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Integrable Systems — Lecture 7!

Recall the spectral problem Lf = k?f, where £ = —d?/dx? + u(x) is the Schrodinger operator. If
k # 0 then functions f obeying the problem (abusing terminology, we’ll call them ‘eigenfunctions’)
form a 2D complex vector space G(k). u(x) real = if f is an eigenfunction then so is f.

Let {1,v} and {¢, #} be two bases of G(k) such that

T — 00! P(x, k) =~ —ikz, Pz, k) ~ ek,

T — —00: oz, k) ~

Any eigenfunction can be expanded in a basis, hence 3 a(k),b(k) s.t. o(x, k) = a(k)(z, k) +

b(k)y(x, k). Thus, if a # 0,

efikz
¢(-T; k) ~ a(k) ’ T o0 (3 2)
ak) _ike | O(K) ke .
e + a(k)e R T — 00

A particle emanates from +oo leftwards with the wave function e=**. We let the transmission

and reflection coefficients be
1 _ b(k)
t(k) - a(k)’ T( ) - a(k)a

because |a(k)|?> — |b(k)|? = 1: this implies that [t(k)|? + |r(k)|*> = 1 — we can thus interpret |t(k)[?
and |r(k)|? as the probabilities of transmission and reflection, respectively.

To prove |a(k)|*> — |b(k)[* = 1, consider the Wronskian W (f,g) = fgz — fog. Therefore W,(f,g) =
f9uz — fozg and W = 0 if both f and g are eigenfunctions. It follows that W (¢, ¢) = ¢ and

c= lim W(a,d) = e F(eh7), — (e7) e = 2ik.
T——00

Likewise (letting z — +o00) W (v, 1)) = 2ik. However, since ¢ = at) + bi) and W is linear in both
its arguments and skew-symmetric upon swapping the arguments,

W (o, @) = W(ay + bih,arh + by) = |al*W (1, 4) + abW (1, 4) + abW (¥, 10) — [b[*W (46, )
= 2ik(|al® — [b]*),

because W (f, f) = 0 for any f. This proves that |a|? — [b]? = 1.

Properties of (forward) scattering Let k € C. Then it is possible to prove that
1. a(k) is holomorphic in C* = {k € C : Imk > 0};
2. limy| o0 la(k)| = 1 for k € C*;

3. The zeros of a in C* all live on iR and, provided [~ (1 + |z|)|u(z)|dz < oo, their number is

finite. We assume these are {ixy}i_,, where x1 > x2 > -+ > xn > 0.
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4. Because of (3.2), we have

e ilixn)e — oxnz T — —00,

P(z,ixn) ~ { where by, = b(ixy)-

aixn)e 1Xn)T 4 p(iy, )elxn)® = b e=Xn® g — oo,
It is possible to show that b, € R, the b,s change sign, b, = (—1)"|b,]|, @' (ixn) € iR and

sgnia’(ix,) = sgnb,. Finally, ¢(-,ix,) is an eigenfunction,

d2

In particular, this indicates that ¢(-,ixy,) is square integrable.
Inverse scattering We wish to recover u(x) from the scattering data: reflection coefficients r(k)
and energy levels {x1,...,xn} — hence E, = (ix,)? = —x2 and
) exn®, T — —00,
¢($, IXn) =

bp,e~Xn%, T — 00.

To set the inverse scattering transform we need the following steps:

1. Set the function
F(z) =

n=

2. Solve for K (z,y) the GLM equation

bye~Xn® 1 [0 ,
o = / r(k)e dk.
< id(ixn) 27

—0o0

K(x,y)—i—F(x—i—y)+/OOK(x,v)F(x+y)dv:0.

Then
L dK (z,x)

dz
We have done all this for the t-independent equation but we can introduce ¢ as a parameter,
provided time dependence of the scattering data is known. In that case K = K(z,y,t) and
u = u(z,t).

u(z) =

The Lax formulation In general the eigenvalues of the t-dependent problem depend upon ¢, but
inverse scattering is an exception: an example of an isospectral problem, whose evolution keeps
eigenvalues intact.

Lemma Let L be a time-dependent self-adjoint linear operator acting on the linear space closed
w.r.t. the inner product (f,g) = ffooo f(z)g(x) da and suppose that it obeys the ODE

L =[AL]=AL— LA,
where A is itself a linear operator. Then the spectrum of L is independent of t.

Proof (We assume for simplicity that the spectrum consists of eigenvalues only.) Differentiate
Lf = Ef. Therefore Lif+Lf; = E;f+ Ef:. However, £; = AL—LAand ALf = A(Ef) = EAf,
therefore

(AL—LAf+Lf=Ef+Efi =  —(LA-EAf+(L-E)fi=Ef
and we deduce that E;f = (L — E)(Af — fi). Take an inner product with f # 0:

Ef, f) = (f, (L= E)ASf = 1)) L—E)f,Af=fi)=0
because (£ — E)f =0, Since f # 0, it follows that E; = 0. a

L self adjoint
= (



