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1 Introduction

Regular Sturm-Liouville problems in Liouville’s normal form, with continuous and piece-
wise analytic potentials

i) +qO)ya(t) =Ayy(t), t€lab], abeR, AER,
g € C°([a,b] = [gmin, gmax]) is piecewise analytic, y; € C*([a,b] — R), (1
and self-adjoint separated boundary conditions
aiyy (@) + oy (@) =0, aj,€R, of+a3 >0,
Biya(b)+Bayy () =0, Bi,p2€R, B +p3 >0, 2)

are ubiquitous in applications, and it is of great interest to analyse, discretize and implement
numerical methods to compute their eigenvalues and eigenfunctions (1,y; ).
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The current paper concerns the discretization of the novel approach to the computation
of Sturm—Liouville problems via Fer streamers, introduced in [14].

The motivation to discretize the new approach via Fer streamers stems from the local
and global error estimates in [14] which guarantee large step sizes uniform over the entire
eigenvalue range and tight error estimates uniform for every eigenvalue. The current paper
shows how to retain these advantageous features under discretization.

1.1 Uniform versus asymptotic error estimates

It is well known that (I)-(2) possess a unique countable family of solutions {4;,y;, } jezd
and that its eigenvalues are simple, bounded from below and accumulate only at infinity as
well as that its eigenfunctions oscillate as functions of the eigenvalues [13], namely

Aj < Ajyi, (A;/ %) = () (b—a))?, ¥, has exactly j zeros in (a,b). (3)

lim
J—rtoee
Moreover, a representation of the (A,y, ) is given by the solution of the initial value problem

Y;L(t):{q(t)o_l(l)]Y,l(t), t€la,b], abeR, AER,

g € C%([a,b] = [¢min,gmax]) is piecewise analytic, Yj, : [a,b] — R**2, @
with initial condition
10
Y}’((l) - |:0 1:| 9 (5)

which characterises the eigenvalues as roots and the eigenfunctions via the transition matrix

{)Lj}jez3 = {JL €ER: det({o(‘)l Oﬂ + L?l 02] Y/l(b)) :0}, Bigiﬂ =Y, (c) Biggﬂ)

To compute (A,y; ) one can then for instance set up a mesh with m € Z" intervals

cop:=a<c<--<cp:i=b, h:=cpe1—ck, hmin::mkin{hk}, hmax::m]?x{hkL

)
and approximate (4,c;) — Yy (cx) by integral series techniques, which require truncation
of the series and discretization of the integrals.

The Fer streamers approximation to (A,¢) — Y, (¢) in the truncation of the integral series
in the lead paper [[14] and in the discretization of the multivariate integrals in this paper, is
virtually unique in the literature because it is based on the uniform regime

Bimax — O, uniformly w.r.t. & € [Gmax — fipays +0) - ®)

The only partial exception known to the author is the use of Magnus expansions in [[11]
which yields a method with global order four based on the bounded uniform regime

h— 0", uniformly w.rt. A € [—h~ % h %]

The theory based on the uniform regime (8] is very different from the theory based on
the asymptotic regimes common throughout the literature

A fixedand b — 0", )
h fixed and A — oo, (10)
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e.g., in the piecewise perturbation methods [7], in the right-correction Magnus series [2] and
in the modified Magnus methods [9].

In addition, one can consider another regime. Namely, there are well known asymptotic
formulas for A;/j* in j — oo, of which the leading term is given in (3), which can attain
high order for ‘large’ eigenvalues [[13]].

The main difference of the uniform regime (8) over the asymptotic regimes (@)—(I0) is
that the former yields approximations which hold uniformly in (4,4), while the latter only
controls errors in one variable at a time in either / (with fixed A1) or A (with fixed h).

This has important consequences for the size of the constants in the big & notation in the
approximation estimates as well as their sampling requirements and their ranges of validity.
These manifest in four ways: Firstly, (9)—(I0) often lead to truncation estimates with ‘large’
constants in the big & notation for ‘intermediary’ eigenvalues. Secondly, (9)—(I0) usually
result in more function evaluations for ‘intermediary’ eigenvalues. Thirdly, (9) can lead to
quadrature estimates with ‘large’ constants in the big & notation, which are applicable only
to ‘small’ eigenvalues. Fourthly, (I0) is usually used with highly oscillatory quadrature,
which is applicable only to ‘large’ eigenvalues and non-resonant integrals.

To illustrate the first point above, note the increase in global order from 6 to 8, legitimate
under @, in the truncation of the integral series in [2, Theorem 2] and [9, Theorem 4.2], is
built upon Taylor expansions of oscillatory integrals. Thus, the &'(h'°) terms in [IL p. 35]
and [9, p. 759] grow with A. As a consequence, the constants in the truncation estimates
grow with A and are therefore applicable only to ‘small’ eigenvalues.

As for the second point above, the localized increase in function evaluations outside of
@)—(I0) can be traced to the quadrature estimates in [4] for the integral (which appears in
approximations for global order greater than or equal to four)

1 c+h
h/o Ay (ht)eitwl-r”dl‘, o = 2\ A — %,
which vary for non-oscillatory @) ;| < 1, highly-oscillatory @) _, > 1 and intermediate
|@y, | ~ 1 regimes, where the first two arise from ©)—-(10), and the last arises from ‘inter-
mediary’ (A,4). With p quadrature points, quadrature estimates read [4]: &'(h**~!) in (@),
ﬁ(hp“/wih) in and O(hP*1) for ‘intermediary’ (A,h). The ratio (p+1)/(2p —1)
then quantifies a 50% increase in sampling required for ‘intermediary’ eigenvalues.

Ref. [4] also clarifies the third point above since it is precisely to account for ‘large’
constants in the big & notation that the aforementioned estimates for |@) ,| ~ 1 are worse
than the ones for |@, ;| < 1.

For the fourth point above, we note that quadrature estimates that rely on (I0) often arise
from asymptotic expansions in @y j, >> 1 [4]. However, since for fixed @), 4, smaller 4 leads
to larger A, these estimates are only valid for ‘large’ eigenvalues. In addition, quadrature
estimates under @, , > 1 are often valid only in the absence of critical points and subject
to a non-resonance condition [6]. In the context of the integral series in [7,12} 9, [14] and this
paper, these considerations are key since the non-resonance condition is not satisfied in the
integral (which appears in higher order approximations)

1 t 7 .
! /0 /0 1 (A (h2), A Chir) | 0@y

Working with (8) rather than (9)—(I0), Fer streamers bypass such issues and control the
truncation and discretization of Sturm—Liouville problems with error bounds which hold
with large step sizes equally well for all ‘small’, ‘intermediary’ and ‘large’ eigenvalues.



4 Alberto Gil C. P. Ramos

1.2 Geometric integration

The Lie-group and Lie-algebra
SL(2,R):={UeR>?:det(U) =1},  sl(2,R):={VeR™*:tr(V)=1},
play a natural role in the qualitative approximation of the solution of {@)-(@) given that
Y; ([a,b]) C SL(2,R).
We note that the Fer streamers approximations and the methods in [2| 9] preserve this geo-
metric property, unlike the methods in [7].

1.3 Computational complexity

We now discuss how the computational complexity of Fer streamers compares with other
geometric integration techniques.

1.3.1 Number of steps in each numerical mesh

The truncation in [14] and the discretization in the current paper are based on the following:

Assumption 1 One has that ¢q is continuous in [a, D], q\[cz ] is analytic in [c, ¢x41] and
ket

A 2 min - hmax < I/VQmaX_qmina (11
A< dmin - hmax < 1/ V qmax — 2‘7 (12)
hime
hmdx < 2 (this constant can be increased). (13)
min

Assumption (12)) prevents ‘large’ constants in the big & notation in the error estimates.
In detail, if A < g, then the argument of certain hyperbolic cosines and sines is positive.
If left unchecked, the argument becomes unbounded and the hyperbolic functions grow
exponentially with the size of the argument. Assumption (I2)) guarantees that the positive
argument and the hyperbolic functions are bounded by a small constant. Since [2| p. 423]
assumes that A >> gmax, this issue does not arise. Ref. [9] does not assume A > gpmin, and
disregards this issue. As discussed in [14], there are Sturm-Liouville problems where (T2))
is automatically satisfied since there do not exist eigenvalues smaller than gp;y-

Assumption enables an unhindered transition of the error estimates between the
uniform regime (8). In addition, it quantifies the impact of the magnitude of the potential
to the Fer streamers approach to Sturm—Liouville problems. The fact that the scale of the
potential influences the step size is noted, but not quantified, in [2} p. 416] and [9, p. 761].

We note that assumptions (TI)-(12) use the knowledge of a lower bound to the minimum
of the potential and an upper bound to its maximum. In [2] the knowledge of gmax is required
since it focuses on A >> gmax. Ref. [9]] does not use this information, since it does not control
the positive argument of certain hyperbolic functions for A < gmin-

Assumption (I3) controls the non-uniformity of the mesh, which is intrinsically related
to the size of the constants in the big & notation in the error estimates.
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1.3.2 Error estimates and evaluations of the potential

The discretization in this paper with global order 4, 7, 10 with respect to requires 3,
6, 9 (one at the right boundary and the rest in the interior) evaluations of the potential per
mesh interval. Given the potential is continuous, this translates to 3m+ 1, 6m+ 1, 9m + 1
evaluations of the potential for a mesh with m intervals.

The discretization in [2] p. 422-429] with global order 4,8 with respect to the regime (O)
requires 2,4 (interior) potential evaluations per mesh interval, which corresponds to 2m,4m
potential evaluations, for a mesh with m intervals. It is also shown in [2| Eq. 48] that the
global error in that work is bounded in the regime (I0).

The work by [9] extends the work by [2] from A >> gmax t0 A < gmax and suggests
different potential evaluations. For global order 4, 8 it uses 3,5 (one at each boundary and the
rest in the interior) potential evaluations per mesh interval. Since the potential is continuous,
this results in 2m + 1,4m + 1 potential evaluations, for a mesh with m intervals.

As discussed in Subsection[I.1] the 50% increase in function evaluations from (©@)—(T0)
to (8), is necessary for quadrature over ‘intermediary’ eigenvalues.

1.3.3 Amount of linear algebra

The discretization in this paper boils down to the quadrature of integrals of the form

1
h/o 7, (ht)dt, (14)
1 1
hz/o /0 [Z) (hty),Zy, (hty)]dtrdty, (15)
1 1 t
h3/0 /01/01 (Z,, (ht3), [Zy (hts), Zy, (hty Y]] desdiadty, (16)

where ¢ — Z, (ht) possesses a plethora of behaviour that varies with (A,4). The quadrature
schemes in this paper are based on uniform approximations of Z, (ht) in (1,¢) by Z;L’h(t)
with the property that (T4)-(T6), with Z; (h-) replaced by Z; (), can be integrated exactly.
Thus, the amount of linear algebra in the discretization schemes can be quantified by the
number of terms in each integrand in (T4)—(T6) with Z; ,(-) instead of Z; (h-), which grows
exponentially with 7) base equal to the product between the number of summands in each
representation of Z, (ht) times the number of quadrature points, and, if) exponent equal to
the number of commutators in each integrand plus one. Fortunately, the exponential growth
of the number of terms in each integrand is heavily attenuated in the quadrature in this paper,
since it requires less sampling points for the higher dimensional integrals than for the lower
dimensional integrals, which represents a significant saving in linear algebra. In detail, in
the sense of , global order:

— four requires Z%‘h(t) with 3 sampling points for (T4),
— seven requires Z, ,(¢) with 6 sampling points for (T4) and 3 for (I5),
— ten requires Z; () with 9 sampling points for (T4), 6 for (T3) and 3 for (T6).

The discretization in [2] 9] with global order 4, 8 with respect to (O) requires the quadra-
ture, with different Z (ht), of (I4) and (I4)—(T3). In detail, in [2]] global order 4,8 requires
Z 2,1(t) with 2,4 interpolation points for every integral, whereas in [9] global order 4,8 in-
stead uses 3,5 interpolation points for every integral.

In particular, [2} 9] do not enjoy the heavy attenuation of the exponential growth of the
number of terms in each integrand described above for the quadrature schemes in this paper.
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2 Sturm-Liouville problems via Fer streamers and truncation error estimates

The Fer streamers approach to Sturm—Liouville problems introduced in [14] is built around
the Fer expansions representation of the solution of @)—(3) given by the integral series in
Theorem [T|below, which relate to the eigensystem of (I)—(2) through (6).

Definition 1 Let X,Y € 5l(2,R),/ € Z" and 7 € [cy,cr+1], and define

X) 1 smhM
X =exp(X) := cosh% [O ﬂ + TX)ZX’ p(X) :=2+/—det(X),
2
adxY := [X,Y] := XY — YX, Adggpx) Y := XYe X,
0 1
By o(ck,t) := [q(t) 2 0] ; D o(ck,1) / By o(ck, &
B)Ll Ck7 D)Ll l(ckt)Bl,lfl(Ckvl)v D)Ll Cka / BA] Cku

Theorem 1 ([3]) The solution of @)—Q) is given by the Fer expansions flow

F) (i, Cpyr) i= ePr0(hcikit) Pai(cucirr) . Y (cks1) =Fy (ck,cxn1)---Fa(co,cr).

In practice, integral series such as Magnus, Fer or Neumann expansions, require trunca-
tion of the series and discretization of the integrals, which with Sturm-Liouville problems
are challenging since the solution of @)—(3) is often exponentially large or highly oscillatory.

One of the contributions in [[14]] is to provide a reinterpretation of Fer expansions, which
bypasses such issues, and opens the door to approximate (A,7) — Y, (¢) uniformly and to
high order in (8], equally well throughout large, oscillatory and in-between cases.

The first insight in [[14] is to use Lie-group/Lie-algebra techniques to rewrite the infinite
series in Definition[I] which appear in Fer expansions and are hard to control, by amenable
closed-form expressions, named ‘Fer streamers’, given below in Theorem

Definition 2 Let X € s[(2,IR) and z € C, and define

sinh(z)
Z

cosh(z) —1  sinh(z) o) = cosh(z) —

2 - P\2) = 2

n(X):= HX][,I X]12 [X]g,lf,(p(z) = . -

Z
Theorem 2 ([14]) If{ € Z" and t € [ck,ciy1], then the infinite series in Definition for the
Fer expansions in Theorem[I|are given in closed-form by the ‘Fer streamers’
By (e t) =@ (p Dy -1 (cr:1))) adp, ,  (¢0)Ba1-1(ck:7)
+0 (p (Dasi(ee,))adhy | Brii(cen)-

Moreover, the first Fer streamer takes the form

glr) - 1118 ¢ (p (Dro(er1))) (t = ci)?
7 (B i (cx,1)) = t_icck —2¢ (p (Dz.0( Ck» 1)) (t—cx)? , (A7
k 30 (p (Dao(cks1))) P* (D olcst)) (1 —ci)
p (Dzo(cx 1)) =2(1 —cx) foaC)ac (18)

t—cy
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The second insight in [14] is then to partition the A-axis into

Ae [‘Zmax - h;lix:‘Zmin - 1} U [Qmax +1,gmax + h[;lng (19)
Ae [Qmin — 1, qmax + 1]» (20)
A € [gmax + B, +90), @1)

and use Fer streamers to control the quantities in Theorem T] via the bounds with respect to
(8) in Theorem 3]below, which make possible to derive the truncation estimates with respect
to (8) in Theorem @] below, which forms the main result in [14].

Theorem 3 ([14]) If Assumptionholds true, | € 7" andt € [cy,cr1], then it follows that
O0() O (hmax) .
) O] @ ana @),

max
eProlerck+t) ... Prolcoct) —

o(1)
ﬁ(l) V A —Gmax in @
M)A —gmx O(1) | ’

as well as
g 12 132 (6 (hax) € (Bag) €(1)] T, in (9) and @0),

E(Dlvl(ck’t)): I—1 5l 2=l o(1) o) T
1012 (A = )™ 7 [ e 2w (D], in @D

Definition 3 Let [r] € Z*, and define the
truncated flow: F, i (crycrnt) = Pro(euckit) o (Cciit) ... P (k)
truncated solution: ;) (cir1) = Fa 1 (cxscirn) -+ B (e1,¢2)Fp 1 (cos 1),

truncation local error: Lt/{"lf’ﬂ (ck,cry1) :=log (F;L (ck,ck_s_l)FZ?l(,] (ck,ck+1)> ,

truncation global error: GB[”F,‘W (ck+1) :=1og (Y,l (Ck+1)Y;,1m (CkJrl)) .

Theorem 4 ([14]) If Assumptionholds true, and [r] € Z™, then
[rl . 3.20r_ T .

1412 s " [0 (hmax) € () €(1)] ", in (1) and @0),
[ olr]+1 _alrly (1) o(1) T
1012 B (2= )™ [ = 7% € (V)] in @D,

[r] 300 T .
1412 x> [0 (hmax) € () €(1)] ", in (T9) and @0),

o) o(1)

G A i 2l o) T
||q Hoo hmax ( —Qmax) 2 m A*Qmux ,in @

AL (e crnn)) =

”(G%ﬁ (cks1))=

Theorem Y| ensures the truncated solution Y, ,1(ck+1) with [r] =1,2,3,... yields an
approximation of the exact solution Y, (cx1) to global order 4,10,22, ... uniformly in (8).

In particular, Theorem [ reduces the problem of approximating the infinite product of
exponentials in the exact flow F (¢, ¢ 1) in Theorem to approximating the finite product
of exponentials in the truncated flow F?L,M (ckyCry1) in Deﬁnition

In addition, the fact that X — exp(X) has the simple form in Deﬁnition further reduces
the problem to approximating the finite number of exponents

Dj o(ck,crr1):Dai(crsret)s - Do (€rs apn)- (22)
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3 Discretisation error estimates

In the previous section, we have seen in Definition [3| and Theorem E| that F 2.0 (ck,Crs1)
and Y?L,M (ck+1) approximate F (cx,crs1) and Yy (cxt1) to global order 4,10,22,... for
[r] =1,2,3,..., respectively.

In the present section, we will develop specialized quadrature that approximates (22))
to high-order uniformly for all eigenvalues. This, in turn, will give rise to the discretized
flow K, ,(ck,cx+1) and discretized solution Y, ,(ck+1) in Definition |10] below, which will
themselves be computed exactly. Towards the end, we will prove in Theorem [T2]below that
these approximate the truncated flow F)L‘M (ck,cr+1) and truncated solution Y 207 (Cks1) to
global order 4,7,10 for r = 1,1og(3)/log(2), 2, respectively.

To this end, we begin with the observation that each exponent (22)) can be approximated
by multivariate integrals over polytopes, each of which is non-trivial, apart from the first.
Indeed, the first term amounts to the computation of

-20

Chk+1—Ck

0 1
D?L,O(Ckack+l) = (ck+1 *ck) [ﬁm (1)dt }
which can be carried out without concern, while the second term can be written as

Ck+1
D)L,l(ckackJrl):/ By i (ck,t)dt,

Ck

and the third term can be controlled by

Ck+1
D; o (ck,cry1) = / @ (p (Dz.1(cxs))) adp, | (¢ Bai(crs1)dr
Cr
Ck+1 )
+/ ¢ (p (Dai(ck1)))ady (Bt (e )dt
Ck ’
1 [+ [
**/ [B21(cks12), By 1 (crst1)] diadty

Ck+1 11 1
3/ // By 1(ck,13), [Ba.1(ck,12), By 1 (ck,11)] ] dizdnrdty

hm X hrznax :
||q,H4hrlnlax |: é( 2\) ) —ﬁ(( mdz) 11’1@311(1 @,
+ o(1) Aﬁ’(l)
75 A/ _ —{max .
Hq H4 max (A _Qmax) 2 ;(Zn)m - g(l) , 1n @,

Ckt1 11
= —*/ [B; 1(ck,12), By 1 (ck,11)] diadty
Ck Ck

O (hmax) O (h2ax) .
! 3 mdx N max 5 mn and R
1= | 1)~ () D
+ o(1) Aﬁ’(l)
— A —qmax —¢max .
||q H3 max (AfCImax) ! 4 (j(]) y mn @7
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where the first equality is due to Definition [T|and Theorem [2] and the last two follow from
Definition |Z| and Theorem El Hence, for global order less than or equal to ten, the second
and third terms boil down to quadrature of

Chk+1
/ Bl‘l(ckvt)dn (23)
Ck
Ck+1 [N

/ [By.1(ck,12),By 1 (c,11)] dirdty, (24)

Cl

Ck+1 [T h
/ / [Bu (ck:13), [Ba1(cks12), By 1 (ck,11)] | dizdnydiy . (25)

JCr Ck

In detail, Fer streamers require:

— for global order 4, the quadrature of @ to local order 5,
— for global order 7, the quadrature of 23)—(24) to local order 8,
— for global order 10, the quadrature of (23)—(23) to local order 11.

We develop quadrature of (23)-(23)) via representations of their integrands that exploit
their:

— magnitude to reduce quadrature points, function evaluations and linear algebra, and,
— behaviour to decrease quadrature error without using derivatives of the potential.

These quadrature schemes and representations vary across the three subsets (T9)-21) where
B, 1 (ck,t) exhibits different behaviour and magnitude.

3.1 Exposing the behaviour of the integrands

We start by making the behaviour of By, ; (ci,) explicit in Theorems below, which we
exploit thereafter.

Definition 4 Let

y 1 (ckst) =20 —ci) VA —qlek) & 1(cet) =y (ck,t) (raa(cst) —1),  (26)

Ji al&)dé
2'_ kt—Ck

A—q(ck)

ra(ck,t) = sy (crst) == 0y 1 (cr,t)€x 1 (Cry1)- 27

To provide intuition before plunging into technicalities, the reader should be aware that
the guiding principle that leads to the representations in Theorems |§HZ| below is to rewrite
the representation of By ; (cx,) in (T7)—(T8) in terms of trigonometric functions with the
argument @y, 1 (cx,?). To this end, recall (T7)—(T8) and invoke Definitions andto rewrite

p (D o(crs1)) = i@y 1 (e t)rp 1 (crst) =i (€21 (cist) + @ 1 (cxs1)), (28)
cosh (p (Dz o(cx,1))) = cos (&x,1 (cx, 1) + @y 1 (cx,1))

= cos (&3,1(cx,1)) - cos (07,1 (cxs1))
—sin (8&71(6‘](,1)) -sin ((L)A,I(Ck,[))7 (29)
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sinh (p (Dz o(ck.1))) _sin (ea.1(ckst) + @ 1 (cxs1))

p(Daolert))  oralant)rlent)
a1 (ck,t) — 1 sin (z;;L 1(%;))
=7, ’ -cos (@, {(ck,t
(k) £y.1(cr,t) (011 (k1))
1 sin (@2,1(ci.1))

) cos (&, 1(cx,1)) - (30)

rai(ckst 1 (ck,t)

Since ry, 1 (ck,t) is close to 1 and &y 1 (c,?) is close to 0 uniformly for every eigenvalue,
the behaviour of B | (c,?) will be encapsulated in terms of trigonometric functions with
argument @, (c,?), provided some care is taken to make every singularity removable. As
will become clear, this serves to make the behaviour and magnitude of By ; (ck,?) explicit,
which, in turn, serves to reduce the function evaluations and linear algebra in the quadrature
and to decrease the quadrature error without using derivatives of the potential.

To make this guiding principle precise the next definition introduces the non-oscillatory
parts f3 (cg,1), 13, 1(cx,t) and g, 1 (c,t), which appear below in Theorems Although
important, it is technical in nature and the reader is encouraged to glance over it and return
to it as required.

Definition 5
i a(§)dé
£1.1(ckt) == -2 ]
A 0\CkyE) - f—ct rkrl(Ck,[)
_ | -
(VA,l(CkJ) - 1) (r/l,l(ckat)q) (i'gl,l(ck>t)) - m:%(i%;(:)m))

a1 (cpst)—1 sin( &y, | (cg.t)
rnatnn) (e ena(en) - 5 )
et -1 . sin(g3, (cit)
« |72 (aalenn) = 1) (%‘7’(”&1(%”“%)

o) (COS (e,1(cx:1)) +m,1(6k7t)s/1,1(ck,t)%

By
1 (cxot)—1 sin( &y (cxt)
%rﬁﬁl(ck,t) (COS (8&31(6‘](,1‘))— lr;‘l(kck’;) Slngl};,(lckj;) ))
s C»t
—3r(e1) <COS (&1 (ct)) +rai(ex,1)sa 1(%0%)

q (<)
2

£y 1(ck,cr) = [10-10-23 _lf7

Iy a(6)as o (\/p D)LOCkaZ)))

q(t) — ==
1 1(cr,t) 5:# =2¢ (\/ (D o(ck,t ) ;

( p? (Dy o(cxt ) (Dy o(ck.1))

11 (crscr) i=
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1 a(§)d8
(o) = 19(1) = == 1
Brrleht) =3 t—cy rﬁ | (cxst)

i 1
1—cos Cks .
(raa(eet)—1) Leos(epa ) ra (o) sin (&1 (cx, 1))

sl.l(ck¢t>
ry 1 (cp,t)—1 si Creot
rten) (s (e ) - 25 L)

71 (cot)—1 sin( &y 1 (cr.t)
cos (&1 (cx1)) — zr;f(kc”) n;ﬁfckﬁ) )

’ )
in(é,1 (k)
e (COS CRIC) Jrr/l’l(ck,t)sl,l(ck,t)%
a1 (cxt)—1 sin(& 1 (cx:t)
ril(c}ﬁt) (COS (en1(cn) = A;/ll.l(lcck.l) E(A,ll(l%i) )>
~t (G (COS (e2.1(c61)) +rlﬁl(ck7f)sl,1(6k,t)%)
7 ()

.
gi(cee) = [10 -1 1 =11-1] .

With Deﬁnitionin hand, we encapsulate the behaviour of B, ; (¢, ) in the following three
theorems concisely via the Hadamard/entrywise product denoted by ©.

Theorem 5 If A lies in (T9) then

—cos c I—c [f2.1(cks1)]
O il CSIC0) P P S R S
(@1 (cx,1)) 0 0
[ -k (1.1 (ck,1)]2,1
+cos (@1 (1)) (1 —cx) [ (1 —ci)*| © | a1 (enst)lan
L1 [f1.1(ck,1)]6,1
On.1 (€1:1) 1 [f1.1(cr,1)]7.1
0 0
+0 (i- oy 1 (crs1)) (t—cx) | (t—ci)? | © | Br1(cst)]s,0
0 0

Furthermore, the derivatives f;j )1 (ck,t) can be bounded independently of A.

Proof Without loss of generality assume A € [gmax + 1, gmax + h;lgx]. The result follows from

(T7)—(I8) and Definitions 2] [5|together with (28)—(30). The terms are arranged to make
(t—ex) [t—cx (1—c)? 1]

explicit and to make every singularity removable. Finally, f;’ >1 (ck,t) can be bounded inde-
pendently of A since the derivatives of (Z7) can be bounded independently of A. O
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Theorem 6 If A lies in (20) then

-
By i(enst) = (t—cx) [t —cx (1 —ci)* 1] O1p1(cxy0).

Furthermore, the derivatives lij )1 (ck,-) can be bounded independently of A.

Proof Follows immediately from (T7)—(T8). O

Theorem 7 If A lies in (1)) then
1

1 —cos (@ 1(ck,t) N =) (g1 (ks )]
(B (ck1)) = o ( ( 'lt) )(tfclc) 0 (O] 0
.1 (ks 0 0
S|
Vi—alco) (82,1 (ck,1)]21
+cos (1 (cx,1)) (t — cx) )H;(CU © | [ga1(cx,1)]an
L [g2.1(ck:1)]6,1
. B O 0
s wl. (ckvt)
+ W(t —c) | 19 | © | (821 (cit)]s.
e L 1 [g2.1(cr1)]7.1
1
V() [g2,1(ck,1)]3,1
+sin (o1 (ce.t)) (t—ci) | 0 |© 0
0 0

Furthermore, the derivatives g;j)l (cx,t) can be bounded independently of A.

Proof The representation follows from (I7)-(T8) and Definitions 2] and [5] together with
(8)-(30). The terms are arranged in order to make

1 1 L
(t - ck) |: A—q(cy) A—q(cx) 1:|
explicit and render every singularity removable. Finally, g;j)l (cx,t) can be bounded indepen-

dently of A because the derivatives of (Z7) can be bounded independently of A. a

3.2 Exposing the magnitude of the integrands

Definition [6|below introduces Bg“f (ck,cr + hyt) as a means to decompose the fine and coarse
parts of By, ; (ck,cx + hyt). This fine and coarse decomposition is made precise with Corol-
laries|1H3|below which show that Bg?f(ck, ¢k + hyt) is O (1) uniformly over the entire eigen-
value range. It is then in the next subsection, in Theorems EHE that this fine and coarse
decomposition is shown to bear fruit in the form of reduced requirements for quadrature.

Definition 6 Let Bg"lf‘(ck, ¢k + hit) be the unique element in s[(2,R) such that
(B 1 (cx, ek + ut))
e [l B2 1] in (T9) and (20),

=: ﬂ(Bi?f(Ck,Ck‘Fhkt))@ 1 o
hy, [m A—q(cy) } , 1N @




Uniform and high-order discretization schemes for Sturm-Liouville problems via Fer streamers 13

The next three Corollaries follow immediately from Theorems 5H7] and Definition [6]

Corollary 1 If 2 lies in (I9) then @ 1 (ck,cx+1) € [0,2i] or @y 1 (ck,cks1) € [0,2V/2] and

t [fl 1(Ck,ck+hkt)]1 1
1 —cos (@ 1(ck,c t ) J
OB e ) = O] g 0
’ (o 1 (ck,crs1)t) 0 0
[ [fx,1(0k7ck+hkf)]2,1
+cos (wl,l(ckack+1)t) | o [£31 (crer Crc =+ hut) 41
R [£2 1 (crrcr +Mit)]s,1
. (7 [fl 1(Ckvck +hkt)]31
[0) , t : ,
+Sma() ”kl(ck Ck+)1t)) 0| ot 0
A1k Clet ] |1 [f21 (ckscx+Pit)]71
[0 0
+ 0 (i- 0y 1 (cr,cxe)t) |12 O [E11(corcx+mit)]sn |- (1)
0 0
Corollary 2 If A lies in (20) then
i T
”(Bgff(ckack'i‘hkf)) =[t 2 1] ©r1 (e, cx+ ). (32)

Corollary 3 If A lies in 1)) then @, i (cx,crr1) € [1,400) and

1 —cos ((D}L,l(ck,ckJﬁl)t) [gl,l(ckac(l‘c)+hkl‘)]1,l

@y 1 (Cr Crr1 )t 0

(B (e, cic+ Iut)) =

1821 (ck e+ i) 21 ]
+cos (@1 (e crs1)1) 1| 821 (crs e +Iut)]a
(2.1 (cr, cx +Mit)]6 1|
- 0 -
[82.1(ck,cr+hyt)]s 1
| [&2.1(cr, ek +Mit)] 7.1
(821 (ck, e+ hyt)]31

+ sin (w1,1(0k70k+1)f)f 0 . (33)
0

sin (wl,l (C‘k7 Ck+1)l)
0, 1 (Ck, Cy1 )t

3.3 Reduced requirements for quadrature

Theorems EHE below highlight the synergy between the Lie bracket and the representa-
tions in Theorems 5H7] Definition [6] and Corollaries [TH3} they act together to decrease the
magnitude of each multivariate integral, making it smaller than expected! In particular, as
discussed in the subsequent text, they illustrate that it is possible to use these representations
to develop a quadrature which exploits the magnitude of each integrand in order to reduce
the number of function evaluations and amount of linear algebra.
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Theorem 8 If A belongs to (19), 20) or 1) then

Ck+1 1 fine
n / By (cx,t)dt | == /B)Ll(ckack+hkt)dt
Ck ) 0 ’

W[ 2 1] ", in (T9) and (@0),
P [ S 1 T .
hi { A—qlcx) A—4ler) } , in ).

Proof Follows by straightforward computation from Definition 6] a

Theorem 9 If A belongs to (19), 20) or 1) then

Ckt1 11
7'[(/ / [Bk71(ck>t2)7Bl,l(Ck,tl)] dl‘zdl‘])
Ck Ck

1o oL

=7 (/o /0 [B/,{TT(Ck,Ck +hktz),B§'ff(ck,ck+hkt1)] dtzdtl)
[ 2 1], in (T9) and (©0),
4 1 1 o0t .
W —q(e0)? [y i 1] . @D,

Proof Follows by straightforward computation from Deﬁnition@ a

Theorem 10 If A belongs to (19), 20) or 1) then
Ckr1 [0 N
1 (/ / / [Bai(crs13), [Bai(crst2), By 1 (cx,1)]] df3df2dfl)
Ck Ck Ck

1 11 11 . . 5
= (/0 /0 /0 [Bﬁ;’li(ckvck“‘hk@)’ [Bﬁrf(ckvck +hkt2),B],‘{'ff(Ck7Ck+hkll)H df3df2df1>
W [ 2 1], in (T9) and @0),
_ 1 1 T
hg (;L —q (Ck)) : [ h—qlcp) A—aler) l} , In @

Proof Follows by straightforward computation from Definition [6] O

As a result of Theorems[8HI0] quadrature of (23)—(23) should be replaced with that of
1
/0 B (ck, i+ hut )t (34)
1 1
/0 /O (B (cx, cx +Tuta), B (cuo i+ huy) | diadi, (35)

1 1 1 . - -
/0 /0 /0 [BR]?T(Ck»Ck +hit3), [Bﬁ‘ff(ck, ek + hit2)  BE™ (cx e + hkh)” dizdnydty, (36)

since this results in fewer function evaluations and amount of linear algebra, given that:

— for global order 4, as a consequence of Theorem@ quadrature of (23) to local order 5 is
equivalent to quadrature of (34) to local order 3,
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— for global order 7, according to Theorem 8] quadrature of (23)) to local order 8 is equiva-
lent to quadrature of (34) to local order 6, and, following Theorem 9] quadrature of (24)
to local order 8 is equivalent to quadrature of (33)) to local order 3,

— for global order 10, Theorem@guarantees quadrature of (23) to local order 11 is equiva-
lent to quadrature of (34) to local order 9, Theorem []ensures quadrature of (24) to local
order 11 is equivalent to quadrature of @) to local order 6, and, Theorem @ ensures
quadrature of (23)) to local order 11 is equivalent to quadrature of (36) to local order 3.

3.4 Interpolation

We develop quadrature for (34)—(36) by polynomial interpolation of the non-oscillatory parts
of Bf‘ff(c‘k»ck + /’lkl‘), given by f/lﬂ (Ck,Ck + hkl‘), 11 (Ck,Ck + hkt) and 81,1 (Ck7 Ck +hkl‘), as
exposed in Corollaries This gives rise to the approximations f;ﬁ“f’z (ck,cr + hyt) in:

Definition 7 Let .7; C [0, 1] be formed by j distinct points and define
ﬁgr,liyj (cx,cx+Mit) € s1(2,R)

in each of (T9), (20) and 1) by the right hand side of, respectively:

- (BI) with ¢ — [f; ; (ck,cx + hit)]i1 replaced by polynomial interpolation at .7,
- (@2) with t +— [t 1 (cx,cx+ ht)]i1 replaced by polynomial interpolation at .7,
- (@3) witht — gy 1 (ck,ck + hyt)]i,1 replaced by polynomial interpolation at .77

The question then becomes which (j, ;) should be used for quadrature of (34)-(36) to
achieve prescribed local order. A question we address in the next three subsubsections:

3.4.1 Smallest number of interpolation points to be consistent with local order
Let 0 <11 <17 <--- < 7; <1 be j interpolation points and let  — Py, | (¢,.cothy),j—1(1)

be the unique j — 1 degree interpolation polynomial such that, for every I € {1,...,/},
Pr,  (cocrthy).j—1(T) = a1 (cx, ek + A ). Then [12] for each 7 € [0, 1], there exists & € [0, 1]:

W) (e, e+ i)
: [1¢—=)

J
fﬂ.,l(clmck +hkt) _pfl‘1<ck76k+hk~).j71(l‘) = j'
' =1

which yields the pointwise estimate (similarly also for 1, ; and g, ;): for each ¢ € [0, 1],
il

hi () ‘} Lo
I ¥Ry (| S

=1
Together with the discussion following (34)-(36), the error bound (37) dictates that:

— for global order 4, we need j = 3 for (34),
— for global order 7, we need j = 6 for (34) and j = 3 for (33),
— for global order 10, we need j =9 for (34), j = 6 for (33) and j = 3 for (36).

In particular, fewer interpolation points are needed for higher dimensional integrals than for
lower dimensional integrals, which represents a significant saving in linear algebra.

t [f/l,l (ks €+ Pt) = Pt (et ) j—1 (f)}
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3.4.2 Interpolation points that reduce quadrature error without derivatives of the potential

As in the analysis in [10, 15} 6] for highly oscillatory Fourier-type integrands, the mildly to
highly oscillatory behaviour in 1)) made explicit in Corollary 3] also suggests polynomial
interpolation at the endpoints since this yields smaller quadrature error. This would lead
to the evaluation of g ; (ck,cx), which depends on q (ck*): something that would be best
to avoid since the derivative of the potential might not be available. Fortunately, since in
Corollary|3|there is a ‘¢’ term in front of every * [gl, 1(cry e+ hkt)] i ,_ term, this is automat-
ically achieved at the left boundary point. Hence, there is no need to interpolate at the left
boundary point. As for t € (0,1], g 1(cx,cx + hit) does not depend on the derivative of the
potential and should be interpolated at the right boundary point. Given this, choose 1| :# 0
and 7; := 1, in which case, t = 1Py, | (¢, ., +1-),j—1(t) is the unique j degree interpolation
polynomial which interpolates ¢ - tfy | (ck, ¢+ hit) at the j+ 1 points {0,7y,---,7j—1,1}.

3.4.3 Data

As discussed in Subsubsections [3.4.143.4.2] it is beneficial to choose .7 := .%j_; U{l}
where ;1 :C (0,1) has j — 1 distinct points where j = 3,6,9 vary with (34)—(36) and
local order. To reduce potential evaluations, take .5 :C .5 :C .%%, in which case, one lets

& = .7 _, for global order [,

in which case, the polynomial interpolation in this section requires the following data
m—1 ~Cp+hyt Ckt1
U (tatanv{aasno., [ a@agre s hol [ gz} ) utaon

k=0 Ck Ck

If the antiderivative of the potential is not available, then it is possible to approximate, up to
local order, the antiderivative data

[ a@az s fol [* aerae)

by the polynomial interpolation of g(&) in & € [, cx+1] with the potential data

{g(ci)yU{gler+mt) it € Y U{q(crr1)}

and the exact integration of the result.

3.5 Quadrature

. . <fi < .
Definition [8] below introduces I;Lr’lie, yj(Ck,Ck_'_]) and I/l,i,.?]-(ckack-&-l)’ which represent the
quadrature developed above for (23)-23). In particular, il",-yyj(ck,ckﬁ_l) are given by a

. <fi . . . .
rescaling of 1 An,e 7 (¢k,cr+1), which, by construction, can be integrated exactly. Specifically:

— for global order 4, (23) is approximated by i,l’l’,)y_,) (CkyCht1)s

- for global order 7, (23) is approximated by I; 1 7 (ck, cx+1) and @) by I 5 7 (ck, cr1),

— for global order 10, (23) is approximated by I, | 7 (ck,c41), 24) by il{yz_(%(Ck,Ck_F])
and (23) by 1,1737%(Ck7ck+1)‘
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Definition 8 Let
1
i i
itz (ckscren) o= / B3t (cxscx + ) dt,
1/1;7 (ck>Crr1) —/ / n Ck7ck+hkfz)71~3?, - (cxs e+ ) [ diady,

1 1 ~.
Ifl 3,7, (CksCher) */ / B 7(Ckack+hkf3)
[BA 1,7, (Ck, Ck + hita),
B/I,l.fy‘j (ck,cr + hety )] } dtzdtrdty.

Let also i/l,iﬂ,- (ck,ycrr1) € 5I(2,R) be the unique elements which satisfy
< +fi
2Tz, (cicxrn) = (T 7 (e i)
ALY S in (19) and (20),
2 1 1 T,
hi { A—q(cx) A—4ler) 1} , in 2I),
< <fi
”(Il,z,ﬂj(ck,ckﬂ)) = ﬂ(Ikl?g,,?,(Ckack+l))
W[ 2 1] ", in (T9) and (20),
© h
A—q(ck)
< +fi
T(Trs.7,(cicxrn)) = (115 7 (e i)

AL in (T9) and (20),

© ho | | -
LY S R — )
A —q(ck) [ A—qler) A=a(c) ] . in ZI).

1

1 1 T .
|:\/7L—q(ck) A—q(cr) } , in 2I),

3.6 Discretization error estimates

Definition [9] and Theorem [IT| below make explicit the quadrature error in Subsection [3.3]
while Deﬁnition@and Theorem@below clarify the manner in which the quadrature error,
which lives in the Lie algebra s[(2,R), affects the quantities in the Lie group SL(2,R).

Definition 9 Denote the quadrature of the integrals of Dy ; (ck,cxy1) and Dy, 5(ck,crv1) as
developed in Subsection[3.3] for r = 1,log(3)/log(2),2, i.e., for global order 4,7, 10, by
L1 7 (ckck), forr=1,
D; 1 (ckrcrpr) == Tp 1 7 (ckyckrr),  for r=1log(3)/log(2),
I,“ 2 (ck,cry1), forr=2,
as well as
0, forr=1,
D; o, (cks i) = 4 =311 2 (chs crrn), for r =1log(3)/log(2),
—%il72’%(6k,Ck+l) + %i,w’% (ckycrt1), forr=2.
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Theorem 11 If Assumption[I|holds true: if r € {1,log(3)/log(2),2}, then

T .
- 30r [ﬁ (hmax) ( max) 1) ,in @_@)’
Dy i(ckscrr1) =Dpir(ckscirt)) = Bax [ o o

T
\/m A —Gmax ﬁ(])i| ’ in @)

Proof Follows from Theorems[8HI0|and the discussion in Subsection [3.4] O

Definition 10 Let r € {1,log(3)/1log(2),2}, and define the discretized flow, the discretized
solution, the discretization local error, and the discretization global error by, respectively:

eProlere L 1,7 (chocrsn
F) 1 (ck,crqn n0(ckscrr) a7 +)

— Drolererin) Jaz (Coens) = 211293(61(61(“)

F log(3)/10g(2) (€6 i

Prolercrin) Jra g (Cocint) =327 o)+ 3157 (CkaCkH)’

F (Ck7ck+l) Fk r(clacz)F/l,r(C07cl)a

)=

)

Fio(cp crnt) =
Vi (c) :
)=

(F)L 1 (cks ks 1)F er(ckvckﬂ)) )

Gdlsc (Ck+l) log (Y AT ]((”H‘l)?l r(Ck+l))

disc.
L35 (cks it

Theorem 12 If Assumption[I|holds true, and r € {1,log(3)/log(2),2}, then

O (hmax) ( max) 1) in (19) and (20),
o)

[
[ A—qmax ‘]max ﬁ(l)r’ in 1),

[0 (hmax) © (max)mnﬂ in (T9) and (20),
[

(LY (cpyCr1)) = !

R(GE () = A2 o

o], meD

Proof As with the proof of Theorem [] the main obstacle to estimate the local and global
discretization errors in Deﬁnition lies in that the lower-left entry of exp (D;L_O(ck, Cht1 ))
can be arbitrarily large, as described in Theorem@ This main obstacle can be circumvented
by calling upon three Baker—Campbell-Hausdorff (BCH) type formulas

eXeY = eX+Y+%[X Y]+ % (XX Y)Y, [Y X))+ (38)
XYoo X — eY+[X,Y]+%[X,[X.Y]]+% X, XX, Y]+ (39)
= exp (Adexp(x) (Y)) - (40)

Regarding local error, for r = 1 the local discretization error can be written as

L3 (ck, crg1) = log (FA,M (cxsca)JF7 ) (e crrn ))

=log (eDLU(CkakH)eD)L,l (€xscri1) g~ D211 (Ceschi1) g=Di o (ks ))
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=log (eDZ..O(CkaCkH)eDLI (crrck1)—Da 1 (Ck,Ck+1)+h-0-l~e*DA,0(0k~,L‘k+1))

= Ade (D o (crcen)) (D2 1(cxscrs1) =Dy 11 (cx, cxr) +hoout)
= AdeXP(D/I.O(CkA,CkJrl)) (Dl’l (C]“Ckﬂ) _DA’I"I (C]“Ck“)) thot

where the first and second equalities are due to Definitions[3]and[I0] the third equality is due
to (38) and the fourth equality is due to (@0). More generally, for arbitrary r, one can show

LS (crscapr) = Adeo(d, o(ercrsr)) (P, (€6 Ciest) =D g (e Cier)) +hot.

which, with Theorems [3] and [T1] yields the desired estimate. Regarding global error, for
arbitrary r, the global discretization error obeys the recursion relation with initial condition

G35 (c1) = Ly (co, 1) (41)
and general rule
dec (ckv1) =log (Y0 Ck+1)Yx ,(Ck+1))
= 10g (F 1 (et i) Va1 (@) Vi ) (e 7 i)
log( Ck,Ck+1)€ A (CUI:?Z,I,(Ck,CkH))
log( dlsrc (encnn 1:? (Ck,Ck+1)€G%i'S"CA(Ck)fTZIr(Ck,Ck+1))

10g( LS (cocrrr) eP10(Ck:Ci1) o GE () +hot. —Dao(ck7ck+1))

( (e xp (Ad‘?XP(DA,o(ck,CkH)) (de (ck) Jrh-O-t-) ))
(57 g 62 ) )

= L/Lr'(ckvckJrl) +AdeXP(DA.Q(CkVCk+1)) (Gdlsc ( k)) +h.o.t. 42)

where the first four equalities are due to Definitions [3] and [T0] the fifth to (39), the sixth to
([@0), and the last to (38). The global discretization error expressions @I)—(@2) then result in

G (cap1) = Adeyo(b, o)) (P (€6 Cieit) = Doy (e Cirn)) 4+
+AdeXP(Dl.O(ckﬁckJrl))"'eXP(Dl.O(C‘mCl)) (Dk,l(covcl) - Dl,l,r(C07C1)> +ho.t.

which, with Assumption [I] Theorem [3and Theorem|[TT] result in the desired estimate. O

4 Total error estimates

Having controlled in Sectionthe truncation error incurred from approximating F) (cx, cit1)
and Y (cx41) by Fy, i1 (cksc1) and Y, 171 (cky1) for [r] € ZT, and controlled in Section
the discretization error sustained from approximating F 4,7 (CksCiy1) and ?,17 i (cks1) by
F;L r(ck,cry1) and Y;L ~(cr1) forre {1,10g(3)/1og(2),2}, we now combine these results in
Definition |11{and Theorem |13|below which show that the computable quantity Sz(l_’,(cH 1)
approximates Y (ci+1) with global order 4,7,10 for r = 1,1og(3)/log(2), 2, respectively.
The eigensystem of (I)-(2) can then be safely approximated by replacing Y} (cy1) by
il,r(C]GFl) in () or in any other root-finding or shooting method that uses @)-().
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Definition 11 Let r € {1,1log(3)/10g(2),2}, and define the

total local error: LY ¢y, cxr1) :=log (F,l (ck,ckﬂ)l:?;lr(ck,ckﬂ)) ,

total global error: G“’[al (cry1) :=log (Yl((/‘k_'.])?Z.lr(Ck_‘_] )) .

Theorem 13 If Assumption[I|holds true, and r € {1,log(3)/log(2),2}, then

LY (g, cir) = Ly (ciscign) + L5 (ks i) + higher order terms, — in (9)-),
Gwml(ck+1) — Gl,m (Cryr1) + Glfr'(ck“ ) + higher order terms, in (19)-1).

Proof The first statement follows from
LY (e, crq1) = log (F/l (chyCry )ﬁ,{,lr(CkaH ))
=log (FA(CkaCkH)F,{,lm (ck>cra1)Fa 7 (Ck,Ck+1)1:7;L r(5k7ck+1))
= log (exp (Lt{un' (ks Crs1 )) exp (LA p (TN ))
=L 2.0 (ckscre1) + L/l " (ck, Crr1) + higher order terms,

where the first three equalities are due to Definitions [3} [T0]and [TT} and the last to (38). The
second statement can be derived similarly by replacing L, F, F.F by G, Y, Y. Y. O

The previous theorem links the truncation estimates in [14] with the discretization estimates
in this paper in that their sum controls the total error in the Fer streamers approach. As can
be seen from Theorems [ and[12} the bounds on the discretization errors

Ld,xi,src “(ckycre1), Gdlsc (Ckr1),

are larger than the bounds on the truncation errors

L)L [r} (Ck7 Ck+1 )7 Gt)fl,l[nr“ (Ck+] )

Hence, according to Theorem[I3] the total errors obey

Ly (i) = 0 (L (enan)), GE(en) = 0 (653 (cxnn) ).

5 Conclusions

It has been shown that to preserve the advantageous properties of the Fer streamers approach
to Sturm-Liouville problems in [14] under discretization, while simultaneously minimizing
the computational complexity by reducing function evaluations and amount of linear algebra
in the discretization, quadrature requires not the original representation of Fer streamers, but
rather relies on a characterization designed to expose their magnitude and behaviour.

Tight total error estimates, uniform for every eigenvalue, have also been established
that quantify the interplay between the truncation and discretization in the approach by Fer
streamers which have shown that the discretization errors outweigh the truncation errors.
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The principal advantage of the Fer streamers approach to Sturm-Liouville problems
is that its truncation and discretization error estimates hold uniformly for all eigenvalues,
which guarantee large step sizes over the eigenvalue range. This is especially significant
given that the error estimates in alternative techniques apply only to ‘small’ or ‘large’ eigen-
values (c.f. Subsection[I.T). Compared with the alternative geometric integration techniques
in the right-correction Magnus series [2]] and in the modified Magnus methods [9], which
do not possess error estimates uniform over the entire eigenvalue range, the Fer streamers
approach presents an interesting trade-off in computational complexity: although it requires
a 50% increase in function evaluations for each univariate integral in order to control all
‘small’, ‘intermediary’ and ‘large’ eigenvalues, it also enjoys a significant decrease in linear
algebra for each multivariate integral (see Subsection|1.3)).

These results open new questions which will be the subject of future work and include:

— Free Lie algebras, and,
— Step size strategies.

5.1 Free Lie algebras

As discussed in this paper, in order to approximate Y; (cx+1) by Y; ,(ckr1), it is necessary

= L . . =fi .

to compute F ,(ck,cx11), which itself relies on the computation of I,ff yi(c;ﬁckﬂ). Given
. ~fi . . T

that each integral I ;Lns 7 (ck,cr+1) can be integrated exactly by first expanding the individual

terms of the commutators of the finite sums in Ef{“i’y (¢k, ¢k + hit), then integrating exactly
every summand, and finally adding up all the integra{ted terms, a useful question is how to
perform such operations while incurring the smallest possible volume of linear algebra and,
by extension, running time. Since this volume of linear algebra relates to the number of
commutators that result from integrating the individual terms, there exist three mechanisms
that can be used to decrease this volume of linear algebra, which are:
— Firstly, free Lie algebra techniques and Hall basis, which lead to fewer commutators via
a systematic use of commutator identities such as: skew symmetry, Jacobi’s identity, etc,
— Secondly, when collected in a Hall basis, certain linear combinations between different
integrands are then identically zero, and,
— Thirdly, when collected in a Hall basis, certain linear combinations between different
integrands integrate exactly to zero.

Hence, these efficiency mechanisms will be explored to optimise running time.

5.2 Step size strategies

Another question for future work relates to mesh selection, which is known to depend on
the interval length and the local variation of the potential.
For illustration purposes, consider a mesh (7) with equal spacing and largest step size

that satisfies Assumption [} namely: m = [(b— a)\/Gmax — Gmin| and & = hpax = hmin =
(b—a)/m. In addition, take r = 1,log(3)/log(2),2 in Theorem[13] i.e., global order 4,7, 10,
and choose Brent’s derivative-free root-finding algorithm to solve (6) with Y, (b) replaced

by i';t_ +(b). For concreteness, take the Coffey—Evans problem [13] p. 283]
a=-n/2, b=m/2, B=30, gq(r)=—2Bcos(2t)+B*sin(2r)?,
yala)=ya(b) =0, a1 #0, Bi#0, m=p=0, (43)
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and the truncated Gelfand-Levitan problem p. 283]
a=0, b=100, q(r)= (32cos(t)(cos(t)+ (2+1)sin(r)))/((4+2t +sin(2r))?),
yl(a)—’_yll(a)zoa yl(b)zoa o :(12550’ Bl #0’ ﬁ2:0 (44)

For these problems, Figure [T] depicts the absolute and relative errors between reference
eigenvalues and eigenvalues computed via Fer streamers with the procedure described above.

Figure [T] highlights two issues related to the mesh strategy described at the start of this
subsection. On the one hand, it yields step size & = 0.03 for {3) that gives relative error
around 107'6 for A > 0.5 x 10° which may be more accuracy than necessary, and thus may
consume more resources (e.g., running time or pointwise evaluations of the potential) than
necessary. On the other hand, for (@4) the same strategy yields relative error around 108
for every A with step size h = 0.57.

These examples illustrate the fact that the behaviour of the solutions of Sturm—Liouville
problems depend on the local behaviour of the potential g. With this in mind, one can:

- Relax Assumption [T] which currently uses global information about g, namely, its mini-
Mum gmin and maximum gmay, to instead use local information on each [ck, cx+1] based
on the pointwise evaluations of ¢ at the interpolation points of Subsubsection[3.4.3] and,

— Explore non-equidistant meshes, and investigate automatic mesh selection algorithms,
along the lines of [8]].

Hence, these mesh algorithms will be explored to optimise running time and to decrease
the number of pointwise evaluations of the potential function.

a=-157, b=1.57, =30.00, g=@(!)-2*beta*cos(2*)+beta’*sin(2*1) 2 a=-1.57, b=1.57, B=30.00, q=@(t)-2*beta’cos(2")+betasin(2+1).2
a,=1.00, 0,70.00, B,=1.00, ,=0.00 ,=1.00, 0,70.00, B,=1.00, ,=0.00
m=98,h__=h . =0.03 m=98,h__=h  =0.03

'maxmin 'maxmin’

—e—n=1 10° R
5 10° — n=log(3)/log(2) i 5 o

@ —&—n=2 5

H 210" d
% g ——n=1

—— n=log(3)/log(2)
—&—n=2

05 1 15 2 25 0.5 1 15 2 25

lambda (first 500 eigenvalues) . lambda (first 500 eigenvalues) .
x 10 x 10"
a=0.00, b=100.00, g=@(t)(32.*cos(t).*(cos(t)+(2+).*sin(t)))./((4+2.*t+sin(2.*t) 2 a=0.00, b=100.00, g=@(t)(32.*cos(t).*(cos(t)+(2+t).*sin(t)))./((4+2.*t+sin(2.*t) 2
O o O (2 s O o RO (2 s )
m=174,h__=h . =0.57 m=174,h__=h . =0.57
4

10" = T T T T 107

—e—n=1

—— n=log(3)/log(2)
—8—n=2
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=
)
relative error

—— n=log(3)/log(2)
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Fig. 1 Absolute (left) and relative (right) errors with Fer streamers with global order 4,7,10, ie., r =
1,log(3)/log(2),2, for the Sturm-Liouville problems [@3) (top) and (@4} (bottom).
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