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1 Introduction

In this paper we are concerned with systems of multi-frequency oscillatory second-
order differential equations of the form

q"(t)+ Mq(t) = f(q()),  q(0)=qo, ¢'(0)=qp.  t€[0,tena), (1)

where M is a d x d positive semi-definite matrix implicitly containing the fre-
quencies of the oscillatory problem and f : R — R? is an analytic function.
The solution of this system is a multi-frequency nonlinear oscillator because of
the presence of the linear term Mg. (1) is a multi-frequency oscillatory system
with multiple time scales and occurs in a wide variety of applications such as
quantum physics, circuit simulations, flexible body dynamics, mechanics (see,
e.g. [20,10,11,21, 15,56, 59]).

Once it is further assumed that M is symmetric and f is the negative gradient
of a real-valued function U(q), the system (1) is identical to the following initial
value Hamiltonian system

4= Vy,H(q,p), q(0) = qo,
p=—-VyH(q,p), p(0)=po=q)

(2)
with the Hamiltonian function

1 1
H(q,p) = 5p"p+ 54" Mg+ U(q). (3)
This is an important system which has been investigated by many authors (see,
e.g. [20,10,8,11,21]). In essence, numerous mechanical systems with a parti-
tioned Hamiltonian function fit this pattern. Two fundamental properties of
Hamiltonian systems are:
(a) the solutions preserve the Hamiltonian H, i.e., H(q(t),p(t)) = H(qo, o)
for any t > 0;
(b) the corresponding flow is symplectic, i.e., it preserves the differential
d
2-form > dp; A dg;.
i=1
An important feature of ordinary differential equations (ODEs) is first inte-

grals. Much work deals with the conservation of invariants (first integrals) by
numerical methods, e.g. [23,33,32,21,6,22,38,12]. We consider the quadratic
invariant @ = ¢ Dp of (1). The quadratic form @ is a first integral of (1) if and
only if p” Dp + ¢" D(f(q) — Mq) = 0 for all p,q € R?. This implies that D is a
skew-symmetric matrix and that ¢” D(f(q) — Mq) = 0 for any ¢ € R?. It has
been pointed out in [23,21] that symplecticity is a quadratic first integral acting
on the vector fields of a differential equation and every numerical method that
preserves quadratic first integrals is a symplectic method for the corresponding
Hamiltonian system.
For the Hamiltonian differential equations

y =J'VH(y) (4)
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with a skew-symmetric constant matrix J and the Hamiltonian H(y), various
numerical methods including symplectic methods and energy-preserving meth-
ods have been proposed and we refer the reader to [45,48, 42,43, 50, 40, 29, 38,
30,22,19,5,9,7,2, 1,3, 35] for some related work. These methods are applicable
to (2) since (2) can be rewritten in the form (4). However, it is noted that
the system (1) or (2) is oscillatory due to the special structure brought by
the linear term Mgq. In the last few decades, the theory of numerical meth-
ods for oscillatory differential equations has reached a certain maturity. Many
efficient codes, mainly based on Runge-Kutta—Nystrom (RKN) methods and
exponentially /trigonometrically-fitted methods, have become available. Among
these various methods, exponential /trigonometric integrators are a very power-
ful approach and we refer to [27] for a survey work on exponential integrators.
Other work related to exponential/trigonometric integrators can be found in [25,
20, 26, 21, 50, 28, 57] for instance. Much has been done to use the special struc-
ture brought by the term Mg to solve (1) effectively and we refer the reader to
[17,25,20,13, 16,50, 15,60, 58, 55, 36, 52, 57, 53, 56, 51, 59] for example.

The motivation for developing exponential/trigonometric algorithms for the
oscillatory system (1) with the linear part Mg originates in a variety of research
fields such as astronomy, quantum physics, molecular dynamics, mechanics, the-
oretical physics, semi-discrete wave equations approximated by the method of
lines, and others from both applied and pure mathematics. It is apparent that
the exponential/trigonometric methods taking advantage of the special structure
brought by the term Mg not only produce an improved qualitative behaviour,
but also allow for a more accurate long-term integration than with general-
purpose methods. Inspired by this point, this paper is devoted to deriving and
analysing a novel kind of trigonometric method (trigonometric Fourier colloca-
tion method) for (1).

When M — 0, (1) reduces to a special and important class of systems of
second-order ODEs expressed in the traditional form

¢"(t)=f@(t),  a0)=q, ¢(0)=q, €0 tendl. ()

Its corresponding Hamiltonian system and quadratic invariant can be described
by the above statements for (1) with M — 0. Therefore, we are hopeful of
obtaining efficient methods for (5) based on the methods designed for (1) when
M — 0.

The main aim of this paper is to design a novel trigonometric Fourier collo-
cation method of arbitrary order for solving multi-frequency oscillatory systems
(1) and to obtain arbitrary order symplectic methods for system (5) based on
the new trigonometric Fourier collocation method. This trigonometric Fourier
collocation (TFC) method is a kind of collocation method: collocation methods
for ODEs (see, e.g. [54, 23,31, 21, 19]) have a long history. An interesting feature
of collocation methods is that we not only get a discrete set of approximations,
but also a continuous approximation to the solution. The TFC methods not only
share this feature of collocation methods, but also incorporate the special struc-
ture originating in the term M¢q. Moreover, they are derived by truncating the
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local Fourier expansion of the system and thus it is very simple to get arbitrarily
high order methods for solving (1). In addition, the TFC methods are applicable
to the system (1) with no regard to symmetry of M. Besides, when M — 0, our
TFC method also sets out a special and efficient arbitrary order symplectic RKN
approach to solving the special and important class of second-order ODEs (5).
The fact stated above renders the TFC methods a very powerful and efficient
approach in applications.

With this premise, this paper is organized as follows. Section 2 presents the
local Fourier expansion of (1). The TFC methods are formulated in Section 3 and
are analysed in Section 4. Section 5 is devoted to reporting several numerical
experiments to demonstrate the efficiency of our novel approximation. Some
conclusions are included in Section 6.

2 Local Fourier expansion of (1)

Before considering the Fourier expansion, we commence by recalling matrix-
valued functions which have been first defined in [60]:

& (_1)1 M '
bi(M) ;=;m7 i=0,1. (6)
These functions reduce to the ¢-functions used in Gautschi-type trigonometric
or exponential integrators in [25,20,21] when M is a symmetric and positive
semi-definite matrix. We note an important fact, namely that the convergent
Taylor expansion in (6) depends directly on M and is applicable not only to
symmetric matrices but also to nonsymmetric ones. By this definition and the
formulation of our methods presented in next section, it can be observed that
our methods are applicable to the system (1) with no regard to symmetry of M.
This is the reason why we use the definition (6) in this paper.
Concerning the variation-of-constants formula for (1) given in [58], we have
the following result on the exact solution of the system (1) and its derivative:

1
a(h) = 6o (V)ao + heon (V)po + 2 / (1= 2)61 (1 — 2)2V) fla(h=)dz,
1 (7)
p(h) = =hM¢1(V)qo + ¢o(V)po + h/o ¢o((1—2)°V) f(q(hz))dz
for h > 0, where V = h?M.

In what follows we consider the multi-frequency oscillatory system (1) re-
stricted to the interval [0, A] :

q"(t)+ Mq(t) = f(a(t)),  a(0)=qo, ¢'(0)=0qp  t€[0,h. (8

Choose an orthogonal polynomial basis {ﬁ] }32 on the interval [0,1]: e.g., the
shifted Legendre polynomials over the interval [0, 1], scaled in order to be or-
thonormal. Consequently,

1
/ PZ(J?)P](.I)CZZL‘ = (Sij, deg (P]) = j, i,j > O,
0
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where §;; is the Kronecker symbol. We rewrite the right-hand side of (8) as

[oe) . 1 .
fla(&h)) = ij(f)%(fJ% €e[0,1];  v(a) ::/0 By(7)f(q(rh))dr.  (9)

Jj=0

(To simplify the notation, we use v;(¢) to denote the coefficients involved in the
Fourier expansion, replacing the more complete notation ;(k, f(q)).)
Combining (7) and (9), we immediately have the following result.

Theorem 21 The solution of (8) and its derivative satisfy

g(h) = ¢o(V)go +her (V)po + 1> Y T jv;(a),
=0
(10)

p(h) = =hMe1(V)go + do(V)po + b Y I j7;(q),
=0

1 1
L= /O Pi(2)(1 - 2)$1((1 — 2)*V)dz, ILr;:= /0 P;(2)¢o((1 — 2)*V)dz.
(11)
The main point in designing practical schemes to solve (1) is based on trun-

cating the series (9) after » > 2 terms and this replaces the initial value problem
(1) by the approximate problem

q'(§h) = p(&h), q(0) = qo,

I
-

T

P (€h) = —=MG(€h) + > Pi(&)v;(@),  H(0) = po.

J

I
o

The implicit solution of the new problem is

r—1
G(h) = po(V)ao + hen(V)po + 1> T j7;(d),
= (12)
B(h) = =hM ey (V)go + ¢o(V)po + b > I j7;(d)-
=0

3 Formulation of the TFC methods

It is clear that the scheme (12) itself falls well short of being a practical method
unless the integrals I ;, I j, 7;(¢) in (12) can be approximated.
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3.1 The computation of I ;, I3 ;

According to the definition of shifted Legendre polynomials on the interval [0, 1],

Pi(z) = ¢m+1§:<)c+%) o)k, j=0,1,..., zel01].

=0
(13)
we arrive at
1 ~
I, :/ Bi(2)(1— )61 (1 — 2)°V)d=
0
7 . . 1 IAvd)
1)’ JI\(Jitk /_ ki a1, (CDV
=y/2j+1 Z kz()(k)( i ; (—2)%(1 —2) dZ(QZJrl)!
1)7+k J+E\ K+ (-1
=Vl ZZ;;;) ()( 2 )(21+k+2)!(2l+1)!
o0 j s k—‘rl .
- (“D)7G+ R :
=4/2 1 =0,1,....
Vet ;;k!(]—k) (2l+k+2)v 7=0.1
Recall that a generalized hypergeometric function (see [41,47])
1,02, ...,0n0; - H;ll(ai)l !
an TN /o N\ ’
[ﬂlaﬂ?v"wﬂﬂv :| ; Hizl(ﬁi)l I (14)

where the Pochhammer symbol (z); is defined as (z)p = 1 and (2); = 2(z +
1)---(2+1—1), I € N. The parameters «; and j3; are arbitrary complex numbers,
except that 3; can be neither zero nor a negative integer. I; ; can be formulated
as

i 1)7+
JI+ L i
vaey e [ ] v
=0

§: 1720 +1)! Vi
ey %+2+](ﬂ+1—ﬁ!’

where we have used the standard formula to sum up oF; functions with unit
argument (see [41]).



Trigonometric Fourier collocation methods 7

For n >0, (20 4 n)! = n!22/(241);(242); and from this, it follows that

1)23+(20 + 1)!
Tis; \/4J+Z @ADLy

2z+2+2j) 20 +1—2j)!

=\/4j + 1(-1)7V7 i : (CD'@+2+ D,

20+ 45 + 2)1(20 + 1)!

o jwi CI+DG+DG+ 5 ()
’ 2o 45+ 2125 + 22+ 2u3) !

- (2g+) itLitd Y ‘

—(—1)7./4 1 Al v/ L2, - — =0,1,....

( ) J + (4 +2 )VQ 3 2]+2;2;2]+§7 41 J Oav
(15)

11,241 can be dealt with similarly:

25 + I+ 1,9 14 .
I g1 =(—1 )JHMMVQ 3{ AL+ }, j=0,1,....

(45 +3)! 2j+2,5,2j+32; 4
(16)
Likewise, we can obtain I3 ;:
L (25)! ; jH+2,5+1; 1%
Iy 0, =(=1)\/4 1 ———VIyFs 2’ - —
2,29 ( ) ]+ (4+1)|V 2 2]+1;272]+ 4 )
; 2 +2)! o [ d+3,0+2 14 :
Lo =(—1)7\/4j 37VJ+ oFy | 2 L =0,1,....
(17)
Based on the formula from MathWorld—A Wolfram Web Resource
a,a+1/2; [—; 2 -z
2b5 190 d, 20— d + 1; } of1 _d;4}0F1[2a—d+1;4]’
the above results can be simplified as
2j+1 -V — \%4
I 05 =(—1 \/ V] ’ F; g — —
b2 ACED {3; 16]0 ' [2y+§’; 16]’
(2j+1)! -V —; Vv
Y 3+1\/4 F T — — | oF e — —
1,2j+1 = +3 (4 +3 I0Fy h’ 16]0 1 [2]+§; 16]’
.V . v
Iy 0 =(— 4 o F ’ F; g — —
22 = J+l 4 +1 ToFy {;; 16]0 ! [23+§; 16]’
2]—1— -V —; Vv
I Y \/4j VJ+1 — — | oFi |, 5 — — i =0,1,....
2,2j+1 = o E’ 16] olf'1 [2]+‘;’; 16]’ J y Ly
(18)

It should be noted that ¢o(V) and ¢1(V) can also be expressed by the gen-
eralized hypergeometric function ¢ F}:

$o(V) = of1 [T.; = ‘ﬂ , (V) =ol [3

o<

} . (19)
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A Bessel function of the first kind can be expressed in terms of function oF}

by (see [39]) )
Jn(l'): (CE/2) OFI |: -3 '_‘T:| )

We also note that oF}y [;’ — S} with n € N and any symmetric matrix S also is
)

viewed as a Bessel functi%n of matrix argument (see [44]). The importance of this

hypergeometric representation is that most modern software, e.g., Maple, Math-

ematica, and Matlab, is well equipped to calculate generalized hypergeometric

functions. There are also much work concerning the evaluation of generalized

hypergeometric functions of a matrix argument, see, e.g. [18,4, 34, 44].

3.2 Discretization

The key question now is how to deal with 7;(§). This can be done by introducing
a quadrature formula defined at the abscissae ¢; < ... < ¢, where 0 < ¢; and
cx < 1, thus obtaining an approximation of the form

Z bPj(c)) f(q(eih)), (20)

where by, 1 =1,2,...,k, are the quadrature weights. Based on (20) and (12), it
is natural to consider the following scheme

v(h) = ¢o(V)qo + hé1(V)po + h* ZIMZblP ) f(v(ch)),

u(h) = =hMo1(V)qo + do(V)po + hzfzj szP a) f(v(eh)),
7=0

which is the exact solution of the oscillatory initial value problem

v'(§h) = u(&h), v(0) = qo,

ﬁ
I
i

k
u'(Eh) = —Mwv(Eh) + Z biPj(c) f(v(eh)),  u(0) = po. 21

J

I\
o

From (21), it follows that v(c;h), i = 1,2,...,k, can be obtained by solving the
following discrete problems:

- k
V"(eih) + Mo(eih) = - Pi(e) Y- biPyle)f(vlah), o(0) = a0, v/(0) = .
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By setting, as usual, v; = v(¢;h), i = 1,2,...,k, (22) can be solved by the
variation-of-constants formula in the form:

v; =po(c7V)qo + cihd1(c2V)po

r—1 1 k
DY | Pitean =2 - 2etV)d= B ()

i=1,2,...,k

3.3 The TFC methods

We are now in a position to present our TFC methods for the multi-frequency
oscillatory second-order ODEs (1) or the multi-frequency oscillatory Hamiltonian
system (2).

Definition 31 A trigonometric Fourier collocation (TFC) method for integrat-
ing the multi-frequency oscillatory system (1) or (2) is defined as

(bo(C V)(Io + Czh¢1(c V pO + Cz Z-[l 7,Ci Zblp Cl

i=1,2,...k,

v(h) = ¢o(V)qo + hor (V)po + h* ZIUZI)ZP (a)f
7=0

u(h) = =hM¢1(V)qo + ¢o(V p0+h212jzblp a)f
7=0

where h is the stepsize, ﬁj are defined by (13) and ¢;, by, | = 1,2,...,k are
the node points and the quadrature weights of a quadrature formula, respectively.
I j, I can be computed by (15)~(17) and the I j ., are defined as

1

Ljeoi= | Pile:2)(1=2)¢1((1 = 2)°c}V)dz
0

> 7+l i .
_Ja]+17_ 2 l
VZJH; 21+2 @20+ 2)* 1[ 2+ 3; CZ} (V)
( 1) V2j+1(1ic’t)ZP—2l 2(

=0

1—2¢)(ci(ei — 1)V,

where P]72l72(1 —2¢;) are associated Legendre functions (see [46]).

Remark 32 The TFC method (23) approzimates the solution q(t), p(t) of the
system (2) in the time interval [0, h]. Obviously, the values v(h), u(h) can be
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considered as the initial condition for a new initial value problem approximating
q(t), p(t) in the time interval [h, 2h]. In general, one can extend the TFC methods
in the usual time-stepping manner to the interval [(i — 1)h,ih] for anyi > 2 and
finally achieve a TFC method for q(t), p(t) in an arbitrary interval [0, Nh].

Remark 33 It can be observed clearly from (23) that our TFC methods do not
need the symmetry of M. Therefore, the method (23) can be applied to the system
(1) with an arbitrary matric M. Moreover, the method (23) integrates exactly
the linear system ¢ + Mq = 0. Thus it has an additional advantage of energy
preservation and quadratic invariant preservation for linear systems.

Based on (23), we consider Fourier collocation methods for integrating a
special and important class of systems of second-order ODEs (5). When M — 0,
Ilvj and IQJ' in (23) become

1 g
Lij:= [ Pi(z)(1—2)¢:(0)dz V2 +1
0

I
—
|
—
=
<
[\}
[\
T
+ | —|
|
ol
w S
_|_
\.P—‘
3
—_

1

; 5 o i+ 1
L= | Pj(2)¢0(0)dz = (=1)'\/2j + 12 [ ! ;; 1] '

r—1 _ k Y r—1 _ k .

In order to simplify the results of > 11 ; > biPj(ci) f(v) and > Io; > biPj(cr) f(v)
j=0 " i=1 j=0 " i=1

with r» > 2, we compute

o j: Oa
I i i {1 =0
1,5 — = 2,5 =
2\/§7 J ) O7 7> 1
0,7>2,
Then we have
r—1 ~ k R k
13 > biPi(e) f(v) = (1= c)buf (),
§=0 1=1 1=1
r—1 ~ k R k
1,j Zblpj(cl)f(vz) = Zblf(vl)-
3=0 =1 =1

All this can be summed up in the following definition.
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Definition 34 An RKN-type Fourier collocation method for integrating the sys-
tem (5) is defined as

r—1 k
v; = qo + cihpo + (Cih)Z Z Il,j7c1', Z ble(Cl)f(Ul), i=1,2,...,k,
J=0 =1

k

v(h) = qo +hpo + h* > (1= c)bif (), (24)
=1

K
u(h) =po+hY _bif(w),
=1

where h is the stepsize, ¢, by, 1 =1,2,...,k, are the node points and the quadra-
ture weights of a quadrature formula, respectively, and Iy j ., are defined by

jEQFl [—mfr 1;Ci] _ (_WMme —2¢)).

I e, i=(=1) 9 3; ¢ J

(25)

Remark 35 It can be observed that the method (24) is the subclass of k-stage
RKN methods with the following Butcher tableau:

r—1 _ —~ r—1 _ ~
c1|ctbr ZO I je, Pi(er) ... ciby, ZO 11 j.e, Pj(cr)
J= J=

~

r—1 _ r—1 _ ~
ck|cpb1 ZO I jen Piler) -+ by, ZO Iy j.e Pj(ck)
J= J=

| o
b
Il

—
sl

<

S~—

ol
X
>

uT (1 —Cl)b1 (1 _Ck)bk:
by by

From the analysis given in next section, it follows that the method (24) can at-
tain arbitrary algebraic order and is symplectic when choosing a k-point Gauss—
Legendre’s quadrature and r = k. This feature is significant for solving the tra-
ditional second-order ODEs (5). The point stated above demonstrates the wider
applications of the new TFC methods (23) and it makes our methods more effi-
cient and competitive. Problem 4 in Section 5 will demonstrate this point clearly.

4 Properties of the TFC methods

In this section we first analyse the degree of accuracy of the TFC methods in
preserving the solution p(t), ¢(t), the quadratic invariant ¢ and the Hamilto-
nian H. Other properties including convergence, phase preservation and stability
properties are studied as well.

The following result is needed in our analysis and its proof can be found in

[2].
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Lemma 41 Let g [O h] — R? have j continuous derivatives in the interval
[0, h]. Then fo 5(T)g(Th)dT = O(h?). As a consequence, v;(v) = O(h7).

Let the quadrature formula in (23) have order m — 1, i.e., be exact for poly-
nomials of degree less than or equal to m — 1 (we note that m > k > r). Then
we have

k
Aj(h) Z biPi(c)f(u) = O™ ),  j=0,1,...,r—1,

T
For the exact solution of (2), let y(h) = (qT(h),pT(h)) . Then the oscilla-

tory Hamiltonian system (2) can be rewritten in the form

’ (go]z) do
(€0 = FY @) = | _ysg(en + 5 By |+ Y= (1) @0
§=0

The Hamiltonian is

1 1
H(y) = §pr - §qTMq +U(q). (27)

T
On the other hand, for the TFC method (23), denoting w(h) = (vT(h), uT(h)) ,

the numerical solution satisfies
u(&h) “
/ h — r—1 o~ k ~ s = ( > . 28
= arviem + S RO S uB@fo@n) |0 )
J: =
4.1 The order

To express the dependence of the solutions of y'(t) = F(y(t)) on the initial
values, for any given £ € [0, h], we denote by y(-,%,¥) the solution satisfying the
initial condition y(t,t¢,y) = ¥ and set

Ay (s, t,)

ay
Recalling the elementary theory of ODEs, we have the following standard result
(see, e.g. [24])

D(s,t,5) = (29)

WD) _ g, i 5)r(s). 50

The following theorem states the result on the order of our TFC methods.

Theorem 42 Let the quadrature formula in (23) have order m — 1. Then for
the TFC method (23)

y(h) —w(h) = O(h™*Y) with n = min{m, 2r}.
The RKN-type Fourier collocation method (24) is also of order n.
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Proof. Tt follows from Lemma 41, (29) and (30) that

h T, w(T
y(h) —w(h) = y(h,0,y0) — y(h, h,w(h)) = —/ wcﬁ
0
— " ay(hava(T)) 8y(h,77w(7)) /
A e e el

—h /0 1 &(h, €h, w(Eh)) {F(w(fh)) - w’(gh)]dg

1 0
- (“"”(5’”‘))(2 PSS+ S P <>)d5'

We rewrite @(h, Eh,w(Eh)) as a block matrix,

®11(ER) P12(Eh)
®(h, Eh, w(€h)) = (@Zl(gh) @22(§h)> ’

where &;; (i,j =1,2) are all d x d matrices. Then we obtain

i unen (S PO, + 5 Pie)y () de
y(h) —w(h) = h o ‘=
Jy @226 (X Pi(©)2;(0) + X Pi(€)(v) ) de
7=0 j=r
5 Iy BulehPOdA; () + 3 [} Pl P ©)den; )
=h | 2} _ =
2 Jo PP, () + 3 fy Paal€h)Py()d,(v)
h(Zo (W x ™) +Zo (W x b)) = O(h™+1) + O(h*"+1),

j =T

which completes the proof. O

4.2 The order of energy preservation and quadratic invariant
preservation

In what follows we are concerned with the order of preserving the Hamiltonian
energy by our TFC method.

Theorem 43 Under the condition in Theorem 42, we have
H(w(h)) — H(yo) = O(h™Y) with n = min{m, 2r}.

The RKN-type Fourier collocation method (24) has the same order in preserving
the Hamiltonian energy as the TFC methods.
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We then consider the quadratic invariant Q(y) = ¢” Dp of (1). The following
result states the degree of accuracy of the TFC method (23) in its preservation.

Theorem 44 Under the condition in Theorem 42, we have
Q(w(h)) — Qyo) = O(h™) with n = min{m, 2r}.

The proofs of these two theorems are given in Appendix A and Appendix B,
respectively. It is well-known that nth order numerical methods can preserve
the Hamiltonian energy or the quadratic invariant with at least nth degree of
accuracy but unfortunately it follows from the proofs of these two theorems that
our methods preserve the Hamiltonian energy and the quadratic invariant only
with nth degree of accuracy. However, we prove in the next theorem that when
M — 0, the Fourier collocation methods can be symplectic, i.e., they exactly
preserve the quadratic invariant.

A Dbetter result in preserving the quadratic invariant can be obtained for
the RKN-type Fourier collocation method (24) and we state it in the following
theorem.

Theorem 45 Under the condition that ¢;, | = 1,2,...,k are chosen as the node
points of a k-point Gauss—Legendre’s quadrature over the integral [0,1] and r = k,
the RKN-type Fourier collocation method (24) is symplectic, i.e., it preserves the
quadratic invariant of (5) exactly.

Proof. For any m € (1,2,...,k), let
h(x)::x2 ﬁj(cm Iljmf ZIljcm () — x4+ e

By the formulas (13), (25) and the fact that ¢; are the node points of a Gauss—
Legendre’s quadrature, it is true that

h(z) = (ax + b)Py(x),

where

k—1

2k + [C “17V2 4 1 e, (57 45 = K = k) + k(k + Dewm — 1],
j:O

7(_1)’6 c c S \/2
= m ]+ I, Cm
\/2k+1[ ;0 b ]

From the fact that ﬁk(cn) =0, n=12,...,k, it follows that h(c,) = 0 and
thus

n Z INl,j,cij (en) — ~17j:CnPj (cm) = cm —



Trigonometric Fourier collocation methods 15

Therefore, we have

bm(Bn - amn) - bn(i)m - a'nm) - b ((1 - cn)bn - amn) - bn((l - Cm)bm - Zan)

~brubn (em = en = }:1ﬂm ql+ﬁzymc (€m) ) = brubn0 = 0.

=0

The symplecticity conditions of RKN methods (see [23, 21]) ensure the conclusion
immediately. U

Remark 46 This result means that choosing a suitable k-point Gauss—Legendre’s
quadrature formula as well as r = k in (24) yields a symplectic method of ar-
bitrary order. This manipulation is very simple and convenient and it opens up
the possibility of using high-order symplectic methods to solve the second-order
ODEs (5).

4.3 Convergence analysis of the iteration

It can be observed that usually the TFC method (23) constitutes of a system of
implicit equations for the determination of v; and it requires iterative compu-
tation. In this paper, we use the fixed-point iteration in practical computation.
The maximum norm for a matrix or a vector is denoted by || - ||. Insofar as the
convergence of the fixed-point iteration for the TFC method (23) is concerned,
we have the following result.

Theorem 47 Assume that M is symmetric and positive semi-definite and that
f satisfies a Lipschitz condition in the variable q, i.e., there exists a constant L

with the property that || f(q1) — f(q2)l| < L |lq1 — gol|. If

1
0<h< 7 (31)
\/Lr2 max ¢j max B b

j—l

then the fixed-point iteration for the TFC method (23) is convergent. For a
quadrature formula, generally speaking, not all of the node pointsc; (i =1,2,...,k)
are equal to zero and this ensures that nilaxkc2 Imax bj| # 0.

J=1,,

Proof. Following Definition 31, the first formula of (23) can be rewritten as
Q = ¢0(®V)qo + c¢1 (PV)hpo + h*A(V) £(Q), (32)

where ¢ = (c1,¢2,...,c6)T, Q = (v1,v2,...,v)T, A(V) = (a;j(V))kxr and
a;;(V') are defined as

r—1

ai;(V) = by > Ipe Piley).
=0
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From (13), it follows that |13J| < v/2j + 1. We then obtain

r—1 1
las;(V)Il < €Flbs1 Y V2l + 1/0 [Pi(eiz) |1 = 2)¢1 (1 — 2)*c}V) || d=
=0

r—1 1
§C?|bj|Z(2H—1)/ (1 = 2)n (1 — 2)°2V) | d.
1=0 0

By Proposition 2.1 in [37], we know that ||¢1((1 — 2)?c2V)|| < 1 and then we

get
r—1

lai; (V)| < €Z1b;1 (21 + 1) = r2¢] by,
1=0
which yields [[A(V)|| <r? nllauxkq2 _max bj]. Let
P SO R e

)

o(x) = ¢o(*V)qo + cd1 (V) hpo + K2 A(V) f ().
Then
le(z) — o)l = [P AV) f(z) — RPAV) f(y)|| < R2LAMV)] ||z — vl

<Rh*Lr? max ¢ max |bj||z -y,
=1,k C =1,k
which means that ¢(z) is a contraction from the assumption (31). The well-
known Contraction Mapping Theorem then ensures the convergence of the fixed-
point iteration. O

If the matrix M is not symmetric, it can be observed that the restriction on

1
h becomes 0 < h2 [|A(V)|| < I For the RKN-type Fourier collocation method
1

L Qi
1;}%’216{“»1}

Theorem 47 is only satisfied in a neighbourhood of the initial value then further
restrictions on h are required in order that the argument of f remains in this
neighbourhood.

(24), the restriction on his 0 < h < . If the assumption on f in

4.4 Stability

In this part we are concerned with the stability.. As stated in [14], the linear
stability of RKN methods is generally analysed by the test equation

y"(t) = =A*y(t) with A > 0. (33)

Applying the RKN-type Fourier collocation method (24) to (33) yields the re-

cursion
v _ q
() =0 ().
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where _ -
Q) = 1—9?pIN-tel —0920"N"1c
T\ —9%TNle 192N~ te
with N = I + 924, 9 = \h, e=(1,...,1)T.
For an RKN method, we have the following definitions:

— I, = {9 > 0| p(Q) < 1} is called the interval of stability.
— I, = {9 > 0] p(Q) =1 and tr(Q)* < 4det(Q)} is called the interval of
periodicity.

For the TFC method (23), following [49], we use the scalar revised test equa-
tion:
q"(t) + w?q(t) = —eq(t) with w? + ¢ > 0, (34)

where w represents an estimation of the dominant frequency A and € = \? — w?

is the error of that estimation. Applying (23) to (34) produces

Q = do(*V)qo + ch1 (*V)hpy — zA(V)Q,  z=eh? V= h%w?,
v1 = ¢o(V)qo + ¢1(V)hpo — 2b" (V)Q, (35)
huy = =V¢1(V)go + do(V)hpo — 2b" (V)Q,

where ¢, Q, A(V) are defined in Subsection 4.3 and

r—1 r—1
B(V) = (bl ZIl,jﬁj(Cl)y ey bk le’jﬁj(ck)>T,
j=0 j=0

r—1 r—1
b(V) = (bl ng,jﬁj(cl), ceey bk ZIQyjﬁj(Ck-))T.
j=0 j=0

From (35), it follows that

() =5 (o).

where the stability matrix S(V, z) is given by

S(V,2) = ( do(V) — 2T (V)N "90(2V)  1(V) b7 (V)N (c- ¢1(02V))>
) Ve (V)= 2bT (VYN 1o (c2V) ¢o(V)—2bT(VIN~1(c - ¢y (c2V))

with N =T+ zA(V).
Accordingly, we have the following definitions of stability for our method
(23).

Definition 48 R, = {(V,2)| V > 0 and p(S) < 1} is called the stability region
of the method (23). R, = {(V,2)| V > 0, p(S) =1 and tr(5)* < 4det(S)} is
called the periodicity region of the method (23).
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Stability Region of TFC1

500 2000

Fig. 1. Stability region of the method TFC1.

Remark 49 In the previous analysis, we choose the shifted Legendre polyno-
mials as an example of orthonormal basis. It is noted that a different choice of
the orthonormal basis can be made and then the above analysis is accordingly
modified. We do not discuss this point further in this paper and different choices
of the basis will be considered in future investigations.

Remark 410 In this paper, we do mot discuss the mon-autonomous problem
q"(t) + Mq(t) = f(t,q(t)) because by appending the equation t” = 0, it can be
turned into the autonomous form

() + Mu(t) = g(ut)).

where u(t) = (t’qT(t>)T7 o(u(t)) = (me(t,q(t)))T and M = ( 1 Oj\;d).

del
Therefore, our TFC methods and the whole analysis presented in the paper are

applicable to the non-autonomous problem q"(t) + Mq(t) = f (¢, q(t)).

5 Numerical experiments

As an example of the TFC methods, we choose a Gauss—Legendre’s quadrature
that is exact for all polynomials of degree < 5 as the quadrature formula in (23),
which means that

0_5—\/15 o1 C_5+\/15
1= 10 ) 2_27 3 — 10 B

5 4 5 (36)
T X 2=y b= g

Then we choose r = 3 in (23) and denote the corresponding trigonometric Fourier
collocation methods as TFC1. According to the analysis given in Section 4, we
have the following result for the method TFC1.
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Theorem 51 Let teng = Nh and apply the method TFC1 with the step size h to
(1) in the interval [0, tena]. We denote the numerical solution at Nh by wy(h)
and then we have

wn (h) = y(Nh) = O(h°),
Q(wn (h) = Q(yo) = O(h®),
H(wn(h)) — H(yo) = O(h6)~

Here all the constants implicit in O are independent of N and h but depend on
tend- When M — 0, the method TFC1 is symplectic and it exactly preserves the
quadratic invariant of (5).

For the method TFC1, the stability region is shown in Fig. 1. When M — 0,
the interval of periodicity of RNK-type TFC1 is

(o, 54 — 21/489 U[\/ﬁ,zx\/ﬁ}u[m/ﬁ 54 4 21/489 .

In order to show the efficiency and robustness of the method TFC1, the
integrators we select for comparison are:

— AAVF-GL: a high precision energy-preserving integrator AAVF-GL using
the Gauss—Legendre’s rule (36) in [52];

— EPCM1: the “extended Labatto IITA method of order four” in [30], which is
an energy-preserving collocation method (the case s = 2 in [19));

— EPRKM1: the energy-preserving Runge-Kutta method (formula (19) in [2])
using r = 3 and the Gauss—Legendre’s rule (36);

— SRKM1: the symplectic Runge-Kutta method of order 5 in [48] based on
Radau quadrature;

— TFC1: the TFC method derived in this section.

It is noted that these five methods are all implicit and we use a fixed-point
iteration in the practical computations. In all the problems, we set 10716 as the
error tolerance and 10 as the maximum number of each iteration for showing
the efficiency curve as well as energy conservation for a Hamiltonian system. For
each problem we also present the requisite total numbers of iterations for each
method when choosing different error tolerances in the fixed-point iteration.

Problem 1. Consider the oscillatory nonlinear system

oo (B)e i o-() w0 (3)

— cos(5t) — sin(5t) )

with U(q) = q1q2(q1 + q2)°. Its analytic solution is ¢ = < cos(t) + sin(5¢)

and the Hamiltonian

1 1, (13 —12
H(q,q) = 54"d + 54" (_12 13 ) q+U(q)-
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Problem 1: the efficiency curves Problem 1: energy conservation
5y “¥-TFC1 5 “K-TFC1
<} AAVF-GL <} AAVF-GL
++EPCM1 ++EPCM1
of EPRKM1 ol EPRKM1
= QSRKMl SRKM1

- BTt el

B 560000 TO

£l

IoglO(GE)

|

[¢)]
Iogm(GEH)

_10,

-15

4.5
log,(N)
(i) (i)

Fig. 2. Results for Problem 1. (i): The logarithm of the global error (GE) over the
integration interval against the logarithm of N = tenq/h. (ii): The logarithm of the
global error of Hamiltonian GEH = |H,, — Ho| against t.

First we solve the problem in the interval [0,1000] with different stepsizes h =
0.1/2%, i =0,1,2,3. The global errors (GE = ||q(tena) — v(tena)||) are presented
in Fig. 2 (i). Then we integrate this problem with the stepsize h = 0.1 in the
interval [0,10000]. See Fig. 2 (ii) for the energy conservation of different methods.
We also solve the problem in the interval [0, 10] with the stepsize h = 0.01 and
display the total numbers of iterations in Table 1 for different error tolerances
(tol) chosen in the fixed-point iteration.

Methods |tol = 1.0e — 006|tol = 1.0e — 008|tol = 1.0e — 010|tol = 1.0e — 012
TFC1 1000 1000 1000 1000
AAVF-GL 1000 1000 1000 1000
EPCM1 4000 5000 6000 7545
EPRKM1 3600 4547 5331 6000
SRKM1 3756 4733 5629 6433

Table 1. Results for Problem 1: The total numbers of iterations for different error
tolerances (tol).

Problem 2. Fermi—Pasta—Ulam problem is an important model for simulations
in statistical mechanics which is considered in [20,21,11,52,57]. It is a Hamil-
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Problem 2: the efficiency curves Problem 2: energy conservation
- _47
! “K-TFC1
_g| <TAAVF-GL
++EPCM1

EPRKM1

Ioglo(GE)
log 10(GEH)

K- TFC1

++EPCM1
EPRKM1
SRKM1

35
log, ,(N)
) (i)

Fig. 3. Results for Problem 2. (i): The logarithm of the global error (GE) over the
integration interval against the logarithm of N = tenq/h. (ii): The logarithm of the
global error of Hamiltonian GEH = |H,, — Ho| against t.

tonian system with the Hamiltonian

2

mo, W 4
yi + > (1 — Tmy1)
i=1 i

NgE

H(xa y) = x%ﬂ»i +

ivgE
A~

1
2 1
m

=l

+ 2 (@ip1 — T — T — Tyngs) F (0 + T2m)? |
i=1

This results in

2" (t)+ Mxz(t) = =VU(z),  t€[0,tenal,

where
0 0
M — mXm mXm ,
(Omxm W Iyxem
1 g, "=t 4 4
Uz) = 1 (@1 = Tmg1)" + D (@it1 — Tmtic1 — i — Tingi)” + (T + Tom) ]
i=1
We choose

1
m = 33 w = 507 (El(O) = 1, yl(o) = ]-7 1'4(0) = ;a y4(0) = ]-,

and choose zero for the remaining initial values. The system is integrated in
the interval [0,100] with the stepsizes h = 0.1/2F, k = 0,1,2,3. We plot the
logarithm of the global errors in Fig. 3 (i). Here it is noted that for EPCMI,
EPRKM1 and SRKMI1, the global errors are too large for some values of h,
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thus we do not plot the corresponding points in Fig. 3 (i). Then we solve this
problem in the interval [0,10000] with the stepsize h = 0.005 and present the
energy conservation in Fig. 3 (ii). Besides, we solve the problem in the interval
[0,10] with the stepsize h = 0.01 to show the convergence rate of iterations for
different methods. Table 2 lists the total numbers of iterations for different error
tolerances.

Methods [tol = 1.0e — 006|tol = 1.0e — 008|tol = 1.0e — 010|tol = 1.0e — 012
TFC1 1164 2000 2036 2992
AAVF-GL 1631 2000 2706 3000
EPCM1 9937 11925 14844 16945
EPRKM1 6353 8529 10789 12821
SRKM1 6625 8682 10862 12888

Table 2. Results for Problem 2: The total numbers of iterations for different error
tolerances (tol).

Problem 3. Consider a nonlinear wave equation (see [49])

0%u Pu 1,
_ PR <
55 d(x) o 4/\ (r,u)u, O0<ax<b  t>0,
ou ou . (TT T T
So(80) = (66 =0, w(0,2) =sin (T), wi(0,2) = —3/gd(z) cos (),

2
where d(x) is the depth function given by d(z) = dg [2+cos($)} , g denotes the
acceleration of gravity, and A(z,u) is the coefficient of bottom friction defined
glul

by Az, u) = C2d(2) with Chezy coefficient C.

By using second-order symmetric differences, this problem is converted into
a system of ODEs in time

d2ui
dt?

u;(0) = sin (Wzi)7 ui(0) = —%\/MTZ')COS (Wfi>, i=1,2....,N,

Uip1 — 2 + Ui
Ax?

1
- gd(ml) = Z)\2(xi7ui>ui7 0 <t é tendv
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Problem 3: the efficiency curves Problem 4: the efficiency curves
ol ¥ TFC1 6 “k-TFC1
<} AAVF-GL <} AAVF-GL
| EPCM1 4r EPCM1
-2 EPRKM1 l EPRKM1
ﬁSRKMl SRKM1
—~ _47 —~ -
w m 0
S o
= -6 = -2
— —
g g 4
2 g o
_6,
_10,
-12 K -10
3.5 4 3.5 4 4.5
log, (N) log, (N
(i) (i)

Fig. 4. Results for Problem 3 (i) and Problem 4 (ii). The logarithm of the global error
(GE) over the integration interval against the logarithm of N = tena/h.

where Ax = % is the spatial mesh step and x; = ¢Ax. This semi-discrete

oscillatory system has the form

‘%j + MU = F(t,U), 0<t<tog.
U(0) = (sin (%),...,Sin(ﬂiN))T, (37)

010 = (= L (). T ()

where U(t) denotes the N-dimensional vector with entries u;(t) &~ u(x;,t),

72d(f£1) d(Ig)
d(lL’Q) —Qd(.’Eg) d(l’g)

g . .
d(CCN_l) 72d(IN_1) d(l‘N_l)
d(:BN) 72d($N)

and

1 1 T

F(t,U) = (1)\2(:171, UP)UL, -« Z/\Q(xN,uN)uN> .
For the parameters in this problem we choose b = 100, g = 9.81,dy = 10, C = 50.
The system is integrated in the interval [0, 100] with N = 32 and the integration
stepsizes h = 0.1/27 for j = 0,1,2,3. The global errors are shown in Fig. 4
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Problem 4: energy conservation Problem 4: angular momentum conservatior

_8,

K- TFC1 0 K TFCL
<FAAVF-GL

<} AAVF-GL

-9r T EPCM1 }EPCM1

EPRKM1 EPRKM1
-101 SRKM1

_11,

ARV

o 050850

Ioglo(GEH)

—12f
=13 E =] =

5000 10000
t
(i) (ii)

Fig. 5. Results for Problem 4. (i): The logarithm of the global error of Hamiltonian
GEH = |H, — Hy| against ¢. (ii): The logarithm of the global error of angular momen-
tum GEL = |L, — Lo| against ¢.

_14,

(i). Table 3 gives the total numbers of iterations when applying the different
methods to this problem in the interval [0, 10] with the stepsize h = 0.01 and
different error tolerances in the fix-point iteration. Since the matrix M in this
problem is not symmetric, (37) is not equivalent to a Hamiltonian system and
thus there is no Hamiltonian energy to conserve. However, this problem can still
be used to compare the accuracy of the numerical solution produced by each
method. It also provides an example for supporting the assertion that our TFC
methods are still applicable to (1) with a nonsymmetric matrix M. This is the
reason why we apply these numerical methods to this non-Hamiltonian problem.

Methods [tol = 1.0e — 006|tol = 1.0e — 008|tol = 1.0e — 010{tol = 1.0e — 012
TFC1 1000 1000 1000 1000
AAVF-GL 1000 1000 1000 1000
EPCM1 4000 5000 6163 8000
EPRKM1 3000 4000 5000 6217
SRKM1 3000 4000 5455 6940

Table 3. Results for Problem 3: The total numbers of iterations for different error
tolerances (tol).

Now we use the next problem to show that our TFC methods exhibit good
performance for a special and important class of second-order ODEs ¢’ = f(q)
(M =01in (1)).
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Problem 4. A perturbed Kepler’s problem is given by

7 Q1 (2¢ + 62)Q1 /
@ =- — » w(0)=1, ¢(0)=0,
L@+ a)P? (i) '
" a2 (2¢ + EQ)Q2 ’
qa = — - ) QQ(O)_O7 q (O):1+6
2 (g7 +a3)%%  (¢f +¢3)°/? ?
The exact solution is g1 (t) = cos(t + €t), g2(t) = sin(¢ + et). The Hamiltonian is

1 B (2¢ + €2)
VETE NGB

The system also has the angular momentum L = ¢1¢5 — ¢2q] as a first integral.
We take the parameter value e = 1073,

First we solve the problem in the interval [0,1000] with different stepsizes
h =0.1/271, i =0,1,2,3 and present the global errors in Fig. 4 (ii). Then we
integrate this problem with the stepsize h = 0.1 in the interval [0,10000] and
devote Fig. 5 for the energy conservation and angular momentum conservation.
This problem is also solved in the interval [0, 10] with the stepsize h = 0.01 and
Table 4 lists the total numbers of iterations for different error tolerances.

1
H= (e +45) -

Methods [tol = 1.0e — 006|tol = 1.0e — 008|tol = 1.0e — 010|tol = 1.0e — 012
TFC1 1000 2000 2000 2000
AAVF-GL 1000 2000 2000 3000
EPCM1 2999 3000 4000 5000
EPRKM1 2000 3000 4000 5000
SRKM1 2000 3000 4000 5000

Table 4. Results for Problem 4: The total numbers of iterations for different error
tolerances (tol).

By the results of the numerical experiments, it can be observed clearly that
our method provides a considerably more accurate numerical solution than other
methods and preserves well the Hamiltonian energy. Moreover, our method re-
quires less fixed-point iterations than other methods, which is significant in long-
term computations.

6 Conclusions

This paper presents a framework for the derivation and analysis of a novel class of
TFC methods (23) for the multi-frequency oscillatory system (1) or (2). These
new collocation methods are based on the variation-of-constants formula and
a local Fourier expansion of the problem. Based on the TFC methods (23),
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a special RKN-type Fourier collocation method (24) is designed for solving a
special and important class of second-order ODEs (5). It has been shown that
the new TFC methods can have arbitrary order and we can obtain symplectic
RKN-type Fourier collocation methods (24) with arbitrary order of accuracy
for (5) in a very convenient and simple way. Numerical experiments carried out
in this paper demonstrate clearly that the novel TFC methods have excellent
numerical behaviour in comparison with some existing methods in the scientific
literature.
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Appendix A. Proof of Theorem 43

By virtue of Lemma 41, (27) and (28), one has

H(w(h)) — H(yo) = h /0 VH(w(€h))Tw! (Eh)de

—h /01 <(M“(§h) - i P (&) ()", “(5h)T)

7=0
|
~Mv(eh) + S PO X bBe)foan) |
1 r—1 R k R ©
=i [ uten (32 Pi©) o nPy e (olaah)) = Y- Pi(e)s () de
7=0 =1 j=0

7=0 j=r
r—1 1 =R oo 1
== 1Y [ e Pi©dea i~y [ u(en) B(€en )
7=0 j=r

r—1 0o
:hZO(hi x B9 & hZO(hj X hi) = O(h™1) 4+ O(h2+1),
7=0

j=r
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Appendix B. Proof of Theorem 44

From Q(y) = ¢" Dp and DT = —D, it follows that

Qw(h) — Qyo) = h / VQ(w(eh)Tw (h)d

= [ (D o eD) |y ¢ P <>i By f(wlen)) | %

Since ¢ D(f(q) — Mq) = 0 for any q € R?, we obtain

Q(w(h) — Q(yo) = / 1 w(eh)™D( — Mo(gh) + 2_: Pi(¢) gj P (e0) f(v(crh) )
—h 1v<sh)TD(r:: PA€) 3P en) (o) - iﬁj (6)75(v) ) g
—h / (en)7" D f Pi(&)2;(h) - i)ﬁj () (v) ) de
—— hTZO /O " o(€h)” DB ()de Ay (h hZ / (6n)T D (€)dg; (v)
_hrzlo B x B +hZ(’) B x h7) = O(h™HY) 4 O(h>r+1).
t
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