Quadrature methods for highly oscillatory singular integrals
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Abstract

We study asymptotic expansions, Filon-type methods and complex-valued Gaus-
sian quadrature for highly oscillatory integrals with power-law and logarithmic sin-
gularities. We show that the asymptotic behaviour of the integral depends on the
integrand and its derivatives at the singular point of the integrand, the stationary
points and the endpoints of the integral. A truncated asymptotic expansion achieves
an error that decays faster for increasing frequency. Based on the asymptotic analysis,
a Filon-type method is constructed to approximate the integral. Unlike the asymp-
totic method, the Filon method achieves high accuracy for both small w and large
w. The complex-valued quadrature involves interpolation at the zeros of polynomials
orthogonal to a complex weight function. Numerical results indicate that the complex-
valued Gaussian quadrature achieves the highest accuracy when the three methods are
compared.
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1 Introduction

We shall consider two kinds of highly oscillatory singular integrals as follows

b
I[f] = /0 7 f (x)e“I®) g (1.1)

and

b
I[f]:/o log z f(x)e“9™®) dz, (1.2)
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where, f and g are sufficiently smooth functions, |w| is large and « € (0, 1).

Such integrals occur, for example, in the computation of integral equations with sin-
gular kernels and are ubiquitous in electromagnetic calculations [17, 18]. Our placement
of the singularity at the origin is for convenience only, e.g.

b
/ |z — |7 f ()9 dy
ac—a ] b—c )
= / 27 f (e — x)e“I T dy + / 7 f (e + x)ewI T dy,
0 0

where ¢ € (a,b).

We note in passing that the computation of singular highly oscillatory integrals has
been already considered in literature [1, 8, 9, 15, 19]. The purpose of this paper is to
bring to bear on this problem the full power of modern machinery for the computation of
smooth highly oscillatory integrals.

Before we embark on our analysis, it is interesting to investigate what can be achieved
by a simple change of variable in (1.1), z = t'/(1=%)_ This results in

11—«

b
1) = — / f (tl/(l—a)) Siwg(#1/0-20) 4
0

Cl-a

In principle, we could have asymptotically expanded an integral in the above form except
that, unless 1/(1 — «) is an integer, this may introduce new singularities at the origin
and the outcome is probably more complicated than our subsequent analysis for (1.1).
However, if & = (m — 1)/m, m > 2, then

bl/m
ﬂﬂ:mé F(E™)ew9t ™) qg.

In other words, a weak singularity at the origin is equivalent to a stationary point subject
to the above change of variables. This can easily be seen for the simple oscillator g(x) = x:
the ‘price’ of eliminating the singularity is a more complicated oscillator, g(t™), with an
(m — 1)-fold stationary point at the origin.

For a general value of o € (0, 1), however, the setting is more complicated. In the case
of an oscillator g(x) = 2P, p € N, where it is known that

b
L/f@WWQwNO@AML
0

it is possible to prove directly from the transformed integral using the asymptotic approach
of [13] that

b
/ 7 f(2)e“ dz ~ O(w™(1-2)/P),
0

We do not pursue this approach further because asymptotic expansions and numerical
methods based on the original formulation (1.1) are in our experience simpler.

Insofar as the integral (1.1) is concerned, in the case of a fractional o < 0 we have a
proper integral and the Filon-type approach of [13] is applicable, but only up to a point,
since the integrand therein is not C'*°[0, ] and we cannot expand asymptotically beyond
| —a]. However, once we can deal with the singular case, the case of & < 0 can be
accommodated.



The logarithmic oscillatory integral features in electromagnetic shielding problems [9]
and acoustic scattering at high frequencies[4]. The traditional boundary element method
for solving high-frequency acoustic scattering problems suffers from excessive computa-
tional costs since polynomial basis functions cannot describe the characteristics of the
oscillatory solution accurately at high frequencies. To remedy this, there exist some high-
frequency discretization methods, such as the hybrid numerical-asymptotic boundary ele-
ment methods [4] and the partition of unity boundary element methods (PU-BEM) [21].
These methods employ basis functions with oscillatory characteristics to approximate the
oscillatory solution. Another method is the Filon-Clenshaw-Curtis method in [7]. In
particular, consider PU-BEM method for a boundary integral equation,

u(p) 9G(p, q)
/|

W — ozG(ILQ)] u(q)dl'y = /pﬁG(p’q)dr(Q) + ui(p)’ (1.3)

where G is the Green’s function, I' is the scatterer boundary and u’ is the incident plane

2

wave. The source point is p € I'. The Robin boundary condition

ou
%_au—i—ﬁ,

is assumed. The boundary line I' is partitioned into N, elements and each element e is
mapped onto the parametric space & € [—1,1). The Partition of Unity expansion for the
potential at a point q on each element is

J M _
u(Ce(q) = ) Nj(&)e ™ IAg i, (1.4)

j=1m=1

where J is the number of nodes on the element, N; is the usual Lagrangian polynomial
shape function for node j, d,, is the unit vector describing the direction of propagation
of the m-th plane wave in a set of M plane waves. Applying (1.4) to discretize (1.3), we
obtain several oscillatory integrals e.g.

: 1
= /_1 HP (wr) N (€)edm &) (g, )dg..

The numerical steepest descent method was successfully applied for this integral in [10] to
reduce the computational effort. To design an effective quadrature method, we are more
interested in the asymptotic analysis of this kind of integral. Note that as the distance r
goes to zero, the Hankel function behaves as

H (wr) ~ 2 log(wr),
™

referenced from the website http://dlmf.nist.gov/10.7. This results in the requirement
for asymptotic analysis of a highly oscillatory integral with a logarithmic singularity.
Integrals of the form

b
/ f(x)e“I®)dg, w>1,
0

where f and g are sufficiently smooth functions, appear in a very wide range of applica-
tions and their computation by conventional quadrature methods is exceedingly expensive
and inefficient: essentially, the number of quadrature points must be O(w) [5] and this is
prohibitive for large w. Unlike traditional quadrature methods, based upon local Taylor



expansions, a new type of highly oscillatory quadrature algorithms — asymptotic expan-
sions and Filon-type methods introduced by Iserles and Ngrsett [12, 13], Levin methods
[16, 20] and the numerical steepest descent methods of Huybrechs and Vandewalle [11]
— excel in the presence of high oscillation. All such methods are based upon asymptotic
expansions and their accuracy scales like O(w™P~!) for some p > 1. In other words, their
precision increases with growing frequency. Furthermore, the complex-valued Gaussian
quadrature studied in [2, 6] can obtain an optimal asymptotic order. The existing theory
of highly oscillatory quadrature, however, does not extend to the presence of singular inte-
grands. Therefore, it is necessary to study the asymptotic properties of highly oscillatory
singular integrals.

The theme of this paper is the development of efficient quadrature schemes for integrals
of the form of (1.1) and (1.2). This is not a straightforward generalisation of standard
theory. All modern highly oscillatory quadrature methods, whether Filon-type, Levin-
type, computational stationary phase or their combinations, are based upon an asymptotic
expansion of the solution in inverse (but not necessarily integer) powers of w. Although,
as we demonstrate in the sequel, this can be extended to the current setting, the extension
is nontrivial because the weak singularity at the origin interacts with other aspects of the
asymptotic expansion.

We explore three typical quadrature schemes for highly oscillatory integration. Their
asymptotic properties and related expansions are formulated in Section 2. Based on this
analysis, Filon methods are constructed in Section 3. Both sections are accompanied by
relevant numerical examples. Section 4 displays the numerical results of the complex-
valued Gaussian quadrature.

Before we commence with our asymptotic analysis, we first define the generalised
moments of I[f] in (1.1) and (1.2)

b
uj(oa,w):/ xj_o‘el‘“g(x)dx,
0

b . .
vj(w) :/0 27 log eI d .

2 Asymptotic analysis of highly oscillatory integrals with
power-law and logarithmic singularities

In this section we are concerned with the asymptotic analysis of highly oscillatory power-
law integrals (1.1) and logarithmic integrals (1.2). Given that the presence of the station-
ary point determines the result of asymptotic analysis, we will present the theory first
without and subsequently with stationary points.

2.1 Asymptotic analysis of power-law singularity

We commence with the case ¢'(z) # 0 for the integral (1.1) before extending to more
complicated oscillation with stationary points. In contrast to the non-singular oscillatory
integral [13], our first step is to examine the behaviour of the moment function u(a,w)
which constitutes an important part for the asymptotic analysis. Firstly, the moment



function is bounded,

b ) b pl—o
lpo(asw)| = / x e wI@) gy S/ x” %z = .
0 0 1l—«

To get a sharper upper bound, we separate the interval of integration into

b € b
/ %Iy :/ %Iy —|—/ $_aei“g($)dx,
0 0 €

where a small number € > 0 will be set momentarily. Different choices of ¢ determine

different upper bounds and in the next lemma we choose an optimal value of € to get the
least upper bound.

Lemma 1. Given w > 1 and ¢'(z) # 0, x € [0,b], the zeroth moment function po(o;w)

satisfies
b
/ x—aeiwg(m)dx
0

Proof. Assume a small number ¢ > 0. We write the moment in the form

b € b
/ r%ewI(®) gy :/ %W qy +/ %W qy,
0 0 €

(o)) = ~ 0w (7)),

The first integral on the right side is O (el’o‘). The remaining integral is non-singular and
can be calculated using integration by parts,

b ) 1 e . e
—« 1wg(x)d — iwg(b) & iwg(e)
/e AR [g«b)e 7@ }

1 [°d [z :
- et iwg(x) ~ -1 —«
o /6 I (g’(w)) e dz ~ O (w € ) .

Together then, the integral is bounded by O (61_"‘) + O (w‘le_“‘). We take € = w™! to
get the desired result. O

It directly follows from Lemma 1 that

b
/azo‘f(a;)ei‘”g(x)dx < Chw™ (179, (2.1)
0

where f is a sufficiently smooth function and the constant C is related to the upper bound
of f.

Based on (2.1), we deduce the following theorem.
Theorem 2. Assume that ¢'(x) # 0. Then for s € N and w > 1, the first 2s terms of the
asymptotic expansion of I[f] are

s—1 s

QA ~ o) X ) = 32 e P et ) s
for every smooth function f, where
ool )(x) = 1(a)
i) = LA A0 s
The corresponding truncation error is
1] = Q21f] ~ O (w07, (2.2)

5



Proof. Firstly, use subtraction to remove the singularity of x=¢,

b
/ SU—af(x)ein(w)dx
0
b b
:f(O)/O x—aeiwg(x)dx+/0 x—a[f(x) —f(O)]eiwg(x)dx

b .

= fO)o(as) + [ o) - FO
0

= f(0)po(a;w) + Iz,

where pg(a;w) is bounded in (2.1) and

b
fzzzjﬁ ro[f(x) — £(0)]e9@)dz.

The first term in the expansion of I is determined from

b bfir) — ‘
b= [[eelpw) - soenas = L [T ZHO et

_ 1 f) - f(o)eiwg(b) 1 [lim flz) — f(O)} 0it09(0)

iw  b2g'(b) iw [z=0  z%/(x)
_1 / P d f@) = £0) gy,
iw Jo de  z%g/(x)
_ i f(b) - f(O) eiwg(b)
iw  b*g'(b)
Lt P @) (@) = [F@) = FOIED + ¢"(@)] o
- T (§] dx
1w Jo g,Q(x)
provided that the function ! (i)jf ©) is continuous and that lim w = (. Since
z2g/(z) 0 g ()
op—1(x) — 0,-1(0) o = lim op-1(z) —0r-1(0) _ 0,
xg' (z) z—0 xg'(x)

we deduce the remaining terms using integration by parts,

111~ i) Y gl 10) = 3 i O St ety

k=0 k=1

[asy

sS—

(—iw)®
The result (2.2) follows. O
In particular, in the most important case of the Fourier oscillator g(z) = x and w > 1,
we have
b s—1 s
_ 1 1 O'kfl(b) - O'kfl(O) iwb
= f(@)e“ dx ~ po(osw) ok [f1(0) — “r,
/ 2 i L b
where

o4() :Z (]—i—k—a)gii)‘— a)(j—i—1—04)f(j+k)(0)$j7



(k—a)--(2—a)(l—a)

o4 (0) = . F#(0).

Also in the case of a stationary point, the key to asymptotic analysis is repeated
integration by parts. Once the function ¢'(z) = 0 at one or more points in [0,b], the
character of the asymptotic analysis depends on the stationary points, the endpoints and
the order of the singularity. Assume for simplicity that the integral (1.1) possesses just a
single stationary point at & € [0,b]. The extension to the case of more stationary points
is fairly straightforward. In addition, we only explore the asymptotic analysis for £ = 0
since in the case £ # 0 the integration can be re-arranged in this form. To start with, we
analyse the asymptotic order of the moment f(a;w) based on the method of stationary
phase [3, p. 279].

Lemma 3. Suppose that w > 1 and ¢'(x) has an r order stationary point at the point 0,
that is ¢'(0) = --- = g (0) = 0, g+ (0) # 0, then

b
/ 2= ews(@) 1
0

Proof. We separate p; into two terms:

b o) 0o
/ 27 %I g :/ —/
0 0 b

Using integration by parts, the second integral on the right behaves as

/ 217 wI@dy ~ O (w_l) ,

b

i (o w)| =

~0 ( —min(jﬁ?”l)) . (2.3)

since it is a proper integral without a stationary point in the interval [b, co].
To obtain the essential behaviour of the first integral on the right, we expand the
function g(z) in a Taylor series

Z 9 Q(T+ >( )xr+1 b= Q(TH)(f) 2
m' (r+1). (r+1)!

m=0

for some ¢ € [0, z], since g™ (0) =0, m = 0,1,--- ,7, and g+ (0) # 0. This gives
. glrt1)
/oo :Cj*aeiwg(x)dx N /00 Q;J N 1w(rf)(&) Tde_
0 0

Then we rotate the contour of integration from the real-z axis by an angle
gD (€) > 0 and make the substitution

2(1“11) if

)

(r+ 1)l 1/(r+1)
wg(’”“)(é)}

€r = 62(r+1) |:

(r+1)'u :| 1/(r+1)

where v is real (we rotate by an angle 5 SIcEay) ) if gt (€) < 0 with z = R ay [W

This yields

o0 gt j+l—a [ 1
/ TS VI d:L' ~ Cw™ 1 / e Uyt dy
0 0




Comparing the two orders, it follows that
+1—a
lpj(osw)| ~ O (max (w_JTH ,w_1>> .

Thus, the exponent min (] Jﬂla, 1) is the right one. This completes the proof of (2.3). O

Based on Lemma 3, it follows that

b
/ ™ f(2)e“I®) dz| < Cow™ r+1 (2.4)
0

where the constant Cs is related to the bound of the smooth function f as w — oc.
We commence from the simple case r = 1 and next progress to a general r > 1.

Theorem 4. Assume that ¢'(0) = 0, ¢”(0) # 0 and ¢'(z) # 0, x € (0,b]. For every
smooth function f and w > 0, it is true that

s—1 s—1
N Pk f] Pi f]
I}~ pola kzo (—iw) z;) (—iw)
o )kpk_l[fub) pkbl[ g)—pkl[ﬂ(owewg(b) 25)
k=1

with the error of O (w_s_(l_o‘)/Q), where

polfl(z) = f(z),
plf] () = xa% [Pklm (r) — pka:iggi(;) — ph_4[f1(0)x

When s — oo we obtain the asymptotic expansion of I[f].

Proof. Subtracting out the singularity, it is true that
b .
1= [ & s
0
b
= [ a1 @) = £0) = £/(0)z + F0) + £/ ©)a]H s
0
b . b .
= f(0) / %@ 4y 4 1(0) / 21 elws(@) gy
0 0
b
+ [l @) - 10) - £(Oald .
0
Insofar as the third integral is concerned, we use integration by parts to deduce that
b
| o lt@) = 710 - £l
0
_ i /b f(.’L') — f(O) — f/(o)xdeiwg(x)
iw Jo x2g'(z)

_ 1 [f(b) — f(0) — f/(o)beiwg(b) ~ lim f(z) — f(0) — f,(o)xeiwg(O)
iw beg'(b) z—0 zg' ()




where
polf](x) = f (),
o1 [f] (.’IZ) R — ddx pO[f]( ) - pxog;]/(((;))_ pO[f](O)x ’
o F@) = 1O = POz
70 zg'(z) '
Therefore,
I[f] = polf1(0) o (e w) + po[£1(0) pr (e w)
1 P [f](b)ip [f](O)*p,{f](O)b iw 1 b —« iwg(z
i - 0 Zag/(b) 0 elwg(b) _ iw/o ™ p1[f](x)e“I®) .

Similarly, the general form can be obtained by induction

s—1 s—1

Pk[f]( — Pk f]
prd (—i 2} (—iw)
Ll - ) —pk_l[f1<o>beiwg(b)
2 ) by (b)
b sz‘_O‘ 7)e9@) gy
=i | el
with
o d [eealf](@) = pea[£1(0) = piy [£1(0)2
plflta) = | o .
Using (2.4), we deduce the proof of (2.5). O

Integrals with higher-order stationary points are important and common in applica-
tions [22]. The asymptotic expansion in Theorem 4 can be readily extended to the case of
g(z) having a single stationary point of order r > 1 at 0, in other words

0=9(0)=g'(0)=-=g"(0)=0, g (0) #£0
and ¢'(z) # 0 for x € (0,b]. If g(0) # 0, we transform the integral into the form
b b .
I[f] :/ 7 f (2)e“I®) 4y = elwg(E)/ 27 f ()@@ =9] gy,
0 0

Consequently, setting

ol )(x) — i”?)m 0
pre1lfl(@) = Hfad*

x af"g (w)



we obtain the general form for the asymptotic expansion,

Pr—-1[f1(b) — XT: L)l[ﬂ( 'y
r s—1 j s i - j!
1~y (o) = i [£1(0) e9() =07

Er N () S

k=1

. . _ (S+ l—a )
the remainder term being O (w r+17 ).
As we have shown in our analysis, the method Q“+*[f] can reduce the asymptotic error

very effectively indeed when w — oo. However, it does not work for a small w. We consider
the integral without stationary points

1
/ 7 f(x)ewdx (2.7)
0

where f(z) = (1+2)~! and a = %, which also will be considered as the test example
without stationary points for the Filon method and complex-valued Gaussian quadrature,
which will be considered in the sequel. The truncated expansion for s = 1,2, 3 are

QM) = o) + 5 e,

originating in f(0), f(1 )

iw

QU()(w) = QM) + polaw) 5 + 5.
originating in f(0), f ( ) (1),f/(1);
Q) = Q) + olon) —81
originating in f(0), f'(0), £(0), £(1), (1), f"(0),

and their asymptotic error is O (wfsfé). In Fig. 2.1 we depict the magnitude of the

error, log |Q4[f] — I[f]
and deceases rapidly when w > 10. In addition, it is noted that inclusion of more terms

, 8§ =1,2,3. As we mentioned, the error blows up near w = 0
in the expansion produces a better error order.

10 20 30 40 50 60 70 80 90 100

1

Figure 2.1: The error log |Q4*[f] — I[f]| with 22 and g(z) = 2. The colours are navy
blue (the top), dark red (the middle) and dark green (the bottom) for s = 1,2, 3.

We now consider the same example but with an order-1 stationary point. I.e. calculate
the integral

/1 :):_O‘f(:):)ei“”2dx (2.8)
0

10



where f(z) = (14+ )7}, a = % Throughout the whole paper, this integral will be

calculated as an example with a stationary point to illustrate the performance of different
numerical quadratures. We truncate the expansion in Theorem 4 as QA’S[ fl, s =1,2,3
with the asymptotic error O (w_s_%),

QM) = pofe,w) = pmenw) — e,

originating in f(1), f9(0), j=0,1;
. . iw

QMf(w) = QM [f) + 1ol w) — o (enw) + o,

4w
originating in f(1), (1), f9(0), j=0,---.3;
-5 21 311
QY fw) = QY fw) + 1o gholanw) + T~ m(a,w) + 64;36‘”,

originating in f(1), f'(1), f(1), f9(0), j=0,---,5.

Fig. 2.2 demonstrates the error order of the asymptotic expansion for different terms.
Similar error behaviour has been observed in Figs 2.1 and 2.2 and stationary point does
not deteriorate the performance of the asymptotic method, provided that we subtract the
singularity originating in both the stationary point and singular points.

10 20 30 40 50 60 70 80 90 100

Figure 2.2: The error log ‘QA’S[f] - I[f]’ with 272 and g(z) = 22, for s = 1 (navy blue,
the top), 2 (dark red, the middle), 3 (dark green, the bottom).

2.2 Asymptotic analysis for logarithmic singularity

Our second instance of a singular oscillatory integral originates in the logarithmic singu-
larity (1.2). Our analysis is similar to the case of power-law singularity, hence we present
it with greater brevity. As before, we commence with the case ¢’ # 0, z € [0,1]. In that
case

b .
I[f]= /0 log z f ()69 da:
b . , |
N / logz [f(x) — £(0)] 9 dx + £(0) / log 2“9 dz
0 0

b
- / log z [f(x) — £(0)] @) dz + £(0)vo,

11



where

b .
v = / ¥ log 269 g, k> 0.
0

On the interval [0,b], the function logz [f(z) — f(0)] is non-singular and analytic. Define

oolf](w) = f(x), _
o1 [f)(z) = % m[f]@;/(;o[f](m |
oplfl(z) = % "ak[fm;/(—x;rk[f](o)‘

Using integration by parts, we obtain

b
= /0 loga [f(z) — f(0)] /) da + f(0)wo
b - .
= f(0)ro + i /0 log mwdelwg(@

g'(x)
F@) = FO] jwgm|” L [P F@) = FO0) e
7@ ] . iw/o @ ©
= L g aon ()@

1w 0

1
= f(0)r + o [logx

Iterating the procedure results in the asymptotic expansion

s—1

1161 = ey 5 21O _ 5 €90 1og b (o1a [f10) — 011 1(0)

2w 2 (i) g(0)

—|—Z( 1 k/ob O'k;—l[f](m)_O'k—l[f](o)eiwg(x)dx

zg' ()

provided that

(o1 [f](x) — or—1[f](0))
g'(x)
Note that there are non-singular highly oscillatory integrals which appear in the expansion.

Before determining the asymptotic order of (2.9), we need to estimate first the behaviour
of the zeroth moment. The following lemma clarifies this issue.

lim [logw = 0.
x—0

Lemma 5. Given w > 1 and ¢'(z) # 0, x € [0,b], the function vo(w) satisfies

b
lvo(w)| = / log 2“9 @) dgz| ~ O (w_l logw) .
0

Proof. Consider a small positive number ¢ — 0 and separate this integral into two parts

b ) € b
/ log:):e‘wg(x)dm—/ +/ )
0 0 €

12



where
b .
/ log 2e“9®)dz ~ O (ofl log e)

and

/ log ze“9®) 4z
0

< —/ logzdx ~ O (eloge) .
0

Comparing both error bounds, an optimal upper bound is O (wil log w), letting ¢ =
-1
w™. O

It follows immediately that

b
/ log xf(:c)ei“’g(:”)da? ~ 0 (wil logw) .
0

For the expansion (2.9), truncating after the first s terms, the error is O(w_(S‘H) logw).
Note however that the nonsingular oscillatory integrals in the asymptotic expansion (2.9)
must be calculated with an error which is consistent with the above asymptotic decay. We
denote the number of the truncation terms in the nonsingular oscillatory integral by Ly
which depends on the index k. These oscillatory integrals without logarithmic integrands
are expanded by the asymptotic expansion in [13] as

/b ok—1[f](x) — ok—1[f](0) iwg(z) 10
0

zg'(x) ’
Ly—1
X 1 Yi—1,[f](b) oiwa(h) _ V—1,¢[f1(0) o0 (0)
2 Ty R0 7(0) (210)
with a truncation error of O(w=F+~1), where
Yeerolf](@) = Uk_l[f](i;)g&;k_l[ﬂ(m’
Te-11[f1(x) = (i:%_;’,o(g}(m),
enilfl(e) = 42t ),

Cdz g(x)

Inserting (2.10) into the expansion (2.9) yields the complete asymptotic expansion,

S 0 R 0 10gb (0 [£1(8) — ok [£1(0)
W~ wle) 2 e — 2 e )
T = Ve-1,Lf10) gy We=160/100) g0
e P EmL g e T e
- zs: (—ilw)kO (w_(L’“H)) +0 (w_(S'H) logw). (2.11)
k=1

To ensure an error of O(w™*"!logw), the index Lj must satisfy the inequality

Ly >s—k.

13



Next, we intend to derive the asymptotic analysis for the more complicated oscillatory
case with stationary points. If the stationary point is £ # 0, we can separate the integral

b . g2 b
/ logxf(x)e‘wg(x)dx:/ +/ . (2.12)
0 0 £/2

The first integral on the right-hand side of (2.12) can be approximated by the formula
(2.9). The asymptotic analysis for the second integral on the right-hand side of (2.12)
can be found in [13]. Therefore, in the following subsection, we only concentrate on the

into two parts

situation in which 0 is the stationary point,

9(0) = g'(0) = gP(0) = --- = g"(0) =0, ¢"V(0) #0.

Let us assume that the moments v; can be calculated explicitly. Since the function f is
an analytic function, we use the subtraction technique again to remove the logarithmic
singularity,

If] = /Obloga:f(m)ei“’g(x)dx

b "L fI .
= Z f ; / logz | f(x) — / _('0)1'] @Iy,
=0 0 i
Therefore, integrating by parts, we have
r . r b
- flz) - Z: f]](IO)xJ flz) — Z: f]](,o)xj
— log J=0 dewd(@) — log x J=0 elwy(z)
iw Jo g9'(x) w g (z)
0
f( ) — i fj('O)x]
— l ’ i log x j= ’ eiwg(x)dl,
iw Jo dx & g (x) '
Iterating this process results in an asymptotic expansion,
szl 7 5 Liwg(b) ro ()
v pk > e90) logb IEERON
kZOjZO ; (—iw)k ¢ (b) pr—1[f](b) ;) T v
r o (J)
f100)
R R 1
J= iwg(x) I
+3 i | = N+ Tl ),
(2.13)
where
pralfl(e) - 3 210,
A J
7=0
= = >1
polfl(@) = f(2).  plfl(e) = 7@ , k>1,
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and

T 7 .
prlf1(x) — 3 O g
lim =0

J
=0.
20 g (x

Prior to determining the error involved in truncating the expansion, we need to examine
the behaviour of the generalized moments v;.

Lemma 6. Let g satisfy g(0) = ¢'(0) = --- = ¢ (0) = 0, g+t (0) #£ 0. Then

b
lvj(w)| = / 27 log 2“9 dx
0

\yj(w)|~0(w_1). ji>mr,

_ g+l
~ O(w T+ logw> , ji<m, (2.14)

Proof. Firstly, since g(z) is an analytic function, it may be written as a Taylor series about
z =0,

L gm) (r+1) (r+1)
o 9"0) e gTT) e gVTT) e
g(‘r)_mzo e o s S vt s TR

where 7 € [0, z]. Substitute this series into the formula for v;.

Secondly, it is required to prove (2.14). Similarly to the proof of Lemma 3, assume a
small positive number € > 0 and decompose the integral of v; into two parts

Vj(W)Z/O€+/€b,

where
b Al Co g .
/ 2’ logze™ DT T dz ~ O (w_lej_r log e) )
€
since 2"t is a non-singular function in [e, b]. For the first integral on the right, we deduce
that

€
/ 27 log ze*9®) dz
0

S/ leogacdac—/ z/d(xzlogx — )
0 0
~ O(ejJrl log e) .

.
Comparing the two error bounds, we determine the error bound to be O (w_f“? log w) by
. . 1

equating w™'e/~" = /T, This implies that € = w™ 1.

When j > r, the formula (2.15) can be derived by integration by parts

b b
j i 1 71 .
Vj(w) = /0 x? log Ielwy(w)dl‘ = — L ngd (elwg(z)>

iw Jo g/(l‘)
_ i xj logxeiwg(a?) ’ -0 (w_%) ~ 0 (w_l)
iw | ¢ (x) 0 |

15



From Lemma 6, the asymptotic order of the expansion in (2.13) is O (w_(erﬁ) log w).

Hence, the oscillatory integrals in (2.13) without a singularity must be expanded with
higher asymptotic order. Setting

ro(d) .
proalfl(@) — o A0

[f](x) = =
Mk—1,0 T) = ) ’
[ r—1,(n)
d Wk—l,o[f](x) — Z nk*+'m(0)xn
_ ¢ =0

r—1 _(n) 0
Meorelf] (@) — 32 MmO

_ d = n!
77/6—1,€+1[f]($) - dfll' g/(x) 3
we have
b Lk—l r—1
iwg(x 1 Hn va n
[ sl = 37 5 0, )
0 (=0 n=0 :
=l 1) ’
Ly, 1 nk—l,f—l[f](x) - %xn
_Z : n=0 elwg()
2 (i) 7 (@)
0
1 ’ iwg(x)
+(—iw)Lk/0 Mk—1,L,, [f] ()™ da. (2.16)

Based on the result in [13], the error order of the integral on the left side of (2.16) is
O(w_L’“_ﬁ), given that pg ~ O(w_ﬁ).

Considering the expansions (2.13) and (2.16), we get the asymptotic expansion for the
integral (1.2) with an order-r stationary point at x = 0,

Vi (; S eiwa(®) 1o rG) |
M~ Y e S 00 - 3 e ey - 3 e,
j_

_i\k
& (= g0 2
S Li—1 r—1
1 1 Mn(ovw) (n)
* (—iw)k Z (_iw)ﬁz nl 77k—1,e[f](0)
k=1 £=0 n=0
a0, ’
s 1 & M—1,6-1[f1(x) = Zo R A .
B : - n= elwg(@
k=1 (—iw)® =1 (—iw)* 9 (z)
0
|
+ (—lw)kO (W_Lk_$> + O(w_s_$ logw) . (217)
k=1

1
To maintain the asymptotic order of O<w_s_TT1 log w), the index L should be chosen so
that Ly > s — k.
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As an example of the asymptotic expansion method for the logarithmic highly oscilla-
tory integral, consider the integral

1
/ log x f(x)e“*dz, (2.18)
0

where f(x) = (1+x)~!. The expansion (2.11) is truncated to s = 1,2, 3 with the associated
asymptotic error O (wiSil log w). The expansions are

QM [f](w) = vo(w),
i |

QY [fl(w) = @M [f)(w) - Svolw) +

Q1f1(w) = QA1) + o) + - (

Fig. 2.3 displays the error for the asymptotic methods Q4*, s = 1,2, 3 with increasing w.
Again, inclusion of more terms results in a reduced error.

10 20 30 40 50 60 70 80 90 100

Figure 2.3: The error, log |Q4*[f] — I[f]|, as a function of w with g(z) = z. The colours
are navyblue (the top), darkred (the middle) and darkgreen (the bottom) for s = 1,2, 3.

For the stationary-point case, we consider the same integral but with g(z) = 22,

1
/ log wf(:l:)e“"xzdx. (2.19)
0
The asymptotic expansion terms are calculated based on formula (2.17) for s = 1,2, 3,

QM [fl(w) = w(w) — n(w),
i i i — 1

QM2 [f(w) = QM Aw) + 5 omo(w) = —m(w) + 5-no(0,w) + ——,
QW) = QM) — 15w

2 1
= — — 110/(0,
(@) + —51(w) = 5p0(0,)
(% i) (%)
w3 * w3 '

_|_
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The order of the error is O(wﬂ*% logw), s = 1,2,3. As evident from Fig. 2.4, the
appropriate asymptotic expansion method for the logarithmic oscillatory integral with
stationary points results in an error that reduces with increasing w. However, it blows up
when w approaches to 0. Again, inclusion of more terms increases accuracy.

10 20 30 40 50 60 70 80 90 100

Figure 2.4: The error, log ’QA’S[f] — I[f] }, as a function of w with g(z) = 22. The navy blue
(the top), dark red (the middle) and dark green (the bottom) corresponds to s = 1,2, 3,
respectively.

3 The Filon method for singular highly oscillatory integrals

3.1 The Filon method for power-law singularity

A popular alternative to the asymptotic expansion is a Filon-type method. The essence of
the technique is to interpolate the non-oscillatory function f(z) subject to interpolation
conditions that are determined by the asymptotic expansion. Given interpolation nodes
cg =0< ¢ < -+ < ¢ = b with multiplicities mq,mo,--- ,m, € N, respectively, we
approximate f(z) by a Hermite interpolatory polynomial p,(z) = >0 _ dna™, n =
> ¢y m¢ — 1. We determine the coefficients d,,, by solving the system of equations

p,(lj)(Cz)Zf(j)(Ce), ¢=1,---,v; j=0,1,---,mg—1.

The Filon method is defined as
b n
QU1 = [ & p(w)e e = 3 dIla)
0 m=0

where I[z™] is the moment function.

Theorem 7. Letv > 2, ¢o =0,¢, = b, min{my,m,} > s, then
I[f] = Q"[f] ~ 0w~

Proof. Let r(z) = f(x) — pn(x).

ol S 1 o)) — 0k lrl(0) gy
(—iw)F bg/(b)



b
(—iw)s/o 2% [r] (2)e“9®) dy;

in which the functional o [r], whose form we recall from the proof of Theorem 2,

d oy [f](z) — ok [f1(0)

=% — E>0
op1[fl(z) == dz wog(z) ) =2 U,
is determined from the error function r(x). If
orr](0) =0, oglr](b)=0, k=0,1,---,s—1, (3.1)

then the error is O (w*s*(lfa)).

Next we determine what are the requirements to meet these conditions. Following
from its definition, o1[f](0) depends on f’(0).
Let

i
=0 7 i

. r() . 4 . ) U(j) ‘
@)= 0 gy =3 %mw=2k¥ww
. A >

Since oy [f](x) is an analytic function,

(1 = @)1 [f1(0)

which indicates that o9[f](0) is determined by f’(0), f”(0). Similarly, o%[f](0) is a linear
combination of f'(0), f”(0), ---, f*)(0). In addition, for  # 0, it may be shown easily
that each o4[f](x), is a linear combination of f(z), f(0), f'(x), f'(0), ---, f*D(x),
fE=1(0), f*)(z). Therefore, the conditions in (3.1) are met if

r(0)=7'(0) = =r*"D(0) =0,

r(b) =1'(b) = r=D(b) = 0.

Hence, by setting
pg)(cﬁ):f@)(cﬁ)a £:17"'7y; jZO,l,"',mg—l.
the conditions in 3.1 follow and the error is therefore O (w_s_(l_a)). O

Once z = 0 is an order-r stationary point for the integral, the Filon method is con-
structed based on the expansion in (2.6).

Theorem 8. Given v >2 and co =0, ¢, =b. Let my > s(r + 1) and m, > s, then

1] = Q[f] ~ O (w1,

Proof. Substituting r(z) = f(x) — p,(z) into (2.6), it is observed that if p,(cj) [r](0) = 0,
k=0,---,8s=1,5=0,---,r and pg[r](b) = 0, k = 0,1,--- ,s — 1, then the error is
O <w_s_%>. We examine in detail the calculation of pg[f](x) in (2.6) and show that it
depends on f(z), f'(z), ---, f*®(z),  #0. Let
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then

« d 7=0
pilfl(z) == P g (@)
00 . ) 00 ; ) 00 0 ) o (142) '
> w;& T %l«g [ 3 f]]'(O)xJ] [ g]+]'(o)x]]
— Jj=r . aj:rJrl B j=r+1 j=r—1
S ARI = g0 X G+ . gU+D
L 2 e [; gj,@m] 52 0
J=r j=r
It follows that -
r+a) fUTH(0)
alro = (1- 228 50

Moreover,

pgl)[f] (0) = lim p1lf](z) — p1[f1(0)

z—0 X
is a linear combination of f("+1(0) and f"*+2)(0). We thus deduce that pgj)[f](O) depends
0 (4) .
on fO 0 =r+1,742,--- ,r+1+47. Similarly, assuming p; [f](z) = Z %ﬁ’ p2[f1(0)

is determined by ,0(74+1 [£](0), that is, the derivatives f©), ¢ = r + L,r+2,---,2(r+1)
determine the value of pa2[f](0). Also the r-th order derivative pg )[ f1(0) is related to
fO 0 =r+1,r+2,--,20r+ ) —|— r. Thus, we conclude that pg[f](0) involves f(*)
(=r4+1,74+2, - ( 1) and p7[](0) includes f©, £ =r+1,7+2,---  k(r+1) +7J.
Hence, setting

r90)=0, £=0,1,--,(s—1)(r+1)+r,
rOw)y=0, £=0,1,---,s—1,

and the theorem follows. ]

Since the error in approximating the analytic function f(z) by the polynomial p,(x)
is small when w = 0, a Filon-type method can approximate the integral for all w > 0,
unlike the asymptotic expansion method. In addition, the Filon-type method can attain
the same asymptotic error order as the asymptotic expansion for large w so the Filon
method is deemed superior.

To illustrate the theoretical analysis, we consider again the example (2.7) and construct
the Filon-type method as follows

QA = -0 | (),

with  f(0) = pn(0), f(1) =pn(1);
QF,Q[f] (w) _ ,U,g(Oé,w) 3,&2(0&,&))

E— + 1 — p1(a,w) + po(a,w),

with  fU(0) =p(0), j=0.1, f910)=p1), j=01
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) _ /1,5(047(,0) :u4(a7w) 7M3(a7w>
QR flw) = - Lo Julhe) _ Tiale
- :ul(av w) + /'LO(O‘a w)v

with  f0(0) = p(0), j=0,1,2, fO1)=pP (1), j=0,1,2.

+ MQ(O‘7W)

We display the error log;, |QF’5 — I‘ in Fig. 3.1, for s = 1,2,3. As we can see, unlike in
Fig. 2.1, the error does not blow up when w is near 0 while when w — oo, the error of the
Filon method behaves better than that of the asymptotic method with the same s.

10 20 30 40 50 60 70 80 90 100

Figure 3.1: The error, log }QF’S[f} - I[f]‘, as a function of w with g(x) = z, for s = 1
(navy blue, the top), 2 (dark red, the middle) and 3 (dark green, the bottom).

Next we consider the same integral with g(z) = z2. Again, three Filon methods are
presented as

@ 111) =25 — p(aw) + pofaw),

with  fU(0) =p@(0), j=0,---,1, f(1)=pu(1);

Q" [f)(w) = Ms(_OZW) * 3#4(5,00) — p3(a, w) + p2(en,w) — p(a, w) + po(e,w),

with  f9(0) =pP(0), j=0,---,3, fO1)=pY(1), j=01;

QF’g[f](W) _ M8(§7W) - /1’7(37(‘0) + 7#6(86“7("]) o M5(OA,W) +,LL4(O(,CU) o /L3(Od,(.d)

+ #2(04, (/J) - Hl(aaw) + MO(av CU),
with  f90)=p0(0), j=0,---,5 fO)=p(1), j=0,1,2.

The error log;, }QF“S — I‘ is plotted in Fig. 3.2, for s = 1,2,3. Note that the error of
the Filon method is substantially smaller than the asymptotic method for both small and
large w.

3.2 The Filon method for logarithmic singularity

Consider the logarithmic integral without a stationary point.

b n
Q"1 = [ loapa(a)rds = Y dplla™)
0

m=0
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Figure 3.2: The error, log ’QF’S[f] — I[f]|, as a function of w with g(x) = z2. The colours
are navy blue (the top), dark red (the middle) and dark green (the bottom) for s = 1,2, 3.

Theorem 9. Suppose that g'(x) # 0 within [0,b]. Then

1] = QY [f1 ~ O (w™ " logw),
for g > 2, where cy =0, cg =b, m1 > s, mg > s.
Proof. In the asymptotic expansion (2.11), for every k > 0, p=0,--- | k,

k

okl (@) =Y onp(@) fP (@) + 0,(x) f(0),

p=0

where oy, ,(z) # 0 and o}, is a combination of derivatives of g(x). We compute

Al g x (p) ) — o1 (p)

inalfie) = 3 A SO o) - 0,000
p=0

woalflr) = < (W)

Hence, we deduce that os_1[f](b) and ~s_1¢[f](b) are a linear combination of f(j)(b),
j=0,---,5—1. Also 05_1[f](0) and s 1 ¢[f](0) can be expressed in terms of the f()(0),

Jj=0,1,---,s — 1. Hence, with nodes ¢; and multiplicities m;, j = 1,2,--- ,q, if we
substitute the error function r(x) = f(z) — p,(z) into the asymptotic expansion, the
result is an error of O (w*(sﬂ) log w). O

We consider the same example as in (2.18). The interpolation function p, (x) is formed
in a similar manner to that in Section 3.1 except that pu,,(a,w) is replaced by vy, (w),
defined in (??). In the plot of Fig. 3.3, we depict the error function log|Q%* —I|, s = 1
(navy blue), 2(dark red), 3(dark green). The plots of the error function are in accordance
with the error order O (w_s_l log w).

Now we consider the case where stationary points are present.

Theorem 10. Given ¢ > 2. Let ¢; =0, ¢g =0, my > s(r + 1) and mq > s, then

1

11f] = QF1f] ~ 0 (w 1) logw),
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N

Figure 3.3: The error, log |QF7s[f] — I[f]’, as a function of w with g(z) = z and w € [1, 100].
Navy blue (the top), dark red (the middle) and dark green (the bottom) correspond to
s = 1,2, 3 respectively.

where
QY [f) =D dnlla™).
m=0

Proof. Consider a first-order stationary point at x = 0. We need to analyse the relation-
ships among pi_1[f](2), Mk—1,0-1[f](x), f and its derivatives in (2.17). Based on the defini-
tions, it can be deduced that py_1[f](b) is a combination of fU)(b), j = 0,1,--- ,k—1. Sim-
ilarly, nr—1,¢-1[f](b) is also determined from fO@b), j=0,1,--- k+L—2fork=1,---,s
and £ =1,---, Ly, L = s —k+ 1. Thus, the values of p;_1[f](b) and ng_1 ¢—1[f](b) in the
asymptotic expansion depend upon f(j)(b), 7=0,1,---,s—1.

Now consider the endpoint £ = 0. Let

> £(
) =37
=0

Incorporating this into the definition of p; yields

) , >
I CEDY

Jj=r+1

g(j).(O)ajj.
4!

90
1710) = = R
. 2 oo || Dgr(0)

j=r 0
which implies that pgk) [£](0) depends on fW(0), j =7+ 1,7 +2,--- , 7+ 1 + k. Since

(r+1) 0
i) = AR

it follows that po[f](0) is a linear combination of f@)(0), 5 = 7+ 1,7 +2,---,2(r 4+ 1).
An immediate consequence is that pp_1[f](0) is a combination of f)(0), j = r + 1,7 +
2,--- ,(k—=1)(r+1). In addition,

SRR -
i 7+
i _ a1




in which p,(gjll)[f] (0) depends on fU)(0), j =r+1,74+2,---  k(r+1). Applying the same

technique to n,_1,1[f], we observe that n,_11[f](0) depends linearly on 17,(2170[]‘](0) and
n,(giﬁl())[f](O) which involves a linear combination of fU)(0), j = r+1,7+2,--- , (k+1)(r+1).
More generally, it is deduced that ng_1[f](0) is related to f9)(0), j = r+1,7+2,--- , (k+
£)(r+1) and 771(671)1,e[f](0) is related to fO)(0), j=r+1,7+2,--- , (k+0)(r+1)+n.
Hence, once we substitute the error function r(z) = f(x) — p,(z) into the asymptotic

expansion (2.17), the theorem follows. O

Our example is (2.19). We form the interpolation polynomial p, with v, (w) instead
of pm(c,w). The plot in Fig. 3.4 displays the logarithmic error of Filon methods Q%!,
Q%2 and Q3. As indicated in Theorem 10, the asymptotic order O <w_(5+%) log w) and
the numerical results are in agreement with this.

10 20 30 40 50 60 70 80 90 100

Figure 3.4: The error, log ‘QF’S[f] — I[f]!, as a function of w for the highly oscillatory
integral with g(z) = 2% and w € [1,100]. The colours navy blue, dark red, dark green
correspond to s = 1 (the top), 2 (the middle), 3 (the bottom) respectively.

4 Complex-valued Gaussian quadrature

A powerful alternative to standard methods of quadrature for highly oscillatory functions
is complex-valued Gaussian quadrature, whereby e“9(®)dz is the underlying measure. This
approach has been analysed in great detail in [6] for the regular integral f_ll f(z)e“*dx.
In this section, we are concerned with complex-valued Gaussian quadrature for singular
highly oscillatory integrals of the form

b .
1] = /0 f@h(@)e*@de, w1,

where h(z) = 7% or h(x) = logz is weakly singular at z = 0 and f(x) is an analytic
function. We seek an n-point Gaussian quadrature formula

If1 ~ > wif () = QY [f)(w)
j=1
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where x;, j = 1,--- ,n are the zeros of a monic orthogonal polynomial P (z) of degree n
on [0,b] with the complez weight function h(z)e“9(®)

b
/ Pfj(:r)x]h(x)elwg(x)dx =0, j=0,---,n—1, neZ,,
0
and w; are the corresponding weights.

We first construct Py(x). To do this, consider the Hankel matrix formed with p; for the
power singularity and v; for the logarithmic singularity.

Ko H1 s Hn

Mmoo 2 Hpgd
Hn = . . ” )

Hn  Hn+1 - H2n

h, =detH,, n¢&N.

Then the orthogonal polynomial P¥(x) is formed from [14]

po g1 o pm1 1

1 P p2 o p T

Pi(e) = p—det | © 7, to
e

Hn  Hnt1 ot Hop—1 X"

The properties of polynomials orthogonal with respect to the complex weight el“? are
discussed in detail in [2, 6]. In this paper, we are concerned with the accuracy of complex
Gaussian quadrature when it is applied to the singular highly oscillatory integrals and we
compare it to the Filon method.

PY(z;) =0, j=1,....n

Y wif(;) = Q%" [flw), (4.1)
j=1
where the wights can be found by solving the linear system
ijmé?zl[xk}, k=0,...,n—1.
j=1

We do not analyse complex-valued Gaussian quadrature but note in passing that even the
simplest non-singular case, g(x) = z, requires extensive mathematical machinery, since we
are outside the conditions of the classical theory of Gaussian quadrature [6], while there
is no theory for the general case without singularities.

To compare complex-valued quadrature to the Filon methods, we set n equal to the
number of the interpolation conditions of the Filon method and consequently, both meth-
ods will involve the same number of evaluations of the function f(z).

4.1 Numerical experiments for the power-law singularity

We apply the complex-valued Gaussian quadrature to the integrals in (2.7) and (2.8) and
depict the error log;o |Q“™[f] — I[f]| in Fig. 4.1. The case without stationary points is
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Figure 4.1: log;, }QG’"[f] (w) = I[f] (w)’ as a function of w for the integral with a power-law
singularity. The left: g(z) = x. The colours are navy blue (the top), dark red and dark
green (the bottom) for n = 2,4,6; The right: g(z) = 2% and the same colour scheme for
n=3,6,9.

on the left of Fig. 4.1 while the case of 1 stationary point is on the right. We set n = 2,4
on the left and n = 3,6 on the right of Fig. 4.1. When n = 2, we obtain the two zeros
of Py(z) = 0. Thus the quadrature in (4.1) involves two function evaluations. Counting
function evaluations, this is equivalent to Q. which involves two function evaluations at
x =0 and x = 1. However, when the results in Fig. 4.1 are compared to those in Fig. 3.1,
it can be seen that the error of Q%2 is considerably smaller than the error of Q2. Thus,
the method is significantly more accurate than a Filon method that uses the same number
of function evaluations. Similarly, although Q%* involves the same number of function
evaluations as QF2, its accuracy is greater than Q3. Now consider the case with a
stationary point. We examine the result for n = 3. The number of function evaluations
for Q3 is equivalent to Q™! as both involves evaluating the function at three points.
However, when the result in Fig. 4.1 is compared to that in Fig. 3.2, the size of the error
is similar to that of Q3 clearly indicating its superior accuracy for the same number of

function evaluations. Similar conclusions can be drawn for n = 6.

4.2 Numerical experiments for a logarithmic singularity

We calculate the integrals in (2.18) and (2.19). The logarithmic errors log;q |Q%™ — I[f]|
are displayed in Fig. 4.2. The cases n = 2,4 for g(z) = = are on the left and the cases of

2 on the right. The difference between the precision of the complex-

n=3,6for g(z) ==
valued Gaussian quadrature and Filon method is again striking. Complex-valued Gaussian
quadrature delivers substantially higher accuracy for the same number of function evalua-
tions. However, it should be noted that in complex quadrature there is the additional cost
of the computation of the orthogonal polynomial and its zeros. In other words, the simple
comparison of function evaluations is incomplete, because it disregards the considerably

higher price tag of linear algebra for complex-valued Gaussian quadrature.
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Figure 4.2: log;, ‘QGvn[f] (w) = I[f] (w)‘ as a function of w for the integral with a logarith-
mic singularity. The left plot: g(z) = x. The colours are navy blue (the top), dark red
and dark green (the bottom) for n = 2,4, 6; The right: g(z) = 2% and the same colour
scheme for n = 3,6, 9.

5 Conclusions

In this paper we have presented three methods for the computation of oscillatory inte-
grals with logarithmic and power-law singularities. The first is a truncated asymptotic
expansion. While this method is accurate for high frequencies, it fails for low frequencies.
The second is a Filon-type method. It overcomes the problems at low frequencies and
numerical results indicate its superiority vis-d-vis the asymptotic expansion method. The
third method is complex-valued Gaussian quadrature. While there is no extant theory for
this approach, numerical results indicate that it achieves the greatest asymptotic order
and the best behaviour for small w > 0.

The main thrust of this paper is in demonstrating that existing theory of highly oscil-
latory quadrature can be extended to the singular scenario, although this requires great
care and attention to detail. Once correct quadrature methods are employed, singular
highly oscillatory integrals can be approximated by affordable and precise computations.
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