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Abstract

We construct asymptotic expansions for ordinary differential equa-
tions with highly oscillatory forcing terms, focussing on the case of multi-
ple, non-commensurate frequencies. We derive an asymptotic expansion
in inverse powers of the oscillatory parameters and use its truncation as
an exceedingly effective means to discretize the differential equation in
question. Numerical examples illustrate the effectiveness of the method.

1 Introduction

The subject matter of this paper is discretization methods for highly oscillatory
ordinary differential equations (ODEs) of the form

y'(t) = Fy) +Gy) Y am(t)e™’,  t>0, (1.1)
m=1

*Communicating author.



accompanied by the initial condition y(0) = vy, where y : R, — C%, f:C? —
C? and G : C* — C¥™ are smooth. The frequencies wy, are all nonzero real
numbers and we assume that sup,, |wy,| is large, possibly infinite.

Special cases of (1.1) include woy,—1 = Mmw, way, = —mw, m € N, where
w > 0, which corresponds to

Y'(t) = f(y) + Gy) ) _be(t)e™, >0, (1.2)
k0

which has been already analysed at some length in (Condon, Deatio & Iser-
les 2009a). With greater generality, given any s € N and distinct variables
W w) ] we set

@), @ j=1,...,5, meN,

W2sm—2s+2j—1 = MW W2sm—2s+25 = —MNW

whereby (1.1) becomes

y' = F)+ G D byt >0,

j=1 k0

Note that the highly oscillatory term in (1.2) is periodic in tw: the main
difference with our model (1.1) is that we allow the more general setting of
almost periodic terms (Besicovitch 1932). It is justified by important appli-
cations, not least in the modelling of nonlinear circuits (Giannini & Leuzzi
2004, Ramirez, Suarez, Lizarraga & Collantes 2010).

In this paper we advance gradually from the simple to the more intricate.
Thus, in Section 2 we let f(y) = Ay, w1 = w, we = —w and a1 = 1/(2i)1,
az = —1/(2i)1, a,, = 0 for m > 3 and G(y)1 = g(y) — in other words, consider
the equation

y' = Ay + g(y) sinwt, t > 0. (1.3)

This is a special case of a framework already introduced in (Condon et al.
2009a) and we include it in the present paper to introduce our notation and
methodology in a simplified manner.

In Section 3 we consider the linear equation

S o
y=Aay+ Y S ag@)e™,  t>0 (1.4)
q=1 m=—o0

— in other words, f(y) = Ay, G(y) = I and there is just a finite number of
non-commensurate frequencies w®, ..., w®). Finally, in Section 4 we address



the equation

o0
Y =Ffy)+ > ame, >0 (1.5)
m=1

The only simplification in (1.5), in comparison with (1.1), is that we set G(y)
equal to the identity matrix. The expansion in Section 4 is already very elabo-
rate, in particular once we seek high-order terms. Extending the framework to
(1.1) presents no conceptual difficulties but would have rendered the expansion
considerably more complicated.

This paper follows upon a methodology originally introduced in (Condon,
Deartio & Iserles 20095, Condon, Deano & Iserles 20106, Condon, Deano & Iser-
les 2010qa). Thus, instead of solving (1.1) with a standard numerical method,
it is expanded into asymptotic series in inverse powers of the underlying fre-
quencies,

YO =m0+ 3D g 3 Pmeltle™ (16)

r=1 £€L, mezye

where w = (w1,w2,...), £ = ({1,02,...) and we use the multi-index notation

e __ bl
w® =w;'wy® -+, and

oo
L, = eer:Zﬁj:r
j=1

The coefficients p, and p,, ¢ can be derived by either solving non-oscillatory
ODEs or by recursion, thereby avoiding all problems usually associated with
high oscillation. Indeed, such methods actually improve once frequencies grow.

The expansion (1.6) can be easily converted into a numerical method, re-

stricting the first sum to 1 < r < R for some fairly small natural number R.
We thus commit an error of O(w;ﬁ_l), where Wi, = min; |w;|. Note that, in
general, this requires the solution of R+ 1 non-oscillatory (indeed, independent
of w) ODE systems: this can be easily accomplished by standard numerical
software.

The methodology in (Condon et al. 20095, Condon et al. 20105, Condon et
al. 2010a) has been restricted to a single frequency: in our terminology, to all
wms being integer multiples of a single parameter w. In the current paper we
explore the highly non-trivial complications once multiple, non-commensurate

frequencies are allowed in (1.1).



2 The basic sine oscillator

Inasmuch as this section revisits material that has been already introduced in
(Condon et al. 2009a), it serves as a valuable warm-up exercise and allows us
to introduce a raft of new concepts and notation — indeed, to sketch a new
paradigm for the numerical discretization of highly oscillatory phenomena.

In this section we consider the ODE (1.3), namely

y'(t) = Ay(t) + g(y)sinwt, t>0,  y(0) =y, (2.1)

where w > 1, w € 0(A).

2.1 The fully linear case

Let us commence from a special case, g(y) = b. In that case the equation
(2.1) can be integrated explicitly using standard variation-of-constants formula.
Thus,

t
y(t) = ey, + / e Aginwr drb
0

1 L .
_ etAyO + 2ietA/ [eT(lw—A) - eT(—lw—A)] drb
0

tA ' '
— etAyO + %{(iwl o A)—l[et(lw—A) _ I] + (iwl+ A)—l[e—t(lw+A) _ I]}b
= etAyo - (WQI =+ AQ)_lAb sin wt — w(wzl + Az)_lb cos wt
+w(W’T + A%~ te .

For reasons that will become clear in the sequel, we next expand y in inverse
powers of w. Assuming that w > || A||, we can expand (I +w~2A42)~! in Taylor
series, therefore

tA

SVl p w24 4+ (T w242 b
w

y(t) = eyy —

sin wt

(I +w 242~ Ab

—1)" -
50%)2 A7 Hp. (2.2)

= -1y x
= etAyo + Z 2l (etA — oS th)A2Tb — sin wtz
r=0 r=0



It does not take much to bring (2.2) into the form (1.6). Thus, py(t) =

etAyO and, letting wom—1 = Mmw, way, = —mw, we have
— 1 tA p2r 1. tA 42r
pO,(T-‘rl)El-H”ez = —5¢€ A b7 pO,T61+(T+1)eQ = 5€ A b7
_ 1 p2r 1 42
Pey,(r+1)ertres = _§A b, Pey,rei+(r+1)ex — §A b,
i i
— 2T’+1 - 27"+1
Pe, (r+1)ei1+(r+1)e; = —§A b, Dey (r+1)ei+(r+1)es = §A b, rez,,

where ey, is the kth unit vector, otherwise p,,, , = 0.
Note that we have a measure of freedom in ‘translating’ (2.2) to (1.6),

because wy = —w; and wy, = 0 for k£ > 3. Thus, for example, all we really need
is

2r+1 '

Y VDo jer s ar 1 jpes = (—1) e AYD.

7=0

In the best mathematical tradition, we use this freedom to endow our expansion
with maximal symmetry and simplicity.

2.2 A general expansion

The expansion (2.2) fits a more general pattern which is true for all equations
of the form (2.1), namely

y(t +Z Z Pr ()™, (2.3)

m=—00

(It is easy to cast this in the form (1.6), like we have just done to the expansion
(2.2).) To prove this, we assume the ansatz (2.3) and equate

o0

[o@)
. 1 .
: t . t
Yy =po+i %ﬁo mpy ™+ ) o > (Pl + IMPy 1 )€™
m r=

m=—oQ
with

Ay + g(y) sinwt

=A (%"‘Z Z Prme 1mwt> +31nwtg<po+z Z Prme 1mwt>7

m=—0o0 m=—0o0



while expanding g about p,. Therefore,

o0 [e.9]

. , 1 , .

po +i Z mpy e+ g o E (D + IMPy g g )€™
m##0 r=1

m=—0oQ

o (o.¢]
1 i .
= Ap, + Z o Z Ap, €™ + sinwt g(py)

r=1 m=—00
t t

+Slnu}tz klgk<p07 Z W Z prl,ml lmlw Z w2 Z Pr27m2 1m2w

ri=1 mi1=—00 ro=1 mo=—00
oo 1 oo
imgwt
re=1 M =—00
where g, is the kth derivative at p,

d d

gk,@(pOazu"'7z>: i1 " R 621,7(1

ilgl Z: ay“ ) 8Z/zk "

Note that g, is linear in all its variables except for p,. Therefore

oo o0
. : 1 , .
po +i Z mmee‘m“’t + E G E (p'rm + 1mpr+1,m)e‘m“’t

m7#0 r—1 N
9 1 00
=Apo+) o > Ap, €™ +sinwt g(p,)
r=1 m=—oo
00 1 0o 00 -
+smwtz ] Z Z Z w?“1+r2+ T Z
ri=1ro=—00 ri=1 e,
0
Z o Z gk(p07 pn,m1 ) pr27m2 cee ’p'l“k,mk)el(m1+m2+m+mk)Wt
mo=—00 my=—00
(9] 1 50
= Apo + Zl J Z Apr7melmwt +sinwt g(po)
T= m=—o0

+smwtz Z Z Z gi po,pm’zl,...,pnk!k)eim“’t
r= 1

)
. nely » KEJIk m

where

Ih,={neN:n +no4+---+np=r}, 1<k<r
={ezf i+ b+ -+l =m}



Since sinwt = (e“! — e7%!) /(2i), we deduce that

oo 0
. i 1 . i
p6 +1 Z mpl,me et + Z J Z (p;",m + 1mpr+1,m)e met

m;éO r=1 m=—o0

1 i —iw
—Apo+z 5" AP+ Lg(pp)(et o7 (2.4

m=—0oQ
T

1 1 1
+ izwr ]{2' Z Z gdi p07pn17£1""’pnk,€k) lmwt
r=1

" M€l LET), 11

T

I =1 1 i
2 JZH Z Z gk(po’pnlll’”"pnk:fk)emwt‘

r=1 k=1"" m€lg €Ty mi1

The next step consists of separating scales in (2.4). Note that there are
two scales: firstly, we need to separate different powers of w and then different
frequencies e“™. We commence from O(1) terms in w, i.e.

1 iw —iw
—g(po) (' —e™h).

/ . imwt
+1i g m e = Ap, + —
Dy Pim Do 2

m#0

Separating frequencies and endowing p, with the original initial conditions for
y results in a non-oscillatory ordinary differential equation,

po=Apy, t>0,  py(0) =y,,

whose solution is

po(t) = ey, (2.5)
as well as the recurrences
P1a1(t) = —29(po(1)), P1m=0, |m|>2. (2.6)
Subsequently, we separate terms of size O(w™") for r = 1,2, .... This yields
(o]
Z (p;,m + impr+1,m lth Z Aprm et
m=—o0 m=—0o0

Z Z Z gk pOapnlyzl,...,pnk7£k)eimwt

' NEl, - LETy 1

Z Z Z g po,pnl 217”"pnk7fk)eith-

. nEl,r eewﬂk ,m—41



We first gather non-oscillatory (i.e., m = 0) terms: this results in the non-
oscillatory ODE

Pro=Apo+ o Z > ngpomm,el,.--,pnk,ek)

! nEly, . LET;,

Z Z Z gy pOapnl,élv"wpnk,zk)- (27)

) neEly » LE],, 41

Note that p, and py, ¢, for n € Iy, and £ € J; 1 are already known by this
stage, thus p,., is the only unknown. To equip (2.7) with an initial condition
we impose the requirement that

i Prm(0) =0, reN (2.8)

m=—00

— this, in tandem with py(0) = y,, implies that the original initial conditions
in (2.1) are satisfied. Consequently,

pT,O(O) = - Z pr,m(O)

m#0

where the right-hand side is already known.
Finally, for m # 0 we obtain the recursion

1
Pryim = E Prom — 2m Z Z Z gk vapnl,Ep oy Pny, Kk) (2 9)

! NEl » €Ty 1

9k pOapnl 017+ Pnyp )7ip;m
Z > 2 , o) = P,

: NElg,r LET my1

To sum up, for each ‘magnitude’ O(w™") we obtain a non-oscillatory ODE
for p, o and recurrences for p, 4 ,,, m # 0. We can continue this procedure
for as long as necessary.

Recalling that p, ,,, = 0 for [m| > 2, we note from (2.9) that, for r = 1,

1 /

Pom = AP1;m — —Pim

1
o , o PLm %gl(p()apl,mfl) +5—91(Po, P1m11), Mm#O,

2m



implies py ,,, = 0, |m| > 3. Likewise, for r = 2,

1 o
P3m = %APQ,m o 91(Po, P2m—1) + 3 ZZ 92(p07p1,€7p1,m—1—€)]
=—00
1 > 1
+ om 91(Po» P2mi1) + 552 92(P07p1,zap1,m+1—£)] - %p/Q,m
=—00

for m # 0 means that ps,, = 0, [m| > 4. In general, it is not difficult to prove
that p,.,, = 0 for [m| > r + 1. In other words, while energy can jump across
frequencies, the bandwidth at each magnitude O(w™") remains restricted to
frequencies |m| < r.

2.3 Numerical experiments

We commence from a simple scalar ODE
Y (t) = 2iy(t) + y*(t)sinwt, t>0,  y(0)=1. (2.10)

In other words, A = 2i and g(y) = .

In Fig. 2.1 we display the real parts of the error committed by the standard
rkf45 method of MAPLE for w = 500 and w = 1000. It is readily seen that the
method, typical of standard, Taylor expansion-based ODE solvers, becomes
worse once the oscillatory parameter w increases. Of course, the precision of
adaptive software can be increased by setting more demanding tolerances: in
Fi. 2.2 we display similar information once we set AbsErr = 10'? and RelErr =
1016, Note that the MAPLE software delivers a solution of roughly right
accuracy, but the cost is substantial: 55342 steps for w = 500 and 95045 steps
for w = 1000. Unsurprisingly, the average time step scales like w™!, which is
precisely the situation we wish to avoid with our approch.

To illustrate the performance of the asymptotic expansion approximation
for the solution y(t), we compute the asymptotic terms compared with the
exact solution. The global error for any R € Z, is defined as the difference

R
eR(t) = y(t) — p(),()(t) — Z % Z pr,m(t)eimwt.

r=1" |m|<R

In Fig. 2.3 we display the real part of the error for R = 0, 1, 2 with w = 500
and w = 1000. It is readily observed that even these modest values of R result
in an outstanding performance and rapidly decreasing global error. Moreover,
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0.00002

0 ' T

2
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Figure 2.1: Real parts of the error with w = 500 (the left) and w = 1000 (the
right), as computed with rkf45.
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-2.% 10_10'
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Figure 2.2: The same as Fig. 2.1, except that AbsErr = 107!° and RelErr =
10716, computed with 32 significant digits.

in a manner characteristic of asymptotic-numerical expansions, and completely
at odds with classical numerical analysis, the quality of approximation rapidly
improves for increasing w.

Of course, our method requires numerical computations, specifically the so-
lution of non-oscillatory ODE systems for p, o, r = 0,1,..., R. This, however,
is fairly cheap. Specifically, for R = 2 (the rightmost column of Fig. 2.3), set-
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0.000015

0.000010

0.000005
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-0.000005

-0.000010

-0.000015
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3.x10 1.x10
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1.x 10

-1.x107° e
-5.x10

-2.x107°

6 “1.x107®
-3.x 10

8

-4.x107° -15x10°

Figure 2.3: The top row: the real part of ep(on the left), e;(in the centre),
ea(on the right) for w = 500; Underneath, the real parts of ey, e; and es for
w = 1000.

ting AbsErr = 1078, rkf45 needed 1090+ 1848 = 2938 steps (independently of
w), while similar accuracy with classical approach would have required 36051
and 86960 steps for w = 500 and w = 1000, respectively.

3 The linear multiple-frequency case

In this section we consider the linear highly oscillatory system (1.4), that is

Y (t) = Ay(t) + Z i al ()™t >0, (3.1)

g=1m=—o0

where s € N, while af, : Ry — C? for all m and ¢ are sufficiently smooth and
w(@ > 1. In particular, we stipulate that ||A| < min,w(®, where || - || is the
Euclidean matrix norm. We have already commented in Section 1 that this
can be recast in the general form (1.1).

The term » > a?n(t)eim“’(‘nt7 periodic in w(9¢ but not in ¢, is known as

11



a modulated Fourier expansion (Cohen, Hairer & Lubich 2005, Hairer, Lubich
& Wanner 2006).

3.1 The asymptotic expansion

It will be now demonstrated that the natural generalisation of the ansatz (2.3)
is valid in the current case,

v =20+ e 3 B0 (32)

r=1qg=1 m=—00

where pg, pim : Ry — C? are smooth, independent of w (hence non-oscillatory)
and can be obtained by either solving non-oscillatory ODEs or by recursion.
Note that (3.2) can be easily rewritten in the form (1.6), but we prefer to
employ notation that makes good use of the salient features of the problem
(3.1).

We commence by imposing the initial conditions

pO(O) = Yo, pg,O(O> = - Zpg,m(o)v reN, ¢= 1)"'75' (33)
m#0

Differentiating (3.2), we have

[e.9] S o0

S
. imw(@ 1 ) W
Yy =poti Z Z mptll,melmw ! t+z Z @ Z (P?,m/—l—lmpgﬂm)elm“’ vt

q=1 m#0 r=1¢g=1 m=—o00

and substitution in (3.1) results in

s S ] [
ph+i Z Z mp({’melmw(m n Z ({1)7" Z (P2 + imp;]+17m)elmw(0)t
q=1 m=#0 r=1 g=1 w m=—00
] 1 00 s 00
ap 33 S Ay S agam
r=1 g=1 wid m=—00 g=1m=—o0

As in Section 2, we separate scales: first orders of magnitude O(w(q)#)

and subsequently frequencies. We commence from O(1) terms,

S S o
. i (a) i (a)
po+iy Y mpl e = Apy+ Y Y akem™

q=1 m#0 g=1m=—00

12



Separating frequencies, we thus obtain a non-oscillatory ODE,

S
Py =Apy+ Y af, t>0,  py(0) = y,, (3.4)
q=1

as well as the recurrences

1
p(im - %agm m#0, g=12,...,s. (3.5)

Note that (3.4) and (3.5) are the counterparts of (2.5) and (2.6), respectively.
Turning our attention to O(u)(qrr) terms for r € N and ¢ € {1,2,...,s},
we have

o
/ . q i (lZ)t q /! i (‘Z>t
Z(P?,m Himpy )™ Py = Z Apy e

m#0 m=—00

and separation of frequencies, in tandem with the initial condition (3.3), result

mn
plo=—e"Y"pl (0), (3.6)
m#0
1
pg+1,m = %(Apg,m - pg,m/)v m 7& 0. (37)

The pattern is clear: for each r € N we already know pz,o for 0 <k <r—1and
py .., m#0,for 1 <k <r. This is sufficient to carry out both (3.6) and (3.7).
The outcome confirms the ansatz (3.2), as well as providing a constructive
means to compute it.

3.2 The constant-coefficient case

Once the af,s are constant vectors, rather than functions of ¢, the expansion
simplifies considerably. In that case the pfms for m # 0 (but not the p] ;s)
are all constant: it is easy to verify directly from (3.7) by induction on 7 that

1 _
Pfimz(im)rA’” 'al,, m=#0, reN, q¢ge{l,2,...,s}

and it follows from (3.7) that

_ 1
Pl = —etAAr! Z (imyaﬁn, reN, qged{l,...,s}.
£0

13



3.3 Numerical experiments

We first consider the two-frequencies scalar ODE
y(t) =iy(t) + 1+ e 20, y(0) =1,

whose solution,

(t) _ eit +1 iwit eit N ieiwzt _ eit
y 1-— w1 1-— w2
— 1 — 1
— et — iz J(elwlt - elt) o iz J(elwgt o elt)7
r=1 1 r=1 2
is displayed in Fig. 3.1 for w; = 100 and wy = 500.
11 14
0.51 0.51
0 T T 0 T T
1 6 1 2
-0.5+ -0.57
-1- -1-

Figure 3.1: The real (the left) and imaginary parts of the solution of (3.8) for

w = (100, 500).

A cursory examination of Fig. 3.1 might create the impression that the so-

lution is ‘nice’ and non-oscillatory. Nothing, of course, can be further from the

truth: as can be seen both from the exact solution and from the general form

(3.2), the non-oscillatory sinusoidal wave forming the basis of the solution is

overlaid with a rapidly oscillating, small-amplitude signal. Although this might

escape a human eye, examining Fig. 3.1, this rapid oscillation impedes any clas-

sical numerical time-stepping solver, which requires minute steps, scaling like

1/ max wy, (Condon et al. 2009b).

14
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Figure 3.3: The top row: the real (the left) and imaginary (the right) parts of
the error committed by rkf45. In the middle row and bottom row: real parts
of eg for R =0,1,2,3 for w = (500, 1000).
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with the use of a truncated asymptotic-numerical expansion. The difference
is striking. The classical Runge-Kutta—Fehlberg method (whose run-time is
substantially longer) drastically underperforms and its error control breaks
down in the presence of high oscillation: the global error is four significant
digits worse than the absolute tolerance. Not so the asymptotic-numerical
algorithm which, even without error control, delivers tiny error. For each
consecutive R the error decays roughly by a factor of 500, in line with the
theoretical prediction.

As an example of an equation whose oscillatory forcing term is a genuine
modulated Fourier series, we consider a minor variation on (3.8),

Y (t) = iy(t) +tert + 262t >0,  y(0)=1. (3.9)
The explicit solution of (3.9) is

itelwlt it2elw2t elwlt o elt 2telw2t Qi(elwgt o elt)

1 — W1 1 — W2 (1—W1)2 (1 —w2)2 B (1—w2)3

y(t) = et +

and, bearing in mind that A =i, s = 2, al(t) = ¢, a?(t) = t* and af, = 0 for
m # 1, it can be easily brought into the form (3.2). Specifically, we have

it

poo(t) =",

P%,mp%,o =0, Pil(t) = —it, pil(t) = —it?,
pao(t) = —e, P30 =0, paa(t) =1—it, p3(t) =2t — it?,
Pro(t) = —(r—1)e",  plo(t) = =i(r—2)(r —1)e",  pp(t) =r—1—1it,

pei(t) =i(r—2)(r — 1)+ 2(r — 1)t — it?, r> 3.

Fig. 3.4 displays the error committed by rkf45 and by the asymptotic-
numerical approximation for w = (100,500), while Fig. 3.5 reports the error
of the asymptotic-numerical method for w = (500, 1000). The conclusions are
fully consistent with our analysis. Thus, the classical time-stepping method
clearly exhibits failure of the error control mechanism in the presence of high
oscillation. The truncated asymptotic expansion, on the other hand, delivers
(at an exceedingly modest cost) very high precision and demonstrates increased
accuracy as min w(@ Srows.

17
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e 1
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-8.x10°°

Figure 3.4: The top row: the real (the left) and imaginary parts of the error
of rkf45. Underneath, from the left, real parts of ey, e; and ey(the right) for
equation (3.9) and w = (100, 500).
3.4 Modulated forcing term
An alternative to the model (3.1) is the linear ODE
o0 .
y = Ay + Z an,(t)emt t>0, (3.10)
m=1

where the an,s vary with ¢, while ||A|| < min |wy,|. The framework of this
section can be readily extended to this setting. Thus, by variation of constants,

o0 t
y(t) = ey, + Z etA/ etAtwmD g (1) d.
m=1 0
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Figure 3.5: From the left, the real parts of eg, e; and ey for equation (3.9) and
w = (500, 1000).

Using the theory of (Iserles, Negrsett & Olver 2006), it is easy to prove that,
formally (i.e., disregarding issues of convergence)

t [e.9]
| ePelaydn = = Y- (-B) P eln) - o)),
0 k=0
where B is a nonsingular matrix. In our case, setting B = —A + iw,,, I (which

is non-singular since ||A|| < |wn| and convergent in an asymptotic sense for
sufficiently large |w,y,|) we have

tA — 1 1 Tt (k) ‘A
WO == XY o (T 4) a0 a0

w
m=1 k=0 m

Since (1 —2)~F"1 =3 (k;gr) 2", we have, after easy algebra,

1
(_1)k (T; 1) Ar—k—l [eiwmtag;:) (t) _etAa7(71§) (O)]

. r—1
r—1 r—k— ie! w
:emyﬁzzw%[ () e e

r=1m=1 k=0
r—1
r—1\ _i_
NI G Vi la;’?(m] ,
k=0

a form consistent with (1.6).

The equations (3.1) and (3.10) being linear, there is no transfer of energy
across frequencies. As we have already seen in Section 2 and will observe again
in the next section, this is definitely not the case in the nonlinear setting.
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4 The nonlinear equation

4.1 The multi-frequency model

Let distinct wy, j € N, be given, where sup, |w;| > 1 (and might be infinite).
In this section we consider a general model (1.5) with a multiple-frequency

forcing term,
Y =Fy)+ D an®)e, t>0,  y(0) =1y, (4.1)

where all functions concerned are smooth.
We assume that the solution of (4.1) is of the form (1.6), namely

o0
1 i T
y(t) =po(t) + Y Y ot > Pme(t)e™ ¢, (4.2)
r=1£€L,  mELY
where
oo T
L, = {EEZf : Zﬁi:r} = Zeaj fag,...,a-£0 3, rEN,
i=1 j=1

e, being the ath unit vector. The coefficients p, and p,, , will be determined
algorithmically in the sequel, except that we stipulate at the outset that

3i € {1,2,...,r} such that ¢; =0, m; # 0 = Pme = 0. (4.3)

Expressions of the form ™' @t will be henceforth called oscillators.

4.2 Computing the expansion coefficients
We commence by evaluating the derivative of y. Differentiating (4.2),
— 1 T
V=p0+) D>, g D (et im wpp)e™
r=1 £LeL, meLY

While

o0
YN Y ™

r=1£€L, TnEZ_‘)‘_O
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presents no difficulties, we need to devote more attention to

> 1
o | im " wt
2D e 2 imlwpme

r=1£€L, mezoo

1m Twt
= E E E 1mjwjpmea
Wa

a#0 mELY j=—00

1m Tt
+ Z E , E , 1MjWiPim eqtes©

o540 Y B mezz j=——oo

1m Twt
+ E : E : E : lmjwjpmea—i-eg—l-ew

w,
Olﬁ,’Y?éO @ 5 7 meZOO]__OO

It follows from (4.3) that, unless P, ¢, .., = 0, necessarily m = mq,eq, +

-+ Mg, eq, for some my,,...,mq, € Z4, therefore, using symmetry,
= 1
s 1 imTwt

DD gp 2 imiwppe
r=1 £€L, meLyY

_ : imiwat

= E : § : IMi1Pm,eq,eq® “
aFO0m1€EZ4

. i(miwa+maowg)t

+ 2 Z E 1M2Pm, eq+moes,eates® “ g

a,B57#£0 Wa m1,m2€Z+

+3 Z Z 1m3pm1€a+m265+m3€—y,ea+65+eﬁ/
a,3,v#0 Wa ﬁm1,m2,m3€Z+

> el(mlwa+m2w5+m3wﬂ,)t 4o

Next we expand f(y). Using the linearity of the derivative operators f; in
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all but the first variable, we have

F) =feo)+D 22 2 D a2 X
k‘:1 =1 re=1 Zle]Lrl ZkE]er mler mkEZio
i(my+-+my) T wt
.fk(p pml,elw"?pmk,lk)e( ! 2
00 [e's)

+
?’?“;ﬂ

EDLDID D IF-ID SEEED SRS

k=1 r=1n€ly, . LEL, (F15Tk)EKR m e MELE (P1,0-,Pk) EME,m

im " wt

TP, Pp g, Ppyi)e

> 1 1
—f(Po)"‘ZZJZZEZ Z Z
r=1 L€L, meLY k=1 NE€lk,r (§1,Tk) EKE,m e (P15+Pk) EME,m

im" wt

fk(pOappl,jI?“"ppkvjk)e ’

where

k
Kk;,n,E: {(Jlaa]k) : jl € H—‘nu"-ajk eL?’Lkv Z]z :‘e}’

=1

k
Mk,mz{(pl,---,pk) L p1- Py € LT, Zkam}

=1

We now substitute the expansions into into (4.1),

o
/ . im T wt
ot > > impee

mez\{0} j=—00

(o) (o)
+ Z Z ﬁ Z P+ Z 1P g e, efm et

r=1£€L, mezs° j=—00

DI DIDIE DI >

r=1 £€L, mez® k=1 """ M€k (f1,..,5) €Kk m e (P1sesPk) EMk.m

oo
. T .
im' wt iwmt
fk(po’pphh’”"pPk:jk)e +Zame -

m=1

The next step is clear: separating scales and frequencies. This is fairly straight-
forward for m = 0, when for every r € Z, and € € L, we have the non-
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oscillatory ODE

Z > > > £uPoPp gy Ppg,) (44)

| M€l (§ 31 )EKE,m e (P15-+5Pk) EME 0

with the initial condition

pOZ mel

m#£0

For r» = 0 this is simply

po = f(po), t>0, Po(0) = ¥y,

Note that, having reached r € N, we already know p,, , for m # 0 and
L € L, a < r. This means that the right-hand side of the initial condition is
known. Moreover, I, = {r}, Ki,¢ = {£} and M; g = {0}, therefore (4.4) can
be rewritten in the form

Poe = f1(P0apo )

+Z 1 Z Z Z TP Pp, g, Ppy i)

NElk,r (5,5 k) EKE £ (P15-PK) EME 0

where the multiple sum on the right consists of quantities that are already
known.
We next address the case m € Z3° \ {0} in some detail.

421 r=0

At the first instance we examine the O(1) terms, whence

[o.¢]
p6 + Z Z impea,eaelmwat = f(py) + Z a,,e“nt

a€EZ mMEL m=—00

and, bearing (4.3) in mind, we obtain the recurrences

peaaea = _iaa pm,ej = 07 .] # «, m 7é 60”07 a € 7.
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4.2.2 r=1

Next, equating both scales and frequencies, for every » € N and a € Z\ {0} we
have

E : / imwat
pmeaveae
mez

: i(miwa+maowg)t
+2 5 5 1m2pmlea+mgeg,ea+656 ( “ o)
Bez\{0} m1,m2€Z

. T .
= Z fl(povpm,ea)elm wh = fl(p07pea,ea)ewat'
mezt

The only choice that results in a nonzero term in the sum is 8 = a, my; = 0,
mo = 1, whence

pea,Zea = i[p/ea,ea - fl(p07pea,ea)]7 a € 7.

We set pp, e, e, = 0 for all the remaining choices of «, 3 # 0.

4.23 r=2

We now have for every «, 3 # 0

. i(miwa+mowg+msaw~ )t
3 E E 1m3pm1ea+m2€5+m3€—y,ea+eﬁ+e-\/e ° g !
mi,m2,m3€Zy#£0

— / i(miwa+maowg)t
- Z Pmieqtmaes,eates® “ s (4.5)
mi1,moEZL

§ : i(miwa+mowg)t
+ fl(p07pmlea+m2e5,ea+e5)e( ! ? ﬂ)

mi,moEZL

+ % Z Z Z fz(po’pP17.’i1’pP27j2)ei(m1wa+m2wﬁ)t’

m1,m2€Z j+jo=eq+eg P1+pPr=mieat+maes

where in the last sum either p; = j; or p; = 0, otherwise p,, , = 0, rendering
the fo function zero.

We commence from the case o = 3, hence j, = j, = €,, and examine first
the right-hand side. If p; = e, then if either (my,m2) = (1,0) or (my,mg) =
(0,1) the oscillator is " and we obtain —p,_ s, + f1(Pg,Pe, 2e,), while
once (m1,ma) € {(2,0),(1,1),(0,2)}, the oscillator is e?“=! and the relevant
term is %fZ(pOapea,ea>pea,ea)'

In addition, if p; = 0 then p, = ey, hence (m1, mg) = (1,0), with oscillator
et and the term 1 f,(py, Po.e,> Pe, e, ) Because of symmetry of the second
and third terms of f,, an identical term is obtained once we take py = 0.
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We need to identify the above two frequencies on the left-hand side. Insofar

wat i5 concerned, nonzero terms occur only when v = a and (mq,ma, m3) =

as e
(0,0,1), this results in 3ip,, 3., . There are three combinations that yield
e?wal namely (mq,ma,m3) € {(0,0,2),(1,0,1),(0,1,1)}, which together give

12ipye , 3¢, We thus deduce that

i
pea,i’)ea = g[p/ea,Zea - fl(pm7pea,26a) - f2 (pO’pO,ea’pea,ea)]’

1
p?ea,Sea = _ﬂf2(p07pea,ea’pea,ea)

for every a € N.

We next address the case o # 3, starting as before on the right-hand side of
(4.5). The first two sums vanish, because we have already seen that py, ¢, e, =
0 for a # 3, while in the third sum p; = j; € {eq, eg} imply that necessarily
mi = my = 1 and the oscillator is e!@atws)t  Specifically, j; = e, results in
the term %f2(p07pea,ea7pe5,eg)7 while jl = e€g yields %f?(pmpeﬁ,eﬁapea,ea)‘
Note, however, that fy is symmetric in its second and third arguments, hence
the entire contribution is fy(Pg, Pe, e, + Pes,e;)-

Moreover, letting p; = 0 implies that py = mie, + maoeg — if j; = eq
then we need (m1,ma) = (0,1) and obtain the oscillator e“s* and the term
%fQ(pO,pO,ea,peﬂ’eﬂ). Likewise, when j; = eg then (mi,m2) = (1,0), the
oscillator et and the term % F2(Po, Po.e g>pea,ea)' By symmetry, we have
exactly the same taking p, = 0.

Turning our attention to the left-hand side of (4.5), we first identify elwa?
terms. For this necessarily v = o and (my, mo, mg) = (0,0, 1), therefore

i

pea,Qea—i—eﬁ = _§f2(p07p07eﬁ7pea73a)7 « 7é ﬁ

To obtain e'@etws)t we need necessarily take either v = a or v = 3, and
in either case mg = 1. Specifically, either v = «, (mqy,mg,m3) = (0,1,1), or
v = B, (m1,ma,m3) = (1,0,1): these choices result in 3ip,, ye; 2e, 4, and in
3iPe, tej,eat2e; TeSPectively. Therefore

3i(pea+e5726a+eg +pea+eg7ea+265) = f?(povpea,eavpe@,eg)
and, by symmetry,

1
pea—i-e@,Qea—I—eg = —ng(Pmpea,eaapeﬁ,eﬁ)a o 7é ﬁ

All the remaining values of p,, ¢, £ € L3, m # 0, are set to zero.
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4.2.4 General r € N

Scaling up of our recurrences to general » € N is just a matter of increasing
complexity, rather than of principle. In general, we have

1 .
(r+1) E O -y E UMy +1Pmiea, +++mri1€a, 1 ,€a; ++€a, 4
QAl,...,0p41EN 1 T M, Myr1€L4
el(Mmiway ++mri1wa, )t
= — E # § / ei(m1wa1+-~+mrwar)t
- pmlea1+"‘+mTear7eoc1+“‘+ea7-
O‘)Oél .. wo[r
at,...,0rEN My, My €L
1
Y e, 2 IEDY >
wal .. war ‘
ag,...a1 €N mi,....,mMrE€Ly k=1 NnElg r j1++jr=€a, ++ea,
i(Mmiwa; ++mrwa, )t
>, fk(Po’Ppl,jlv---vppk,jk)e e,
Pt tpp=mieoy + o+ Mreay
therefore, for every aq,...,q, € N,
(T + 1) E E lmTJrlpmleal+---+mr+1€ar+1,eal +otea,

ar4+1ENMY,. .My 1 €EZ4
ellmiway ot i1wa, 4 )t (4.6)
i(m1waq ++mrwa, )t

/
- § : pmlea1+'~~+mrear,ea1+-~'+eare
My, My €L

DS TS

MM €Ly k=1 ji+-+jp=ea;++ear

Z fk‘(po’pphjl"'.7ppk7jk:)e
p1t-tpp=mieq; ++mrea,

i(miwaq ++mrwa,. )t

As before, we commence on the right-hand side of (4.6), identifying all fre-
quencies that result in nonzero terms, next matching them on the left-hand
side. This requires separate treatment for different partitions of the natu-
ral number r. Thus, for r = 3 we need to consider separately the cases
ap = ag = a3, a1 = ag # a3 and {a1, a9, a3} distinct. In the first in-
stance, a; = g = a3 = «a > 1, say, we obtain for every myi,mag,ms € Z,,
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mi + ma 4+ ms > 1, the oscillator el(mitm2tma)wat myltiplying the term

/
_p(m1+m2+m3)ea73ea + fl(pO? p(m1+m2+m3)ea,3ea>

1
+§ Z Z f2(p07pp17j1’p921j2)

J1t+Jz=3ea p1+py=(mi+ma+ms)eq

1
- 6 Z Z ‘f3(p0’pplvj1’pPQ,jQ’pPyjs)'

J1td2tiz=3€a p1+prtpz=(mit+matms)ea

The only nonzero coefficients in the above expression are pg o, and p,_
for k =1,2,3 and pye,, se,,-

There is a number of possibilities. Firstly, (m,ma,m3) = (1,0,0) yields
ewel — given that (mq, ma, m3) = (0,1,0) and (my, ma, m3) = (0,0, 1) yield the
same outcome, we need to scale the outcome of our computation by a factor

keq

of three. After long algebra, we have

—Pe, 3. + F1(P0s Pe, 3¢.) %[fz(pmpo,eavpewzea) + f2(Pos Po 2e,s Pe e
+ f2(Po;s Pe, e Po 2e,) T F2(Pos Pe, 2¢,: Poe.,)]
+ %[.fiS(pO?pO,e&7p0,eaapea,ea) + £3(Pos Po e, > Pey.en> Poe,)
+ F3(P0: Pey e Pocor Poe, )]
= —Pe, 3e, + F1(P0s Pey 3e.) + [F2(P0s Poens Pe 2e.) + F2(P0, Po2ey s Peuen)]
+ %fB(pOapO,eaapO,eOnpea,ea)'

Over to the left-hand side of (4.6). The computation becomes easier: we
must have my € N and the only choice consistent with the oscillator e“s? is
(m1, ma,m3,my) = (0,0,0,1) — the outcome is the term 4ip,_ 4, . Bearing in
mind that the right-hand side needs be scaled by 3, we thus obtain

4i
gpea,élea = _p/ea,3ea + fl(povpea,?)ea) + [fQ(pO’pO,ea’pea,Zea)

+ f2(p07p0,2ea7pea,ea)] =+ %f?)(povpO,ea’pO,ea7pea,ea)'

Second possibility on the right is the oscillator e?“=t_ for which we have two
options: either (my,ma,ms) = (2,0,0) or (m1, ma,m3) = (1,1,0) — each has a
symmetry group of dimension 3 (e.g., the second option stands for the choices
(1,1,0),(1,0,1),(0,1,1)), hence the outcome need be scaled by 3. Finally, the
oscillator e*“a! corresponds to (mi,ma,m3) € {(3,0,0),(2,1,0),(1,1,1)}, of
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Figure 4.1: The real and imaginary parts of the error, as computed by MAPLE’s
rkf45 routine, applied to the ODE (4.7).

symmetry-group dimensions 3, 6 and 1 respectively. The computation of the
corresponding terms on the right and the left presents no conceptual difficulties,
and neither do the cases of a; = ag # a3 (with symmetry group of dimension
3) and of a1, ae, a3 being all distinct, although all this calls for a great deal of
very careful algebra.

4.3 A numerical experiment

To illustrate our expansion, we present a simple concrete example, the two-
frequency nonlinear ODE

Y =iy? + tert 422t ¢ >0, y(0) = 1. (4.7)

In all our experiments we have taken w; = 500 and we = 5007.

In Fig. 4.1 we have displayed the real and imaginary parts of the error
committed by rkf45 when applied to (4.7). Evidently, high oscillation plays
havoc with the error control mechanism and the solution falls way short of
reasonable expectations. This is true even when the routine is applied with a
relative error bound of 10716, at the very limit of IEEE computer arithmetic.

As an alternative, we compute the first few terms of the asymptotic ex-
pansion (4.2). As before, we denote by eg the error committed when (4.2) is
truncated at r = R.
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It follows from (4.4) that

1
1=t

po(t)

In the top row of Fig. 4.2 we have displayed the error committed just by taking
the non-oscillatory solution py as an approximation to y — it can be seen that
it is already better than rkf45, no matter how small the tolerances imposed
on the latter.

For r =1 we have (singling for attention only nonzero coefficients)

Peye; (t) = —it, Pez.e; = —it?

— note that, since pp ., = 2ipopo.e;, Po.e; (0) = —Pe;.e; = 0, We have pg e, = 0.
For an identical reason, also pge, = 0. This gives us enough information to
truncate the expansion for r» < 1: the error e is displayed in the middle row
of Fig. 4.2. It is evident that we already obtain a high-quality approximation,
with precision of about six significant digits.

Next, to r = 2. We now have

. ) 1 - 3it
pe1,261 = l(p/61761 - 21p0pe1,61) - Tit,
. ' 2t — 4it?
Pes,2e0 = l(pez,ez B 21p0pe2’62) - Tlt
and
p6,€1+62 = 2ip[)pO,e1-‘re2 + ip0761p07e2’ t=>0, Po.e1ter (0) =0,

p672e1 = 2ip0p0,261 + ip%),ela t Z 07 p0,2e1 (0) - _pe1,2e1 (0) - _17
P0.2¢, = 2iP0P0,2¢, + ip%,ez, t >0, P0.2e3(0) = —Pey 2e,(0) =0,
with the solutions

1
Po,ei+ezs P0,2es = 07 Do,2e; (t) == _m

These are all the nonzero terms for » = 2 and, using them, the asymptotic
expansion (as can be observed from the bottom row of Fig. 4.2) produces an
error of ~ 1078, This simple example, which has been worked out explicitly,
demonstrates the power of our approach.
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Figure 4.2: Real (on the left) and imaginary parts of the error committed by
the asymptotic method. The top row displays ep, the middle row e; and the
bottom one es.
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5 Conclusions

In this paper we have developed a general approach for asymptotic expan-
sions for ODEs forced by highly oscillatory terms with multiple, possibly non-
commensurate frequencies. This approach has the twin goals. Firstly, by
representing the exact solution of ODEs

Y =F)+ Y an(®)e, >0, y(0) =y,
m=1

where sup w,, is large as asymptotic series, we render it is a form suitable for
analysis. Secondly, the very same asymptotic expansion, once it is truncated,
can be used as an exceedingly effective means of numerical simulation, requiring
only the solution of non-oscillatory ODEs and simple recursions. The efficacy
of such asymptotic-numerical solvers has been illustrated with a number of
examples.

The work required to obtain explicitly advanced expansion terms becomes
progressively more demanding combinatorially. However, inasmuch as numeri-
cal computations are concerned, just a small number of expansion terms suffices
in obtaining high-quality solvers once the frequencies w,, become large.
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