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Numerical Analysis — Lecture 7*

Order: The order of a general numerical method ¥y, ., = @, (tn, Y. Y1,---,¥,) for the solution
of (4.1) is the largest integer p > 0 such that

y(tn—i-l) - Qoh(tnv y(to)a y(tl)v s ay(tn)) = O(hp+1)

for all h > 0, n > 0 and all sufficiently smooth functions f in (4.1). Note that, unless p > 1, the
‘method’ is an unsuitable approximation to (4.1): in particular, p > 1 is necessary for convergence.

The order of Euler’s method: We now have ¢, (t,y) = y + hf(t,y). Substituting the exact
solution of (4.1), we obtain from the Taylor theorem

Y(tnt1) = [y (tn) + 0F (b, y(80))] = [y(ta) +hy' (ta) + 50y (ta) +- -] = [y (ta) + hy'(ta)] = O(h?)
and we deduce that Euler’s method is of order 1.
Theta methods: We consider methods of the form
Y1 =Y +HO0F (o, y,) + (1= 0) F(tns1,¥nyr)),  n=0,1,..., (4.4)
where 0 € [0,1] is a parameter:
e If 6 = 1, we recover Euler’s method.

e if § € [0,1) then the theta method (4.4) is implicit: Each time step requires the solution of
N (in general, nonlinear) algebraic equations for the unknown vector y,, ;.

e The choices § =0 and 0 = % are known as
Backward Euler:  y, ., =y, +hf(tns1,Yni1),
Tra’peZOidal rule: Yn+1 = Yn + %h’[f(tTH yn) + f(tn+17 yn+1)]'

Solution of nonlinear algebraic equations can be done by iteration. For example, for backward
[0]

Euler, letting y;," | = y,,, we may use
Direct iteration yEfL” =y, +hf(tnsr, yﬂrl);
R
j 1 1 af(t'"- 9 Ej] ) j j
Newton—Raphson: y%il} = ymrl — {I - hglyy'“] [yEf]H -y, —hf(tni1, yﬂrl)],

) ) T .
Modified Newton—Raphson: ygfilu = yﬂrl — [I — hiaf(g"y’y")} [?Jﬂ-l -y, — hf(tni1, ygl_l)]

The order of the theta method: It follows from (4.4) and Taylor’s theorem that
Y(tns1) — y(tn) = hOY'(tn) + (1 = )y (tn41)]
= [y(tn) + hy/(tn) + %thN(tn) + %h?’y'”(tn)} - y(tn) - th/(tn)
— (1= 0)h[y (tn) + hy" (tn) + 10%y" (t,)] + O(RY)
= (0= )Y (tn) + (30 = HI°Y" (t) + O(hY) .
Therefore the theta method is of order 1, except that the trapezoidal rule is of order 2.

4.2 Multistep methods

It is often useful to use past solution values in computing a new value. Thus, assuming that

YnsYnitr - Ynts_1 are available, where s > 1, we say that
S S
Zplyn-H :hzglf(tn-i-lvyn-‘rl)? n:0717"'7 (45)
1=0 1=0
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where p; = 1, is an s-step method. If o5 = 0, the method is explicit, otherwise it is implicit.
If s > 2, we need to obtain extra starting values y,,...,y,_, by different time-stepping method.

Lot p(w) = S35 pret, () = S5 ol
Theorem The multistep method (4.5) is of order p > 1 iff

p(e*) — zo(e*) = O(P1), z — 0. (4.6)

Proof. Substituting the exact solution and expanding into Taylor series about t,,,

S S S o0 1
Z Ply(tm-l) —h Z a'lyl(tn+l) — Zpl Z Ey(k lkhk hz o Z y(k+1) lkhk
1=0 =0 =0 k=0
£ 1 B
= (Z pz) y(tn) + Z o (Z 1 — kZl’“ 10;) hry® ().
1=0 k=1" \i=0 1=0

Thus, to obtain O(hPH) regardless of the choice of vy, it is necessary and sufficient that

Zsjplzo, ilkm:kil’ﬂol, E=1,2,...,p. (4.7)

=0 =0 =0

On the other hand, expanding again into Taylor series,

p(e*) —zo(e Zple —zZole Zpl (Zk'lk k)—zZal (Zk'lk k)
1=0 1=0
1 — Eoe 1 — k-1 k
:Zk(zl> Tt (B

k=1
S o0 1 S S
= (Zpl> —f—ZE ( lkpl—kzlk_la'l> Zk
1=0 k=1"" \iI=0 =0
The theorem follows from (4.7). a

Example The 2-step Adams—Bashforth method is

yn+2 - yn+1 = h[%f(tn+17ywz+l) - %f(tnvyn)] (48)

Therefore p(w) = w? — w, o(w) = 3w — § and

p(e*)—zo(e®) = 14224227+ 22%]—[142+ 322+ 22°] - 32[1+2+ 322+ 224 0(2") = 52°5+0(2%) .
Hence the method is of order 2.

Example (Absence of convergence) Consider the 2-step method

yn+2 - 3yn+1 + 2yn = Tlgh[lg.f(tn+27 yn+2) - Qof(tn-‘rlvyn-i-l) - 5-f(tn7 yn)] (49)

Now p(w) = w? — 3w + 2, o(w) = 15(13w? — 20w — 5) and it is easy to verify that the method
is of order 2. Let us apply it, however, to the trivial ODE 3’ = 0, y(0) = 1. Hence a single
step reads Yni+2 — 3Yn+1 + 2y, = 0 and the general solution of this recursion is vy, = ¢1 + 22",
n =0,1,..., where c1,co are arbitrary constants, which are determined by yy = 1 and our value
of y1. In general, ¢y # 0. Suppose that h — 0 and nh — t > 0. Then n — oo, thus |y,| — oo and
we cannot recover the exact solution y(t) = 1. (This remains true even if we force ¢ = 0 by our
choice of y;, because of the presence of roundoff errors.)

We deduce that the method (4.9) does not converge! As a more general point, it is important to
realise that many ‘plausible’ multistep methods may fail to be convergent and we need a theoretical
tool to allow us to check for this feature.



