left-hand side is identically zero if and only if

1 1
l+iw 1—-iw ct\_( 0O
ein efiw‘r ( Co ) - ( O ) (27)
l—iw 1+4iw

The determinant of the matrix is

—iwT iwT
e [§]

1+iw)?  (1—iw)?’

and this is zero exactly when (2.3) holds. As equation (2.3) is satisfied when A = a(w) is
an eigenvalue, the set of solutions to (2.7) is a one-dimensional space. Taking the solution
1 =1+iw, ca = —(1 — iw) we get the eigenfunction

0 (t) = (1 +iw)e’ — (1 — iw)e v, (2.8)
Now note that equation (2.3) is equivalent to the satisfaction of one of the two equations

1—iw - 1—iw
_ iTw . 2.9
T+iw 1+iw (2.9)

iTw

e

Letting 0 := —1 if the first equation in (2.9) is satisfied and 6 := 1 if the second holds, we get

1 —iw

T —fe“T (2.10)

and may rewrite (2.8) in the form
@T(t) _ (1 4 iw) {eiwt =+ eeiwre—iwt]
Thus, ignoring scalar multiples, we finally may represent the eigenfunction (2.8) also in the

form
(1) = { cos (w(t— %)) for 6=1,

sin (w (t—%)) for 0= —1. (2.11)

We remark that, after replacing w by x, the first and second equations in (2.9) are in turn
equivalent to equation (2.4) with odd and even k, respectively. In other terms, # = 1 corresponds
to even k in (2.4) while § = —1 originates in an odd k in (2.4).



3 The main results

Consider the symbol a given by (1.2) with (; € C, p; € C, Rep; > 0, and —7 # . for all j, k.
Throughout what follows we assume that the set R(a) has no self-intersections (which means in
particular that a(0) # a(co) = 1), that a’(z) # 0 for 0 < z < oo, and that each of the equations
a(z) = a(0) and a(z) =1 has 2r — 2 zeros in C \ R. The latter requirement is equivalent to the
stipulation that the second derivatives of a(x) and a(1/z) are nonzero for x = 0.

Our assumptions imply that for each A € R(a) \ {1} the equation a(z) = A has exactly 2r
complex roots
w1 (A),wa(A), ..y wr(A), —wi(N), —wa (), ..., —wir(A). (3.1)

We may label the zeros so that wi(A) € R and Imw;(A) > 0 for j > 2. Furthermore, we denote
by +w;(1) (j > 2) the roots of the equation a(z) = 1, labelled again so that Imw;(1) > 0.
Clearly, there is a compact set € in the open upper half-plane such that w;(A\) € Q for all
A € R(a) and all j > 2. We may also assume that the points iy, ...,iu, belong to Q. Note
there exist constants § > 0 and C < oo such that

Imw;(A) > 45, |w;(N)| <C/2

for A € R(a) and j > 2.

Now take A from an open neighbourhood U C C of R(a) and suppose that A is not equal
to 1. Then the equation a(z) = A has again the roots (3.1). Labelling the roots appropriately
and choosing U small enough, we can guarantee that

Imw;(A) >34, |w;(N)|<C (3.2)
for A € U and j > 2 and that
Imwi;(A)] <d or |wi(A)]>2C (3.3)

for A € U\ {1}. Note also that if wa(Xo), . ..,wr(Ag) are distinct, then, again under appropriate
labelling, wo(A), ..., w,(\) depend analytically on XA in an open neighbourhood of Ag.

Proposition 3.1 If the points wo(1l),...,w,.(1) are distinct then there exist an open neigh-
bourhood Uy C C of the point 1 and a number 7 such that [Imwi(X)] < 0 for all X €
(UL \ {1}) nsp W, (a) with T > 1.

Thus, once the hypothesis of Proposition 3.1 is satisfied, U may be chosen so small that
instead of (3.3) we have
[Imw;(N)] < 6 (3.4)

for all A # 1 in U NspW,(a) with 7 > 71. Since spW,(a) C U for all 7 > 7/, we conclude
that, under the hypothesis of Proposition 3.1 and for 7 > 7" := max(7’, 1), all eigenvalues A
of W;(a) lie in U and are of the form A = a(z) with [Imz| < §. To state it differently, the
eigenvalues near the point 1 are not just close to R(a), they are very close to R(a).

Theorem 3.2 If the points wa(a(0)),...,wy(a(0)) are distinct, then there is a number T2 such
that for T > 7o the operator Wr(a) has no eigenvalues A € U with |Rew ()| < 7/(27).

The hypothesis of Theorem 3.2 ensures in particular that A = a(0) is not an eigenvalue for
all sufficiently large 7. Moreover, since we may assume a priori that all eigenvalues lie in U, it
follows that all eigenvalues may be sought in the form A = a(z) with Rez > 7/(27). Note that
z = w1(A), provided that wq(A) is chosen to have positive real part.



Fix an open neighborhood U C C of R(a). Then sp W, (a) C U for all sufficiently large 7.
Let IT = {z € C: |Imz| < d,a(z) € U}. For z € II consider the two functions

r

and set 2 p()2
p(z) = 2L D)
QR P2
Using (3.2) and (3.3) and taking into account that Im (ip;) > 44, it is easily seen that there
exists a constant 8 € (0, 00) such that

e P < |b(z)] <€’ (3.5)

for all z € II.

Now let I C (0,00) be an open interval and suppose there exists a o > 0 such that either
b(I)C{ze€C:—nm+20 <argz<m—20} (3.6)

or
b(I) C{z€C:20 <argz <21 —20}. (3.7)

Since b(z) — 1 as |z| — oo, there is an zp > 0 such that (3.6) is satisfied for I = (¢, 00).
Analogously, because b(0) = 1, we have case (3.6) whenever I = (0,y) for some sufficiently
small yo > 0. Clearly, if the length of I is sufficiently small, then always one of (3.6) or (3.7)
holds. We can therefore cover (0,00) by finitely many open intervals I such that either (3.6)
or (3.7) is in force for each I. In the case of (3.6) we let /C;(I) denote the set of all integers

k > 1 for which
1\« 1\«
r=1lk—=)—k+=]— 1,
o= (k- 3) T (+3) 5 €

while if (3.7) is valid then we denote by K, (I) the integers k > 1 for which
Loy = [kf, (k + 1)3} cl
T T

If both (3.6) and (3.7) are true then we make a choice in favour of either of the two possibilities.
For k € K;(I), let Sk - be the rectangle

Spr={2€C:Rez €I, |[Imz| <G/}
Clearly, there exists a 7"/ such that if 7 > 7/ then
b(Sk,r) C{z€C:—nm+o<argz<m—o}
for all k € K, (I), provided that (3.6) holds and
b(Skr) C{z€C:o<argz<2r—0}

for all k € K-(I) if (3.7) is satisfied. Finally, for z € S, -, define log b(2) as log |b(z)| +1arg b(z)
with argb(z) in (=7 + 0,7 — o) in the case (3.6) and in (0,27 — o) in the case (3.7).

Herewith our main result.



Theorem 3.3 Let closI be the closure of I in [0,00] and suppose that for A in a(closI) the
roots wa(A),...,w.(A) are distinct. Then there exists a 179 such that the following is true for
every T > Typ.

(a) If X = a(z) € U is an eigenvalue of W, (a) such that Rez € Iy, for some k € K.(I),
then z € Sj, -.

(b) For each k € K, (I), the set a(Sk.») contains exactly one eigenvalue Ay, of the operator
Wi (a). The algebraic multiplicity of this eigenvalue is 1.

(¢) The function
km
By (2) = T 4 o logb(2)
is a contractive map of Sk . into itself and, letting

kmw
) = —. A = () (> 1),

we have
Aioyr = a(z,E"T) +O01/m" Y as T — o0

uniformly in k € IC,(I), that is, there exist constants C,, < oo independent of k and T such that
Ao —alz (n))| <C, /Tn+1
for all > 7 and all k € K- (I).

We remark that we have to work with intervals I instead of (0, c0) for two reasons. The first
is that restricting the function b to I allows us to choose an argument of b with properties that
enable the application of Banach’s fixed point theorem: we have encountered this issue already
in Section 2. The second reason is our assumption that the roots wa(A), ..., w,(A) are distinct.
We did not encounter this problem in the special case studied in Section 2. In general, however,
there may occur multiple roots, but this will happen at isolated points only. Theorem 3.3 is
then applicable to intervals I whose closure does not contain those isolated points.

Corollary 3.4 If the points wa(1),...,w.(1) are distinct then W, (a) has infinitely many eigen-
values for every sufficiently large 7.

Indeed, in that case Theorem 3.3(b) is applicable with I = (2, 00) for some sufficiently
large x¢ > 0. We just quote this corollary because we don’t know any rigorous argument that
would imply that the Fox-Li operator has infinitely many eigenvalues.

The first three iterations in Theorem 3.3(c) give

c1(zo0) n ca2(20) n es(zo) L0 < 1 >

2ir ' (2i7)2 | (2i7)3 Tt

2k = 20 T 1
-

with zg := z(o) = kr /T and

cr(ao) = Togblan),  cali) = 2 log(a).

/(2 2 e 20) — b (= 2
c3(z0) = Z((ZS)L logb(zo) + °)b2(b80>2b( ) (1og b(z0)) 2.

Accordingly, A, - equals

MM+;¢%M%H@;2ﬂMMw+M%

T [ Goleatan) + e Golea(ao) + o’ +0( %) 08)




If a is real valued, which occurs if and only if k(t) = k(—t) for all ¢, then W, (a) is a selfadjoint
operator. In this case |b(z)| = 1 for x € R, hence the function ® . in Theorem 3.3(c) maps
Iy, » into itself and becomes

1
2T
for ¢ € I .. It follows in particular that all eigenvalues are real, as they should be for a
selfadjoint operator.

k
Dy . (x) = 777 + —argb(x)

The first approximation in (3.8) gives

1
Ae,r = a(zo) + Ea’(zo) log b(z0) + O(1/7%)

— a(z0) + %a’(zo) arg b(zo) — %a’(zo) log [b(z0)| + O(1/72).

The tangent to R(a) through a(zp) has the parametric representation A = a(z9) +a’(20)t, t € R,
and increasing values of the parameter ¢ provide the tangent with an orientation. The point
a(zo) + (1/27)a’(20) arg b(zo) lies on this tangent. It follows that, up to the O(1/72) term, the
eigenvalue Ay ; is located on the right of the tangent if [b(zg)| > 1, while A , is on the left of
the tangent if |b(z0)| < 1.

Figures 3.1 and 3.2 illustrate Theorem 3.3 by an example. The symbol a is given by (7.1).
Note that b starts at the point 1 and is first inside the unit circle when tracing out the curve
R(b) clockwise. The corresponding eigenvalues of W (a) are accordingly on the left of the curve
R(a). Eventually b enters the exterior of the unit circle and stays there, which implies that
the eigenvalues of W, (a) move to the right of the curve R(a). As the latter eigenvalues are
extremely close to R(a), this is almost not visible at the resolution of the plot.

0.2 —

04t 4

0.6 - —

0.8 - ~ 0.5k

Figure 3.1: The range R(a) is indicated on the left, while the range of b on (0, c0) is indicated
on the right. The latter is traced out clockwise, starting and terminating at 1.

The following result represents a version of Theorem 3.3 that avoids the use of the intervals
Iy . In contrast to Theorem 3.3, we now let log b denote any logarithm of b which is continuous
on IT; note that such logarithms exist because b(0) =1 and b(z) — 1 as |z| — oo.
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Figure 3.2: The eigenvalues, denoted by small discs and overlaid on R(a), for 7 = 20, 50, 100.

Theorem 3.5 Let the hypothesis of Theorem 3.3 be satisfied and choose an open neighbourhood
V C U of a(closI) such that the roots wa(N), ... ,wr(A) are distinct for X € V.. Then there exists
a 7o such that the following is true for every T > 9. The eigenvalues of W.(a) belonging to V
are given by A r = a(zk,r) where k1 < k < ky and k1,ke > 1 depend on 7 and V. Moreover

Imzy .| < B/7 and Rezk » < Re zg11,+ for all k. Defining z,(:T) as in Theorem 3.3(c), we have

Aer = a(z,(cng) + 01/t ) as T — 0

)

uniformly in k.

We remark that if the roots wi(A),...,w,(\) are distinct for all A € R(a), so that Theo-
rem 3.3 may be employed with I = (0, 00), then Theorem 3.5 holds with k1 < k < ks replaced
by 1 <k < oc0.

Finally, a result on eigenfunctions.

Theorem 3.6 Suppose that the numbers pi, ..., u, are distinct. Let A be an eigenvalue of
W (a) and assume that the roots wa(N),...,w,(A) are distinct. Then every eigenfunction p, €

11



L?(0,7) of W.(a) corresponding to \ is of the form

T

pr(t) = Z [cjeiw'j()\)t + CT-‘rje_iw'j()\)t} ) (3.9)

j=1
satisfies @, (T —t) = 0, (t) for allt € (0,7) with @ € {£1}, and can be rewritten in the form

:1 QCjei“’j(’\)T/2 cos <wj()\) (t - %)) for 6=1,

o-(t)=4q 7% s _
E:Iije i sin (wj()\) (t—§)) for 6 =—1.

The coeflicients ¢; can be computed from the linear algebraic system that arises after in-
serting ansatz (3.9) in equation (2.6). We demonstrated this in Section 2 for the kernel k given
by (2.1).

4 The Wiener—Hopf determinant

Let U C C be a sufficiently small open neighbourhood of R(a) and take a point A € U\ {a(0), 1}
such that the roots wa(A),...,w,(A) are all distinct. We then have

o)A _ (60 ) _ )
1—A (2 +u3) ... (22 + p2) a2 s

Jj=1

Thus, £1(N), ..., &-(A) are simply the roots +wi (M), ..., tw,(\) labelled in a different manner.
In what follows we will frequently abbreviate &;(\) and w;(A) to §; and w;. From (3.2) and (3.3)
we see that wy # 0 and that +w; cannot coincide with any of the roots tws, . .., £w,. This shows
that the roots &, ..., &, are distinct. Proposition 2.4 of [2] tells us that W, ((a — X)/(1 — X))
is the identity plus a trace class operator, and Theorem 5.1 of [2] shows that

a—A KT WAL T
det WT (H) =e ]2\/[: WMe (41)

where k = k() is some constant, the sum is over all subsets M C {&1,...,&2,} of cardinality
r, and, with M€ :={&,..., &} \ M and R := {u1,..., pr},

Wy = Z igj,
§jeMe
_ e enreuner + mm) I, ereen (e — 18k

Wi : : o
HH(GR,umGR(uE + Mm) HijMC,ﬁkGM(lfj — 1§k:)

The point A belongs to sp W..(a) if and only if (4.1) is zero, whereby its algebraic multiplicity
is its multiplicity as a zero of (4.1). The dominant terms in (4.1) are those for which

Imwy = Y Img (4.2)

ijMC

is minimal. Recall that (3.2) and (3.3) are valid and that Re p; > 49, |u;| < C for j > 2.

Proof of Proposition 3.1. Subject to our assumption, there exists an open neighbourhood
U; C C of 1 such that wa(A),...,w,(N\) are distinct for A € Uy. Take A € U; \ {1} and suppose

12



that A € spW,(a). We may assume that A # a(0). Because of (3.3), it remains to show that
the two inequalities |wi ()| > 2C and [Imw;(A)[ > & cannot hold simultaneously if 7 is large
enough. So assume that |wi(A)| > 2C and, for the sake of definiteness, Imw;(A) > §. Note
that (4.1) holds.

If M§ = {—w1,—ws,...,—w,}, then the number Imwyy given by (4.2) takes a certain
negative value, and changing any of the minus signs in M§ to plus signs results in a value
of (4.2) that is by at least 20 larger than the value of Imwys,. Suppose for a moment that
Wi War = O(1) for M # M. Then (4.1) yields

a— A\
1—X

> — enTWMOeino'r (1 + 0(67267)) ,

and hence A cannot be in sp W (a) for all 7 larger than some 77, which is the desired contra-
diction.

It remains to prove that WA}(%WM = O(1) for M # My. We put
V= H (e + pm)-
HeER umER
Note that v is a nonzero constant. In what follows we use abbreviations like

IT Cotmm) =TIC+mm), J] o= =]~

wm€ER He€ER

whenever the range of the product is clear from the context. We have Wiy, = Apr, (A)Bag, (A)
where

_ [T(—iws + pm) TT(pe — iwn)
—inl szz(—iwl — iwk) szz(—iwj — iw1)7

Hj22 [T(—iw; + pm) szz [T(pe — iwy) .

V]I pso(—iws — iwy)

AMO ()\) :

(4.3)

BMO ()\) =

(4.4)

Since |w; + wi| < 2C, Re (—iwj + pm) > 35 + 45 = 75, Re (e — iwy) > 79 for j, k > 2, there
exists a constant C; € (0, 00) such that

1/Cv < [Bay (M)

Taking into account the inequalities |un,| < C/2, |ue] < C/2, lwi| < C (k > 2), |w;| < C
(j > 2), |wi| > 2C and that wy occurs in the power 2r in the numerator and in the power 2r —1
in the denominator of Az, (1)), we see that there exists a constant Cy € (0, 00) such that

|wil/Ca < [An (M-
We now turn to Wjy,. Suppose first that
MC:{_WI7E27"'7€T}7 M:{w17n27"'a777‘}7

where {&,..., 6,02, ..., } = {Fwo, ..., £w,}. Then Wy, = Apr(N)Bas()) with
— H(_iwl + ,um) H(M( — iwl)

TTTTGE, + o) TT TG0 — i)
Bu) =" TG, — i)

(4.5)

(4.6)

13



The number &; — 1, is of one of the six forms 2w;, —2w;, w; +wk, wj — Wk, —W; + Wi, —wW; — Wy,
where j # k. Clearly, |Im (2w;)| > 60 and |Im (w; + wg)| > 6. Our assumption that the w;
and wy are distinct implies that

inf s () = we (V)] > 0.

Consequently,
[Bu(A)] < Cs

for some constant Cs < co. Furthermore, as above when considering Apy, (M), we deduce the
existence of a constant Cy < oo such that

[Am(A)] < Cafwn].
Combining the estimates we obtain
(Wi Wa| < C1C2C5Cy.
Suppose next that
M ={-wi,w1,&,...,&}, M ={n,ne,...,n}
with {&3,...,& M1, ... 0} = {Fwa, ..., £w,}. Then Wy = Apr(A)Bpr(A) where

Tl -+ o) [T+ )

T e — ine) ITin — ine)
TGS + o) TT TG~ i)

P =G,

AM(A) =

and we conclude as above that
[Bu(M)| < s, [Au(A)] < Cs,
which results in the estimate
WireWar| < C1C2C5C6/|wr | < C1C2C5C6/(20).

The case in which M = {£1,&,...,&-} or M© = {w1,&a,...,& } can be tackled similarly.
O

Let us now suppose that the hypothesis of Theorem 3.3 is satisfied. Then there exists an
open neighbourhood U C C of a(clos I') such that wa(N),...,w,(A) are distinct for A € U. Take
A € U\ {a(0),1}. Then formula (4.1) is applicable. Clearly, (3.2) holds. If I is an infinite
interval, then Proposition 3.1 shows that (3.4) is valid. In the case where [ is a finite interval,
we can obviously guarantee (3.4) by choosing U sufficiently small.

The two candidates for sets M with minimal values (4.2) are given by
MY ={-wi,—wa,...,—wr}, M5 :={wi,—ws,...,—wy},

because changing one —w; with j > 2 to w; yields an increase by at least 66. Formula (4.1)
gives

-A
e " det W.. (Cll — )\) — WMlele‘r + WMzewMg‘r + Z I/VMewMT7 (4_7)
M#My, M2
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and since e(®M2 =)™ — @217 it follows that (4.7) equals

Wae ™7 |29 L Wil + Y Wilwyelva—wan)r
M#M;i, M2

— WMze“’MlT e2iw17’_~_ W]\j[;WMl 14+ Z W]C[iWMe(WM_le)T ) (48)
M#My M,

We have M; = {w;,ws,...,w,} and thus

[I(—iws + ) szz [T(—iw; + pm) TT(pe — iwn) szz [T(re — iw)

W, = - : - - - . - ;
i v(=2iw1) [ o (—iwr —iwp) [ 150 (—iw; — iwi) [T gzo (—iwr — iw)
and since My = {—w1,ws,...,w;}, we obtain
W — [1(w1 + pm) Hj22 [1(—iw; + pm) [T(pe + iw1) szz [T(pe —iwi)
M2 -

v(2iwy) szg(iwl — iwg) ngz(_iwj + iwy) Hj,kzz(_iwl —iwy)
Consequently, WA}; W, is equal to

[T(—iws + p) [T(1e — iwr) [Tjs0 (iwr — iwp) [T;50(—iw; +iwr)
[TGwr + pm) [T(1e + iwr) [Tjso(—iwn = iwp) [ [5o(—iw; — iwr)

 wr + i) [T = 01) Tiso (Wi = wi) T (wr — wj)
[T(wr = ipm) [T(=ipee + w1) szz(*wl - wg) szz(*wl —wj)

—Ww1 2 P w1 2
- _ch(un)l p<(w3>2 = ).

Recall next that we have A = a(z) with z = w; = wy(A) in II. Thus, taking into account (4.8),
we see that the equation det W, ((a — A)/(1 — A)) = 0 may be written in the form

72 = b(2)(1 + ¢r(2)) (4.9)

where
pr(2) = Y Wiy Wageln )T,
M#M;y, M,

As we have assumed that A # a(0), we may so far use (4.9) only for z € I\ {0}. The following
lemma will justify the equation for z = 0 too.

Lemma 4.1 Suppose that ws(a(0)),...,w-(a(0)) are distinct. Then, as z — 0,
det W-((a — a(2))/(1 - a(2)))

equals

eroto(D)7 f(z)ei(wala(@) 4k (a(2) [/ b(i — T )

where kg € R, f(2) = f(0) + O(2) with f(0) # 0, and |g-(2)| < Ce™3" with some constant
C < oo independent of z and T.
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Proof. We write w; = z and A = a(2), and may suppose that |Im z| < §. From (4.1) we

obtain
a—al(z _ warr
e~ T det W, <1 — aEZ;> — I/[/]w1 (eleT + Z WM}WMG M )
M+#M,
where Mf := {—z, —ws,...,—w,}. In the proof of Proposition 3.1, the set M{ was denoted by
M§. Formulee (4.3), (4.4) give Wiy, = Anr, (A) B, (A) with
[T(—iz + pm) [T(pe — i2)
Apn,(N) =
() = =50 [1(=iz — iwg) [[(—iw; — iz)’
_ HTI(iws 4 p) TTTT (e — iwg)
B, (M) = - - ,
v T1(—iw; — iwg)
which shows that )
Wi, =1 = L (5(0) 4 002)
with £(0) # 0.
Let M$ :={—%z,—wa,...,—w,}. Above we saw that WJ\ZI/VM2 = —1/b(z). Consequently,
Whr, (eleT + W]zWMze“’MzT)
_ _f(Z) eiT(fszgf...fw,,v) _ iei‘r(szzf...fw,,.)
z b(z)
— f(Z) e”—z/b<z) —e ' e—ir(wg-‘r.“-‘rwr).
z

Now consider

M = {725527"'567‘}? M—:{Z7’r]15"'a7]7‘}7
M—f- = {Za§27"'a§’r}7 M+:{—Za7717--~777r}
with {&,..., &, ..., = {Fws, ..., tw,}. Then

[1(=iz + pn) TTTTGE) + pon) T (e — i2) TTTT (e — i)
v(=2iz2) [I(=iz —inx) [1(&; —i2) [TITGE; — inx)

and hence Wy, 'Wy,_ = D_E_ with
D — [T(—iz +iwg) [[(—iw; —iz)
[1(=iz = ine) 110 —12)

g - HII(iw —iwn) [TTTGE + p) TTTT (e — i00)
— TTI(iws + ) TTT (e — iwr) TTTIGES — ing)

Thus, D_E_ converges to a finite limit G as z — 0. Analogously,

W,y — L2 + pon) TTTTGE + ptan) T e+ 82) TTT e — i)
' v(2iz) [T1(z — i) [TG&; +12) [TITGE —ime)

which yields Wy, 'Wa,, = D, E, with
p. - U=tz —iwe) [[(=iw; —i2) [T(= + ) TT(ue + i2)
T Tz + ) (e — i2) TIGz — e) T1GE +12)

g, = HTT(=iw) —iwr) [TTTGE + pm) TTTTGre — i)
T TITI(=iw;s + o) TTTT e — ar) TITIGE; — i)

Wy_ =

16



It follows that D E, tends to —G as z — 0. We arrive at the conclusion that
War, (Wi War_ e =" + Wi Wiy, e+
= 7@ {(G + O(Z))eir(fz+£2+..‘+£r) — (G + O(Z))eif(2+£2+...+§r)]
z

iTz —irz

e — e

= f(2) {G relm(€att&r) 4 O(eT(S)eT(£2+'~+€'r'):| )

Because Im (§2+ ...+ &) > —Im (w2 + ... + w;) + 64, the term in the brackets is
O(r)e iT@st 40 (o= 60T) 4 (7 ) iT(w2r+rtwn) (=607
and this is O(e%Te Im(wattwr)) Tf
MC = {z,-2,6&,....&} or M :={&,&,....&},
then Wy = O(1) as z — 0 and therefore WAZWM = 0(z) as z — 0. In that case

Im Z§J > —Im(wg + ...+ w,) + 34

Thus, |
WMIW]&iWMewMT — f(Z)O(l)e_lT(w2+'"+“’"‘)O(e—357).

Finally, the constant x equals —kx(0) — (11 + ...+ ) (cf. Theorem 5.1 of [2]) with

k/\(g)::/oo Hw_l dz

—oe \ i1 x? + 3 27

Clearly, x converges to a finite limit ko as A — a(0). O
By the last lemma, in a punctured neighbourhood of z = 0 the equation
det W, ((a —a(2))/(1 —a(2))) =0

is equivalent to ' _
72 Jb(z) — e 7T

+ g‘r(z) =0,
which may be written in the form
72 = h(z)(1— 267G, (2)) = b(2)(1 + oy (2)):

The lemma shows that ¢, (z) — 0 as z — 0. Let us define ¢ (0) := 0. Since obviously b(0) = 1,
it then follows that (4.9) may also be employed for z = 0 and thus for all z € II provided the
points wa(a(0)),...,w,(a(0)) are distinct.

Lemma 4.2 There ezists a constant v € (0,00) such that |b'(z)| <~ for all z € II.

Proof. Clearly,
W) Q2 QR PE) P
2 b(z) Q(-z) Q) P(z) P(-2)

The first two quotients on the right are bounded because Im (ip;) > 49. Furthermore,

P'(z) = l-wjla(x)d(z) GK1-wj(N)d(z)

T4 iwl) & w0

with A = a(z). We know that |Im (z — w;(\))| > 26 and that a/(z) is bounded for z € II.
Since a(w;(A)) = A, it follows that wj(A) = 1/a’(w;(A)), and as w;()) is a simple root of a,
we conclude that the infimum of |a’(w;(\))| over A € U is strictly positive. This shows that
P'(2)/P(z) is bounded for z € II, and the same is of course also true for P'(—z)/P(—2). O
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Lemma 4.3 If0 ¢ II or if 0 € II but the roots wa(a(0)),...,w,(a(0)) are distinct, then
6r(2) = 0(e™7) and () = O(re27)
uniformly in z € IL.
Proof. Suppose first that 0 is not in II. We begin by considering the case where

MC:{_wla€27"'7£’r}a MZ{(Ul,'f]Q,...,T],»}.

Then

Wy —wa )T _ 730555 (& W)

Since M # My, there is a j > 2 such that §; = w;, in which case Im (§; + w;) > 64. Thus,
|e(wM—w1\41)7'| _ 0(6—667).

We have Wiy = Ap(A)Bp(A) with A = a(z) and Ap (M), Bar(N) given by (4.5), (4.6). More-

over, Wyr, = Angy (N)Bag, (N) where Apy, (), By, (A) are as in (4.3), (4.4). Hence

o (2) 1= Wi Wage(#3 =237 = D(A) E(A)el™ (6 N0

with
. AJ\/I()‘) _ HkZQ(iiwl - iwk) szg(*iwj - iwl)
D(\) == A (N) T1(—iwr — ing) [1(i&; — iwr) )
E(\) = Bu(A) _ TTTIGES + pn) TTTT(1e — i) Hj7k22(—iwj — iwg)

~ Buy(N)  Tse IT(=iwy + pn) Tiso TT(ke — iwi) TTTTGE; — ime)”

As in the proof of Proposition 3.1 we see that D(A) = O(1) and E(X) = O(1). This shows that
o (2) = O(e=%7). We further have - (2) =T1 + Ty + T3 with

Ty = E'(\)d'(z) D(N)el™ =& XN Hes ()

T, == D'(\ )a/(z)E()\)eiTZ(ij(A)erj(/\))’

Ty := DO\ E(\)el™ ZE W +w; )iy [Z(g;(x) + )] ' (2).

Since a/(2) = O(1) and E'(X) = O(1), we get T) = O(e~%7).

Next, because w1 = wi(\) = z, we may write

d lisol=iz —iwr(a(z)] 1501w (a(2) — i2]
dz [Tz — ink(a(2)] T10E (a(2)) —iz]
)

Using the fact that [—iz + wi(a(2))]’ = —1 + wj(a(2))d/(2) and that wg(a(z)) and o'(z) are
bounded and doing this also for the remaining factors in the expression on the right, we obtain

(=12)* =5 + far—6(2) (=) O + ... + fo(2)
[Io(=iz = im(a(2)))? [1;55 (i€ (a(2)) —i2)?

with bounded coefficients f4,_¢(2),..., fo(z). The denominator is of the form
(1) gar 5 (2) (1) o+ g0(2)

with bounded coefficients, and since

D'(N)d (z) =

D'(\N)d (2) =

Im 2| < ¢, Imé&;(a(z))| > 39, [Im g (a(z))| > 36,
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the denominator is bounded away from zero. This proves that D'(A)a’(z) = O(1) and hence
T = 0(67657).
Finally, taking into account that a(w;(X)) = X and a(§;(X\)) = A, we get

wi(A) = 1/d'(wi(N), &N =1/d' (& (V).
Our assumption that the roots wa(A),...,w,(A) are all simple implies that
. ! X . ! X
W [0 ()] > 0. [a'( ()] > 0.

Hence wj(A) = O(1) and &j(X) = O(1), which shows that T5 = O(re~%7).

The proof is analogous in the remaining cases. We remark that if

ME = {*wlawla€3a e a&"}v M = {527 7527 753, sy 757’};

then
e(wM*le)T _ eiT(‘£3+u-+§r+wl+w2+u~+UJ7‘)

)

and in the case &3 = —ws, ..., & = —w, we have

—Im (w1 4w2)T

’e(wale T = e

2

with —Imw; —Imws < § — 38 = —24. This is the explanation for the e =297 in the statement of

the lemma. The proof in the case where 0 ¢ II is complete.

Let finally 0 € II but suppose that the roots ws(a(0)), ..., w,(a(0)) are distinct. We may then
combine the previous argument with Lemma 4.1 to deduce that ¢, (z) = O(e~’7). By a more
elaborate but still straightforward analysis, one can show that the function g, in Lemma 4.1
satisfies |g~(2)| < CTe 7 as |z| — 0 with some constant C' independent of z and 7. After
defining ¢’ (0) := 0, this yields the estimate ¢/ (2) = O(7e=2°7). O

5 The nonlinear equation

In this section we prove Theorems 3.2 and 3.3. Suppose that the hypothesis of Theorem 3.3
is satisfied. We may also assume that the neighbourhood U is replaced by a an open neigh-
bourhood of a(clos I') such that wa(N), ..., w,(X\) are separated away from each other for A € U.
For the sake of definiteness, we assume that (3.6) is in force. We already know that if 7 is
large enough then A = a(z) € U \ {a(0),1} is an eigenvalue of W (a) if and only if (4.9) holds.
Note that we may assume that 0 ¢ II if clos I does not contain the origin. On the other hand,
if 0 € closI and thus 0 € II, then the hypothesis of Theorem 3.3 guarantees that the points
wa(a(0)),...,wr(a(0)) are distinct. Furthermore, taking 7 sufficiently large, we may, by virtue
of Lemma 4.3, guarantee that log|1l + ¢,(2)| € (=03, 8) and arg(l + ¢,(2)) € (—0,0).

Proof of Theorem 3.3(a). Let z = x + ie with = € I, . If z satisfies (4.9), then

x = % argb(z) + arg(1 + @T(z))} + 6777’ (5.1)

1 1
=1 — —log|1 2
e =—5-logb(z)| — - log |1+ @-(2)]; (5.2)

where the argument of b(z) is chosen in (=7 + 0,7 — 0) and £ € Z. From (3.5) we see that
log |b(2)| € [-0, 0], while we have ensured that log|1l + ¢.(2)| € (—83,3). This proves that
e € (=20/(27),26/(27)). O
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Proof of Theorem 3.3(b). The existence of exactly one eigenvalue in a(Sk, ) will follow
from (4.9) in conjunction with Banach’s fixed point theorem, once we have proved that the map

km

= o (1oab(z) + log(1 + ¢-()) + (5.3)

Wir(2) = 5

is a contraction of Sy - into itself. Note that the right-hand sides of (5.1) and (5.2) with £ =k
are just Re Uy -(z) and Im ¥y, ;(z). Let z € Sk -. Then the right-hand of (5.1) with £ = k is in

1 1 km 1\ =« 1\ =«
(= 7 ~ (= LA A A A
27'( mtom 0)+27'( 7,0)+ T (< 2) T’< +2> T>’

while the right-hand side of (5.2) lies in
1 1 8 B
5.8 - g -0.8) = (-2.2).
Thus, Uy, » maps Sk, into itself. If f is an analytic function satisfying |f'(z)] < M for z in

some convex domain G, then

[f(z1) = f(22)] < 2V2 M|z — 2

, 1 V() @, (2)
kr(2) =5 (b(z) 1 +<p7(z))

b,(Z) —_— = T€
02| <7 Tre - O

by virtue of (3.5) and Lemmas 4.2 and 4.3, we conclude that ¥y, ; is contractive whenever 7 is
sufficiently large.

for z1, 29 € G. Since

and

s _ ¥ (2) ~26r)

The algebraic multiplicity of Ay » = a(zk,-) is the multiplicity of z := zj . as a zero of the
equation (4.9). Assume that the multiplicity is at least 2. Differentiating equation (4.9) we get

2077 = B (2)(1 + pr(2)) + b(2)h (2).

But this is impossible for large 7, since the absolute value of the left-hand side is 2re=27Im# >

27e~2% whereas that of the right-hand side is bounded due to (3.5) and Lemma 4.3. O

Proof of Theorem 3.3(c). According to the proof of part (b), Ay, = a(z.) where
Zkr € Sk, is the unique solution of the equation z = Uy, (). The same argument as in the
proof of part (b) shows that @y, is a contractive map of S - into itself. We now suppress the
subscripts k, 7.

Put 2(9 = w(® := kx /7 and define 2™ and w(™ by
2= oz w™ = W) (0> 1).
From the proof of part (b) we know that there exists a constant K < oo such that
K K
[B(21) = @(22)l < —fz1 — 22, [¥(wr) = U(wa)| < — |wy —wn

for all 21,29, w1, w2 € Sk,. We therefore deduce from Banach’s fixed point theorem that
w™ — 2k,+ and that

N K\" 1
wt™ — 2 | < (T> 20 — 2., =0 (Tnﬂ) : (5.4)
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We claim that
2 = ™ 4 O(e™27). (5.5)

By Lemma 4.3,
L _i _ —26T
Ur(2) = — 51 log(1 + -(2)) = O(e™").
Thus, we have ®(z) = ¥(2) + 1-(z) and

20 = () = B(z0) 1 . ()
— \I/(’U)(O)) + 0(6—257) _ w(l) + 0(6—257')7

which is (5.5) for n = 1. But if (5.5) is true for some n, then
At — (M) = @(wm) n O(e—zsf))
K
— cI)(w(n)) + 70(6—267)
T
— W™ my 1 K o2
= V(™) + g (W) + 0@ )
_ w(n+1) + 0(67267),

which is (5.5) for n+ 1. Consequently, (5.5) is true for all n > 1. Combining (5.4) and (5.5) we

get
|Z(") — 2| =0 <T"1+1> )
whence
Mor =a(zpr) =a (z(”) +0 (7'"1"‘1)) = a(z(")) + 0 (7_n1+1> .
All estimates are uniform in k. O

Proof of Theorem 3.2. There exists an open neighbourhood V' C C of the point z = 0
such that wa(a(z)),...,w.(a(z)) are distinct for z € V. The function

m@fmmctﬁo

is analytic in V. Since

lim © /b(z) —e”

2z—0 z
Lemma 4.1 implies that h,-(0) # 0 and that therefore A = a(0) is not an eigenvalue of W, (a)
whenever 7 is large enough.

Now assume that W, (a) has an eigenvalue A\ = a(z) € U with z # 0 and |Rez| < 7/(27).
Then z = x + ie with € Iy .. The reasoning of the proof of Theorem 3.3(a) shows that
le] < B/7. Hence z € Sy . The map Uy, introduced in the proof of Theorem 3.3(b) makes
also sense for k& = 0, and one can verify as in the proof of Theorem 3.3(b) that ¥y, is a
contractive map of Sy » into itself. As z satisfies equation (4.9), it is a solution of the equation
z = ¥y ,(z). Now we can repeat the argument of the proof of Theorem 3.3(c) for £k = 0
to conclude that ®¢ : Sor — So is contractive and that z must also satisfy the equation
z = ®g 1(z). However, by Banach’s fixed point theorem, the unique solution of this equation is
z = 0. This contradiction completes the proof. O

= 2it — '(0),

Proof of Theorem 3.5. We know that A € V is an eigenvalue if and only if A = a(z) and z
satisfies equation (4.9). This equation is in turn equivalent to the equation z = ¥y, ,(z) for some
k > 1, where Uy, ; is given by (5.3). Let mg be the maximum of | arg b(z)| + | arg(1 + ¢-(2))| as
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z ranges over IL. If z = x +ie and z = ¥y ,(2), then x and ¢ satisfy (5.1) with ¢ = k and (5.2).
We have log |b(2)| € [—03, (], and can guarantee that log |1 + ¢, (2)| is in (—03, 3). Consequently,

ze S, = {zE(C:RezE {kﬂ— +mo} ,Ingﬁ}.
’ T 2T T

Note that S} is automatically a subset of II for all & > 1 if only 7 is large enough. This
proves that the solutions of the equation z = ¥y, -(z) necessarily belong to S+ The existence
of exactly one solution will follow from Banach’s fixed point theorem once we have proved that
the map Wy, . is a contraction of S} _ into itself. But it is obvious that Wy , maps S;T into
itself, and exactly as in the proof of Theorem 3.3(b) we see that ¥y ; is contractive on S;;T.
Let us denote the unique solution of the equation z = ¥y, -(z) by 2k, .

We now prove that Re z - < Re zi41,-. Abbreviating b(1 + ¢, ) to ¢, we have

Rezpt1,r —Rezpr = Re Wy +(2hq1,r) — Re Wy - (21,7)

s 1
=24 - J) — ). 5.6
- + 2T(argc(zk+1’ ) —arg c(z, )) (5.6)
In the proof of Theorem 3.3(b) we have observed that

1 K

ol el o) —arge(zi)] < o Jai s — 2

with some constant K < oo, and since

(k+1)m  mog Kk  mg mo+m

_ LT v, 0 _ T A
|Zk+1’T Zk’Tl - T 2T T 2T T

it follows that (5.6) is positive whenever 7 > (mg + ) K /7.

Finally, the argument of the proof of Theorem 3.3(c) remains literally true with Sy, , replaced
by Sy ;. This yields the remaining part of Theorem 3.5. O

6 The eigenfunctions

In this section we prove Theorem 3.6. The basic idea of the proof goes back to Widom [16],
who considered Hermitian kernels.

Let F: L?(—00,00) — L?(R) be the Fourier transform,
1 [ .
(Ff)(z):= 2—/ ft)e™tdt, zeR.
T J -0

We may think of L?(0,7) as a subspace of L?(—o0,00) and denote by FL?(0,7) the image
of L?(0,7) under the Fourier transform. Functions in FL?(0,7) may be continued to entire
functions on C. We let x(o,r) stand for the orthogonal projection of L*(—o0,c0) to L*(0,7).
Note that x(o,r) is nothing but restriction to (0,7) or, in other terms, multiplication by the
characteristic function of the interval (0,7). Finally, let P, := FX(OJ)F_I. Thus, P, is the
orthogonal projection of L2(R) to FL?(0, 7).

Proof of Theorem 3.6. Let )\ be an eigenvalue of the operator W, (a) and let ¢, € L?(0,7)
be an eigenfunction corresponding to A\. The equation W, (a)p, = A\p, is equivalent to

P, ((a(z) — N E () =0, (6.1)
where E, := Fp.. Since u1, ..., i, are distinct, the function a has the partial fraction decom-
position

- A " Q@ a
=1+ YA Y (S ),
= Te + 5 = T — 1f4j T+ 1t
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Inserting this in (6.1) we get

(-8 + Y0P
It is well known that if Re 4 > 0, then

pT( E(x) ) _ E(z) — E(iu) P‘r( E(x) > _ BE(z) — et p(—iy)

T —iu; T —ip T+ ip; T +ip

%) Z (xJHID = 0. (6.2)

for every E € FL?*(0,7). Thus, (6.2) may be written as

i T E.(z) — ™) g (.
E-(ipy) _Zaj (z) (—ip;)

(1 - N = Oa
2; T —ip; = T+ 1ty
or equivalently,
T Y T Yryt ‘ei*rz
(a(x) = NE (z) =Y —2L— 4y = (6.3)

= T — 1l = T+ 14y
with
yj = o B (ipy),  yraj = —oye” T Er(—ipy).

It follows that

B (z) ! P B —~ YrgeT
x) = : r—
B a(x) — A Hr—iy o rtiy

_ 1 p27"—1(x) + eiqu2r—1(m)
@D @) @)

where po,_1(z) and ¢o,—1(x) are polynomials of degree at most 2r — 1. Now note that

LA (@) @)
alx) =X (z—§&)...(z— &)

with &; := &;()\) and that we may ignore the scalar multiple 1 — A when considering eigenfunc-
tions. We therefore obtain

C par1(2) € g () R b+ dje™?
S T R i D

The entire function E, has no poles. Hence b; + d;e'™ = 0, which yields

Zd 17'a: _ 17'5J 2r elT(a:—éj) —1
C
x— §] = T —¢
Since ir(o—t)
T it it eT\Fms) — 1
/ e—lfteltl dt = ,
0 z—¢
we arrive at the desired representation
2r
pr(t) =D e (6.4)
j=1



If
or(t) + / K(t — 8)pr(s) ds = Ay (1)

and k(t — s) = k(s — t) then

o (T — 1)+ /OT k(t — 8)pr (T — s)ds = Ao, (T — 1).

Thus, if ¢,(t) is an eigenfunction, then so is also ¢, (7 — t). As the eigensubspace is one-
dimensional due to Theorem 3.3(b), we conclude that ¢, (7 —t) = 0p,(t) with some scalar
0 # 0. Taking the Fourier transform we get

e E, (—z) = 0B, (z). (6.5)

If E.(0) # 0, this implies that 8 = 1. In case E;(0) = 0 and E.(0) # 0, we obtain after
differentiation of (6.5) that 8 = —1. Continuing in this way we see that if

E (0)=...= E"Y(0) =0, E™(0)#0,

then 6 = (—1)".
Now recall that {&1,...,&,} = {£w1,...,xw,.}. We may therefore rewrite equality (6.4) in

the form .

@T(t) — Z (cjeiwjt + CT_;,_je_iwjt) ,
j=1

whence
T

,7_ —t § Cr+] —1qu7' iw;t + e elw]Te—let) .
Jj=1

Using the equality o, (7 —t) = 0p,(t) and taking into consideration that e*“it are linearly

independent, we get ¢,4; = Hei“’ﬂcj and thus,

()OT(t) — ch (eiwjt + eeiwj('rft)> )

j=1
Clearly, this can be written in the form asserted in the theorem. O

As the left-hand side of (6.3) vanishes for « = &;, so also must the right-hand side. Conse-
quently,

r Y; r Y el TEk
Z B T —0, k=1,...,2n (6.6)
< Sk — 14y < & iy
This is a linear system with 2r equations and 2r variables y1, . . ., y2,. It has a nontrivial solution

if and only if its determinant is zero, and computing the determinant one gets an expression
similar to the right-hand side of (4.1) and eventually arrives at equation (4.9). This is the way
in which Widom proceeded in [16] to tackle the case of Hermitian kernels.

Let

932

2 +1
be as in Section 2. Thenr =1, u=1, §& = w, & = —w, formula (6.3) reads

a(z) =

2 2 iTx
x w ET(I): Y1 Yae

1-AN)———
( )m2+u2 r—1 xz+i

, (6.7)
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and system (6.6) becomes

1 ei'rw
w—1i w41 <y1>:<0>
1 eTiTw Y2 0/
—w—1i —w+i

The determinant of the matrix equals
eiTu e—iTo.)

W+1)2  (w—1)?

and this is zero if and only if (2.3) satisfied. Let y1,y2 be any nontrivial solution. From (6.7)
we get

r+i T—1
(1= NE (@) =t oy gy T e (69
and using
r+i  wHi w—1i r—1i = w-—li w1
2 —w?  2w(r-w) 2wtw) 2 —w? 2w(r-w) 22w(tw)

we deduce that (6.8) is equal to

y1(w+1) +ya(w —1)el™  yi(w—1) + yo(w +1)el™
+
2w(r — w) 2w(z + w)

(6.9)

Since (6.8), hence also (6.9), cannot have poles, it follows that

yr(w +1) + ya(w —0)e'™ =0,
y1(w—1) +yo2(w+ i)e*i“" =0.

Hence, (6.9) can be written in the form

ol — (7 ™) (w4 e - o)
2w(z —w) * 2w(x + w)

— yQ(w — 1) ei'ro.; ei‘r(miw) -1 + y2(w + 1) eii‘rw eiT(H“’) —1 .
2w Tr—w 2w T+ w

Taking the inverse Fourier transform we obtain

_ W) sy e, V20 FD) i
(1—=XNe-(t) = 5, ¢ &+ T—o e

and, ignoring scalar multiples, we finally get

Sor(t) — Cleiwt 4 C2efiwt

with ¢; = (w +1)e” ™ and ¢ = (w — i)el™. By virtue of (2.10),

Cirw . . .
Co€ o W—1 i _ _1(1 + 1(4)) eiﬂu -0

e wHi il —iw)

Thus, ¢, (t) = ¢ (ei“’t + Ge”“’e‘im), which results in (2.11).
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7 Numerical examples

In this section we illustrate our narrative with two numerical examples. The first corresponds
to the operator with the symbol

. . 2 . 2 6 3
—(16 + 681) — (10 + 301)z* — (3 + 21)z° + =

Qp
=1 7.1
(12 + 161) + (20 4 121)22 + (9 — 4i)z* + 26 ; 2+l (7.1)

a(x) =

where o = [—-1,—1,—2] and p = [1,1 41,3 —i]. The curve R(a) and the range of b on (0, o)
are plotted in Fig. 3.1. In Fig. 3.2 we display the eigenvalues of W (a) for different values of 7,
overlaid on R(a). Note that we have computed the eigenvalues both using Theorem 3.3(c) and
by the finite section algorithm from [8]: both results match to very high accuracy. Note that
the eigenvalues congregate near R(a), are nearly equispaced and their density grows linearly
with 7: all this is in complete conformity with Theorem 3.3. The rapid speed of convergence
of the iterative scheme from Theorem 3.3(c) is illustrated by Fig. 7.1, where we have zoomed
into a small portion of R(a). Note that the first iteration z,(glz is already difficult to distinguish
from the exact eigenvalues at the resolution of the plot!

-0.3 T T T T T

Figure 7.1: The speed of convergence of a,(:go for growing n. The equispaced points z,ggo are

denoted by white circles, the first iteration Z;(;%o by filled-in discs and the eigenvalues )\27?2)0 by

white stars.

Rapid convergence is further emphasized in Table 1, where we have displayed the error of
the iterates visible in Fig. 7.1, as well as in Table 2, where similar information, corresponding to
the same portion of R(a), has been displayed for 7 = 100. The decay of the error is consistent
with the O(1/7"*1) estimate from Theorem 3.3(c).

26



Table 1: The error |z,(CnT) — Ag,r| for 7 =20, k = 10,

..., 17 and the iterations n =0, 1, 2, 3, 4.

iteration 10 11 12 13 14 15 16 17
0 984 _g2 T7.69_g2 6.02_¢3 4.75_g2 3.80_g2 3.10_p2 2.58_g2 2.19_¢9
1 3.69_g3 2.68_g3 1.95_¢3 1.42_g3 1.03_93 7.55_gs 5.55_gs 4.11_¢4
2 1.40_gs 947_¢g5 6.38_g5 4.26_g5 2.82_g5 1.84_¢p5 1.20_g5 7.70_p6
3 5.33_06 3.55_06 2.09_g6 1.28_g¢ 7.70_g7 4.51_g7 2.58_¢7 1.44_o7
4 2.03_97 1.18_p7 6.85_gs 3.86_pg8 2.10_gs 1.10_g8 5.56_g9 2.71_g9

Table 2: The error |z,(€nT) — Ag,r| for 7 =100, k = 50, 55, . ..,85 and the iterations n = 0,1, 2, 3, 4.

iteration | 50 55 60 65 70 75 80 85
0 2.00_0 1.62_02 1.26_0» 9.87_03 7.86_05 6.38_03 529 03 4.48_o3
1 1.66_01 1.19_ 04 850_05 6.11_05 4.42_05 321 05 23505 1.73_05
2 1.32 06 86907 575 07 3.79_07 2.48_og7 1.62_97 1.05_g7 6.72_0g
3 1.05_0s 6.37_09 3.89_09 2.35_09 1.40_g9 8.14_19 4.65_19 2.60_10
4 83211 4.67_11 2.63_11 1.46_1, 7.86_10 4.10_12 2.07_15 1.01_o

Our second example is a(z) = 1+ 2Zi:1 app/(@? + p2), where a = [—1,2 +1,3i,1 + i
and p = [1+ 2i,2,2 — 31,3 + 4i]. The set R(a) and the range of b are displayed in Fig. 7.2.
The transition of the eigenvalues from one side of R(a) to the other is illustrated in Fig. 7.3 for
different values of 7. Fig. 7.4 recapitulates (to different scale) the right-hand side of Fig. 7.2,
except that the portions corresponding to (3.6) and (3.7) are denoted differently: the first with
circles and the second with pluses.

L i
05 1

Figure 7.2: The range R(a) is indicated on the left, while the range of b on (0, c0) is indicated

on the right.
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=100

Figure 7.3: The eigenvalues of W (a) for different values of 7. The eigenvalues consistent with
(3.6) are denoted by a star and those conforming with (3.7) by a disc.

Figure 7.4: The range of b on (0, co) with the points corresponding to (3.6) and to (3.7) denoted
by circles and pluses, respectively.
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