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Proof (. . . continuation) There are n curves passing through x ∈ M that cannot be contracted
to a point, so that the corresponding integrals don’t vanish. We thus define the action coordinates

Ik =
1

2π

∮
Γk

∑
j

pj dqj , (1.4)

where Γk is a closed curve which is the kth basic cycle of the torus Tn: ‘cycle’ in general is a
sub-manifold without boundary.

Thus,

Γk = {ρ1, . . . , ρn) ∈ Tn : ρk ∈ [0, 2π], ρj = const for j 6= k},

where ρ are coordinates on Tn. (This is a non-trivial point!)
The Stokes theorem implies that the above actions are inde-
pendent of the choice of the cycle Γk: Given two such cycles
Γk and Γ̃k, of opposite orientation,∮

Γk

∑
j

pj dqj +

∮
Γ̃k

∑
j

pj dqj =

∫ ∑
i,j

(
∂pi
∂qj
− ∂pj
∂qi

)
dqj ∧ dqi = 0.

The actions (1.4) are also first integrals, because
∮
p(q, c) dq depends only on ck = fk, while fk is

a first integral. Moreover, they are in involution,

{Ii, Ij} =
∑
r,s,k

(
∂Ii
∂fr

∂fr
∂qk

∂Ij
∂fs

∂fs
∂pk
− ∂Ii
∂fr

∂fr
∂pk

∂Ij
∂fs

∂fs
∂qk

)
=
∑
r,s

∂Ii
∂fr

∂Ij
∂fs
{fr, fs} = 0.

In particular, {Ik, H} = 0.
The torus Mf can be equivalently represented by {Ik = c̃k, k = 1, . . . , n} for some constants c̃,
but resist the temptation just to define Ik = fk, because then the transformation (p, q) → (I, φ)
need not be canonical.

Next we construct the angle coordinates φ1, . . . , φn, canonically conjugate to the actions, using the
generating function S(q, I) =

∫ q

q0

∑
j pj dqj , where q0 ∈ Tn – this definition is independent of the

path joining q0 and q because of ∂pk/∂qj − ∂pj/∂qk = 0 and the Stokes theorem.

Thus, the angles are φi = ∂S/∂Ii, i = 1, . . . , n. They are periodic with period 2π: thus, consider
the paths C and C ∪ Ck (where Ck represents the kth cycle) joining q0 and q:

S(q, I) =

∫
C∪Ck

∑
j

pj dqj =

∫
C

∑
j

pj dqj +

∫
Ck

∑
j

pj dqj = S(q, I) + 2πIk

and, taking derivatives, φk = ∂S/∂Ik = φk + 2π.

The transformations q = q(φ, I), p = p(φ, I) and their inverse, φ = φ(p, q), I = I(p, q),
are canonical (being defined by a generating function!) and invertible. Therefore {Ij , Ik} = 0,
{φj , φk} = 0, {φj , Ik} = δj,k and

φ′k = {φk, H̃}, I ′k = {Ik, H̃}, k = 1, . . . , n,

1Please email all corrections and suggestions to these notes to A.Iserles@damtp.cam.ac.uk. All handouts are
available on theWWW at the URL http://www.damtp.cam.ac.uk/user/na/PartII/IntegrableSystems/Handouts.html.
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where H̃(φ, I) = H(q(φ, I),p(φ, I)). But the actions are first integrals, therefore Ik = −∂H̃/∂φk =
0, and we deduce that H̃ = H̃(I) and φ′k = ∂H̃/∂Ik = ωk(I), where the ωks are also first integrals.
This proves (b). Finally, integrating these canonical equations results in

φk(t) = φk(0) + ωk(I)t, Ik(t) ≡ Ik(0), k = 1, . . . , n,

n circular motions with constant angular velocities. The proof is complete. 2

The KAM theory In some situation the main consequences of the Arnold–Liouville Theorem,
in particular periodic motion on a (deformed) torus, remains true for Hamiltonians of the form
H̃(I) + εK(I,φ): this is the KAM (Kolmogorov–Arnold–Moser) theory.

Example I: Harmonic oscillator H(p, q) = 1
2 (p2 +ω2q2). The solutons foliateMf into ellipses

1
2 (p2 + ω2q2) = 1

2 (p2
0 + ωq2

0) := E. For a fixed value of energy E we can take Γ =Mf , therefore

I =
1

2π

∮
Mf

pdq =
1

2π

∫ ∫
S

dp dq =
E

ω
,

where S is the area enclosed by Mf and we have used the Stokes theorem to move from an
integral on the boundary to an area integral inside. Therefore the new Hamiltonian is H(I) = ωI
and φ′ = ∂H/∂I = ω implies φ = ωt + φ0. Finally, I = 1

2 (p2/ω + ωq2), hence the generating
function is

S(q, I) =

∫
p dq = ±

∫
(2Iω − ω2q2)1/2 dq.

Taking the + sign, we thus have

φ =
∂S

∂I
=

∫
ω dq

(2Iω − ω2q2)1/2
= arcsin

(
q

√
ω

2I

)
− φ0 ⇒ q =

√
2I

ω
sin(φ0 + φ).

Thus, we recover the familiar solution of the harmonic oscillator,

p =
√

2E cos(φ0 + ωt), q =
√

2E/ω sin(φ0 + ωt).

Example II: The Kepler problem p = [pφ, pr]
>, q = [φ, r]>, H = p2

φ/(2r
2) + p2

r/2 − α/r,
α > −0 a constant. It is easy to see that {H, pφ} = 0, hence H and pφ are two first integrals in
involution and the system is integrable. Let Mf = {H = E, pφ = µ}, therefore

pφ = µ, pr = ±
(

2E − µ2

r2
+

2α

r

)1/2

,

with arbitrary φ and a single constraint on (pr, r). Thus, φ and either r or pr parametrise Mf .
Varying φ and fixing the other coordinate gives a cycle Γφ ⊂Mf and

Iφ =
1

2π

∮
Γφ

(pφ dφ+ pr dr) =
1

2π

∫ 2π

0

pφ dφ = pφ.

Likewise, to find Ir, we fix φ (in addition to H and pφ), whereby we have a cycle Γr and

Ir =
1

2π

∮
Γr

pr dpr =
1

2π

∫ r+

r−

(
2E − µ2

r2
+

2α

r

)1/2

dr =

√
−2E

π

∫ r+

r−

(r − r−)1/2(r+ − r)1/2

r
dr.

To calculate the integral we choose a circular contour of radius R > r+ with a branch cut at
[r−, r+]. This leads to a lengthy calculation and, finally,

Ir =
α√
2|E|

− µ ⇒ H = − α2

2(Ir + Iφ)2
.

Therefore the absolute values of the frequencies are equal, given by

∂H

∂Ir
=
∂H

∂Iφ
=

α2

(Ir + Iφ)3
=

(
2

r+ + r−

)3/2√
α.
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