Mathematical Tripos Part Il
Lent 2005
Professor A. Iserles

Numerical Analysis — Lecture 22
Problem 5.18(The diffusion equation in two space dimensions) We are solving

0

8—;‘=V2u, 0<a,y<l, >0, (5.6)
whereu = u(z,y,t), together with initial conditions at = 0 and Dirichlet boundary conditions at
9[0,1]2 x [0,00). It is straightforward to generalize our derivation of nuinal algorithms, e.g. by the
method of lines. Thus, let;,, () ~ u(lAz,mAz,t) andu;',, ~ w;,n»(nAt). The five-point formula
results in

1
Upm = 7(A$)2 (Uz—l,m + Ui41,m + Um—1 + Ul m41 — 4uz,m)-
Hence, Euler yields

n+l _ , n n n n n n
ul,m - ul.,m + /“L(ulfl,m + ul+1,m + ul,mfl + ul,m+1 - 4ul,m)7 (57)

where, as beforg, = At/(Az)?. The local error i<D((Az)?). To analyse stability, we write (5.7) (with
zero boundary conditions) in a vector form,

u"tt = Au”, nelZ".

It is easy to observe that is anM? x M? matrix, whereAz = 1/(M + 1), and that it is block-TST,
B C 1—4p p

A=|C B , where B = pooL-dp

C B w1 —A4p

and C = ul.

Since bothB andC' are themselves TST, we deduce tHdas symmetric, hence normal. Therefore, stability
follows from p(A4) < 1.

The eigenvalues and eigenvectorsd€an be explicitly written down: the proof is easy and it atheéea-
tured (under a light disguise) in our presentation of Hoglskast Poisson solver. To recap, the eigenvalues
are

wk T
Ay=1-4 in? ——— 4 sin® ———— kii=1,2,...,M
k,l /J/(Sll'l 2M+2+Sln 2M+2>7 ) ) &y ) )
the corresponding eigenvectors bejpg ;); ; = sin A}’jl sin M”—ljl i,7=1,..., M. Consequently,

sup p(A) = max{1,|1 — 8ul}
Ax>0

andy < I < stability.

Fourier analysis, likewise, generalizes to two dimensiaisourse, we now need to extend the range of
(z,y)in (5.6) from0 < z,y < 1tox,y € R. A 2D Fourier transform reads

{)(0577[}) = Z eii(ermw)rUl,m

l,meZ
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and all our results readily generalize. In particular, thaifier transform is an isometry fromiZ?] to
Lo([-7,7]?), i.e.

1/2
o 1 T T 1/2
(Z |vk,z|2) o =lio = (g [ [ e0vrpasas)

k,l=—o0

Moreover, (5.7) is stable iffH (6, v)| < 1, —7 < 8,4 <, where
H(0,) =14 pe™ +e¥ 47 fe¥ —4)=1—4pu (sin2 g +sin® %) .

The proofs are an easy elaboration on the one-dimensiosahtland are left to the reader. Insofar as the
method (5.7) is concerned, we again deduce staki#ity < %.

Problem 5.19(The advection equation) A useful paradigm for hyperbolic PDEs is thévection equation

ou Ou

— = <z<l1 > 5.8

(“)t axa 0 ST > ) t - 07 ( )
whereu = u(z,t). Itis given with the initial condition:(z,0) = ¢(x), = € [0, 1] and (for simplicity) the
boundary condition:(1,t) = ¢(t+1). The exact solution of (5.8) is simply(z, t) = ¢(x+t), a unilateral
shift leftwards. This, however, does not mean that its niceemodelling is easy...
We commence by discretizingu(mAx, t)/0x ~ (Ax) umi1(t) — um(t)], m = 0,..., M, and solve
the ODE by Euler's method. The outcome is

Uzj_l :ufn—’—:u(uxH»l _u:iz)7 m:0711"'aM7 n Z 07 (59)

where the Courant number js= At/Axz. It follows at once from our construction that the local el
O((Ax)Q).
To analyse stability, we let the boundary conditionrat 1 be zero anda laLect ure 19 and define
" = maxX,;,=o,... M |ul,|. It follows at once from (5.9) that

ups™ 1 < 1= pllup | + plup o < (0= pl+ w0, neZ’.

Therefore,u € (0,1] means thay"+t! < n* < ... < 1% hence uniform boundedness, hence stability.
[Note that eigenvalue analysis of stability does not apply here, since the matrix is not normal! Indeed,

this is an example of simplistic analysis of eigenvalues leading to a wrong answer! Fourier analysis is
inapplicable either, since thisis not a Cauchy problem, but it can be generalized easily to cater for (5.9).]

Method 5.20(The leapfrog method) We semidiscretize in equation (5.8) with the finite-diffece approx-
imation du(mAx,t)/0x ~ 1(Az) " up41(t) — um—1(t)] and solve the ODRy’ = f(t,y) with the
second-ordemidpoint rule

yn—H =Yn-1 +2hf(tnayn)7 n= 1323""
The outcome is the two-stépapfrog method
uptt = f(Upy iy — 1) + Uy (5.10)

The error is nowO ((Az)?).
We analyse stability by the Fourier technique, assumingwieaare solving a Cauchy problem. Thus,
proceeding as before,

A"t 0) = p(e? — e )a"(0) + 4" (0) = 2ip(sin )" (0) + 4" (6). (5.11)
We defer to the next lecture a discussion whether the metha@)is stable: this is the same|a8(0)| < ¢

forall |9| < 7 andn € Z7.
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