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Abstract

We explore orthogonal polynomials on the unit circle whose Schur parame-
ters are {ca”}nZi, where 0 < |af,|c| < 1. Specifically, we derive two different
generating functions. The first can be represented explicitly in terms of sums of
a g-hypergeometric type and used to derive explicitly the underlying orthogonal
polynomials, while the second obeys a functional differential equation and can
be used to determine the asymptotic behaviour of these polynomials. Extending
these constructs to orthogonal polynomials of the second kind, we are able to
construct the Caratheéodoty function and examine the underlying orthogonality
measure.

1 Introduction

Let {¢n},, <7+ be the set of monic polynomials, orthogonal on the complex unit circle
T with respect to the measure dy,

| n@inaue =0, mzn
It is known that the ¢,s obey a three-term recurrence relation of the form

(bn(Z) = z¢n_1(z) + an¢:’l—1(z)7 ne N?



where a,, = ¢,(0), |an| < 1 and p*(2) = 2"p(z71), p € P, as well as the difference
equation

(A1 + an2)Pn(2) = andni1(2) + (1 = |an]®)any12¢n-1(2), n €N, (1.1)

with the initial conditions

bo(2) =1, di(z) =z+m

(Simon 2005). Note therefore that any sequence {ay }nez, of this kind uniquely defines
a set of orthogonal polynomials on the unit circle (OPUC) and is known as a sequence
of Schur parameters. Let «,c € C where 0 < ||, |a] < 1. In the present paper we are
interested in the orthogonal polynomials corresponding to the sequence

1, n =0,
ap, = (1.2)
ca”, n € N.
In that case the recurrence (1.1) assumes the form
(0 + 2)pn(2) = dns1(2) + a(l = [ef*|a*")zn—1(2). (1.3)

Note that o = 1 in (1.2) corresponds to Geronimus polynomials, while ¢ = 1 and
a=—q'/?, |g] < 1, to Rogers—Szegd polynomials. Moreover, « = ¢ = 0 correspond to
the standard Lebesgue measure on the unit circle, with ¢, (z) = 2™ (in the context of
this paper, for brevity, we call these “Lebesgue polynomials”). Thus, our concern here
is to investigate a family of OPUCs whose extreme cases are these three important
families.

In Section 2 we explore the generating function

E(z,t) =Y dnl(2)t" (1.4)
n=0

We represent = as a sum of two g-hypergeometric functions and explore the extremal
cases of Geronimus and Rogers—Szegd polynomials. Section 3 is devoted to another
generating function,

n

Bz t) =Y ¢”(‘Z) . (1.5)
n=0 :

We show that ® obeys a functional-differential equation of the pantograph type, hence
can be expanded in Dirichlet series. This leads to its explicit representation in terms
of g-Bessel functions. We also explore the extremal cases. In Section 4 we derive, using
similar methodology, generating functions for orthogonal polynomials of the second
kind.

The generating functions (1.4) and (1.5) are, in a deep sense, complementary.
While = lends itself more easily to the explicit representation of the polynomials
¢, as sums incorporating Gauss—Heine symbols, ® allows for the derivation of the
asymptotic behaviour of the sequence {¢,}52,. This, in turn, is fundamental to the



derivation of the underlying Carathéodory function and of the orthogonality measure:
this we accomplish in Section 5.

The construction of orthogonal polynomials in this paper is purely formal: we
commence from Schur parameters and use them in the recurrence relation (1.1), rather
than commencing from an orthogonality measure. Thus, there is nothing per se in our
construction to guarantee that the underlying measure exists. Using the Carathéodory
function, we demonstrate in Section 5 that a signed measure always exists and present
extensive numerical evidence that it is a proper measure for all pairs («, ¢) except for
a small domains corresponding to large |o| < 1.

2 Generating functions and functional equations

We consider first the generating function
oo
E(zt) =) onl()t",  tzeC.
n=0

Note that it follows at once from the Poincaré criterion that = converges for all |¢| < 1.
Multiplying (1.3) by ¢t" and summing up results in

D tnaat” = (a+2) Y oat" =D (1—[c]’¢")azn 1t
1 1 1

= tE(z,t) — 1 — (ca+ 2)t] = (a + 2)[E(z, 1) — 1] — aztZ(z,t) + aztq|c|*E(z, qt),
where ¢ = |a|? € [0,1]. We thus deduce that

E(z,t) = [1+ a(c— 1)t + qazt?|c|*Z(z, qt)]. (2.1)

(1—at)(1—2zt)
Let (2,q)n = (1 —2)(1 —q2)--- (1 — ¢"12) be the Gauss—Heine symbol (Gasper &
Rahman 2004). Tterating (2.1),
1+ ale=1)t q(azt?|c|?)
(atvq)l(ZtaQ)l (atvq)l(ZtaQ)l
1+a(c—1)t q(azt?|c]?) 30 20 12V2 (s 2
= + 14+ alc— 1)qt + q° (azt®|c|?)2(z, ¢°t
e A 1 afe - Dt + o e 2(e )

1 — 1)t 1 —1)qt
_ +a(c ) + +a(c )q q(azt2\0|2)

(Oét, q)l(Zta Q)l (O(t, q)Q(Zta Q)2

q* (azt?|c]?)?

(Ott, Q)3(Zt7 Q)?’

E(z,t) = E(z, qt)

14 a(c— l)qzt +4° (azt2\6|2)E(z, q3t)}

s—1

o Z 1+ alc—1)¢g™t

2= (at, @)y (28 @)min

¢* (azt?|c])*

2
q" (azt?|cH)™ 4 ———
" (ata) G,

E(z,4°t)

for all s € N. Letting s — oo, we obtain

o0
E(z,t) =

m=

A G 1

¢ (0, @)mi1 (28, @)mta

> qm(m+1) (azt2|c\2)m

¢ (at, @)mt1(2t, @1

+alc—1)t (2.2)

m=



Note that

_( t) i qmm 1) Oéth2|C|2)m
H(z,t) =
(1—at)(1—zt) m:O (qat, @) (q2t, @)m
a(c _ 1)t 0 qm(m_l)(aqut2|C‘2)m
(1 - Oét)(l - Zt) m=0 (qata Q)m(thv q)m
_ 1 2|12
~ 10| e 0l
alc—1) 9.9 12
u_atm)l@{qat gat,; DLl |

where ,,¢,, m,n € Z,, are g-hypergeometric (also known as basic hypergeometric)
functions (Gasper & Rahman 2004).
Let us examine the consequences of (2.2). The main step is the identity

_Z[m“ﬂ ", (2.3)
m+1 —0
where the ¢-binomial coefficient is
{n} :—(q’q)n 0<m<n.
m | (@ Dm(d Dn—m’ -

(2.3) must be known and at any rate can be easily proved by induction. Consequently

F(X):=>"

quth2m

(at, Q)m+1(2t Qm1

[ee]
k+£] ot
q

k+m myl+m-+2k
i 0[ I } zt

m

—k—1 m—L—2k,m
A L z t

I
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E+l| |m—k—L] 12k ¢ m—t—2km
i L{ k Lq Xta'z t

0m=2k ¢=0
o |m/2] m—2k
_ Z k+t] |m—k—{ g X kol ym—t-2kym
k k
m=0 k=0 ¢=0 q q
L)
= Z fm(X)tm7
m=0

where

m/2] m—2k
Z Z {k"i‘q [m—k]j?—q g Xl ym—t-2k
k=0 (= q



k+q [m kq g Xk gm—2k—t ot
q q

k+¢ m—k—1¢ k2 vk m—2k—t £
{ i L{ i Lq X"« zZ.

It follows from the definition of = and from (2.2) that

b (2) = fm(az|c?) + alc — 1) frn_1(azqlc)?), m € N. (2.4)
But

m [(m—£)/2]
N e R

k+ 6] [m —k— 4] qk2|c|2kam—k—zzk+e
q q

m L(m—f)/QH-@
[k} [m—k‘} (k=0 | [ 2(k—0) gk Lk

0l | k-
=0 k=¢ q
i b El [m—k .

_ Z Z [4 { - ] gB=0? |[20h=0) qm—F k
k=0 ¢=(2k—m) q q

S k} {m—k] 2 120 m—k k
:Z Z q |e/*fa™ "z
k=0  1=0 [E L0

and, likewise,

- - [k —k—1 —
afm,1(azq|c|2) _ Z Z [ . } [ m . } qé(e+1)‘c|2£a ko k-
q q

We thus deduce that
m mln{km k} k
m — 2 —
z):Z [ } { ] q" || famr Lk (2.5)
k=0 e 0
m—1min{k,m—k—1}

k m—k—1 m—
+ (C* 1) |:€:| [ / ] qZ(E+1)|C|2Za ko k.
k=0 q q

o~
I
o

However, since

0, =0,

{m—k] qe[m—k—l} _ k1
_ Tk
¢, ¢, { S ] (=1...m—k
q

we can rewrite (2.5) for m € N in the form

k] |:m_k_1:| q22|c|2£am7kzk (26)
q

m—1min{k,m—k—1}
[z 0—1
q

k=1 {=1



m

k m—k)>2 m— m—
S [k g
k=[(m+1)/2] q

m—1min{k,m—k—1}
|:k:| [mkl] q[(z+1)|c‘25am—kzk.
q

+c Z Z ¢ ¢
k=0 £=0 q

Note that, as a reality check, it follows at once from (2.6) that ¢,,(0) = ca™ for m € N.
It is easy to consider the extramal cases. We commence by allowing o — 1 (Geron-

], ()

lim =

q—1 m q m
implies

DB ) s

imus polynomials):

k=0 £=0
m—1min{k,m—k—1}
E\(m—-Fk—-1
+(c—1) Z Z <£> < v )|c2zzk
k=0 £=0
m—1min{k,m—k—1}
_ E\(m—k-1 20k k 2(m—k) k
- G0ty e 52 () s
k=1 (=1 k=|(m+1)/2]
m—1min{k,m—k—1}
k —-k-1
Jrcz Z (€> <m p )|c|2£zk.
k=0 £=0

We next prove directly that the above representation obeys the recurrence
Sm+1(2) = (L4 2)dm(2) — (1 = |c[*)zm—1(2).
Substituting our expressions on the left, we obtain after laborious algebra
1+ 2)¢m(2) — (1 = |e*)26m-1(2)
m min{k, k
ST (e
— 14 l
m+1 nnn{k—l,m—k—i—l}
k—1\/m—-k+1
e () e
k=1 £=0
imin{k—zl,m—k} E—1 m— k | |2e i
— c|**z
14 L
k=1 £=0

m min{k,m—k+1} k 1 m k
- - 20 _k
DR VR A | A [T

£=1



m—1 min{k,mfkrfl} k m— k‘ - 1
+(ec—1) Z Z (8) ( ’ >C|222k
k=0 =0

m min{k—1,m—k}

MDY (") () e

1
m—1min{k—1,m—k—1}

(=1 3 (k , 1) (m _f - 1) o[22

k=1 £=0
m—1min{k,m—k}

ey Y (’;f)(mz’@f)q%zk.

k=1 {=1

Assuming the convention that (TZ) =0 for m < —1 and m > n + 1, we have for the
term multiplied by (¢ — 1)

m—1m—1 m.m
KN (m—k—1\, o2 & k—=1\/m—Fk\, o &
2 . () et oo (5, ) (7 e

=1\ (m—k—1\ o 5 == (k—1\(m—k—1\ o &
HH( ¢ )( ¢ >|C| F2 2 )y )l

because easy calculation confirms that
E\ fm—k—1 n k—1\/m—k - E—1\/m—-k—-1
L ¢ L l L L
n k—1\(m—k—-1\ (k\(m—k
(-1 (-1 ) \/ ¢ )
This gives the correct multiple of (¢ — 1) in ¢, +1(z). Similar calculation applies to

the remaining terms and confirms that our polynomial obeys the recurrence relation.

Since ¢g(z) = 1 and ¢1(2) = z + ¢, it follows that we have recovered Geronimus
polynomials.
Further, note that

min{k,m—k} )
kY (m—k\ . (=k)e(=m +k)e , —k,—m +k;
> ) (") Sy A

Assume first that m < 2k. According to the Euler identity for hypergeometric func-

tions N L L )
—Kk,—m + Kk, +1,-m+k; =z
2F1{ 1. CU] :(1—;5)221?1{ 1. x—l}’
(Rainville 1960, p. 60), while a classical representation of Jacobi polynomials is

atn —nn+a+pf+1; 1-2
P;a,ﬂ)(z) - (nl)QFl[ o1 p 2}



(Rainville 1960, p. 254). Letting n = m —k > 0, a = 0, 8 = 2k —m > 0 and
z=(1+=x)/(1 — ), we thus have

min{k,m—k}
k m—k ) k1 (0,2k—m) 1+
— 1_ m P B
> () e ().

while in the case m > 2k, by symmetry,

min{k,m—k}

S )

£=0

In other words,

min{k,m—k}
k m—k zf _ (1 o x)min{k,M*k)}P(O7‘m_2kl) I+
yord Y / - min{k,m—k} \ 1 _ T
for k =0,...,m. We thus deduce that Geronimus polynomials can be written explic-
itly in the form
- min{k,m— 0,|m—2k 1 + ‘C|2
Gm(2) = 3 (1 — |ef2)ymintbm=k pOIm2k) | (1 ) (2.7)
k=0

=

m

— min{k,m—1— 0,lm—1-2k 1+ ‘C|2
Fe—1) > (1= [¢fyminthm=t k}anir‘l{k,m—l—Dk} (1 = [e[? g
k=0

for all m € Z,. Letting

< min m— 0,|lm—2k 1 + T
(pm('z?x) = Z(l - Ll?) thm Qk}aniL{k,ml)k} (1 _ :17) Zk> m e Z+>
k=

[}

we deduce from (2.7) that
Om(2) = @ (2, |cf*) + (c = Dzgm_a(z,[cf*),  meZy. (2.8)

Since the coefficients of ¢, (2, |c|?) are real and palindromic (the (m — ¢)th coefficient
is the same as the ¢th coefficient), we deduce at once that

Om(z,2)" = pm(z,x), meZy, xeR,
therefore
D (2) = om (2, [e?) + (¢ = V)zom (2, ).

For ¢ = 1 (Rogers—Szegé polynomials) it is more convenient to use (2.5), whereby

m min{k,m—k} |:

¢m(z> = Z Z
=0

K } [ m =k ] g amR k. (2.9)
k=0 q q

4 L



It is known that, given a = —q¢'/2, Rogers-Szeg6 polynomials can be represented in
the form

_ - _ym—k | ™ (m—k)/2 k

¢m(z) - Z( 1) |: k :| q Z
k=0 q

(Simon 2005). To confirm that (2.9) reduces to this form, we need to prove that
min{k,m—k}
k m—k e | m _
> [A { ’ ] q _[k} , k=0,...,m. (2.10)

=0 q q q

Lemma 2.1 The identity (2.10) is true for all k,m € Z.

Proof Since

q,49)n nl—3e0(6— —n
(;q))e_(—l)gqZ Ve £=0,.n,

and bearing in mind that £ > max{k,m —k} + 1 implies (g%, ¢); = 0, we deduce that

min{k,m—k}

min{k,m—k} — —m
k m—k 2 (q k)Q)Z(q +k7q)f (m+1)¢
Z / / T = Z 2 q
— . q pard [(¢; a)e]
R R U ) ey
= 2
= [(¢,9)e]
—k ,—m+k.
=2¢1[Z, 4 g, ¢

We use now the ¢-Gauss sum

a, b; C:| _ (c/a,q)oo(c/b)oo
¢ Tab]  (c,q)o(c/(ab), q)oo

(Gasper & Rahman 2004, p. 236) with a = ¢ %, b=¢ ™* ¢ =g and the outcome is

min{k,m—k}

TR

£=0

The identity (2.10) follows from the identities

M e 1 (@ " q)  (4,0)m

(¢ _ _
(4,900 (@, 0’ (@ @)oo (@G @Qm—k

a

We deduce that the Rogers—Szeg6 case is recovered asymptotically, as required.

To complete our analysis of extremal cases, we finally consider ¢ = 0, i.e. Lebesgue
polynomials. The only surviving term from (2.5) is kK = m in the second sum, hence
dm(2z) = z™. This complete the analysis.



3 Generating functions and functional-differential
equations

In this section we seek an alternative generating function, of the form

o~ On(2)
— n n
) = ;O ot
For brevity we will often suppress the dependence of ® upon z, in which case we write

D = P(t).
Multiplying (1.3) by ¢"/n! and summing up for n = 1,2, ... results in

(a+2)2%tnzz%tn Zd)n 1 | ‘2 qu)n 1 |2ntn
n=1 " n=1 .

However,

i ¢”Tlt” = i ¢" ntl — /t P(x) du,

n=1 O(TH_ ) B
B R " e ar
— nl — (n+1)! 0

and, putting all this together,

o]t

(a+ 2)[@(t) — ®(0)] = ®'(t) — '(0) + az/ P (z)dx — az|c\2/0 P (z)dz.

We differentiate this expression with respect to t, whence
(a4 2)®'(t) = D" (t) + az®(t) — alal?|c|*2®(Ja|*t).
We rewrite this functional differential equation in the form
() = (a+ 2)P'(t) — az®(t) + arz®(qt), (3.1)

where ¢ = |a|?, 7 = ¢|c|? are both in (0, 1), with the initial conditions ®(0) = ¢o(2) =
1, ®(0) = ¢1(2) = 2+ ca.
The equation (3.1) is a special instance of the pantograph equation

y'(t) = Ay(t) + By(qt), t>0,  y(0)=y,eC, (3.2)

where A and B are d x d complex matrices and ¢ € (0,1) (Iserles 1993). It is known
that (3.2) has a unique solution for all ¢ € [0,00) and that, as long as the eigenvalues

10



of A reside in the open left complex half-plane and the eigenvalues of A™!B in the
open complex unit disc, it is true that lim;_, y(t) = 0. Moreover, as long as A is
nonsingular and the spectral radius of A~ B is less that one, the solution of (3.2) can
be expanded into Dirichlet series (Iserles 1993). This has a profound implications to
our study of the generating function ®.

Just to verify that we are on the right track, we note that for z = 0 the pantograph
reduces to the linear differential equation

" (t) = ad'(t), t>0, ®(0) =1, ®'(0) = ca,
witht the solution ®(¢) = ce®* 4+ 1 — ¢. Therefore
L, n =0,
a, = @™ (0) =

ca”, n €N,

as required.

It is instructive to examine (3.1) in the three important special cases already
mentioned. For the Lebesgue case o = ¢ = 0 the equation reduces to ®”(t) = 29’ (%),
with the initial conditions ®(0) = 1, ®’'(0) = z, therefore ®(z,t) = e'* and we recover
bn(2) = 2", n € Z,. For Geronimus polynomials a = 1, hence ¢ = 1, 7 = |¢|?, and
(3.2) reduces to an ordinary differential equation

" —(14+2) +(1—|c)z@=0, >0,
whose general solution is ®(t) = 3, e'e+ + S_e!?~ where

Izt /(1 —2)2 +4c?z

0+

are the roots of the quadratic 0> — (1 + z)o + (1 — |¢[?)z = 0. Fitting the initial
conditions ®(0) =1, ®'(0) = z + ¢, we have
1 n (1-2)—2c

P = 2 (1—2)2 +4|c[2z

This results in the known representation of Geronimus polynomials, namely

1 1—2)—2c 1+ 24+ +/(1—2)2+4|c*z !
bu(z) = |2 - —=2) ( “ (33)
2 (1—2)%2+4|c|?2
1 (1-2)—2c 142 /A—22+4cPz]"
+ =+ R nez
2 J(1— 22+ 4P 2 *

(Simon 2005, p. 87). This representation of an orthogonal polynomials system using
‘non-polynomial’ building blocks is similar in this sense to the familiar formula for
Chebyshev polynomials of first and second kind (Rainville 1960, p. 301).

Finally, in the Rogers-Szeg6 case ¢ = 1, o = —q'/?, we stay with a pantograph
equation, specifically

" (t) = (2 — ¢V () + ¢/ %28(t) — ¢*/?2D(qt), t>0 (3.4)

11



with ®(0) = 1, ®'(0) = z — ¢'/2.

Our next step is to study the solution of (3.1) in order to obtain a general expression
for the ¢,,s. This is the subject matter of the next section. In the sequel we apply our
results and analyse the limiting cases of Geronimus and Rogers—Szegé polynomials
from the point of view of this section, i.e. commencing from the pantograph equation
(3.1).

3.1 Study of the solutions through Dirichlet series

Provided that the pantograph equation (3.2) is in a stable regime, its solution can be
expanded into Dirichlet series,

y(t) =Y " A, t>0, (3.5)

(Iserles 1993).
The general pantograph equation

y'(t) = Ay(t) + By(qt), t>0,  y(0)=y,ecC,

has a Dirichlet solution provided that A is invertible and ||[A~!B||> < 1. In our case,

we have
) 0 1 0 0
y[fb’}’ A{—az oz—l—z]’ B{am’ 0}’
therefore
1 -1 0
A B—T[ 0 ol

The eigenvalues of A are « and z, both nonzero, hence the matrix is nonsingular,
while the spectral radius of A=!B is 7 € [0,1). Consequently, the solution of (3.1)
can be expanded into a Dirichlet series of the form (3.5). Specifically, ® possesses the
expansion

q)(t) = Z Umekqmt7 Vo 7& 03
m=0

where X and {vy, },, <7, are independent of ¢ (the variable z is treated as a parameter).
Substituting this into (3.1), we have

o0 o0 o0 o0

m m m m

A2 E Vg2 eM L= (a+2)A E o™ et —az g vme ttarz E V1™ L,
m=0 m=0 m=0 m=0

Assuming A # 0, the functions e*4”* are linearly independent for all m € Z, therefore
it follows that

2 2m m _ 0’ m= 0’
[Aq (a+ 2)¢™ + az]vy, = (3.6)

Q2T V1, m € N.

12



An immediate consequence of (3.6) is that, letting m = 0, vg # 0 implies
M—(a+2)A+az=N—a)A—2)=0

and we deduce that there exist two admissible values of A, namely A = « and \ = z.
Next, we consider the case m € Z. Now

(a—q™N)(z = ¢" Ny = @zTVp -1,
therefore
o
A=a: (1_qm) <l_qm;> Um = TUm—1,
A=z : (1—-4¢™) <lfqm£) Uy, = TUpp—1-
«

Using easy induction, we have

m m

R P o Py L e Rl PR sy P B

respectively, where, as before, (k, q), is the Gauss—Heine symbol,

“i_[ lf/iq

(Gasper & Rahman 2004). This argument has led us to a Dirichlet-series representa-
tion of ®, formulated in the following theorem.

Vo

Theorem 3.1 The generating function ®(t,z) = Y °_, dm(2)t™/m! of the OPUC
with respect to the Schur parameters (1.2) can be expressed explicitly in the form

D MY T PP M e

where B1 and B are determined by the conditions ®(0,z) =1, 09(0, 2)/0t = z + ca.
Corollary 3.2 The monic OPUC with respect to the Schur parameters (1.2) is

¢m('z) = amﬁl(Z)F<a2717qm7—a q) + ZmﬁQ(Z)F(ailzv qua Q)v me Z+7 (38)

where -
Tm
F(C? T, Q) = . (39)
mz::o (4 @)m (S, @)m
Proof Repeatedly differentiating the Dirichlet series (3.7) term-by-term, a pro-
cedure which is justified by its absolute convergence. a

Note that F(0,7,q) is the so-called “little g-exponential function”,

0o m 1
OTq:Z eq(T) =

0 (T, ¢)0

m=



(Gasper & Rahman 2004, p. 236), while

1, m =0,

lim F(¢,q™1,q) =1, th F(¢,q"T,q) = {0 e N

[¢l—o00 I<l—

where |(| — oo in a sector of the form |arg¢| > ¢ for some § > 0. Therefore

$0(0) = B1(0) + B2(0),  ¢n(0) = f1(0)a™,  neN,

where we recall that 8; and s are determined by the initial conditions,

Po(z) =1, $1(2) = 2 + ca.

Thus, £1(0) = ¢, $2(0) = 1 — ¢, and we verify from (3.8) the explicit form of Schur
parameters,
& (0) = ca”, nez;.

It is convenient to reformulate (3.8) somewhat. Thus, we let
771(2) = /BI(Z)F(aZ_laTa q), 772(2) = BQ(Z)F(Q_lz,T, q)
and (¢ )
47,9
Hm C, T, q = T~ N
CT0= "y

Then (3.8) can be rewritten in the form

Om(2) = & (2)Hp(az™",7,q) + 22 (2) Hin(@ 7 2,70),  m€Zy.  (3.11)

The initial conditions being

m+n2 =1,
aH (az" 7, q)n + zHi (a7 2, 7,q)ne = 2 + ca,
we obtain
2+ ca—zHy(a 1z, 7,q)
= 3.12
M) aHy(az71,7,q) — zH (e 12, 7,q)° (3.12)
ocHl( -1 Tq)—z—ca
m2(z) = )

aHi(az=t,7,q) — zH (o™ 12,7,q)

The representation (3.11) is not the final form in which we can cast the OPUC
{¢n}neZ+ .

Theorem 3.3 The explicit form of the OPUC with respect to the Schur parameters
(1.2) is

Pm(2) = a™m(z H az"q'7,q) + 2" (2 H a'zq'rq),  mel,

(3.13)
where 1 and 1o have been given in (3.12).
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Proof Follows at once from (3.11), noting that

F(C,qr.q) _ F((, ¢*T,q) F(¢,q™T,q) e
H = e i T H)
Cm9=F¢ra X Feama < X Fe.omng ~ HH

1(¢ g1, 9).
(=1

d

The representation (3.13) has an important advantage in comparison with the
seemingly simpler form (3.11): we need to deal with just a single function Hy, rather
than with H,, for all m € N. It is also reminiscent of the representation (3.3) of
Geronimus polynomials and indeed we will prove in the sequel that (3.13) reduces to
(3.3) as @ — 1.

3.2 The function H;
3.2.1 Analiticity

It will be proved later in this section that the function

oo m

F(¢,mq) = Z TG Te0a),

0

is meromorphic in ¢ € C. Specifically, it is analytic except for simple polar singulari-
tyes at ¢~ for all £ € Z., because (g%, q)m = 0 for m > ¢+1. Our interest is however,
not in the function F per se but in the ratios H,,(az™!,7,q) and H,,(a"'z,7,q) for
m € N.

Let ( =q ‘+¢ for some £ € Z, and 0 < |g| < 1. It is an easy calculation that

(. @)m = <—1)Mq<m—1—f>mm +0(), m<e,

(G D)m = (=) e, 0)e(q OJm-r-1 + O(?),  m>l+1.
Therefore, after further algebra,

1(—1)¢+1 %(Z—l)fTﬁ-l-l
F(q_[—&—E,T,q):f( ) q

€+27_ ]
e (¢,0e(q, Qe F(g™%ma) +0(1)

We deduce that

H,y (q—é +e&,7, Q) = q£+1H1 (q£+2’ T, q) + 0(6)
Therefore the singularity at ¢—¢ is removable. This, however, does not mean that
H;, unlike F', is an entire function, because it has polar singularities at the zeros
of F(-,7,q). Indeed, we demonstrate in the sequel that H; is meromorphic, with a
countable number of isolated poles accumulating at infinity.

Note that, according to Section 3.1, lim|¢|_,oc F'(¢,7,q) = 1 as long as ¢ is re-
stricted to a sector of the form |arg(| > § > 0. Hence, subject to this restriction,
lim|¢| 00 H1(¢, 7, q) = 1, while limps o0 Hi(gM,7,q) =0.

15



3.2.2 An expansion in (

The function F" has been given as a power series in 7. However, and given its analyticity
in ¢, it is instructive to expand it in power series in the latter variable. We commence
by observing that

oo

m 1 1
(G q) = Fla¢, 7 q) = (@, Dm [(CvCI)m (@D

= (=gmm
- 1 —C ZO (q, )m(qC,q)m

= L[F(qC,T, q) — F(q¢, q7,q)].

m=1

1-¢
This results in the recurrence relation
F(Cma) == C[F(quQ) — (F(q¢, g7, 9)]- (3.14)
Before we advance any further, it is useful to recall the definition of an ¢ basic
hypergeometric function: given r,s € Zy and q,ay,...,a.,b1,...,bs € C, |g| < 1,

b [ ai,.. ar, ] i (a1, Q)m(a2, Q)m -~ (r, Q)m {(—1)mq(?)} or

bl"" s5 -0 q q m bla )m(b27 )7n"'(b87q)7n
(Gasper & Rahman 2004, p. 4).

Proposition 3.4 The function F can be expressed in the form

T — 1 — (7—7 )m s(m—1)m(_ ~\m
FmD = o rae Z( q (—0) (3.15)

0
1 T;
NG q)mld’l[o; q’C]'

Proof We commence by proving that, for any r € Z,

T

Pera =g ] e E e,

where we recall that
m . (4 Dm(d Dn-m’ -

is the g- binomial symbol (Gasper & Rahman 2004, P. 235).
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This is certainly true for r = 0 and, because of (3.14), for » = 1. Moreover, using
induction on r and applying (3.14) on the right-hand side,

F(¢ 7, q)
1 L l(mfl)& r+1l, m o 1~ ol
— (C q) m q-? (1 — qTC) [F(q qu T, q) q CF(q <‘7q 7 q)]
> m=0 q
= # - " %(mfl)m(ig‘)mF( 7‘+1< m )
B (C7q>r+1 m—0 m qq 4q g T, 4
+ # 7§ [ r :| %(m72)(m71)+r(7c)mF( T+IC m_ )
C@)rar 2= [m—1],° ¢"¢q" g

and the desired expression follows from the identity

r r—met1 r | r+1
B R e P
q q q

(Gasper & Rahman 2004, p. 235).
To prove (3.15), we let r — oo, noting that for every fixed m

. [ T } 1
lim =
rooo | [ (4, )m

and that
lim F(q"¢,7,q) = F(0,7,q) = i - eq(T) = !
r—c0 =0 (@ Dm (7. @)oo
(cf. Section 2). O

Using (3.15), we investigate the analyticity of Hy. Our point of departure is the
observation that

G(¢ 79
F((,1,q) =
G0 = PG
where
— .- m(T’q)m L(m—1)m m
G(¢mag) =Y (-1) q? ¢
= (4, m

It is obvious that G is an entire function of (.
Given an entire function f(¢) =Y~ o fm(™, its order is defined by

logl Cr<o<n i
p(f) = limsup oglog max_r<g<x | f(re”)]
r—00 log r
cite[p. 182]hille62aft and, while at the first instance it describes the behaviour near

the singularity at oo, it can be used to reveal many other interesting features. An
alternative expression for p(f) is

mlogm
G) =limsup —————
PG msoa 108 | fon] 1
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(Hille 1962, p. 186). Therefore

mlogm

p(G) = limsup =
m—soo 10g(q, @)m —10g(7, @)m — 5(m — 1)m|logq|

Since p(G) = 0, G(0,7,q) = 1 and G is clearly not a polynomial in ¢ (recall that
T < 1), we use the Hadamard factorization theorem (Hille 1962) to argue that it can
be represented in the form

G(<7T7Q):H(1_JC>7 CE(C,

n=1

where 0,, = 0,(7,¢) € C accumulate at co. We deduce that

_ (Ta Q)oo G(Caq’ra Q) _ —r 1- g/O’n(QT, Q)
Hi(¢,7q) = 0 Gl — 1-n]] T tonra) (3.16)

n=1

In particular, this indeed proves that H; is meromorphic.
The only possible impediment to the analyticity of H; are the poles, i.e., the zeros
of G(-,7,q). However,

% m—1)m

(¢, D)m

where E, is the ’big ¢ exponential function’ (Gasper & Rahman 2004, p. 236). There-
fore, for 7 = 0 the only zeros of G(-,0,q) are ¢~*, £ € Z,, all positive, distinct and
cancelling each other in the quotient H;.

Next, we compute G(¢~¢,7,q) for £ € Z, and 7 > 0. To this end we utilise the
identity

C 0 q Cm = Eq(_C) = (C)q)oo

OM8

m

1
T q m Z |: :l q2(k 1)k7_k’ m &€ Z+7
k=0 q

whose inductive proof is trivial and left to the reader. Thus,

> L(m—1)m ™
_ N q2 k| L(k=1)k—mt_k
Glatma) = 3 ()L S ) [ | .
= (@.0)m = k1,
:i( 1 g3 (k= Dk rk Z q2(m Hmome
P (2, 9k ¢ QDm—k
_ i g(k—Dk= keTk i %(mfl)mﬂk*f)m
— (g4 = (¢, )
o0 (k—1)k—ke o0 (k—1)k—ke
q k k—¢ q ko k—¢
=Y e (") =) 7" )
= (@ = (@
o0 (k—1)k—ke
1 >0

= (@9 Y (

-
v (4 Dk(g Dr—ea
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(note that all the series above converge).
Likewise, given 0 < § < 1, an identical calculation yields

Glg 0 mq) =D W IR (g0 )
k=0

Now, while for & > £ + 1 it is true that

(¢, @)oo
(4, Dr—t-1"

k—L0+46

(q aQ)oo =

for k=0,1,...,¢ we obtain
("0, @)oo = (1 = @) (=1)*Fg 2 EE=DER) (g g), 1(g, 9)oo[1 + O(3)).

Therefore

J4
_ _ —l— q4,9)e—k 1(k—
(qk €+6,q)oo _ (_1)6 k(l _ qé)q 5 l)e(%Q)oo Z(_l)k,rk((q zz)kkqQ(k 1)k+0k
k=0 ’

x[1+00)] +G(g 4 7,q)[1 + O®6)).

While G(¢~%,7,q) > 0, we can render the first sum negative by choosing § > 0 when
{ is even, § < 0 otherwise. Moreover, G(q~%,7,q) = O(7"), hence small (7 € (0,q)),
while the first sum is O(1) in 7. We deduce that for every suficiently small 7 > 0 and
¢ € N it is true that o9,_1(7) < 09¢(7) lie in the interval (¢g=2*1, g=2%), the first very
near the left endpoint and the second very near right endpoint.

Moreover, while ¢=2(¢=D? increases very rapidly with ¢, the others terms depend
on £ in a fairly weak manner. Therefore we can expect |0y —q*| to decrease very rapidly
as ¢ grows, and this is confirmed by numerical computations. On the other hand, the
interval (1,¢~ ') is the obvious place where thing are more interesting. For 0 < 7 < 1
two zeros emerge from the endpoints, ’sliding’ inwards: numerical calculations confirm
that after a short while they may coalesce into a double zero, which subsequently
bifurcates into the complex plane as a conjugate pair of zeros.

Fig. 3.1 displays G for two values of ¢ and several values of 7 in the first two
intervals of the form [¢=%¢ ¢~2/~1]. In the first interval in the case ¢ = 19—6 (the left
column), at 7 = 0 two zeros emerge at the endpoints of the interval and they travel
inwards: for 7 = % they have hardly moved but they coalesce very near 7 = %
(actually, at 7 =~ 0.09992063019) and, having moved to complex plane, G is positive
throughout the first interval for increasing 7. In the second interval not much happen:
again, two zeros emerge from the endpoints and travel inwards, but they do it ever-
so-slowly and we are already in the asymptotic regime. For ¢ = %7 however, double
zeros persist in the first interval for all 7 € (0, g], while the situation in the second
interval hardly changes.

Although the analysis of the function G is valuable in understanding the behaviour
of Hy, it is of interest to convert F' into a 'proper’ power series in (, thereby represent-
ing H; as a quotient of two power series. To this end we replace E4(¢) = 1/((,¢) o

19



-
0.15
0.104 0.5+
0.05]
. 5 1o 15 20 25 o s
\_/ = 4
——
00 0.5
~o.10]
-1
1
0.15
o104 s
0.05]
o
’ U ES 1o 15 20 25 30 35
E 3 = s
e ~0.5
~o.10]
s
-
ERE
o104 s
0.05+
©
E =
~0.05]
0.5
~o.10]
1
ERES a
0.104
0.05]
©
i 10 20 30 40 50 60
2 3 4 s
-0.05 21
~0.10 ]

Figure 3.1: The functlon G in the ﬁrst two intervals of the form [¢~ ~1] (denoted
by thick lines) for ¢ = {5 and 7 = &5, j = 0,1,2,3 (left Column) and q= %, T = 170,
j=0,1,2,3.

\_/

by its expansion > > (" /(q,q)n. It then follows from (3.15) that

¢" i (Tv Q)mq%(m—l)m(_nmcm

MS

(T, Q) F (¢, 7,q) =

= (0. 9)n = (0. 0)m
o (1 @m - ¢
— ’ ( qz(m 1)m
mz::O(qvq) ; Jn—m
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The outcome is a power-series representation of F,

F(¢,7,q)

where

dn(T) = Z(_l)m { 77:1 :| q%(mil)m(ﬁ @, m € L. (3.17)

0 q)n =

Proposition 3.5 The above coefficients d,, (1) satisfy dg =1 and

n (m—1)m
q n—1 ] m
T)= E —_— T, n € N. 3.18

) = (4, Dm [m—l . (3.18)

Proof

The expressions (3.17) and (3.18) match for n = 0,1. We continue by induction on
n € N. Firstly, using identity 1.45 from (Gasper & Rahman 2004, p. 235), we deduce
from (3.17) that

dn(1) = ﬁ Zn:(*l)m { {nnfb 1L +qm m__ll]q} ="M (7, q)

m=0

dn—l(T) n—1 1—7 = m|n—1 L(m-1)m
= g ¢ > (-1 qq2 (47 @)m

= 7q[dn—1(7) - qn71(1 - T)dn—l(qT)]a n € N.

1 e
W[dn—l(ﬂ—q Y1 = 7)dn-1(g7)
1 n—1 q(mfl)m |:712:| qnfl n—1 q(mfl)m n—29
- L) 3 e
l—q" ~ (¢, q)m [Mm—1], 1—q» mz::l (¢ )m [Mm—1],
1 n=1 (m—1)m o
— q |:7’L 2:| (l_qn+mfl)7_m
l—q" ~ (¢, q)m [Mm—1],
1 &2 gm—bm [nQ}
4 anrmfleJrl
l—q”,; (@ @)m m—1],
-1 m—1)m m— m n
l—q* | = (¢.)m [Mm—1], = (g Qm M —2],
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q(m—l)m

1 = |:n—2:| -1 _ n—2
— nz (1_qn+m +qn m|: :| (1_qm)}7_m
l—gq (¢ @)m { m—1], m—2],

m=1

m—1 . ’

= (@ D)m

as can be confirmed by straightforward calculation. We thus obtained the left-hand
side of (3.18) . In other words, the functions d,, in (3.17) and (3.18) obey the same
recurrence relation. Since they match for n = 1, an inductive proof follows. O

Since (7, 4) 00/ (qT, @)oo = 1—7, the outcome of our analysis is the rational expansion

Z dn(qT)C

Hl(CvTv Q) = (]- - T)%’ (319)

Z dn(7)¢
n=0

where alternative expressions for d,, have been given in (3.17) and (3.18).
Bearing in mind the representation (3.13), combining the values of H; at z/a and
at a/z, it is perhaps more illuminating to consider (3.19) not as a rational expansion

in ¢ about the origin but as a Fourier expansion on circles of radii |a| = q'/? and
‘al_l _ q—1/2.

3.2.3 An expansion of the generating function

The above expressions of the function F' provides an expansion of the generating
function in z and z~!. It is enough to take account of the expression (3.7) and recall
that

143 du(ea") (;)”] :
1+ du(e") (j)”] :

Fla 'z, |clqY,q) = E|
_ (e 9N
- (

where .
q(m—l)m |: n—1

= (@ 0)m

Using the function F', we can express the underlying sequence of OPUC as a
expansion in z and 271,(3.8)

on(2) = VN Bi(2)Flaz™ |e?qY, @) + 2V Ba(2) Fla ™ 2, ePd™ q),  n€Zy,
where 31 and (35 are determined from the initial conditions ¢g = 1 and ¢;(z) = ca+z,

2F(a™t2,|c]?q,q) — (ca+ 2)F(a='z,|c|? q)

&) = ez o, ) Fla~ 2, |cPa,q) — aF(azT, [cPg, ) F(a=17, [P )
Ba(z) = (ca+2)Faz',|c]?,q) — aF(az™!,|c[q, q)
2 zF(az7 1) |e|?, q) F(a=1z,|c|%q, q) — aF(az=1,|c|?q,q) F(a~1z,|c|?, q)
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To verify that the underlying Schur parameters are correct, we note that for all NV € N

NF( |C‘2NQ_ N
on(0) = o e P
2¢¥ q)

because F'(o0; |c|?q", q) = 1 according to our computation.

3.3 A representation of the OPUC as ¢-Bessel functions

In this section we obtain an explicit representation of the OPUC sequence {¢,} as
a linear combination of the ¢-Bessel functions JS,Q) (cf. (Gasper & Rahman 2004,
p. 4) for the definition of ¢g-Bessel functions). This is very much in line with the
numerous explicit representations of orthogonal polynomials on the real line in terms of
hypergeometric and ¢-hypergeometric functions (Chihara 1978, Ismail 2005). Bearing
in mind the definition of F' and the representation (3.8) of the OPUC {¢,}, a simple
calculation leads to

> (I—g™ > Tm
Fona) = Fleang mZ::l (¢ @)m Cq) g__:l( s Dm=1(C, O
o0 Smtl -
z:o Jn(C et 1 CF(qC7T7 2
We thus deduce the functional equation
F(G70) = F(Gama) + 1 F(a¢,7a), (3.20)
given in tandem with the initial condition F'(¢,0,q) = 1.

Note, incidentally, that the function

- 1
FCmq) = m—~————
(€ @)oo(T, @)oo
is a solution of (3.20), as can be verify easly by direct substitution. Needless to say,
F # F (cf. (3.15)), but then there is absolutely no reason to claim that (3.20) has a
unique solution.

We now start similarly to Subsection 3.2.2, yet progress differently,

F(¢,mq) = F(a¢,mq) = > m[(l—@m)—(l—m

_ T B (r 2
= = (97Q)m—1(C,q)m+1 - (1 _ C)(l — QC) F(q C, ,q)

m

m=1

m

Let
XT:F(qr<77_7Q)7 T‘EZ+.

(Needless to say, x» = xr(¢,7,q), but it is convenient to suppress parameters). We
have just proved that

¢r
Xo=xat w

23



and, replacing ¢ with ¢"( for r € Z,., we deduce the recurrence

r

Xr = Xr+1 (ch ) Xr+2, rE€Ly. (3.21)

Proposition 3.6 For every s € Z it is true that

RN L (s
w=2 [ ¢ ] € ela*C, ) (3:22)

£=0

Proof By induction on s. The statement is trivial for s = 0 and reduces to (3.21)
for s = 1. In general, we assume (3.22) for s and use (3.21),

=[] [
o 82% [g]q ( ) (C] ¢ Q) Xs+1+0 7+ (qs+£<’q)2 X s+0+2
(e—1)¢
- Z[ ] qq(i“T)q)XH—lJre

s+1 _ — —
+ qs+é 1 [ S ] q(é 2)(¢—-1) (CT)Z
(

+ ) i o Xs+1+¢-
;(q”“*lé,q)z C=1] (€ a)e—1(g°Cq)e—s T

Let us examine the fth term (we restrict our attention to 1 < ¢ < s, cases £ = 0 and
¢ = s+ 1 being trivial):

s q(lfl)Z(CT)Z s qs+€ 14+(€—2) (¢ (CT)
[4 (€ a)elg® ,Q)£+{5_1L (€ @)e-1(a°C, @)esa

e (1] g [,2)

s—0+1 -1
(€ 9)e(@°C @) g1 ! (- C)}.

q

But

{ﬂ (1 _qs+£o + [gi 1] qs—£+1(1 _qe—lo

" (@ )Z((q(;qC]);s+1[ (1= "1 = ¢*T) + (1= ¢)(¢* T = ¢°¢)]
(q,9) s+1

e A W K

therefore the fth term is

q(éfl)Z(CT)l [ s+1 } 1—g0) = { s+ 1 ] q(“l)e(Cr)‘
Cadae e L ¢ 1,0 T ¢ ], Codet i o

This is precisely (3.22) for s + 1 and an inductive proof is complete. O
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We now let s — oo in (3.22),

lim Xs+e = lim F(qS+ZC77—7 Q) = F(OaTa Q) = eq(T) =7 N

|
—
=
S
e
~

I

—

lim (¢°¢, q)¢ =
S— 00

lim [5] ~ lim gq,q)s (@) 1

smoo [ 0] 5200 (¢,9)e(0: Qs (4:9)e(0: Do (4,9)e
Therefore

F _ — -1y () _ 1 [—; ]

Cm) =eal) ) d e T g ¢ ¢

There exist several generalisations of Bessel functions into the realm of g-functions.
In particular, the second ¢-Bessel function is

(g"*t

)4 TNV -3 1 v
J(VQ) (z,q) = (qq%loo (§> 0¢1[ v+ q, —ZxQQ H]
(Gasper & Rahman 2004, p. 25). Letting

log ¢
p=
0gq

(in other words, ¢* = ¢) we thus have
(2) _ (Do _(u-1)/2 -
Ju—1(2ﬁ7 q) = mT(” ) 0®1 { ¢ q, CT]

and we conclude that

T :M ) e=1/23@) 9 /o
A v ot o e

We now use (3.8) to obtain an explicit representation of the ¢,,s in terms of g-
Bessel functions. To this end we note that we need to reckon for both F(az™!, ¢™7, q)
and F(a~'z,¢™r,q). However, if ¢**) = o'z then ¢~**) = az~!. Therefore,

¢m(z): (QaQ)oo {(amﬁl(z) (_qu)[[L(Z)+1]/2J(_2)( (Qi(qu)l/Q,q)

(@7, @) (2271, @) ()1
2™ Bo(z m B .
(a‘lj(q))(_q ) )+1]/2J;(12()z)71(21(q T)I/QJI)}, m e Zy.
) o0

3.4 Limiting behaviour

In this subsection we consider the three instances when the Schur parameters a,, = ca™
are allowed to approach their limiting values, which correspond to known OPUC:
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a =0 (Lebesgue), ¢ = 1 (Rogers—Szegd) and o = 1 (Geroniums). The first is trivial,
the second relatively straightforward while the third confronts us with the greatest
difficulty.

In the Lebesgue case the pantograph equation (3.1) becomes the (trivial) ODE
®” = z®' which, in tandem with the initial conditions ®(0) = 1, ®'(0) = z, results
in the explicit solution ®(t,z) = e'*. Hence ¢,,(z) = 2™ — not great surprise here!
To deduce this from directly from the representation (3.11), we note first that in the
current case F((,7,q) = (1 — 7)~! is independent of ¢ and this implies that also
H(¢,7,q) = (1 — 7)~L. Therefore, by (3.12), n2(z) = 1 — 7 and, « being zero, we
recover ¢, (z) = 2™ from (3.11).

3.4.1 Rogers—Szeg6 polynomials

We recall that the Schur parameters is given by a,, = o™ = (—1)"¢"™/?, where q € (0, 1),
give raise to the Rogers—Szegd polynomials (Simon 2005), whose explicit form is

m
Z)=> (1" [ mn } @2 g . meZ,. (3.24)
§=0 J 14
Setting o = —q'/? presents absolutely no problems in our analysis, since g = |or|?, is

consistent with the current setting. Thus, we can readily deduce from (3.15) that

(oo} e .
F(Ca m’ ): TN om N l: met :l E(Efl)lcé’ e N.
R () N T Z ! "
In particular,
1
F(Cq,q9) = T r(¢),
2 _ 1 Ooizl QH Le-1)e 0
PO 9= @ ow ;( R ‘
1
where -
r(¢) = G(¢,q.q) = Y _(—1D)fg2 D!
£=0

is an entire function of order zero: all of the analysis in Subsection 3.2.2 applies here.
With greater generality, it follows from (Gasper & Rahman 2004, p. 235) that

= 7g(j+1)7“(qj<) m
F(¢.q"q) = Com@om 2 [ L @) eN.

Therefore

Hm(Ca%Q)_% i[ }

=0 q

iG+nTr\a’s) (q C)
R (3.25)
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It can be verified at once by elementary algebra that

r(q¢) = l_g(o (eC,
therefore, by induction,
m—1
rg"¢) = (~1)"g I () = Y (1) gV
£=0

In principle (3.25) can be reformulated employing just r({), but this adds little to our
understanding.

Intriguingly, the function r resembles a Jacobi theta function. Specifically, (¢) +
r(¢"H =-1+ Z;’ifoo(—l)éq%(z_l)fd. But, letting p = ¢'/2, we have

Z (_1)6(]%(6—1)@@% _ p—1/4 Z (—1)21?(@_%)244 _ p—1/4 Z p(z+%)2(_c_1)£_
l=—o0 f=—o00 f=—o0
Let z = log(—()/(2i). Then
Z (_1)éq%(€—1)£gf — p_1/4e_i292(z,p),
{=—o0

where 65 is the second Jacobi theta function (Rainville 1960, p. 316). Unfortunately,
this intriguing connection with theta functions does not provide, insofar as we can see,
much insight into Rogers—Szegd polynomials.

Abandoning the theta connection, we substitute (3.25) into (3.11) to recover an
alternative representation of Rogers—Szegé polynomials, substituting (3.25) into

Gm(2) = (—1)™q™ 201 (2) Hon (—q" 2271, g™ q) + 2™ 00 (2) Hon (¢ %2, 4™ ),

where 77 and 72 can be also expressed using the form for H; from (3.25).

3.4.2 Geronimus polynomials

The limiting case @ = 1, therefore ¢ = 1, corresponding to Geronimus polynomi-
als, is substantially more complicated, because the g-factorials (¢, q)., littering our
denominators, become zero and naive progression to the limit does not work.
We recall that in this case the generating function ® obeys an ODE with the
explicit solution (3.3). Using the notation therein, we let
* —~ —1
01 (2) = z04(27)
and observe that, conjugation flipping the sign of a square root, it is true that o7 () =
0—(z). Consequently, for Geronimus polynomials,

Pm(2) = Br(2)0} (2) + 6-(2)(03)"(2),  meZy, (3.26)
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where we recall that
1
0+(z) = g+ =+ /T~ 27 + 4l

Our intent is to demonstrate that, as o — 1, the expression (3.13) tends to (3.26).
This is not a straightforward statement since, as a — 1, so does ¢ and the function
F becomes unbounded. Fortunately the functions F((,q7,q) and F({,7,q), at the
numerator and denominator of H; respectively, blow up at a commensurable rate and
their quotient H;((, 7, ¢) remains bounded.

Lemma 3.7 Bearing in mind that q¢ = ||?, it is true that

lim Hy(a™'%,7,q) = Q*Z(Z) - Qiz(z). (3.27)
Proof  Set
femo = b;fcgfq%)
and denote

H}(z, c)—hmH( L2 1,q), R?(z, c)—hmR( L2 7).

a—1

(Recall that 7 = ¢|c|?). We have

(o) Tm o0
F - F =
(¢ 7.0) = F(Cqmeq) 2;1 GG T C2 Z @ qc o
-
= ﬁF(QC7 T, q)a
while we have already proved in Section 3.3 that
i T 2
F(C?Ta Q) - F(QC,T, q) - (1 — C)(l — qT)F(q CaTa q)

Dividing the first identity by F({,7,¢q), we have

T FlGTq)
17( F(CvTaq)

while similar division in the second identity yields

< Fg$ma) F(q*¢,7,q)

HI(C?Ta q) =1- LR(C?’E q)7

1_H1(C77-7Q): 17<

—R(C,’T,Q): (1_()(1_q7-) F(QT,Q) F(QCaTaQ)
— C—T T T
- (1_4)(1_q7)R(<’ ;) R(q€, 7, q).

Letting a — 1, hence ¢ — 1, ( — z and 7 — |¢|?, we obtain the quadratic equation

lc[22R%(z,¢) + (1 — 2)2R%(2,¢) — (1 — 2)* = 0,
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therefore
1—=2

RO(Z, C) = —M

[(1—2) + V(1 = 2)? +4]cf*2]

and analyticity at the origin means that we need to take a minus sign inside the square
brackets. Therefore

0 : a e o
H1(27C):()1(L>H11 1717_CR(C373(D :171—ZR (276)
_1+(1—z)— (1—2)2+4lc?z  1+z—/(1-2)2+4c?z  o0_(2)
N 2z N 2z oz
and the proof follows. O

Formulee(3.3) and (3.13) are both linear combinations of two components: for
(3.3) these are powers of o4 and p_. Let us restrict the attention to the curve of
orthogonality, |z| = 1. The functions g+ have two brach points, 1—2|c|>+ilc|y/1 — |¢[?,
both of unit modulus. Since conjugations flips the sign of a square root, it follows
from (3.27) that

a—1 e 10

Hi(a€ 7,q) = H(a el 7,q) = 5 [1 +elf — \/(1 —e~i0)2 4 4|¢|?| = o4 (e?)
for every 6 € [—m, 7). We deduce that
lm épn (2) = [lim 71 (2)]AT (2) + [lim n2(2)]AZ(2),  m € Zy.

Although it is possible to prove directly (and messily) that lim1 m = B4+ and lim1 Ny =
a— a—

B—, this is not necessary, because 7, » and S+ are determined by the equations

Br(2) +6-(2) =1, Bir(2)ew(2) +B-(2)e-(2) =2 +c

and

« z
m(z) +m(z) =1, aHq (;777 q) m(z) + zH; (E,T, q) m2(z) = z + ca.
Thus, once a@ — 1, the second set of equations tends to the first, we obtain the right
limits to 77 and 7y and our polynomials indeed converge to Geronimus polynomials.

4 Generating functions and orthogonal polynomials
of the second kind

Given a sequence of OPUC, {¢, }, the polynomials defined by the recurrence relation
Qn(2) = 20n-1(2) = 9n(0)2;,_4(2), neN,

are the so-called orthogonal polynomials of the second kind corresponding to {¢p}.
Note that the underlying sequence of Schur parameters satisfies Q,(0) = —¢,(0),
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n € N. These polynomials also obey the difference equation (1.1), except that the
initial conditions are Q(z) =1, Q1(2) = z — a;.

Throughout the paper we seek to analyse orthogonal polynomials whose Schur
parameters are given by (1.2). The corresponding sequence of OPUCs of the second
kind, also satisfies the difference equation (1.3), but with the initial conditions

Qo(z) =1, D(z) = z — ca

For the generating function given by

E(z,t) = Z Qn(2)t"
n=0

the entire discussion of Section 2 remains valid for the second kind polynomials. How-
ever, due to the different initial conditions, equation (2.2) becomes

o0 o0

2= g™ (azt’|c]?) (c— 1)t Z g™t (zt?|e?)™
’ (at, Qi1 (2t @)ms1 = (at, Q)m+1(2t, Qmr1’

m=0

while (2.4) for the OPUC of the second kind is given by
Qi (2) = f(az|e]?)) — alc = 1) fr_1(azq|c]?), m €N,
equivalently by
m min{k,m—k} I k
— 2
=2 Z [g] |:m€ } q" [e[*am kLt (4.1)
k=0 q a

m—1 min{k,m—k—1} |:

(c—1) Z
k=0

ki |m—k—-1 0(e+1) | 26, m—k k
EL[ , Lq le|*a™ T 2",

£=0

To recover Geronimus polynomials of the second kind, it is enough to let & — 1 in
(4.1), whereby

n min{k,m—k}

RS N LAY A
= ()" e
k=0 £=0
m—1min{k,m—k—1}
K\ fm—k-—1
—(c—=1) Z Z (£> ( ¢ >|c|2€zk.
k=0 =0

Note that 2,,(0) = —c as it is required. For the Rogers—Szegd case, the expression
(2.9) remains valid.
For the generating function given by

oo
_ 0, (z

30



the formulas for the OPUC in terms of the corresponding hypergeometric functions,
developed in Section 3, remain equally valid,

Hl (a_lza qlT7 q)7

=

Hi(az™b ¢, q) + 2™ija(2)

=

bm(2) = a1 (z)

N
Il
_
o~
Il
_

Hl(a_lza ql7_7 q)a

=

Hl(az_la qlTv q) + Zmﬁ?(z)

=

Q(2) = a™ip(2)
1

where H((¢,7,q) and F(¢, 7, q) are given by (3.10) and (3.9) respectively,

N
Il
-
~
Il

Hl(CaTaq):m7 F(CaTaq)_ Z%

and the coefficients 7;(z), 772(2), are

2+ ca—zH (a 1z, 7,q)
aHy(az= 1, 7,q) — zH (e~ 12, 7,q)’

m(z) =
aHy(az71, 7, q)—z—ca
f2(z) =

aHy(az= Y, 7,q) — 2H (0" 12,7,q)’
z—ca—zHy(a 1z, 7,q)
- aHi(az71,7,q) — zH (a2, 7,q)’

aHi(az71,7,q) — 2 + ca
aHy(az= 1, 71,q) — zH1 (0" 12, 7,q)’

f2(2) =

taking into account the initial conditions Qy(z) =1, Q1(2) = z — ca.
We next extend our analysis to reciprocal polynomials. The analogue of (1.1) for
reciprocal polynomials {u,} is

(241 + Gn)tn(2) = Gptini1(2) + (1 = |an|?)an 11200 1(2), n €N,
thus for a,, = ca™, n € N we obtain the recurrence
(@z + Vun(2) = tny1(2) + (1 = |cf|a)*™)azu, 1 (2), n € Z.

Following the ideas developed in Section 3, we consider the generating function

U(t,z) = i un2)

o n! '
n=0

Multiplying (1.3) by t"/n! and summing up for n € N results in

ZunJrl M a Zun 1 _ | ‘QZun 1 ‘Qntn

n=1 n=1

oo

or, equivalently,

la]t
(az+D[U®{) —U(0)] =U'(t) - U'(0) + az/ U(z)dz — &z|c|2/0 U(z)dz.



Differentiating this expression with respect to ¢, we obtain a functional differential
(4.2)

equation d la (3.1)
U"(t) = (az + 1)U'(t) — azU(t) + arzU(Ja|t)
where ¢ = |a|?, 7 = ¢|c|* and ¢, T € (0,1), with the initial conditions U(0) = ¢§(2) = 1,
¢5(z) = caz + 1 for the reciprocal polynomials and U(0) = Qf(z) = 1,
—caz + 1 for the reciprocal polynomials of the second kind.

U'(0) = Qi(2) =

U'0) = ¢t
A similar approach to the one developed in Section 3 allows us to state
Theorem 4.1 The generating function can be expressed explicitly in the form
m
e&zqmt

oo

" mt @
el '+ B5(2 Z —’ o

oo
m=0

tz

= Bi(»
! ZO q q m ) ! Q)m
The coefficients 1(z), B3(2) are determined by the initial conditions

with i = 1,2 .
= —caz + 1.

conditions U(0,2) = 1, U (0, z) /0t
As a consequence of Theorem 4.1, we can obtain explicit expressions for the recip-

; 1
U(0,2) =1, 0U(0,2)/0t = caz + 1, whereas 32(z), 3(2) are obtained from the initial
rocal polynomials and for the reciprocal polynomials of the second kind

Corollary 4.2 The sequences of reciprocal polynomials (¢%,), (2%,) can be expressed

g7, q) +am™2" By (2)F(az, ¢"T,q)

in the form

Om(2) = Bi(2)F((az)7"
with BL(z), BL(2) determined by the conditions ¢3(z) = 1, ¢}(z) = caz + 1 and
0 (2) = BE(2)F((az) 7" ¢ 7, q) + @™ 2™ B3 (2) F (a2, ™7, q)
where B2(2), B2(2) follow from the conditions Q(z) = 1, Q% (2) = —caz + 1.
Letting
Hn(C,7,q) = F;C( %TTq)q),

ij=1,2,

;(2) = Bi(2)F (C,7,q),

and reformulating the above expressions, we can enunciate the following theorem

Theorem 4.3 The reciprocal polynomials admit the representation
L' g) +m3(z)a mHHl az,q'm,q),
1=1

,q'7,q) + 15 (z)a" HH1 az,q'7,q),
=1

Hl((@Z)

1

s

Or(2) =1 (2)

m

~

Hy((az)™?

s

Q5. (2) =i (2)

{\.
Il
N

with the same initial conditions as in Corollary 4.2
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To calculate the coefficients, we impose the initial conditions in the expressions of
Corollary 4.2 to obtain the system
1F((@2)" Y, 7,q) + B3 F(az,7,q) = 1
BIF ((@z)_l,QT, q) +azPyF (az,qr,q) = caz + 1,

whose solution is
ﬂl(z) - (1+ca)F(az,1,q) — azF(az,qr,q)
LA F(az,1,q)F((az)=1,q7,q) — azF(az,qr,q)F((az)~t,1,q)’
(1 + E&Z)F((&Z)_17T7 q) - F((@Z)_l’ qT, Q)
F(az,7,q)F((az)~',q1, q) — azF(az,qr,q)F((az)~!, 7, q)

By(2) =

Analogously, the system

BIF((az)~",7,q) + B3F(az,7,q) =1
BiF ((az)~'.qr,q) + azB3F (az,qr.q) = —caz + 1

is solved by
(1 -ca)F(az,7,q) — azF(az,qt,q)
Flaz,7,q)F((az)~t,q7,q) — azF(az,q7,q)F((az) 1, 7,q)
(1 —caz)F((az)",7,q) — F((az) "', qr,q)
F(az,7,q)F((az)=1,q1,q) — azF(az,qr,q)F((az)~1,7,9)

)

Bi(z) =

B3(z) =

Concerning to the expressions of reciprocal polynomials given by Theorem 4.3,
imposition of the initial conditions results in the following representation for the co-
efficients,

azHy (az,qr,q) —caz — 1

m(z) = azHy (az,qr,q) — Hy ((az)~1,q1,q)’
1 caz+1— Hy ((@z)_l,qr,q)
ma(2) = azHy (az,qr,q) — Hy ((az)~1,q1,q)
and
9 azHy (az,qr,q) + caz — 1
m(z) = azHy (az,qr,q) — Hy ((az)~1,q1,q)’
2(2) = —caz+1— Hy ((@2)71, q7,9q)

- azHy (az,q7,q) — Hy ((a2)~1,q7,q)

5 The Carathéodory function

An analytic function F in the open unit disk D is called a Carathéodory function if
F(0) =1 and ReF(z) > 0 on D. Such functions play a major role in the theory of
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OPUC (Simon 2005). In fact, the coefficients of its Maclaurin series
oo
Fe)y=1+23 pam, |2l <1,
n=1

provide the moments {y,} of the orthogonality measure p. At the same time, such
measure has a decomposition
, do .
d 0y 0)— < 6
pe”) = w(l) 5+ ps(e®),
where '
w(f) = 11%1 Re F(rel?),

and the support of the singular part ps lies on the set

{el: 11%1 F(re') = oo}

In particular, €' is a mass point of y with the mass p({e'°}) if and only if
) 1— .
I ({6100}) = 11%111 TT}" (rele") # 0. (5.1)

In our case |«| < 1 implies that the Schur parameters are £5-bounded, and this implies
that there is no singular part of p (Simon 2005, p. 4).

Furthermore, given a sequence of OPUC {¢,,} and its corresponding polynomials of
the second kind {2, }, the link between the Carathéodory functions and the sequences
of OPUCs rests upon the equality

F(z) = lim i (2)

, (5.2)

(Peherstorfer & Steinbauer 1995, Simon 2005), where ¢, and Q, are the reciprocal
polynomials of ¢,, and €,,, respectively.

We seek to obtain the Carathéodory function corresponding to the sequence of
OPUCs studied in the paper. To this end we use (5.2) with ¢7,, QF, given by Corollary
4.2 | or equivalently, by Theorem 4.3 . Using Corollary 4.2 and taking into account
the properties of the function F'((,¢T,q), we have

0.(2)

F(z) = lim 5.3
&)= 0 50 >3
~ lim <B%(2)F((az)_1, qmT,q) + am 2" B3 (2)Faz, ¢, q))
m—oo \ B1(2)F((az)~1, q™1,q) + amz"mpi(2)F(az, ¢m1, q)
(I —ca)F(az,1,q) — azF(az,qr,q)
 (1+eéa)F(az,1,q) —azF(az,qr,q)’
As a reality check, applying Theorem 4.3,
Fz) = lim ) (5.4)

m—oo ¢, (2)
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m—r oo

_ oy (n?(Z)Hl((aZ)‘lqunq)+amzmn§(Z)Hl(azqu7,q)>
1 1 ~~\—1 ,m =M ~M gyl ~ m
m(z)Hi((az)=t, ¢, q) + amzmny(2) Hy (az, ¢, q)
azHy (az,qr,q) +céaz — 1

azHy (az,qr,q) —caz — 1

which can be obtained directly from (5.3) dividing the numerator and denominator by
F(az,T,q).

The two expressions for F have complementary advantages. While (5.3), express-
ing F' by its definition (3.9), lends itself more easily to computation for all values of
la, || < 1, the expression (5.4) is more conducive to expansion of F into series in z.
The reason is that, substitituing (3.15) into (3.10), we can write H; in the form

; (5.5)

with the term (¢, ¢)oo (problematic in both expansion into series and computation for
0 < |q| < 1) gone. Substitution of (5.5) into (5.4), letting ¢ = |a|?, 7 = |ac|? and
expansion into series with MAPLE yield the McLaurin expansion of F,

F(2) =1—2¢(az) —2¢[(1 —¢) — |c|*|a|*](az)? — 2¢[(1 — &)* + 2|c|*c + 2|al*
= 3la*|c]* + 2|a®|c|*](az)® — 2¢[(1 — 2)® — 6|al*|c]* — 3|a||c[*c?

+lal*el(8 = 5lal*c[*)e + [af* (9 + [af*)[c[* —[al'*(4 +|af*)|c/’](@z)* + -

Therefore
M1 = —Ch,
p—g = —[(1—2) — |c[*al*)a?,
g = —2l(1 — )% + 2lelale + 2lal* - 3lal*[cl? + 2al|*|az?,
piog = —¢[(1 = 2)* = 6lal e’ = 3lalc[’E® + |al*[c[*(8 - 5lal*|c[*)e

+1al* 9+ [af?)le[* — |l (4 + |af*)|c[’]a*

and so on. Long calculation demonstrates that for |ac| < 1, |a(l —¢)] < 1

B 2caz 2¢lc?|al*(@z)?  4c®|c?|al*(az)?
Fe)=1-1= (1-¢)az (1-az)? (1-az)!
_ 2c|e[*]af*[2 — (a2)](az)

3
5 1214
ia +O(ePlaf?]21")

The above expressions for the Carathéodory function provide the absolutely con-
tinuous part of the orthogonality measure

Wa,c(0) = lri%lRe (]-'(Teig) = Re Q(deie, lal, e), (5.6)
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where F(z) = G(az,|al,¢) and we let w = w,, . to emphasise its dependence on the
two parameters: note that in both (5.3) and (5.4) each z is always multiplied by &,
any instance of a which does not appear in the product @z features as an absolute
value (cf. (5.5)) and, subject to |ac| < 1, |a(1l —¢)| < 1, F is bounded for |z| = 1.
The latter fact implies that the singular part, of w which is supported in the set
{el : lim,4 F(rel?) = oo}, is empty. Finally, replacing o by e merely shifts
periodically w(6) to w(f — 1), hence we can focus entirely on the case « € (0,1).

Figure 5.1: The measure w for a = % (solid line), « = 2 (dash line), o = 2 (dotted

line) and a = £ (dash-dot line) for different values of c.

In Fig. 5.1 we demonstrate four instances of the measure w from (5.6). Note that
we do it always for @ € (0,1) for reasons that we have elucidated in the previous
paragraph. We present in each plot four different functions w, for a € {%, %, %, %}
(Recall that replacing a > 0 by ae!¥ merely shifts w by —.) In the left column
we display the plots for positive values of ¢. For small a the measure is fairly flat
(not a big surprise, since o = 0 corresponds to w = 1) but, as a grows, we obtain
more interesting shapes. In particular, once « nears 1, the plot is increasingly near
the origin in the middle of the range: this is consistent with the case a = 1, the
Geronimus polynomials, of which more later. The top right plot corresponds to a
complex value ¢ = —%i. The plot is no longer symmetric with respect to the origin. In
the bottom left corner c is near 1, the case of Rogers—Szegé polynomials — except that
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for the latter o < 0 which (as we have already discussed) corresponds to a shift of the
argument of w by m. We obtain curves which are fully consistent with the “wrapped
Gaussian” weight function of Rogers—Szegd polynomials (Simon 2005, p. 77). Finally,
in the right bottom corner we have ¢ = —i, whose measure increasingly resembles a
Gaussian curve sharply peaked at the origin. Since H; depends upon |c|, rather than
c itself, it follows from (5.4) that

1

g(z, a, _C) = W

Therefore _
Wa,—e(0) = wa,e(—0)/1G(’, o, 0))?, 0] <. (5.7)

Fig. 5.2 demonstrates this behaviour.

"
'3 3 =)

Figure 5.2: From the left: 1/|G(c', 2, 3)[?, wa 1(0) and ws _1(0). The rightmost
curve is the product of the other two.

While in Fig. 5.1 the parameter c is fixed and « varies in each plot, the situation
is reversed in Fig. 5.3. Here in each plot « is fixed and c is allowed to vary. We note
that, once a < 1 is large, the measure is very small in a large portion of the range.
This is only to be expected since, as & — 1, we obtain Geronimus polynomials, whose
measure vanishes for || < arccos(1 — 2|c|?).!

For the degree one Bernstein—Szegd polynomials (Simon 2005, p. 72) with Schur
parameters a1 = ¢, a, = 0 for all n > 2, we recover the expression of the Carathéodory
function from (5.3) taking into account that the corresponding sequences of OPUC
and their reciprocal counterparts are

bn(z) = 2" + 2", Qn(z) = 2" — 2"t

or(z) =cz+1, O (z) =—cz+ 1.

Although the direct computation of the Carathéodory function is fairly straight-

LGeronimus polynomials have a nonzero singular measure, but this is not the case for |a| < 1,
since, by our analysis, F is bounded for |z| = 1.
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o=14 a=1/2

Figure 5.3: The measure w for ¢ = 1 (solid line), ¢ = 1 (dash line), ¢

line) and ¢ = 1 (dash-dot line) for different values of c.

3 (dotted

forward for the Bernstein—Szegd polynomials, corresponding to the Schur parameters

1, n =0,
ap = da =4
0, n>2,

as a reality check we verify that it forms a limiting case of our polynomials as a — 0
and ca — d, |d| < 1. Since in that case Hy — 0, we have

zHy (z,q7,q) +dz—1 1—dz
2Hy (z,q7,q) —dz —1  1+dz’

F(z) =

the correct expression (Simon 2005, p. 85).

Next we recover the Carathéodory function corresponding to the Geronimus poly-
nomials. We recall that in this case a = 1, hence ¢ = 1, 7 = |c|? and the generating
function obeys an ODE

D" (t) — (14 2)@'(t) + (1 — |c[})z®(t) =0, >0, ®(0)=1, @'(0)=z+c,
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whose solution gives the known representation of Geronimus polynomials,

Pn(2) = Br(2)p+(2)" + B-(2)p-(2)",

where

14+ 2++/(1—2)2+4|c|?z 1 1—2)—2¢
= ( ) K ; Bi(z) =5 F ( )

z .
0+(2) 2 (1—2)2+4|c?z

If, instead, we impose the initial conditions ®(0) = 1, ’(0) = z — ¢. the outcome is
Geronimus polynomials of the second kind. while letting ®(0) = 1, ®’(0) = ¢z+ 1 and
®(0) =1, &'(0) = —¢z + 1 results in the reciprocal polynomials.

Using (5.4), and the properties of the function H;((, -, -) developed in Subsection
3.2, after straightforward computation the Carathéodory function can be written in
the form

o_(2)+cz—1 -1+ 2c+1)z—/(1—2)2+4|c]*z
o-(z)—cz—1  —1-(26—1)z— /(1 —2)% +4|c]22

cz+c— /(1 —2)2+4|c]?z
(1-¢)z+c—1 ’

F(z) =

which is the right expression (see (Geronimus 1961, p. 158)).
Finally, we recall that w = wq,. obeys (5.6). Therefore, formalising our earlier
argument,
Wa,c(0) =Re g(|a|ei<9—afga>, laf, ¢) = wjq),c(0 — arg a).

Let ¢ = |c|e'*. Recall that the second and third arguments of H; depend only on the
nonnegative numbers |a| and |¢|, because ¢ = |a|? and 7 = |ac|?. Therefore, using
(5.4),

azHy +e Fclaz — 1

G(z0,0) = azHy — e F|claz — 1
(azHy + e F|claz — 1)(azH; — eif|c|az — 1)
B |azHy — e~ %|claz — 1|2
_ |o|?|Hy|? — 2Re (azHy) — |acl? + 1 ~ 9lcfiTm e*(|a]?Hy — az)
|azHy — e |c|laz — 1)? |azHy — e |claz — 1|2
Therefore

e Hy + |c|ael® — 1 ?

a,c 0) = . - ol 2]
o ( ) o?e“ng + |c|del(97argc) -1 Wa,| |( )
i 2
‘a|el(07arga)(H1 + ‘CD 1
B i 0~ : 5.8
ol g (i, 1) —1 | “lebiel(® ~arga) (5.8)

This connection between the values of the measure for real and complex values of «
and ¢ might be useful. In particular, it is easy, using (5.4), to prove that (5.7) is a
special case of (5.8).
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