Mathematical Tripos Part IB: Easter 2001

Numerical Analysis Ű Lecture 4^1

3.3 Spectral radius and Gershgorin theorem

How can one compute the spectral radius of a matrix? The simplest tool for estimating the position of the eigenvalues is the following theorem.

Theorem [Gerschgorin]. Let A be a n × n matrix (with real or complex coef�cients). Then all of its eigenvalues are contained in the union ∪^n_{i=1}Γ_i where Γ_i’s are the circles in the complex plane Γ_i = {z ∈ C : |z − a_{ii}| ≤ r_i}, r_i := ∑_n j=1,j6=i |aij |, i = 1, . . . , n. (3.6) Proof. Let λ ∈ C be an eigenvalue of A, and let w be the corresponding eigenvector. Let w_i be the largest component in absolute value. Consider the i-th equation of the relation Aw = λw: a_{ii}w_i + ∑_n j=1,j6=i aij wj = λwi. This implies the inequality |λ − a_{ii}| · |w_i| ≤ ∑_n j=1,j6=i |aij ||wj | ≤ |wi| ∑_n j=1,j6=i |aij | =: |wi|ri which, after dividing by |w_i|, gives (3.6). 2 A matrix A is said to be strictly diagonal dominant if |a_{ii}| > r_i for all i. From Gerschgorin theorem, it follows that a strictly diagonal dominant matrix is nonsingular. Theorem. Let A be strictly diagonal dominant. Then the Jacobi iteration converges.

Proof. We prove that the spectral radius of the Jacobi iteration matrix H = −A�^1_D (A_L + A_U) satis�es ρ(H) < 1. One computes h_{ii} = 0, h_{ij} = −a_{ij} /a_{ii}, and if A is strictly diagonal dominant, then r_i = ∑ i6=j^{|hij | < 1. By Gerschgorin theorem, the eigenvalues of H lie in the union of the}

discs Γ_i := {z ∈ C : |z| < 1}, i.e. ρ(H) < 1 2

4 QR factorization of matrices

4.1 Scalar products, norms and orthogonality

We �rst revise a few de�nitions. In what follows, R^n is the linear space of all real n-tuples.

• For all u, v ∈ R^n we de�ne the scalar product ⟨u, v⟩ = ⟨v, u⟩ = ∑_n j=1 u_j v_j = u^Tv = v^Tu . • If u, v, w ∈ R^n and α, β ∈ R then ⟨αu + βw, v⟩ = α⟨u, v⟩ + β⟨w, v⟩. • The norm (a.k.a. the Euclidean length) of u ∈ R^n is ‖u‖ = (∑_n j=1 u^2_j )_{1/2} = ⟨u, u⟩^{1/2} ≥ 0. • For u ∈ R^n, ‖u‖ = 0 iff u = 0.

• We say that u ∈ R^n and v ∈ R^n are orthogonal to each other if ⟨u, v⟩ = 0. • The vectors q_1, q_2, . . . , q_m ∈ R^n are orthonormal if ⟨q_k, q_ℓ⟩ = { 1, k = ℓ, 0, k ≠ ℓ, k, ℓ = 1, 2, . . . , m. • An n × n real matrix Q is orthogonal if all its columns are orthonormal. Since (Q^TQ)_{k,ℓ} = ⟨q_k, q_ℓ⟩, this implies that Q^TQ = I (I is the unit matrix). Hence Q�^1 = Q^T and QQ^T =

QQ�1_{= I. We conclude that the rows of an orthogonal matrix are also orthonormal, and}

that Q^T is an orthogonal matrix. Further, 1 = det I = det(QQ^T) = det Q det Q^T = (det Q)^2, and thus we deduce that det Q = ±1, and that an orthogonal matrix is nonsingular.

1Corrections and suggestions to these notes should be emailed to a.shadrin@damtp.cam.ac.uk. All handouts are available on the WWW at the URL http://www.damtp.cam.ac.uk/user/na/PartIB/Handouts.html.

Proposition If P, Q are orthogonal then so is P Q.

Proof. Since P^TP = Q^TQ = I, we have (P Q)^T(P Q) = (Q^TP^T)(P Q) = Q^T(P^TP )Q = Q^TQ = I, hence P Q is orthogonal. 2

Proposition Let q_1, q_2, . . . , q_m ∈ R^n be orthonormal. Then m ≤ n.

Proof. We argue by contradiction. Suppose that m ≥ n + 1 and let Q be the orthogonal matrix whose columns are q_1, q_2, . . . , q_n. Since Q is nonsingular and q_m ≠ 0, there exists a nonzero solution to the linear system Qa = q_m, hence q_m = ∑_n j=1 a_j q_j . But

0 = ⟨q_ℓ, q_m⟩ = ⟨ q_ℓ, n∑ j=1 a_j q_j ⟩ = n∑ j=1 a_j ⟨q_ℓ, q_j ⟩ = a_ℓ, ℓ = 1, 2, . . . , n,

hence a = 0, a contradiction. We deduce that m ≤ n. 2

Lemma Let q_1, q_2, . . . , q_m ∈ R^n be orthonormal and m ≤ n − 1. Then there exists q_{m+1} ∈ R^n such that q_1, q_2, . . . , q_{m+1} are orthonormal.

Proof. We construct q_{m+1}. Let Q be the n × m matrix whose columns are q_1, . . . , q_m. Since n∑ k=1 m∑ j=1 Q^2_{k,j} = m∑ j=1 ‖q_j ‖^2 = m < n,

it follows that ∃ ℓ ∈ {1, 2, . . . , n} such that ∑_m j=1 Q^2_{ℓ,j} < 1. We let w = e_ℓ − ∑_m j=1⟨q_j , e_ℓ⟩q_j . Then for i = 1, 2, . . . , m ⟨q_i, w⟩ = ⟨q_i, e_ℓ⟩ − m∑ j=1 ⟨q_j , e_ℓ⟩⟨q_i, q_j ⟩ = 0, i.e. by design w is orthogonal to q_1, . . . , q_m. Further, since Q_{ℓ,j} = ⟨q_j , e_ℓ⟩, we have ‖w‖^2 = ⟨w, w⟩ = ⟨e_ℓ, e_ℓ⟩ − 2 m∑ j=1 ⟨q_j , e_ℓ⟩⟨e_ℓ, q_j ⟩ + m∑ j=1 ⟨q_j , e_ℓ⟩ m∑ k=1 ⟨q_k, e_ℓ⟩⟨q_j , q_k⟩ = 1 − m∑ j=1 Q^2_{ℓ,j} > 0.

Thus we de�ne q_{m+1} = w/‖w‖. 2

4.2 The QR factorization

The QR factorization of an m × n matrix A has the form A = QR, where Q is an m × m orthogonal matrix and R is an m × n upper triangular matrix (i.e., R_{i,j} = 0 for i > j). We will demonstrate in the sequel that every matrix has a (non-unique) QR factorization.

An application Let m = n and A be nonsingular. We can solve Ax = b by calculating the QR factorization of A and solving �rst Qy = b (hence y = Q^Tb) and then Rx = y (a triangular system!).

Interpretation of the QR factorization Let m ≥ n and denote the columns of A and Q by a_1, a_2, . . . , a_n and q_1, q_2, . . . , q_m respectively. Since

[ a_1 a_2 · · · a_n ] = [ q_1 q_2 · · · q_m ]

R_{1,1} R_{1,2} · · · R_{1,n} 0 R_{2,2} . . . . ... ... 0 R_{n,n} . . . . 0 · · · · · · 0

,

we have a_k = ∑_k j=1 R_{j,k}q_j , k = 1, 2, . . . , n. In other words, Q has the property that each kth column of A can be expressed as a linear combination of the �rst k columns of Q.