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Abstract

The paper is concerned with the discretization and solution of
DAES of index 1 and subject to a highly oscillatory forcing term. Sep-
arate asymptotic expansions in inverse powers of the oscillatory pa-
rameter are constructed to approximate the differential and algebraic
variables of the DAEs. The series are truncated to enable practical
implementation. Numerical experiments are provided to illustrate the
effectiveness of the method.

1 Introduction

Differential Algebraic Equations (DAESs) arise in numerous applications and
in particular in circuit and device simulation [10, 11]. Accurate numerical
solvers or discretization of such equations presents many challenges [7, 8.
These challenges are compounded in the presence of highly oscillatory forcing
terms and it is the purpose of this paper to address these. We wish to
analyse the behaviour of the system on a time scale which is much larger
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than the period of the forcing term and obtain an efficient method that is
not restricted by the high frequency of the forcing term.

We are concerned with semi-explicit time-varying highly oscillatory DAEs
of the form

/()= fl@y)+ Y am(®)e™’, t>0, x(0) =,
n (1.1)
0=g(@,y)+— > bu(t)e™"

where (t) : R = C4, y(t) : R = C%, w > 1, while f(z,y) : C% x C¥ —
C% and g(x,y) : C4 x C¥ — C% are two analytic functions. We further
assume that the Jacobian dg/0y is nonsingular which means that the DAEs
are of index 1.

In this paper, we introduce an asymptotic expansion of the solution of
the DAE (1.1) in inverse powers of w. Each term in this expansion can be
obtained recursively using operations which, being independent of w, are
non-oscillatory. Besides their intrinsic value as an analytic tool, our expan-
sions can be employed as an exceedingly affordable and precise numerical
method.

In Section 2, we formulate the asymptotic expansion for linear DAEs
with highly oscillatory terms. A numerical example is provided to illustrate
the theoretical results. Section 3 is concerned with nonlinear DAEs and
again a numerical example is provided.

2 Linear DAEs

Consider a set of linear DAEs

o' (t) = At)x(t) + Byt) + Y am(®)e™", t>0, x(0)= o,
0=C(t)z(t) + Dt)y(t) + 1 > ()™, (2.1)

where x(t) : R — C%, y(t) : R — C%, w>> 1, and the matrix functions are

A(t):R—CH*4 B(t) : R — Ch 7%,



Ct):R—C2*  D(t):R— C=x%,

The condition that D(t) is invertible is imposed so that the index of the DAE
set is 1. The first equation of (2.1) is a differential equation. Had it been
independent of y, we could have expressed its solution & as an asymptotic
series
= 1 — imwt
x(t) ~ Po,o (t) + Tz:l ; m;w Drm (t)e

[3, 4]. Our contention is that, although the underlying framework is consid-
erably more complicated, this is also the case for  in (2.1).

When D(t) is not singular, the solution of the algebraic equation in (2.1)
is

y(t) = —D'(1)

cz++ Y bm(t)eimwt]. (2.2)

Thus, once we can write & as the above asymptotic expansion, we can do
so also for y. This motivates us to assume (and subsequently verify) the
ansatz that both & and y possess an asymptotic expansion of this form.

Substituting the expression for y(¢) in (2.2) into the differential equation
in (2.1) yields,

0o
1 .
r = (A — BD_lC) T+ Z [am — BD_lbm} elmwt
m=—o00 w
1 & . > .
— Ex — ; Z cmelmwt+ Z amelmwt’
m=—o00 m=—o00

We now assume that the matrices A, B,C and D (hence also E) are
constant. Prior to giving a procedure for the determination of the coeffi-
cients of the asymptotic expansions, we recall from [6] that, given a smooth
continuous function h(7) : R — C%, it is true that

o0

/0 hremTdr - L L [n et a0 (0)]

— —imw)



for m # 0 and w > 1.
Using variation of constants, the solution  has the form

1 t t
x(t) =Py — etE/ e "Feo(r)dr + etE/ e Fay(r)dr
w 0 0

t t
_e / e—TECm (T)eimw'rd,]_ + Z etE / e—'rEam (T)eimw'rd,]_
0 0 0
t t
~efxy — ;etE / e Peo(r)dr +e'F / e Fag(r)dr
0 0

+ f Z i 1 dril [e—TEc (7_)] | eimwt
w — (—imw)" [dr! " =

[aﬂ%mvﬂpﬂ]

S drrt

1 dr—l )
- etE Z Z : [e*TEam(T)] |T:t elmwt

(—imw)r drr—1

w "0 im
=1 1 S -2
- r—2—j pr—2—j .(j
DD IR AFE=D o () CS s Z O
r=2 " m#£0 §=0
r—1
_( ~1 )TZ <1”—.1> (_1)T_1_jEr_1_jaa(%)(t) elmet
—im)" 4 j
7=0
otE r—2 <r—2> . .
— ) (=12 ET 2 (0)
_ r—1 m
(—im)r=t =\
2o g | , _y
S 2 (5 e e
—im)r 4 g
7=0



r=1 m=—o00
where
t
poo(t) = ey + el /0 e~ P a(r)dr, (2.3)
1 t
Pio(t) = —eF > %am(o)—em /0 e Pey(r)dr, (2.4)
m#0
1
Pim(t) = —an(t),  m#0, (2.5)
1 r=2 r—2 . o
Prolt) = —F ) (Simy—t < i )(—1)’“2@’”2](3%)(0)
m#0 Jj=0
|
— > )=yt ETal)(0)] | (2.6)
(—im) j0< J )

r—2
Prm(t) = (1 ' <r B 2) (—1)" 277 B2 ) (1)

_ r—1
im)™t g\
1 -1 . o
~ (=im)r ( J ><_1)r1]Er1ja%)(t)’ m # 0, (2.7)
7=0

for r € N and r > 2.
We substitute the terms (2.3-7) into (2.2) for y,

Y~ aoo®)+ D 1 D g™
r=1 m=—00
where
qoo(t) = _D_ICPO,O(t)v (2.8)
q19(t) = =D7'Cpyo(t) — D" bo (1), (2.9)
ql,m(t) =-D 1Cp1,m(t) - Dilbm(t% (2 10)
qr,O(t) =-D lcpr,O(t)v (2 11)
q, m(t) = 7D_lcpr,m(t) (212)



To illustrate the procedure just described, we consider a circuit as shown
in Fig. 2.1 and which is governed by linear DAEs

do(t)  w(t) ...
Cin at +?+Z(t)_h(t)a o
di(t) v(0) | _ [ 1
0 -0 x0T ]=[o] ew

e(t) — Rh(t) — v(t) = 0,

Figure 2.1: The linear circuit (2.13).

This can be rewritten in the standard form

dzit) — Ax(t) + Bh(t)
0= Cz(t) + Dh(t) + e(t),
where
[~ oy G EO
A N ] m(t)_[i(t)]’

C=]-1,0, D=-R

The forcing term is e(t) = A Sin(2m fot) /(27 fo) = w™ ' Apyy (€1 — e79) /(2i),
w = 2nf, and f, is the oscillatory parameter. Thus, a,,(t) = 0, b1(t) =
Ainj/(21) and b_1(t) = —Ajyj/(2i). The remaining values Ci,, R, L are the
circuit capacitance, resistance and inductance, while Aj,; is a constant.

Our expansions are

o0 o0

pOO +Zojr Z prm mw.zt7

m=—0oQ



o0

h( _QOO +Zo}’" Z QTm lth-

m=—0oQ

It is instructive to compare the absolute error at different values of w for the
asymptotic method,

es(t): ( pOO Zwr Z prm 1mwt’

m=—00

Es(t) = h( - QOO Z " Z qu 1mwt‘

m=—0o0
We compute the first few terms to prove that the error tends to zero for w —
oo. In each case, we compare the pointwise error incurred by a truncated
expansion with either the exact solution or the Maple routine rkf45-dae
with a high error tolerance AbsErr = 107 !° and RelErr = 10~!0. Before
calculating the coefficients p, ,,, and g, m, we let

—2/(CinR) —1/Cin
E = /( )Y , ¢m = BD by,
Lt 0
o = [—Ainj/(21C’inR)]7 o= [Ainj/(21CinR)].
0 0
Employing (2.3-7) and (2.8-12), we obtain the coefficients
Do = etEfBO, P1m =0,
(=D" o
= ———F" ms = _1) 1)
p?",m (7im)7~71 & m
1

, B2 [e1(0) + (-1)" " e—1(0)];

1
qOO — [ R 1 O:| € wo, q1’0 = 0, QI,m = R_lbm(t)7
qr,0 [ R 0] Dro qr,m = [_R_l 0] Prm, M 75 0.

Dro = ir—

Figures 2.2—4 display the real part of the error in computing v(t), ¢(¢) and
h(t), respectively, for s = 0,1,2,3 and w = 2007, 20007. For this example,
the parameters are chosen as L = 0.1, R = 10, Cj, = 0.2533 and Ajy; = 10.
It is shown that the error decreases significantly with increasing s and w,
in accordance with our theoretical results. Note that ep and e; for v(t) and

i(t) have the same behaviour since the value of p; ,, is 0 in this example.
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Figure 2.2: The errors for v(t). The top row: eg (the left) and e; (the
right) with w = 2007. The second row: ey (the left) and eg (the right) with
w = 2007r. The third row: ey (the left) and e; (the right) with w = 20007.
The bottom row: eg (the left) and es (the right) with w = 20007.
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Figure 2.3: The errors for i(t). The top row: ey (the left) and e; (the
right) with w = 2007. The second row: ey (the left) and eg (the right) with
w = 2007r. The third row: ey (the left) and e; (the right) with w = 20007.
The bottom row: eg (the left) and es (the right) with w = 20007.
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3 Nonlinear DAEs

3.1 The general theory

We now proceed to the considerably more complicated case of nonlinear
highly oscillatory DAEs.

Z'(t) = f(z,y) —|—Za emet >0, x(0) = @,
mezz (3.1)
0= b 1mwt
meZL

Insofar as the ordinary differential system

=flt,x)+ D anm®)e™", t>0,  x(0) =,

is concerned, Condon et al. have presented in [3, 4] the asymptotic expansion,

( p(] 0 + Z Z p'r m lth' (32)

m=—0Q0

Matters are more complicated for the DAE (3.1) since we additionally need
to consider the algebraic part. To this end, we differentiate the second
algebraic equation formally,

0:2—9 ! (9g y + = Z [b], () + imwb, (t)] ™. (3.3)
mGZ

Since the DAE index is one, (dg/dy) ' exists. Therefore we can rewrite
(3.3) in the form

g ~! g dg
= == ! i imwt

meZ
_ g\ " dg dg\ ' 9g imuwt
——<8y> %9 fle.y) - (ay 9 3 anlre
(%) o+ )
—— = by, (t) + imwby, (t)] €™
w ay meZ

11



This is similar to the differential equation. Therefore, the ansatz is that the
variable y(¢) has an asymptotic expansion of the form

y(t) = gt +Zw1r Z Gy (D)™, (3.4)

m=—0oQ

which we proceed to confirm. Substituting (3.2) and (3.4) into the DAEs
(3.1) and comparing the terms by scale and frequency, the coefficients in
(3.2) and (3.4) can be obtained in a recursive manner. Before giving these
explicitly, we introduce and explain some notation that shall be employed
in what follows.

The functions f(x,y) and g(x,y) are analytic and can be expanded in
Taylor series about the function (p o, g ). Thus, for any p € Ch, q e Ce,
both sufficiently small in norm, we expand

F(Poo+P.a00+a) = Z Z(>fnkpoo,qoo)[p,p,---,p][q,q,---,q],

where

k times n—k times
-

For i CHxC2xChx - CH"xC?x .. xC” - CH

is linear in all its arguments except for p, o and g, and symmetric in each
of the two groups of arguments enclosed by square brackets: of course, it is
the derivative tensor

"f(z,y)

fn,k(p0,07 q0,0) = Dk dyn—F

(mvy):(l’o,oﬂo,o)
We similarly define

k times n—k times

N

G CH xCP2xChx . CHxC?x-. . xC?—=C”,  0<k<n,

so that

oo n
1
9(Poo+P Qoo+ a) =) — > < >gnk (P00 90.0)[P, P, - Dlla. q. - .-, ql-
n=0 k=0

12



Using (3.2) and (3.4), we expand

o0

1
f(z.y) = f(po anOO Z E nk(Po,07QO,0)
n=1
[ oo 1 0o © 4 )
iojwt iopwt
szl Z pzlvalel ’“.’wak Z pfkﬂkek
=1 o1=—00 tp=1 op=—00
F '
1o'k+1wt .. Z Z 1anwt
Z w£k+1 Z q£k+170k+1 qﬁnﬂ'n
€k+1:1 Ofp41=—00 én 1 O'n:—OO
0o 0o 1 0o oo
= srovaon) + 20> () XX g X X
n—= 1 l1=1 ln=1 01=—00 Op=—00

i(o14+on)wt
fn k(p(] 07q0 0) [pfl,()j’. o ’pfk,ok] |:qek+1,0'k+1"'. ’qfn,an} e( ! n)

= f(Po,o,90,0) +ZZWT Z n,z< >Z Z Fnk(Po o> 90,0)

n=1r=n ZEHO mGZUGJn,nL

imwt

[pgl,ol’ e ’pEk,Uk] [q5k+1,0k+1’ e ’qfn,dn} €

= f(Poo,90,0) +Zaﬂ“zzzk' 0! Z Z Tk (Poo, 90,0)

meZn=1k=0 £els . o€n,m
[pél,olv T ,Pek,g,ﬂ [(Izkﬂ,akﬂ, T 7QZn,0n:| et
where the two index sets above are
I, ={eN": 172 =r}, Jom={oc€Z":17e =m}.
There is a measure of redundancy in the set I ,. For example,

35 = {(1,1,3),(1,3,1),(3,1,1),(1,2,2),(2,1,2),(2,2,1)},

consisting of six elements. Because of the built-in symmetry of f3;, some
of the elements above correspond to the same term and can be aggregated,
but this depends on the value of k. For example, for £ = 1 the second and
third entry of each triplet can be permuted, hence we can associate a weight
O k- (£) with each element and consider instead

H371,5 = {(17 1, 3)7 (37 1, 1)7 (17 2, 2)> (2a 1, 2)}7

13



say, with the multiplicities (937175(3, 1, 1) = 937175<1, 2, 2) = 1, 037175(1, 1,3) =
0315(2,1,2) = 2.
More formally, let

Logr={€EN": 18 =1 £y <ly < <ly, b1 < Llpyo- <Ly}

and let 6, 1 ,(€) stand for the multiplicity of £ € 1, ., i.e. the number of
terms of I} . that can be brought into the form £ by permutations of the
first k entries and of the last n — k entries. Note that £k = 0 and k = n make
perfect sense: in each of these cases there is in I,, . , just a single monotone
sequence.

For example, bearing in mind that n <r,

n=1: ]ILL"" = {(7')}7 9171’7«(7’) =1;
n=2: lyo,=Iho,={(t,r—1d):i=1,...,|r/2]},

. . . . 17 21 = r,
02,0, (1,7 — i) = b2, (i,7 — i) = .
2, 21 <1y

D1, ={(r—i):i=1,...,r—1}, Oo1 (i, —i) = 1;

n=3: Hg’ojr = Hg,gm = {E : El < 52 < £3, 1TE = r},

1, b =ty =13,
2, by =l # {3,

03,0,+(€) = 033,(£) = ¢ 2, 01 = U3 # {3,
2, by = U3 # 1,
3, otherwise;

T31, ={€: 0 </l3 17€=r},

17 EQ = 637

03,1,r(£) -

27 EQ < 637
T30, =1{€: 01 </ly, 1€ =1},

1, by =4y,
032, (€) =
2, {1 < ¥y

and so on.
We can now rewrite the Taylor expansion of f(x,vy) in the form

flx,y) = f(Po,o: QO,O)

14



+Z ZZZ,M_ > burs6) Y (39)

meZn=1k=0 £€T, oy o€lnm

imwt

fn,k(p0,0’ (I0,0) [pfl,ffl’ T ’pfk,ffk] |:qek+1’0'k+1’ T ’qfn,tfn:| €

Likewise,

g(x,y) :9<P0 0:0,0)

+ZWTZZZ,M_ Z O ke, (£ Z (3.6)

meZn=1k=0 Lel, ko r oCJn,m
imwt

91(P00 900) [Prsor* Pro]|Gtecr o Gio | ©

where
(Do o) = 29 Y)
TL,k' 0707 070 kackayn—k

(%y):(PO,quo,o)
Substitute (3.5) and (3.6) on both sides of the DAE (3.1),

[e.9] o0

. 1
Poo+ D imPim szw > (Pl +impyp ) e
mEZ m=—00
oo 1 r n
P00 do0) + 2 52 D g 2 2 fonr®
r=1 n=1 k=0 meZLel, .,
Z fn,k(Po,m q0,0) [p€1,017 e 7p4k70k] [q€k+1af7k+1’ o ’qzm""] et
O'EJn,m
+ Z ameimwt7
meZ
0o 1 r o n
0 = g(Po,0-90,0) +Zwrzzk| |Z Z Onoir (€
1 k=0 mEZ@EHn k,r
Z gan(p0,0’ q0,0) [pél,ala e 7pék,c7k] [q5k+1,0k+1’ e 7q£nyani| eith
O'GJn,m
1 .
+ ; Z bmelmwt.
meZ

We next separate the equations by different powers of w. Thus, for r = 0,

p670 + Z impL lth f(po 09 qo 0 + Z A, elmwt (37)
mEZ meZ

15



0 = g(Po,0;20,0)

while for r = 1 we have

Z (P +impy ) € et — Z F10(Poo: 90,0)91,me et

meEZ meZ
+ Z £1.1(P0.0> 90.0)P1me™ ", (3.8)
meZ
0= Z 91,0(Po,o; (I0,0)(ILmeimwt + Z 91.1(Po,o; Q0,0)Pl,meimm + Z be™!
meEZ meEZL mez
and for r > 2
o
Do (Bt impyir ) ZZk. DI IRUYC
m=—00 n=1 k=0 meZLel, i
Y FuklPo0: 00 [Peror apek,ak][qml,okw T v%,on] e,
O'EJn m
0= Z Z Hn 0! YooY O ® D gnklPood00) (3.9)
n=1 k=0 meZLEL, i oCln,m
[pfl,Ul’ T ’pfkﬂk] |:qek+170'k+1’ T ’qénagni| et
Similarly to [3, 4], we have the initial conditions
(O pO 0 + Z Z prm 1mwt = Zo-
m=—0oQ
Therefore, we impose the initial conditions
Poo(0) =x0,  Po(0)=—> p,,(0), reN, (3.10)

m##0

3.2 The first few terms of r

For r =0 (3.7) yields the non-oscillatory DAE

P00 = f(Poo>900) + @0, t>0, Po,0(0) = o,
= g(p0,0v q0,0)v

16



and the recursion
an
= —, 0.
In the case of r = 1, for m = 0 we obtain from (3.8) a non-oscillatory

DAE
Pll,o = fl,o(Po,o’ q0,0)Ql,O + fl,l(po,ov Q0,0)pl,Ov (3.11)
0 =g1,0(Po,0,90,0)91,0 + 91,1(Po,0> 90,0)P1,0 + b0,

as well as the recursions

1
Pom = 1 (—Pﬁ,m + £1.0(P0,0-20,0)91m + F1.1(Po,0s ‘J0,0)PLm) )
qim = gi(l)(Po,o, q0,0) (*91,1(170,07 q0.0)P1,m — bm)

(the Jacobian matrix gy o(Pg ;o) is, by the index-1 assumption, invert-
ible).

The next scale is r = 2 whereby, after elementary algebra, we obtain for
each m e Z

P+ imP3 . = F1.0(P0.0>90.0)92.m + F1.1(P0.0> 90,0)P2m
+3 Z F2.0(P00> 90,091,015 D1.05) + Z F2.1(Po0> 90,0)P1.01591.0,)

o1+o2=m o1+o2=m
01,02€7 01,02€7
1
+3 E F2.2(P0.0,90,0)[P1.015 P10,
o1+o2=m
01,02€7Z

0 =g10(Po.0>90,0)92.m + 91.1(P0.0:90,0)P2.m
+ % Z 92.0(P0,0590,0) 91,01 91,05] + Z 92.1(P0.0,90,0)[P1.01> 91,05

o1t+o2=m o1t+o2=m
01,02€7L 01,02€7
1
+ 35 E 92.2(P0.0,90,0) [pl,al ) Pl,@}-
o1+o2=m
01,02€7Z

Letting m = 0, we derive a non-oscillatory DAE

Plz,o = £1.0(P0,0,90,0)92,0 + F1.1(P0,0> 90,0)P2.0
1
+3 Z F2.0(P0,0, 90,091,615 Q1,05] + Z F2.1(P0,0,90,0)[P1,015 91,0,

01+02=0 01+02=0
01,02€7Z 01,02€Z
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% Z Fap pOOaQOO)[pl o1 P1, o2l

o1+02=0
01,02€7
0= 91,0(%,0#0,0)‘12,0 + 91,1(170,07‘10,0)132,0 + % Z QQ,O(P0,0aQO,o)[qLalv‘h,ag]
o1+o2=0
01,02€7L
+ Z gQ,l(p0,0vq0,0)[pl,apql,ag] + % Z 92,2(p0,07q0,0)[pl,O'Npl,O'Q]
o1+02=0 o1+02=0
01,02€7 01,02€7

with the initial condition
PQ,O(O) = - Z PQ,m(O)
m##0

When m # 0, we derive the recursions

1
P3m = 1~ { — DY+ F1.0(P0.0,90.0)92.m + F1.1(P0.0:20.0)P2.m
1
+3 Z F20(Po0 20,0) (1,015 91.0) + Z F2.1(Poo,20,0)[P1,6,+ 91,00
o1+o2=m o1+o2=m
01,02€ZL 01,02€Z
+3 Z F2,2(P0,0:90,0)[P1,015 P10, }
o1+o2=m
01,02€7L

do.m = —gf,(l)(Po,Oa %,0){91,1(1’0,07 (I0,0)Pz,m + % Z 92,0(190,07 q0,0)[ql,alvql,Ug]

o1+o2=m
01,02€Z

+ Z g?,l(po,ovq0,0)[pl,alvql,az] +% Z 92,2(p0,07q0,0)[pl,appl,Ug]}'

o1t+o2=m og1t+o2=m
01,02€7Z 01,02€7Z

3.3 The general expansion

Proceeding with full generality, we can easily convert the r = 2 example
of the last subsection into a general rule. Thus, for any r > 2 in (3.9), the

outcome is

S W+ iy =Y s ST S e

meZL n=1 k=0 meZLEL, . r

18



Z fn,k(Po,Oa(Io,o)[Pél,ala'" ,sz,ak][QekH,nga“' 4o, o eim“’t,
o€ln,m
0= ZZ kl(n —k)! Z Z On . (€) Z gn,k(Po,oﬂop)
n=1k=0 mezeeﬂnkr UEJn,m

imwt
[pfl,al’ T ’pfkﬂk] |:q£k+1»0'k+1’ e 7qén70'n:| € :

As before, we separate frequencies. For m = 0 it again obtain the non-
oscillatory DAE

pro sz' Z gnkr ) Z fn,k(p(),O?q0,0)

n=1 k=0 eﬂnkr O'EJn,O
[Prors apeM] [%H,JW SRR
0= ZZ kl(n Z On e, (£) Z Qn,k(po,oﬂo,o)
n=1 k=0 ZGHnrk UEJn,O
[pfl,vl’ T ’pfkﬁk] [q5k+1,0k+1’ e 7q[ﬂ,70'n:| )

accompanied by the initial conditions p,.4(0) = —>_,, . Py (0) to solve for
Drp and q, 5. When m # 0 we have recursive formula for p,; ,, and gq,. ,,,,

1
Pritm = { — Dy + F1.0P0.0:90.0)2rm + F1.1(P0.0 90.0)Prim

+ZZ kl(n Z On g, (£) Z Fn (P00 20,0)

n=2 k=0 fEHn k,r oCln,m

[pfl,al’ T ’p@kﬂk] [qfk+170k+1’ e ’qfn,an} }7

' n
1
9rm = —91 O(Po 0 4o, 0) {91 1(Po 0:40 O)prm + Z Z 7@ (n— k)!
n=2 k=0
D Onkr@® D 9uk(Poo 900)
Ze]ln,k,r O'GJn,'m

[pehffl’ T ’pek,ak] [q€k+170'k+1’ T ’qen70'n:| }
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3.4 An example

To illustrate the above formulee, consider the nonlinear circuit in Fig. 3.1.
Its behaviour is governed by the equations

C; dzit) " “g) + i(t) + Sipj tanh (;’:; v(t)) = h(t) + e1(t),
Ldii(tt) —o(t) =0, (3.12)
e(t) — Rh(t) —v(t) =0, t>0,
where I;;) = Sinj tanh (Ghv(t)/Sinj)-
hit) - +

Figure 3.1: The nonlinear circuit (3.12)

The circuit DAEs may be rewritten in the form of (1.1)

da(t)
dt

— fay®) + o)
0= g(a,y(t)) + e(t),

where @(t) = [v(t) i(t)]T, y(t) = h(t) and

- [v(w /R +i(t) + Siy; tanh ( G v(t)) - h(t)} /Chn
v(t)/L
gl@,y) = —v(t) — Rh(t),  ei(t) =e“",
e(t) = Ainj sin(2r fut) 1 Ay (e — et

Y

flz,y) =

27 f, w2
with w = 27f, and x(0) = [1 0]". In addition, ai(t) = [1/Cy 0],
bi(t) = AQii“j and b_1(t) = —=f. The source of nonlinearity is the term
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tanh (Gnv(t)/Sinj). The DAE does not have a known analytical solution,
hence we have used a reference solution, employing the MAPLE DAE routine
procedure with the very high error tolerances AbsErr = 107! RelErr =
10719, For the numerical simulations we have set L = 107!, R = 10,
Cin = 0.2533, Ajpj = 10, Sinj = 1/R and G, = —1.1/R. Our asymptotic
expansion is of the form

w(t) = [((tt))] = Pyt +Zwr Z Py (1)€Y,

m=—oQ
h(t)=qoo(t) + D — D qrm(t)e™".
r=1 w m=—o0

The purpose of this example is to illustrate the computation of the first
terms in these expansions.
In the case of r = 0, the non-oscillatory equations for p,, and o0 are

T
1
p670(t) = f(p070a q0,0) + aO(t)a t > 07 p070<0) = |:O:| 3
0= 9(Po,0:90,0);

and the recurrence is p; ,, = an(t)/(im). Since a,, = 0 unless m = 1, the
only nonzero term of this kind is p; ; = [~i/Cin 0]"
Since

1/Cn
fl,o = [ /O ] ) 910 = —R, gi11 = [_1 O]a

f _ |: {1/R + GH [1 - tanh2 (an(l),o(t)/sinj)] } /Cin 1/C(in
. 1/L 0 ]’

where pyg = [p(lm paO]T, the leading terms p; , and g1 based on our
expansion are computed by the non-oscillatory DAEs

F1.0(Po,0:9,0)q1.0 + F1.1(Poo>20,0)P10> 1 =0, P1(0) =—p;:1(0),

p10()
0=—Rqo+[-1 0]py -

Forr=1and m #0

qim === {[1 0Py — b},

=Vl
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T
1 1
Doy = m { |:Cin 0] Q,m + f1,1(po,o, Q0,0)Pl,m}'

Since
f2,0 = f2,1 =0, 920 =921 =922 = 0,
2G3 Gh G
o= [ (frhd0) [ (Gb0)] ]

0 0
the DAE for r = 2 is

1
P20 = F1,0(P0,0,90,0)92,0 + F1.1(Po,0: 90,0)P20 + §f2,2(P0,0) Q0,0)P%,oa
0=—Rgo+ [—1 0] pyy.
The initial condition is

P2o(0) = [ B {2 — AinjCin + RGI/[(lc;;nm (

S)]}/chn

Moreover,

1
q2,m = E[_l 0 ] P2m> m 7é 0.

Figures 3.2-4 display the errors es; and €5, where
eo = |x(t) — poo|,

1 .
—Poo— —(P1o 1,1 “h,
x(t) — p Cu(p + py 1)

el =
_ _ _ l iwty i iwt —iwt
e2 = |z(t) — Py w(Pl,o + py 1) o2 (P20 + P21 + Dy _17)
for 2(t) = [v(t) i(t)]T and
€0 = |h(t) — qo,0!,
1 . y
€ = ‘h(t) — Qo0 — a(qm + g1 +q1_1e7 )|,
1 iwt —iwt
€2 = |h(t) — qo0 — a(qLo +qr1e" +qi,—1e7)

1 | -
— ?(CD,O + g1 + g _1e7)

for h(t) for the cases w = 2007 and w = 20007. Consistent with our theory,
the magnitude of the errors reduces as w increases.
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Figure 3.2: The errors for v(t) for w = 2007 (top row) and w = 20007
(bottom row): from the left e, e; and es.

4 Conclusions

Differential equations with highly oscillatory forcing terms are ubiqui-
tous in many applications, since the forcing term corresponds to a high-
frequency input into a dynamical system. Their solution by standard nu-
merical methods is radically restricted by the requirement that the step size
should scale as the reciprocal of the largest frequency. This explains recent
interest in computation which combines numerical and asymptotic insight,
e.g. [1, 3, 4, 9]. This has been focussed on ordinary and partial differential
equations, inclusive of the multi-frequency case [2], with a single paper on
delay-differential equations [5]. However, many realistic problems occurring
in circuit simulation require the solution of DAEs: this is the first paper
addressing the solution of DAE systems with high-frequency input using
asymptotic-numerical techniques. We have demonstrated that the solution
of such equations can be approximated to an exceedingly high precision
using solely non-oscillatory computations — whether the solution of DAESs
with no forcing terms or straightforward recursion. The oscillation is intro-
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Figure 3.3: The errors for i(t) for w = 2007 (top row) and w = 20007
(bottom row): from the left e, e; and es.

duced into the computed solution only once the non-oscillatory ingredients
are synthesised in a simple manner. Paradoxically (unless one is familiar
with an asymptotic ‘frame of mind’), the precision for fixed computational
cost increases with frequency.
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