
Part III - Lent Term 2005

Approximation Theory – Lecture 9

9 Degree of trigonometric approximation

9.1 Moduli of continuity

Definition 9.1 The modulus of continuity of a function f ∈ C(T) is defined as

ω(f, t) := sup
0<h<t

sup
x∈T

|∆1
h(f, x)|, ∆1

h(f, x) := f(x + h) − f(x).

Lemma 9.2 (a) ω(f, t) is a continuous, non-negative and non-decreasing function of t;

(b) ω(f + g, t) ≤ ω(f, t) + ω(g, t);

(c) ω(f, t) ≤ 2 ‖f‖;

(d) ω(f, nt) ≤ n ω(f, t), n ∈ N,

(e) ω(f, t) ≤ t ‖f ′‖;

(f) ω(f, λt) ≤ (λ + 1)ω(f, t), λ ∈ R.

Proof. (a)-(c) are straighforward, (d)-(e) follow from the properties of ∆1
h(f, x):

(d′) ∆1
nh(f, x) =

n−1
∑

i=0

∆1
h(f, x + ih), (e′) ∆1

hf(x, h) =

∫ h

0

f(x + u1) du1,

and (f) follows from (a) and (d):

ω(f, λt)
(a)

≤ ω(f, bλ + 1ct)
(d)

≤ bλ + 1cω(f, t) ≤ (λ + 1)ω(f, t).

9.2 Direct theorems

Definition 9.3 (Convolution) Typical construction of good trigonometric approximation uses in-
tegral operators of convolution type

Ln(f, x) :=
∫

T
f(x − t)Kn(t) dt =

∫

T
f(t)Kn(x − t) dt, Kn ∈ Tn, (9.1)

where Kn is a trigonometric polynomial of degree n. Since, e.g., cos k(x− t) = cos kx cos kt+
sin kx sin kt, the convolution Ln(f) belongs to Tn as well.

Lemma 9.4 Let Kn ∈ Tn be a polynomial that satisfies the following conditions:

1)
∫

T
Kn(t) dt = 1, 2) Kn(t) = Kn(−t), 3)

∫ π

0 (nt)k|Kn(t)| dt < c, k = 0, 1.

Then
‖f − Ln(f)‖ ≤ c ω(f, 1

n ) .

Proof. By (1)-(3), and making use of Property (f) of ω(f, t),

Ln(f, x) − f(x)
(1)
=

∫ π

−π
[f(x − t) − f(x)]Kn(t) dt

=
∫ π

0 [f(x + t) − f(x)]Kn(−t) dt +
∫ π

0 [f(x − t) − f(x)]Kn(t) dt
(2)
=

∫ π

0 [f(x − t) − 2f(x) + f(x + t)]Kn(t) dt

≤
∫ π

0
2ω(f, t)Kn(t) dt =

∫ π

0
2ω(f, nt 1

n )Kn(t) dt
(f)

≤ 2ω(f, 1
n )

∫ π

0
(nt + 1)Kn(t) dt

(3)

≤ c ω(f, 1
n ).
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Definition 9.5 (Jackson kernel) The Jackson kernel Jn is given by the formula

m =
⌊n

2

⌋

, Jn(t) := γn

(

sinmt/2

sin t/2

)4

= γ′

nF 2
m(t),

∫

T

Jn(t) dt := 1,

where the last equality defines the constant γn.

Lemma 9.6 The Jackson kernel belongs to Tn and, for all n,

γn ∼ 1/n3,

∫ π

0

(nt)kJn(t) dt < c, k = 0, 1, 2.

Proof. Since t/π ≤ sin t/2 ≤ t/2 (why?), we have

Im,k :=

∫ π

0

(mt)k

(

sin mt/2

sin t/2

)4

dt ∼

∫ π

0

(mt)k

(

sin mt/2

t

)4

dt
u= mt

2∼ m4−1

∫ mπ/2

0

uk

(

sinu

u

)4

du.

The last integral admits the lower and, for k ≤ 2, the upper estimates

ck =

∫ π/2

0

uk

(

2

π

)4

du ≤

∫ mπ/2

0

uk

(

sin u

u

)4

du ≤

∫ π/2

0

uk du +

∫

∞

π/2

uk

(

1

u

)4

du = c′k + c′′k ,

so that

Im,k
k
∼ m3 ∼ n3, whence

∫ π

0

(nt)kJn(t) dt
k
∼ γnIm,k

k
∼ n3γn .

For k = 0, the definition of γn implies γn ∼ n−3, hence the moment conditions for k = 1, 2 follow
as well. �

Remark 9.7 The Fourier and the Fejer kernels do not satisfy the moment conditions (for k = 0
and for k = 1, respectively).

Theorem 9.8 (The first Jackson1theorem [1912]) For some absolute constant c,

En(f) ≤ c ω(f, 1
n ) ≤ c n−1‖f ′‖ . (9.2)

Proof. Apply Lemma 9.4 with Kn = Jn. �

Theorem 9.9 (The second Jackson theorem [1912]) If f ∈ Cr(T), then

En(f) ≤ crn
−rω(f (r), 1

n ) ≤ c′rn
−r‖f (r)‖ .

Proof. Let t′n be the polynomial of best approximation to f ′. Then, by (9.2)

En(f) = En(f − tn) ≤ c n−1‖f ′ − t′n‖ = c n−1En(f ′) ≤ · · · ≤ crn−rEn(f (r)),

hence, again by (9.2)

En(f) ≤ crn−rEn(f (r)) ≤ cr+1n−rω(f (r), 1
n ).

What’s wrong with this proof? The best approximation qn to f ′ may have a constant term while
t′n does not. The following arguments fill the gap.

For any f ∈ C1(T), we have
∫

T
f ′(t) dt = 0. If qn = a0 + · · ·, then 1

2π

∫

qn(t) dt = a0, hence a0 =
1
2π

∫

[qn(t) − f ′(t)] dt and |a0| ≤
1
2π

∫

T
‖qn − f ′‖ dt = ‖f ′ − qn‖ = En(f ′). Hence, for t′n := qn − a0,

‖f ′ − t′n‖ = ‖f ′ − (qn − a0)‖ ≤ ‖f ′ − qn‖ + ‖a0‖ ≤ 2En(f ′),

and the proof can be runned as before with additional factor 2 (at each step). �

1Dunham Jackson (1888-1946), American mathematician, these are results of his PhD thesis, Göttingen, advisor
E. Landau.
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9.3 Exercises

9.1. Finite differences.

For f ∈ C(T) and x ∈ T, the finite difference of order k with the step h is defined as

∆k
h(f, x) = ∆1

h[∆k−1
h (f, x)], ∆1

hf(x) = f(x + h) − f(x).

Prove the following identities:

1) ∆k
h(f, x) =

∑k
i=0(−1)k−i

(

k
i

)

f(x + ih)

2) ∆k
nh(f, x) =

∑n−1
i1=0 · · ·

∑n−1
ik=0 ∆k

h(f, x + i1h + · · · + ikh),

3) ∆k
h(f, x) =

∫ h

0
du1

∫ h

0
du2 · · ·

∫ h

0
f (k)(x + u1 + · · · + uk)duk.

Hint. For k = 1 they are straightforward, for k > 1 use induction.

9.2. Moduli of smoothness.

The k-th modulus of smoothness of f ∈ C(T) is defined by

ωk(f, t) = sup
0<h<t

sup
x∈T

|∆k
h(f, x)| .

Making use of Ex. 9.1 prove that

(a) ωk(f, t) is a continuous, non-negative and non-decreasing function of t;

(b) ωk(f, nt) ≤ nk ωk(f, t), n ∈ N ;

(c) ωk(f, t) ≤ tk ‖f (k)‖ ;

(d) ωk(f, λt) ≤ (λ + 1)k ωk(f, t), λ ∈ R .

9.3. Prove that the Jackson operator admits the estimate in terms of the second modulus of
smoothness

‖f − Ln(f)‖ ≤ c ω2(f, 1
n ) ≤ c n−2‖f ′′‖.

Hint. More generally, prove this estimate for the kernel Kn ∈ Tn that satisfies the assump-
tions of Lemma 9.4 with the condition (3) extended to k = 0, 1, 2.

9.4. For the Fejer operator σn, prove the estimate

‖f − σn(f)‖ ≤ c ω(f, δn), δn = ln n
n

(that gives another proof of the uniform convergence σn(f) → f ).

Hint. Split the integral
∫ π

0 ω(f, t)Fn(t) dt =
∫ δ

0 +
∫ π

δ and use properties of ω(f, δ) together
with a decay of Fn.

8.5. Prove the second equality in (9.1).
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