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Analysis 5.14(Fourier analysis of stability) eta” = >, e~ "m0y ¢ [—m, 7] be the Fourier trans-
form of the sequence € ¢5[Z]. We multiply the discretized equations
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by e~? and sum up forn € Z. Thus, the left-hand side yields
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Similarly manipulating the right-hand side, we deduce that
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The functionH is sometimes called tremplification factorof the recurrence (5.3).

Theorem 5.15 The method (5.3) is stable |#(9)| < 1 forall € [—, 7].

a"t(0) = H(0)a"(0) where H(6) (5.4)

Proof The definition of stability is equivalent to the statemerattthere exist€” > 0 such thaf|u™|| <

C Vn € Z'. [Because we are solving a Cauchy problem, equations aretiiwrfor all Az, and this
simplifies our analysis and eliminates a major difficultyeri is no need to insist explicitly thdt." ||
remains uniformly bounded whehx — 0]. The Fourier transform being an isometry, stability is thus
equivalent td||a"|| < C ¥n € Z™. Iterating (5.4), however,

a"(0) = [H(0)]"a°(0), 0| <m, nezt. (5.5)
Assume first thatH (0)| < 1V|0| < w. Then, by (5.5),

~n ~ ~T 1 " ~T 1 " ~ ~
an @) < [a°@) = [a"ll> =5 [ ") d6 < g/ [a"(0)[* do = [1a°]|*.
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Hence stability.
Suppose, on the other hand, tBat € [—, 7] such thatH (6y)| = 1+ ¢ > 1, say. Sincéd is continuous,
there exist-r < #_ < 6, < = such thatfH ()| > 1+ 3¢ V0 € [6_,0,]. We choose as our initial

condition the function
21
a(0) = { \/@;e, 0 <6<0,,

0, otherwise.

0 \ T m =0,
Uy = oimOy _gimo_
TR m € Z\ {0}.
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But we might just as well restrict our attention to the Fouspace.] Therefore
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We deduce that the method is unstable. O
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Example 5.16Consider the Cauchy problem for the diffusion equation auali the method
U = gy + g,y = 2up, g ).
Therefore we have
r=1, s=1, ag =1, ax; =0, Bo=1—2u, Pr1=p
in (5.3). We calculate
H@O)=1+p(e —2+¢?) =1—4pusin® g, 0 € [—m, 7],

thusl > H(¢) > H(r) = 1 — 4y, and we deduce that the method is stablgiff 1. On the other hand,
Crank-Nicolson, i.e.

uptt = Spupt = 2untt fun ) = g, + fulun, g = 2u, +ul ),
results in
T+ 2pe™@ -2+ 1 —2usin? ¢
H(9) = g o= ——=€e(-L1 fe[-m7], p>0.
L—gp(e ™ —2+e) 14 2usin®3

Hence stability for alls > 0.

Discussion 5.17The difference between our former framework and Fourielyaigis that in the latter we
stipulate thain € Z, which corresponds to € R in the original PDE. Thus, the above example is within a
different framework to both the direct stability analysfd@ct ur e 19 and to the eigenvalue analysis of
Lecture 20. ‘Translation’ of Fourier analysis to problems with bounidaris by no means trivial and
it often (although not for the diffusion equation, where vea get away with a much simpler argument!)
calls for very deep functional-analytic tools.

Itis frequently alleged that it is enough to ‘pad’ the vecifyy with zeros form ¢ {1,2,..., M — 1}. This

is in general wrong, since (e.g. when either 2 or s > 2 in (5.3)) we do not have enough boundary values
to satisfy the equations near the boundary. This means thabtust amend the discretized equations near
the boundary and the identity (5.4) is no longer valid. Ineyah a great deal of care must be exercised to
combine Fourier analysis with boundary conditions.

With manyparabolicPDEs, e.g. the diffusion equation, the Euclidean norm oéiaet solution decays (for
zero boundary conditions) and good methods share this lmhraHence they are robust enough to cope
with ‘seepage’ of energy from the boundary into the solutiomain, which might occur when discretized
equations are amended there. The situation is more diffieuihanyhyperbolic equationsg.g. the wave
equation, since the exact solution keeps the energy (atleguclidean norm) constant and so do many
good methods. In that case any ‘seepage’ of energy from thadaoy can be dangerous, we must be
careful and often we require further (heavy) mathematicadmmery to deal with this situation.
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