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Abstract

We are concerned in this paper with the numerical computation of the spectra of
highly oscillatory integrals that arise in laser simulations. Discretised using the modi-
fied Fourier basis, the spectral problem for the integral equation is converted into two
independent infinite systems of linear equations whose unknowns are the coefficients
of the modified Fourier functions, namely the cosine and shifted sine functions, re-
spectively. Each (m,n) entry of the resulting coefficient matrices can be represented
exactly by expressions involving the error function with an argument that involves
the oscillatory parameter w and the numbers m and n. Moreover, considering the
behaviour of the error function for a large argument, the asymptotics for each entry
are analysed for large w or for large m and n and this enables efficient truncation of
the infinite systems. Numerical experiments are provided to illustrate the effectiveness
of this method.
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1 Introduction

Numerical simulation of lasers is an important topic in laser design and analysis. For
example, it is important for exploration of the effect of aberrations on laser mirrors and
in mode shaping and mode control. However, numerical simulation is typically a compu-
tationally intensive task for large Fresnel numbers (Yoo, Jeong, Lee, Rhee & Cho 2004).
Much research has been done in this area and the iterative technique of Fox and Li (Fox
& Li 1961) has been the basis for many algorithms. Commercial packages such as Light
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Trans (http://www.lighttrans.com/983.html) employ this approach. Asymptotic the-
ories have also played a vital role in the laser numerical simulation in (Horwitz 1973) and
(Berry, Storm & Saarloos 2001). Knowledge of the eigenvalues and eigenfunctions of laser
resonators plays an important part in the design and analysis of laser resonators. The
corresponding mathematical model is (Berry 2001, Berry et al. 2001).

1
/_ @y = Af(a), e L1 (1.1)

where v < 1 is related to the magnification constant, M, namely v = M~! (Siegman
1974). The case v > 1 corresponds to stable laser resonators such as the displacement
measuring interferometer systems and range finders (Muntean & Svich 2000); For v < 1,
the model represents unstable resonators employed in high power lasers (Muntean & Svich
2000).

Asymptotic properties of the eigenfunctions for (1.1) have been analysed in (Horwitz
1973). Furthermore, compared to the case where v = 1, the pseudospectra of (1.1) are
observed to be smaller and exhibit fractal behaviour (Karman, McDonald, New & Wo-
erdman 1999). For the case of (1.1) with v = 1, known as the Foz—Li integral equation,
Brunner, Iserles & Nogrsett (2011) applied the finite section method to reduce (1.1) to an
algebraic eigenvalue problem. In the case of the more general laser resonator (1.1) we
present in this paper a new expression involving the error function for each entry of the
coefficient matrix in the finite section method. We examine the asymptotics with a view
to obtaining an efficient numerical implementation of this method that meets a specific
accuracy requirement.

The finite section can be described as follows: A set of orthonormal basis functions
H = {¢pn(x)}, n > 0, with z € [—1,1], is taken as the trial basis to approximate the

unknown function f(z) = > .77, fndn(z). By taking a second set of othonormal test
functions {¢,(z)}, the integral equation (1.1) is converted to an infinite algebraic linear
system

Of = ), (1.2)
where

1 1
Q = (Qm,n)m,n207 dmn = /1 / . wm(x)qsn(y)elw(x—"/y)de dy

and the dimensions of Q and the vector f are infinite. To implement the computation
of the eigenvalue A, the linear equation (1.2) is truncated, being guided by the decay
rate of the entries in Q. In this sense, the computation of the double oscillatory integral
representing the entry is particularly important. It can be written in the general form
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The integration intervals can be simplified noting that
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for v € (0,1]. Likewise, for v > 1,

/1+'y /mln{l (1-t)/v} /1+’Y / 1-t)/y / / / 1+'y/
ax{—1,—(1+t)/~} 14+ (1+t)/ 1 l+t)/7

(Although we are concerned here with the parameter 0 < v < 1, the analysis in this paper
can be easily extended to the case v > 1).

The first conclusion is that Z,[¢n, ¥m] ~ O (w_l/ 2) for w > 1. The reason for this is
that

Iw[(z)nywm] = /1+’Y F(t)ethth,

—1—v

where

min{1,(1-t)/v}
F(t) = / ot 1 79)u(y)dy

max{—1,—(1+t)/~}
is non-oscillatory, therefore the asymptotic decay is govern by a univariate oscillatory
integral with a first-order stationary point (Deano, Huybrechs & Iserles 2018).
We use the modified Fourier basis for application of the finite section method to (1.1).
Thus let

H = {¢pn(x) = cosnmz : nEO}U{gon(x) = sin(n—l—;)ﬂ'x : nEO},

be the orthonormal basis in Ly[—1, 1] spanned by the eigenfunctions of the Laplace—
Neumann problem (Iserles & Ngrsett 2008). Note that the ¢,s are even and the ¢,s
odd.

The eigenfunction f in (1.1) is expanded in the basis {¢n, vn},

n=0 n=0
Taking the same test basis and inserting it in (1.1) yields a system of linear equations,
A BN (9 _ | (E°
C D £S ) £S )7
where the elements of the matrices are
A= (amn)mn>0, Amn = / / O () D ( 1W(év vy)? dydz, (1.3)
B:= (bm,n)m,n207 bm,n = / / ¢m(w)g0n(y)eiw(‘”*w)2dydx,
-1J-1
1 el . )
C:= (Cm,n)m,nZOa Cmn = / / ‘pm(x)¢n(y)elw(x_7y) dydz,

D:= (dm,n>m,n207 mn = / / (pm (pn 1"-’(1’ ’Yy) dydx (1'4)

and f€ = (foc,flc, T, f0 ,f1 ,) . Therefore, the problem of the deter-
mination of the spectra of the operator has been converted to infinite-dimensional alge-
braic eigenvalue problem. Since the integrands of b,,, and ¢, , on the square domain
[—1,1] x [—1, 1] satisfy

h(z,y) = —h(—=z,—y),



it follows that

b = cman = 0.

Thus, the system (1.2) reduces into two uncoupled sub-systems

AFC = AFC, (1.5)
DY = 5. (1.6)

The infinite matrices need be truncated for the practical computation of the eigenvalues. In
the forthcoming subsections, we shall explore the asymptotics of ay, » and d, , with large
arguments m and n or w to allow for a judicious truncation of the matrices. Firstly, we are
interested in presenting explicit expressions for a,,, and d,, . We show that the entries
of Q can be explicitly given by an expression involving the error function. Employing the
asymptotic property of the error function with a large argument, the asymptotics of each
entry of the matrix are analysed. Section 2 is devoted to the determination of explicit
expressions for the elements of the coefficient matrices. The corresponding asymptotic
expansions are formulated in Section 3. Numerical experiments are presented to confirm
the validity of our asymptotic expressions. Section 4 presents numerical results illustrating
practical eigenvalue computation. The paper is concluded in Section 5.

2 Explicit expressions for a,,, and d,,,

In this section, we derive explicit expressions for a,, , and dy, y.

Theorem 1. Using the modified Fourier basis, the elements of the matrices A and D
(cf. (1.8)) take the following form. For 0 <~y <1, v # n/m,n and m* +n? > 0,

(—1)™im~yexp <— i’TiTQ)
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=
[N
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while for v =n/m for v € (0,1], 1 <n < m, we have

in?m?
exp( — L .
Ay = ( ! >1 (m2m? + 2iw + 2rmw(1 + v))erf | (1 + y)(—iw)% - Lml
) 'y l . = . =3
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U i) o
Proof. The detailed proof is given in Appendix A. O]

Note the different forms of identical expressions: (2.1) and (2.3) are more convenient
when w is large, while (2.2) and (2.4) are more convenient for large m and n large.
For d,, ,, we have the similar formulae to @, .



Theorem 2. With respect to the modified Fourier basis, when 0 < v < 1, v # (2n +
1)/(2m + 1), the coefficient dp, , of (1.4) is

in2(2m 2
—(=1)"y(2m + 1) exp (TGS )
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—erf (—iW(Qn +11) +(1- 7)(1w);>]
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If v = 227’:;11 and 0 < v <1, the expressions are as follows
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Proof. Appendix B shows the proof.

As for the ay, s, we present two equivalent expressions for d, ,: (2.5) and (2.7) for

large w, (2.6) and (2.8) for large m + n.
Equivalent expressions in the case v > 1 can be derived from the above. Since

1 1 ) )
Iz[wm)d)n} :/_1 /_1 me(x)d)n(y)elw(x_'yy) dﬂﬁ'dy
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R

711 711 o2 2 -1
=/ / (@) ()€ Y dady = T, [dn, ],
—1J-1 K

we get

The expansions of I} [, m] can be obtained by exchanging n and m and replacing w
by ;"—2 in the expansions of a,, and dp, p.

3 Asymptotic estimation of the matrix

According to http://d1lmf .nist.gov/7.12, the asymptotic expansion for the error func-
tion is

Vk 3
erfun~1— 1/2 Z U%H, [ph(u)] < =5 Jul = oo. (3.1)

For each expression of a, and dm,n, the first step is to determine the range of the
principal value of the phase ph(u).

Consider the expressions (2.2) and (2.4) for large m,n. Denote the argument of the
error functions in a,,, by u, in the form

—imm —imn

u=—""" 4 B(—iw)z, or — 4 B(—iw)z, B=+(1£7), ye(0,1. (3.2)
2(—iw)2 2y(—iw)2
Since /—i = g(l — 1), the variable u in (3.2) can be simplified as

u = Reu+ilmu, Imu=—Reu,
V2(mm + 28w) or V2(mn + 2Bw)
4v/w 4wy ’

Changing m and n in (3.2) to m+3 and n+3 in (2.6) and (2.8) yields similar form for dp, .-

Reu =

It is observed that the principal value ph(u) is either —7 or 3—” because tan + Re EZ% = -1
When m,n — oo, the condition Reu > 0 means that the prlnc1pal value is —7. Thus,

the asymptotic formula (3.1) can be applied to estimate the asymptotics for the case of
m,n — oo in (2.2), (2.4), (2.6) and (2.8).

On the other hand, once w approaches infinity, we focus on the arguments of the
expressions (2.1),(2.3),(2.5) and (2.7). Denoting the argument u as

where § = i”m or :t”m, once w tends to infinity the phases of the arguments are still

—7- It holds by the asymptotic expression in (3.1) that

w2 (lgl-t + —r)

(—1w)%

Based on these asymptotic formulse, we explore the asymptotics of a5, and d;, p.



3.1 Asymptotics for a,,,

3.1.1 The decay rate of a,,, for my #n, v € (0,1]

To determine the asymptotic behaviour of these coefficients, we separate the argument

into two regimes: large w, or large m and n. Firstly, with large w, the formula (3.3) shows

that
. im2m?2
(—1)"2msy sin(mym) exp (— o > .
Amn ~ T —— + O(w ), my € 7, (3.4)
T2 (v*m? — n?)(—iw)?
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+ mm s - s
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+(_1)mn €cos — ™ ™m
7\ A+7)+ 35 1=+ 55

ei2’yw—i7rn(1+'y)/7 e—i27w+i7rn(1—7)/'y . mm

— —181n —

I+v) -5  0-v-35 v

ei27w+i7rn(1+"/)/’y e—inw—i—iTrn(l—'y)/'y ei?’yu—iﬂn(l—&-’y)/’y
() A ey T G
e—127w+i7rn(1—7)/'y O( 2) 7 (3 5)

— + O(w 7), my € 4, .

(1=7)—-95

for all m > 0 and n > 0.

Next consider the asymptotics for large m and n. A good strategy is to consider this

along the lines n = xkm, where x € [0,00]. This boils down to three cases: (1) m > w%,

n=20,(2) m=0, n>>w%, and (3) m,n>>w%, limy, 00

7 =r7#0,7,00.

If m or n is substantially greater than w, the expressions (2.2) and (2.4) for a,, , can

be used to estimate the asymptotics. Let

t = (—iw)2,
2t
2= —
—17Tm

2t

—irn’

Then the arguments of the error function in (2.2) and (2.4) are % + (1 + )t where

1 —imm —imn
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Z 0 2(—iw)?2 2y(—iw)?2
2t . 2t .
— =—imm or — = —imn,
z z
_i‘rr2'rn2 —2 _i7r2n2 —2
e dw =¢° or e 4w =¢e*

Combining the above definitions with the binomial series formula
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15
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Substituting all this into a,,,, we examine the asymptotics of a,, , for each case.

1. m>>w% and n=0

Setting n = 0 in (2.2) yields

. 2,002

1exp<—”r4£1 )
T
2

272 'ym( iw)

Qm,0 =

10

+ (1—7)6156—3(1 7)4t4+445(1—7) 2—185} Z7+0(2‘_8)}-



iel/z2

()l )
— e t/z (erf(i + (- ’y)t) - erf(i —(1+ ’y)t)] }

Expanding the error function erf for large m > w'/? using the formula (3.6)
have

el/? {e27t/z [erf(i +(1+ 7)t> - erf(i —(1- y)tﬂ
—e /= (erf(i +(1- 7)t> - erf(i —(1+ ’y)t)] }

~ 2(_1)melw

7 (147%) {—2isin(2yw)z
™

— [((1 + )%t — ;) el — ((1 — )%t — ;) eiﬂ 2+ 0(25)} .

Finally, it can be deduced that for m > 1

v
8£

-1m . 4 sin(2 1
0 ~ 1 ) elw(1+’y2){ Slnﬂ(—;")’y)?n2

[ 2w(1 + v*) sin(2yw) + 4iyw cos(2yw) + isin(2'yw)] % + (’)(16) }

(3.7)

m =0 and n>>w%

Setting m = 0 in (2.2), we have

sr202
3 1m™n
i exp(— 70 )

271'%71,(—10))%

e ™/ erf 7_17”1 -+ (1+ §> —erf (—iwn
{ [ <2v(—iw)2 e (i)

: F+ (1= 9) (i)
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[un

D=

= 5 {th/z [erf (i + (1 +7)t > — erf §+ 1 —y)tﬂ
—e 2 [erf(i (1—7) > —erf(i (14~ tﬂ}

el/? {e%/z [erf <i +(1+ 7)t> — erf (i +(1- y)tﬂ
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w(1+77) {—2isin(2yw)z

hence
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Thus, we deduce

T 2 4 . 1
ag.pn ~ (—1)"ewd+7) (7;/ sm(2'yw)?

873w . . . 1 _
i {—2w(1 +~?) sin(2yw) + 4iyw cos(2yw) + isin(2yw) } i +O(n 6))
(3.8)
for n > 1.
3. Letting x > 0 be a rational number, n = km, Kk # 7y
An important observation to note, following at once from (2.2), is that
= ()P man — (~1)"nRag, €Z.. (39
mn = 72m2 — 2 YoM am0 n-agn|, m,n +- .
We conclude, using (3.9), that for m,n > 1, y?m? # n?, the expansion is
8(—1)m+ng weiw(l—i—'}/Z) )
Amn ~ =D 7771 {—2w(1 +~?) sin(2yw)
1
4i 2 isin(2 cee 3.10
+ 4iyw cos(2yw) + isin(2yw)} - + (3.10)

It follows at once that for bounded k > 0, Gy xm = O(m_4).

3.1.2 The decay rate of a,,, for my=n,1<n<m,0<y<1

Two conditions are considered: one is large w, the other is large m provided that ym = n.
For large w, taking the expansion (3.3), the form (2.3) can be approximated by

22
8'?}::57; (4:}13)% [(ngz + 2iw + 27rm(1 + v)w) (1 + O(w_%»

—(72m? + 2iw — 2rm(1 + 7)w) (1 + (9(&;‘%))

Am,my ™~

B (7r2m2 + 2iw + 2mm (1 — y)w) (1 + O(w*%))

i (7r2m2 + 2iw — 2mm(1 — 7)w) <1 + O(w_%))}

(_1)m(1+'y)i

+ T [exp (iw(l + ’7)2) — exp (iw(l - 7)2)]

g€~

71‘% exp(_iﬂ2m2)
_ 2L o@w™). (3.11)

(—iw)?

Secondly, if my = n and m approaches infinity for fixed w, we expand the error
functions in (2.4) using the expansions (3.6),

(_1)m+neiw(1+72)

- 1
{ (7T2m2 + 2iw) el2w [z + [(1 + )%t — 2} 23

Am,my = 1
dmryw(—iw)?

+ [(1 + )Mt =31+ )% + i] 2
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+ {(1 + )08 — %(1 + )t + 4745(1 + )%t — 8] 27]
+2mmwe? (1 + ) [(1 + )tz + [(1 + )%t — ﬂ (1+ )tz
4 [(1 F )M — 51+ 7)2 + ﬂ (1+ 7)1526] L0 }
+ (7°m? + 2iw) e [z + [(1 — )2 - ] 23
+ [(1 — )Mt = 3(1 — )% + z] 2
#a-e - Fa -t Ta-ape - )4
—27rmwe7127°’(1 -7) [(1 — Mtz + [(1 — )% — 2] (1-— 'y)tzA‘
+ [(1 — )Mt =51 — )% + {45} (1- 7)7526] + (9(28)}

(—1)m+"ei“’(1+72) sin(2vyw)

Yw
—1)ymtn iw(1++2)
= (4 ) ? - ); {- (772m2 + 2iw) 2isin(2yw)z
mryw(—iw)?2

+2mmw [ (1+7)%®% — (1 —5)%e 27¢] 22

1 1 .
_ (7r2m2 =+ 21w) |:< 1 -+ fy 2) 2yw ( )2t2 - 2) elQ'yw:| 23

+2mmw [(1 +7)? ( ;) 20w _ (] — )2 ((1 — )22 — 2) e—isz} 4
- (7r2m2 + 2iw) [((1 + )4t =314+ 4)%2 + i) e2w
(@t s 3 o)
15\ -
+2mmw [(1 +7)° ((1 + )t =51+ )% + f) el
15 ;
—(1—7)? ((1 — N =51 — )% + 4> e_l2w] t2°
1 4 15\ .
— (w*m” + 2iw) [((1 F0 = D)+ (1) 85) iz

15 45 15\ .
- ((1 =)t = S (=) (=) - 8) e IZW] 2+ o(zS)}
(—1)mtneiw(47%) gin(2yw)
Yw
—(—1 m+neiw(1+72)8w . ' '
) Timiy ((2i7°w + 2iw + 1) sin(2yw) + 4yw cos(2yw))

_1)ym+n iw(1+72)32 2
. Weﬁm% (4w + 24i720? + 1297w + 12w + 4iw? — 31) sin(2yw)
+(1673w? — 24iyw + 167w?) cos(2yw)) + O(m_8). (3.12)
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Figure 3.1: —logg |am n| (the blue dotted line) and its asymptotic approximation (the red
line), for n = 0 (the top left), m = 0 (the top right), m = n (the bottom left) and ym =n
(the bottom right) with v = ¥, m,n € [1,1000], and w = 100.

Summarising the above analysis, we have presented the asymptotics for a,,, in six
cases. The validity of these asymptotics is illustrated by plotting the asymptotic results for
am,n against the the exact expressions. With v = % and w = 100, the curves —logq |am,n|
(the blue dotted line) and its asymptotic expression (the red line) are displayed in Fig. 3.1
for n = 0 (the top left, the asymptotic (3.7)), m = 0 (the top right, the asymptotic
expression(3.8)), m = n (the bottom left, the asymptotic expression (3.10)) and ym = n
(the bottom right, the asymptotic expression (3.12)) for m,n € {1,...,1000}.

On the other hand, for fixed m, n, if w approaches infinity, the decay of a,, is
consistent with the estimations (3.4, 3.5, 3.11). Taking m = 2, n = 7 in (3.4), m = 3,
n =4 for (3.5) and m =3, n =1 in (3.11) with v = %, the accurate value a, ,, (the blue
dotted line) and its asymptotics (the red line) are shown in Fig. 3.2 for w from 1 to 1000.

3.2 Asymptotics for d,,,

Similarly to @, ,, we will analyse d,,,, for six cases:

1. large w, fixed m, n and lim,, 2272‘:11 #;

2. dp,o for m > w%;

14
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Figure 3.2: —logg |amn(w)| (the blue dotted line) and its asymptotic approximation(the
red line), for m = 2, n = 7 (the top left), m = 3, n = 4 (the top right), m = 3, n =1 (the
bottom) with v = 1, w € [1,1000].

3. do,, for n > w%;

2n+1
2m—+1

1 1
4. dpmn, limMy, o0 =K, kK # 0,00, for m > w? and n > w?;

2n+1
2m+1

5. large w, fixed m, n and limy,,_,co = ~; and

2n+1

2m+1:'yform>>w% and > w?.

6. dmn and lim,,

Applying (3.3) to (2.5), for case (1), we have

in2(2m 2
—4(=1)"y(2m + 1) cos(my (m + ) exp (- T GpHE) 1
A ~ T —~+0(w™),  (3.13)
72 (4v2m? + 492m + 42 — 4n? — 4n — 1)(—iw)?2

for’y(m—i-%) #k—i—%andkeZJr. Butwhen*y(m—i—%) :k—l—%,keZJﬂ it holds that

elw(1+7?)

{1y tm )5 (2 4 1)

dnun

m(47y2m?2 + 4y2m + 42 —4n? —4dn — 1w

e—i2’yw—i7r(m+%)(1—'y) ei2’yw+i7r(m+%)(l+’y)

+
1 1
(1—y) = Tma) gy )y lmtd)
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e—i2'yw+i7r(m+%)(1—'y) ei2'ywi7r(m+§)(1+'y)]

(=) + 22t (g ) 2lmtd)

2w

1 7i2'yw7i7r(n+l)(1f'y)/'y
+H(=1)™ (2n +1) {cos m(n+3) (e -

w(n+2
K (1—7)— (QWZ)
eiQ'yw—iw(n+ %)(1—1—7)/7 e—i27w+i7r(n+%) 1=7)/~ ei2'yw+i7r(n+ %)(1—1—7)/7 )
_ + _
w(n+i m(n+i w(n+i
G+ =T o+ g T
i 7T(77, + %) (eiZ'ywiﬂ'(n—i-%)(l’y)/’y eiZ'yw—iW(n—&-%)(l—i-'y)/'y
1811 -
7(n+2 m(n+2
N e =
e—127w+i7r(n+ A=y /v ei2vw+i7r(n+%)(1+’y)/7 .
_ ey + Yy +O(w™?). (3.14)
(1—79)+ QWJQ (1+7)+ QWJQ
In case (2), denote
1 _ —17r(2m+1 1)’ ;= (—iw)%, 2t — ir (m + 1) , (3.15)
z 4(—iw)z z 2

Note that if m > w%, n = 0, the condition v(2m + 1) # 1 is valid subject to the premise

v(2m+1) # 2n+1 for non-negative integers m and n, especially n = 0. Thus, with (3.15),
the formula (2.6) yields

in?(2m+1)2
—v(2m +1) exp(—%)

dm,O - Ol =

72 (4v2m?2 + 4~v2m + 2 — 1)(fiw)%

omimrm+d) [ o —im(2m + 1) ot ) e —iﬂ'(2m—|—1)_ (i) E
o) o)

— ™y (m+3) [erf (—1:((2771)—4: D) —(1+ 'y)(—iwﬁ) —erf (—iw(an t D) +(1— fy)(—iw)é)] }

—y(2m + 1)e!/?*
72 (492m? + 4y2m + 42 — 1)(—iw)

X {e”t/z [erf C +(1+ 7)(—iw)§> —erf C —(1— 7)(—@)%)]

(3] ()

where C is a constant

o (=)™ exp(—%)

B W%(472m2 +4v2m + 42 — 1)(_@)%
x Qe ferf | T (1) (i) ) = enf [ (1= )(—iw)
4y(—iw)?2 4y(—iw)?

— @ fen [ — T (1) (i)} | —ert [ — (1= ) (—iw)?
[ (47(—10.;)2 S )> <47(—iW)2 o )>]
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1
Y2 (2m +1)2°

Using the formula (3.6), we get

[NIE

o/ {ew/z [erf C (4 7)(_@)%) — erf (i — (1= 7)(~iw) )]
e fnt (Lo it ) e (L 0t}

_9i(—1)meiw(1+7?)
~ i(=1) le {2 cos(2yw)z
m2

1

1\ ; )
+ |:((1 + 7)2t2 _ 2>8127w + ((1 _ 7)2752 _ 2>e—12’yw:| 23 + 0(25)}
Therefore, we deduce

4o (—=1)™16iy(2m + 1)) (i cos(2yw) 8w
m0 m(72(2m+1)2 — 1) m2m+1)  m@m+1)3

[2iw(1 + 7?) cos(2yw) — 4yw sin(2yw) + cos(2yw)] } + O((2m + 1)79).

(3.16)
Case (3). When m =0 and n > w%, letting
1 —im(2 1 2t 1 2t —i 1
L_Zin@nt 1) vz_iw<n+>, :“T(H), (3.17)
z 4y (—iw)? z 2 z ol 2

the formula (2.6) becomes

im2 2
(2n+1) exp<—1(62+j21)>
1
3

doyn + Co = 5 . 1
w2 (y2 —4n? —4n — 1)(—iw)?

4y(—iw)? 4y(—iw)?

" {e_mm;)/v [erf (‘177(27”11) F(1+ 7)(_iw)%> —erf (W + (1 =) (-iw)

_ oin(nt )/

4vy(—iw)2 4y(—iw)z
(2n + 1)e!/**
71'%(’}/2 —4n? —4n — 1)(fiw)%

x {eﬂ/z [erf (i +(1+ v)(—iwﬁ) — erf <1 +(1— ry)(—iw)é)]

e fot (2 it ) —e (L0t

where the constant C5 is

i 2
(=1)™y exp(—féﬁ)
W%(’}/Q —4n? —4n — 1)(—iw)%

e Im/2 | or —in —iw)? | —er T - —lw
{ : [f<4(_iw)é+(1+’7)( >> f<4<_iw>; (1) (i)

>—erf< T (= ) (—iw)

nEmE

~

Cs

N

)
I}

N|=
N

—e™/2 |er —im —iw
' [f<4<_iw>é (14 7)(-iw)
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)

erf (‘”(2”“) e +7)(iw)5> ~arf <‘”(2”“) (- v)(iw)é)] }



Using (3.6) with (3.17) gives
el/? {e%/z [erf C +(1+ 7)(—iw)§> — erf <i +(1- 7)(—10.;)%)]

- fat (£ () (i)} ) —ent (5 - (1= )t ) |}

_Qi(_l)neiw(l-‘r"/Q)

~ T {2 cos(2yw)z
T2
1\ ; Ly
+ [((1 + )% — 2) 21w 4 ((1 —7)%? - 2) 6127“’} 22+ 0(2°) }
therefore
don + C —(=1)"16iy(2n + 1)e(H+7°) [ icos(2yw) 87%w
On T &2 (7% — (2n+1)?) m(2n+1) 720+ 1)3

[2iw(1 ++?) cos(2yw) — dyw sin(2yw) + cos(2yw)] } + O((2n + 1)7%).
(3.18)

As for case (4) with m > w%, n>> w? and K #0,7,00, dpmp in (2.6) with (3.17) and
(3.18) satisfies
—-D"(y?2m+1)2 -1
(=D)™(y* = (2n +1)?)
Y2(2m +1)2 — (2n 4 1)2
—128(—1)™ iywelw(1477)
74 (2m + 1)2(2n + 1)2

[don + C2(n)]

[2iw(1 + +?) cos(2yw) — 4yw sin(2yw) + cos(2yw)] + - -
(3.19)

In cases (5) and (6) with lim;, oo 22:1111 = Kk = v, we are concerned with the expressions
(2.7) and (2.8). Firstly, when w > m in case (5), using the asymptotic formula (3.3) in

(2.7), we derive the asymptotic behaviour

ir?(2m+1)>2 1
exXp 16w T2
~ ( el ) +0(w™). (3.20)

(—iw)z

T (m+ )73

On the other hand, if m and n go to infinity in case (6), we consider the expression
(2.8). Using the expansions of error function (3.6) and the definitions (3.15) inside (2.8),
el/z2

16v(2m + 1)w7r%(—iw)
(m2(2m + 1)* + 8iw + 87w <m + ;) (L4 ))erf <

d

m,(m+3)7—3

N

+(1 +’7)75>
+(7?(2m + 1)* + 8iw — 87w (m +
— (7%(2m + 1)? + 8iw + 87w

( (:
— (72(2m + 1) + 8iw — 87w <m + ;) (1 = ~))erf C - 'y)t)]

18



(—1)(m+%)(1+7)_1iei“(1+72) cos(2yw)

yw
(—1)(mF2) (14 —Lgiw(1+97)

8(2m + 1)7T’yw(—iw)%

{(71'2(2771 +1)? + 8iw) <z + {(1 + )% — ;] 23

+ @+ = 3(1+9)% + ﬂ 2

[ 15 45 15
+ [(14 )55 — 5 1+ T4+ -1+ 7)1 — 8} z7>

|
0

e <m + ;) (14 7)o ((1 byt 4 [(1 + )22 — g] (14 )tz

Fa et =2+ 2] 1)

4
i 1
+ [(1 — )ttt =31 — )% + ﬂ 2°
1 4 1
+ [(1 — )% — 55(1 -+ 25(1 — )% — 85} z7)

—87w (m + ;) (1 —7)e 2 <(1 — )tz + [(1 — )% — ;’] (1 —y)tz?

#a—met -0 -+ 2] 1 - o))

(_1)(m+%)(1+7)7liei”(1+72) cos(2yw)

Yw
(_1)(m+%)(1+7)—1eiw(1+'¥2)

e (o 417+ 8) a2
—sm (ot ) [(149)%67 + (1= e ] 7
# (17 4 1) [ (4022 - e (@ - ) o]
~smw (m+ 3 ) [e 2 (@ e - 3) o

# =) (= = 3 e et
+ (rm+ 17+ 80) [ (et =30+ 4 3) o
(@i e §) o)
5

1 15\
— 87w (m + ) [(1 + )2 <(1 + )4t = 5(1 4 4)%2 + 4> ei27w
1

+(1—7) <(1 — it - 51 — )% + f) eiW] 25
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+ (7%(2m + 1)% + 8iw) [((1 + 7)%% — 15

45 15
1 44 L 290 2,2 1o
2(+7)t+4(+7)t S

ei2’yw

15 45 15 ;
+ ((1 _ ’)/)Gtﬁ _ ?(1 _ ’)/)4t4 + Z(l _ ’)/)27f2 _ 8> e—12yw:| Z7 + 0(28)}
(—1)(m+2) AN =1ieiw(149%) cog(2yw)
_ =
_1)(m+3) (1)1 Giw(1+42)
LD © 128w (272w + 2w — 1) cos(2yw) + 4iyw sin(2yw)]

yrd(2m + 1)*
(_1)(er%)(1+’y)fleiw(1+’y2)2048w2
y76(2m 4 1)6
4,2 2.2 19:.2 1o 2 _
[(47*w? + 247°w? — 12iy°w — 12iw + 4w — 3) cos(2yw)
+ (1617 w? + 24yw + 16i7w?) sin(2yw)] + O((2m + 1)_8).

+

We are interested in the numerical results for verifying the decay rate of the coefficients
dpmn for large m, n or large w. The curves —log;q|dm | (blue dotted lines) and its
asymptotic expressions (the red lines) are depicted in Fig. 3.3, for n = 0 (the top left,
derived from (3.16)), m = 0 (the top right, obtained from (3.18)), m = n (the bottom left,
3.19) and y(2m + 1) = 2n + 1 (the bottom right, (3.21)) with increasing m, n. Note that
oscillation occurs when m or n are less than 100. The reason is that when m,n < w = 100,
the parameter w dominates the behaviour of d,, . Thus, in this regime, we need to use
large w asymptotics in their analysis.

Fig. 3.4 illustrates our estimates for large w, fixed m, n and v = %, and they are in
accordance with the exact decay rate of d,, . The top left red curve corresponds to the
estimate of (3.13) with m = 2, n = 7, the top right for (3.14) with m =4, n =5 and the
bottom for (3.20) with m = 4, n = 1, respectively.

4 Numerical results

The goal of the paper isan efficient calculation of the eigenvalues of the integral equation
(1.1). The initial integral equation (1.1) has been transformed into two sub-systems of
linear equations (1.5) and (1.6), where the structure of the matrices A and D plays a vital
role in the determination of a suitable numerical method. Thus, firstly we display the im-

ages with scaled colours for the matrices A = (@m,n)i <, n<iooo @24 D = (dm.n)1<m.n<1000
13 TN 79 R

1010° 10° 10°

the logarithmic (to baselO) scale for the absolute value of each entry. The darker the

of dimension 1000 in Fig. 4.1 for v = % and Fig. 4.2 for v = 1, by taking
colour, the smaller the values in A and D. It is evident that the elements of the matrices
become much smaller with increasing m and n. The entries in horizontal and vertical
directions decay slower than along the diagonal direction, and this is consistent with the
theoretical analysis of Section 3. Furthermore, it is observed that the area of the lighter
region becomes larger, in other words, there are more larger values as « increases from
% to 1. Although the maximum values for the matrices remain the same, the minimum
values increase from 1070 to 1078 as 7 increases from % into 1.

To calculate the eigenvalues, the coefficient matrix of the infinite system (1.5) or (1.6)

must be truncated in practical computation. Note that the hyperbolic-cross nature of
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Figure 3.3: —logg|dm,n| (the blue dotted line) and its asymptotic approximation (the
red line), for n = 0 (the top left), m = 0 (the top right), m = n (the bottom left) and
m = 3n + 1 (the bottom right) with v = 3 and w = 100.

the patterns of A and D exhibited in Figs 4.1 and 4.2 suggest the truncation technique
proposed in (Brunner et al. 2011). Partitioning the matrix .4 in the form

A A
A — st XTr 14 X 00 ,
[ Az g As o ]

ocoXT o0 X OO

it is observed that the entries of A 5 are very small for sufficiently large r. Thus, we can
set the sub-matrix Ajg o to zero. Correspondingly the matrix A is approximated by a new

infinite matrix

A= |: ‘Alvlrxr A172r><oo :| ) (4.1)

A27]‘OOX7' Ocox 00

According to (Brunner et al. 2011, Theorem 7), the rank of the matrix A in (4.1) is 2r
and its nonzero eigenvalues are the same as those of a 2r dimensional square matrix

A1 Gi
B = ;
|: g2 0 :|2r><2r’

such that G1Go = Aj 2 A2 1. The four sub-matrices are all » square matrices. One simple
choice is G = G and Gy = 7.
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0 200 400 600 800 1000

Figure 3.4: —log;( |dm n(w)| (the blue dotted line) and its asymptotic approximation (the
red line), for m = 2, n = 7 (the top left), m =4, n =5 (the top right), m =4, n =1 (the
bottom) with v = 1, w € [1,1000].

We are also interested in the relationship between the eigenvalues and the parameter
~. The eigenvalues of the resulting linear system with w = 100 and N = 1000 for v =
%, 1%, %, %, %, 1, are plotted in Figs 4.3 and 4.4. Not all of the eigenvalues are visible since
many are very small: the operator being compact, they accumulate at the origin. With
increasing v, 0 < v < 1, there are more eigenvalues visible as their magnitude increases.

The next step is to see how the eigenfunctions change with increasing v in Fig. 4.5.
Moreover, as v increases, it seems that the eigenfunctions become less oscillatory. In
particular, the eigenfunctions corresponding to the large eigenvalues (such as the first and
second), become less oscillatory. The oscillatory nature of the eigenfunctions corresponding

to small eigenvalues appears to be insensitive to ~.

5 Conclusions

Numerical simulation of laser resonators requires the knowledge of the eigenvalues and
eigenfunctions of an oscillatory integral of the first kind with associated constant v € (0, 1).
This paper presents an effective, explicit algorithm for the computation of the discretised
matrix and its corresponding eigenvalues. This algorithm commences from an infinite
matrix and then considers in some detail the asymptotic properties of the matrix entries.
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Figure 4.1: Images of matrices A = (am,n)

(left) and D = (dm,n)
(right) in the form logyo | - | with v = {5 (top), ¥ = 5 (middle) and v = § (bottom) for
w = 100.

0<m,n<1000 0<m,n<1000

Knowledge of these entries allows for a finite-dimensional truncation if the matrix which
reduces the computational cost, while delivering desired accuracy. Moreover, asymptotic
analysis shows that the decay of the entries occurs in a pattern which allows us to use
the hyperbolic cross for a further substantial reduction in the computational outlay. Our
asymptotic analysis is fully confirmed by our numerical experiments.

We note that mathematical — as distinct from numerical or asymptotic — analysis of
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Figure 4.2: Images of matrices A = (am,n)

(left) and D = (dm,n)
(right) in the form logo | - | with v = {5 (top), v = % (middle) and v = 1 (bottom) for
w = 100.

0<m,n<1000 0<m,n<1000

the spectra of the operator (1.1) is virtually nonexistent. Even the more familiar Fox-Li
operator (the case v = 1) represents a challenge for spectral theory (Bottcher, Grudsky &
Iserles 2012).
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Figure 4.3: The eigenvalues of the integral operator with w = 100 for v = 15, 75, 5 19

The blue diamond denotes the 'cos’ coefficients; The red stars denotes the ’sin’ coefficients.

References

Berry, M. (2001), ‘Fractal modes of unstable lasers with polygonal and circular mirrors’,
Opt. Commun. 200, 321-330.

Berry, M., Storm, C. & Saarloos, W. (2001), ‘Theory of unstable laser modes: edge waves
and fractality’, Opt. Commun. 197, 393—-402.

Bottcher, A., Grudsky, S. & Iserles, A. (2012), The Fox-Li operator as a test and a spur
for Wiener-Hopf theory, in ‘Essays in mathematics and its applications’, Springer,
Heidelberg, pp. 37-48.

Brunner, H., Iserles, A. & Norsett, S. P. (2011), ‘The computation of the spectra of highly
oscillatory Fredholm integral operators’, J. Integral Equ. Appl. 23(4), 467-519.

Deanio, A., Huybrechs, D. & Iserles, A. (2018), Computing highly oscillatory integrals,
Society for Industrial and Applied Mathematics (STAM), Philadelphia, PA.

Fox, A. G. & Li, T. (1961), ‘Resonant modes in a maser interferometer’, Bell Sys. Tech.
J. 40(2), 453-488.

25



0.2 0.2
®
0.15 L 1 0.15
9, L %é
0.1 a 2% o 0.1 @ >
¥ * <
¢ * o ¢ ﬂé}
0.05 —_— 0.05 o * 0
E o * o * *0 ¥ & t}
0 x ‘®L o 0 * g% o o
& o *0*0 * * o 0* *&* & x ¢ 0
-0.05 * & o -0.05 * %
» B ¥ * ¢ % o
-0.1 o % -0.1 o *
* s # @ 9
-0.15 & w 8 ] -0.15 G g g
02 : : : 02 : : :
-0.2 -0.1 0 0.1 0.2 -0.2 -0.1 0 01 0.2
Figure 4.4: The eigenvalues of the integral operator with w = 100 for v = 190, 1. The blue

diamond stands for the ’cos’ coefficients; The red stars denotes the 'sin’ coefficients.

Figure 4.5: Real and imaginary parts of the eigenfunctions corresponding to the first,
second, twentieth and fortieth ’cosine eigenvalues, respectively, with w = 100 for v = -

10
(top left), v = & (top right), v = 15 ( bottom left) and v = 1 (bottom right).

Horwitz, P. (1973), ‘Asymptotic theory of unstable resonator modes’, J. Opt. Soc. Am.
63(12), 1528-1543.

Iserles, A. & Ngrsett, S. P. (2008), ‘From high oscillation to rapid approximation. I.
Modified Fourier expansions’, IMA J. Numer. Anal. 28(4), 862-887.

26



Karman, G. P., McDonald, G. S., New, G. H. C. & Woerdman, J. P. (1999), ‘Fractal
modes in unstable resonators’, Nature 402, 138.

Muntean, K. I. & Svich, V. (2000), ‘Eigenmodes diffraction losses of marginally unstable
semispherical resonator’, LFNM’2000, Kharkiv, Ukraine.

Siegman, A. E. (1974), ‘Unstable optical resonators’, Appl. Opt. 13(2), 353-367.

Yoo, J., Jeong, Y., Lee, B., Rhee, Y. & Cho, S. (2004), ‘Numerical simulation of laser
resonators’, J. Korean Phys. Soc. 44(2), 293-302.

A Proof of Theorem 1: explicit expressions for a,,,

Proof. Recalling that ¢,,(x) = cosmnz, we let ap,, = Z,[cosmmz,cosnmy]. Given
v € (0,1] and ym # n (which incidentally requires that m and n are not both zero
simultaneously) it holds that

! 2(—1)"my sin(mym
/ cos(mm(t + yy)) cos(mny)dy = ( W()/mez — 22) ) cos(mmt),
-1
(1-t)/~ (=1)™ncos ™ ant  (=1)"nsin T2 nt
/1 cos(mm(t + vy)) cos(mny)dy T2mE =2 sin 5 T ZmE = 2) -

—1)"m~y cos(mym) .
_{ )(72%2 —(n;) ) sin(mmdt)

(—1)™my sin(7ym)

+ w(Pm? — n2) cos(mmt),
1 (=D)™ncos ™  rpt (—1)™msin ™ opt
cos(mm(t + vy)) cos(mny)dy = ——7 §in — — —————— cos —
Lowos w(Pm? —a®) T - a?)
—1)n
(=1)"mry cos(mym) sin(7wmit)
7(7m? — n?)
—1)n i
+ (=1)"my sin(rym) cos(mmt).

~(y7m? = )

When v =n/m and 1 < n < m, we have

1
/_1 cos(mm(t + vy)) cos(mny)dy = cos(mmt),

(1-t)/~
/ cos(mm(t + vy)) cos(mny)dy = —%t cos(mmt) + mz—; o cos(mmt)
-1

L sin(rmt)
— — s1n(7m™m
2N ’

! m m+n 1
t dy = —t t t —— si t).
/(Ht)/:os(ﬂm( + vy)) cos(mny)dy 5 cos(mmt) + 5 cos(mmt) + 5 sin(mmit)

Note in particular that the term ag o has the exact expression

-2

10.) —yY) e 77 oo\ ot diwy+iyiw : s\ E iwtiy2w

apo = *dydz = - | —i(—iw)2e +i(—iw)2e
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3 o2 iw(1—7) 19 1w(7+1)
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( (~iw)} ) Y ( (i)’ ) )
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Let

1 02
b ) T2 exp —% .
Copla) == / cos(at)e“”tht = <f> —erf a(—iw)% @ -
a (—i 2(—iw)2

4(—iw)2
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We observe that

Cloqiy(0) = Coiy _144(a)

St 147(@) = =51, -144(a)
Cii—y144(a) = =C1 —1—,—144()
and
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For 0 < <1, v#n/m and n and m? + n? > 0,
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On the other hand, when v = n/m for v € (0,1], 1 <n < m, we have
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It is now trivial to deduce Theorem 1. O

B Proof of Theorem 2: explicit expressions for d,, ,

Proof. Following a similar line of reasoning for d,, ,, we firstly consider the case of 0 <
v < 1and (2m + 1)y # 2n + 1, where m and n are non-negative integers. Similarly, it

holds that
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On the other hand, if v € (0,1] and (2m + 1)y = 2n + 1, where m,n are nonnegative

integers, the corresponding integrals are
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Based on the definition (1.4), the coefficient d,,,, can be represented in the form
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Theorem 2 now follows.
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