
On Lp-boundedness of the L2-projectoronto �nite element spacesA.Yu. Shadrin1. IntroductionIn [Sh] we proved that, for p su�ciently close to 2, the Lp-norm of the L2-projector P onto the space S of polynomial splines of order k on a knot-sequence� is bounded independently of �:sup� kPSk(�)kp � ck; ����1p � 12 ���� < �k; �k = o(1): (1:1)This was thought to be a support to deBoor's conjecture [B] which states sucha boundedness for p = 1 (thus, for all p 2 [1;1]), and which has been proved sofar only for some particular k.The proof itself was rather technical and employed speci�c properties of thepolynomial splines.In this paper we prove two theorems which show that, on its own, the estimate(1.1) has nothing to do either with the splines, or with deBoor's conjecture.Namely, in Theorem 1, by elementary means, we show that, for p from a smallneighbourhood of p = 2, the mesh independent Lp-estimate (1.1) is not some-thing extraordinary, but holds for the L2-projector onto arbitrary space with awell conditioned basis of �nitely supported functions. The minimal radius of thisneighbourhood depends only on the basis local condition number.Using Theorem 1 and a known bound for the B-spline condition we give anexplicit expression for �k in (1.1), which we did not manage to compute in [Sh].On the other hand, in Theorem 2, we construct a sequence of f.e. bases with uni-formly bounded local condition numbers, such that the corresponding L2-projectorsare not uniformly Lp-bounded, if p does not belong to a certain neighbourhood ofp = 2. As local condition (necessarily) tends to 1, the maximal radius of thisneighbourhood becomes arbitrary small.Since the local condition of the B-spline basis of order k grows like 2k, thelatter theorem shows that in proving de Boor's conjecture for large k one should usesomething more delicate than the mesh independent boundedness of the B-splinecondition number. 2. ResultsLet k; n 2 N, and let � = ftign+ki=1 be a knot sequence, such thata = t1 � t2 � : : : � tn+k = b; ti < ti+k:For k; n;� as above, and for d 2 R, de�ne �k;d(�) as the set of all f.e. bases� = f�igni=1 with the following properties:(A1) supp�i = Ei := [ti; ti+k];(A2) k�ik1 � 1=k;(A3) d�1jajj � jEjj�1=pkPni=1 ai�ikLp(Ej ) 8a = (ai)ni=1; 8p 2 [1;1]:1



For a linear space S we write S 2 Sk;d(�), if S = span f�g with some � 2 �k;d(�).Remarks. 1) Property (A3) is equivalent todp(�) � d;where dp(�) := � infj �jEjj�1=pdist ��j ; spanf�igi 6=j�Lp(Ej )�	�1can be viewed as a local p-condition number of �. By H�older inequality,dp(�) � d1(�); if 1 < p � 1;so that it is enough to require (A3) only for p = 1.2) Also, properties (A1){(A3) provide the estimate�p(�) � dp(�) � dfor the global condition number �p of the properly Lp-normalized basis � (see x3).Now let PS be the operator of the L2-projection onto S with respect to the usualinner product (f; g) = R fg, i.e.,(f; �) = (PSf; �); 8� 2 S:For S 2 Sk;d(�), due to (A2), this operator maps Lp onto Lp, and we are interestedin bounds for its norm kPSkp = supkfkp=1 kPS(f)kp:The main results of this paper are the following.Theorem 1. For any k 2 N, d 2 R, d � k,sup� supS2Sk;d(�) kPSkp � c(k; d); ����1p � 12 ���� < 12kd2 ln d:Theorem 2. For k = 2, and any d � 16,sup� supS2S2;d(�) kPSkp =1; ����1p � 12 ���� > 3pd:The proof of Theorem 1 is given in xx 3-7 among which only x5 and x7 containsome new results. xx 3,4,6 are just a rewriting of the known results for the B-splinebasis to the f.e. bases satisfying (A1)-(A3) and are given for the sake of completeness.Theorem 1 has just the same \spline-eliminating" character as Demko's resulton the inverses of the band matrices, and Descloux's result on the f. e.matrices.For the spline space Sk(�) the local condition of the B-spline basis �k(�) oforder k satis�es k�12k < sup� d1(�k(�)) � k2k:Thus, by Theorem 1, we obtainCorollary 1. For the L2-projector onto the spline space Sk(�)sup� kPSk(�)kp � c(k; d); ����1p � 12 ���� < 14k+1k4 :On the other hand, Theorem 2 shows that the growth of the B-spline basiscondition number is not its best property.2



3. Condition numberFor 1 � p � 1, set�i;p := (k=jEij)1=p�i; �p = f�i;pgni=1: (3:1)and de�ne the p-condition number of � as�p(�) := supaj kPj aj�j;pkLpk(aj)klp supbj k(bj)klpkPj bj�j;pkLp :Lemma 3.1. If � 2 �k;d(�), thend�1kaklp � k nXi=1 ai�i;pkLp � kaklp ; (3:2)i.e., �p(�) � d:Proof. 1) The upper estimate.1a) If p =1, then at any x 2 [a; b], due to (A1), at most k functions of � di�erfrom zero, what by (A2) impliesmXi=1 j�i(x)j � kmaxi j�i(x)j � 1; 8x 2 [a; b]; (3:3)and respectively,k nXi=1 ai�ikL1 � maxi jaij � k mXi=1 �ikL1 � maxi jaij:1b) For p = 1, by (A2),k�i;1k1 := k jEij�1k�ik1 � k k�ik1 � 1; 8i;thus, k nXi=1 ai�i;1k1 � nXi=1 jaij k�i;1k1 � nXi=1 jaij: (3:4)1c) For 1 < p <1, since �i;p = �1=pi;1 � �1=qi;1;by H�older inequality, and due to (3.3)-(3.4),kPni=1 ai�i;pkLp = kPai�1=pi;1 � �1=qi;1kLp � k(P jaijpj�i;1j)1=p(P j�i;1j)1=qkLp� k(P api�i;1)1=pkLp = kPapi�i;1k1=pL1 � k(api )k1=pl1= kaklp :2) The lower estimate. By (A3),d�pjajjp � k�1kXi aik1=pjEjj�1=p�ikpLp[Ej ] = k�1kXi ai�i;pkpLp[Ej ];3



thus, for f =Pi ai�i;p, we haved�pXj jajjp � k�1Xj kfkpLp [Ej ] � kfkpLp[t0;tn+k ]:4. L2-projector and Gram-matrixHere we will establish equivalence between the Lp-norm of PS and the lp-normof inverse of a Gram-type matrix Ap.Lemma 4.1. Let � 2 �k;d(�), S = span f�g, and let Ap be the n� n matrixAp = f(�i;q; �j;p)gni;j=1:Then d�2kA�1p klp � kPSkLp � kA�1p klp : (4:1)Proof. We make use of the following nice formula of deBoor [B].kPSkp = sups2S inf�2S kskpk�kqj(s; �)j = sup�2S infs2S kskpk�kqj(s; �)j : (4:2)Now, if s = nXj=1 xj�j;p; � = nXi=1 yi�i;q:for some sequences x = (xj), y = (yi), then(s; �) = nXi=1 yi nXj=1(�i;q; �j;p)xj = (Apx; y); Ap = f(�i;p; �j;q)gni;j=1;and according to (4.2),PS = sups2S inf�2S kskpk�kqj(s; �)j = supx2lp infy2lq kskLpk�kLqj(Apx; y)j :By Lemma 3.1,d�1kxklp � kskLp � kxklp ; d�1kyklq � k�kLq � kyklq ;so that d�2
 � kPSkp � 
; 
 = supx2lp infy2lq kxklpkyklqj(Apx; y)j = kA�1klpThe lemma is proved.Since for any matrix B = (bij) holdsjbijj � kBkp � kBk1=p1 kBk1=q1 � maxfkBk1; kBk1g ;a corollary of (4.1) isLemma 4.2. Let � 2 �k;d(�), S = span f�g,Ap := f(�i;q; �j;pgni;j=1; A�1p := (bij;p)ni;j=14



Then kPSkp � d�2maxij jbij;pj; (4:3)kPSkp � max8<:maxi nXj=1 jbij;pj; maxj nXi=1 jbij;pj9=; : (4:4)5. Proof of Theorem 1.In order to apply the estimate (4.4) it su�cies to establish a certain decay ofthe entry bij;p as a function of ji � jj and p.From the normalization condition (3.1), it follows thatAp := f(�i;q; �j;pg = E1=pA1E�1=p;with E := diag (jE1j; jE2j; : : : jEnj):This gives for the entries of the inverse matrices A�1p = (bij;p) the relationbij;p = (jEjj=jEij)1=pbij;1: (5:1)and, as a corollary, the intermediate estimatejbij;pj = jbij;2j2=pjbij;1j1�2=p: (5:2)As we will show in xx 6-7,jbij;2j � d2
ji�jj2 ; 
2 = �d2 � 1d2 + 1�1=2(k�1) ; (5:3)jbij;1j � d2
ji�jj1 ; 
1 = d=p2; (5:4)so that (5.2) impliesjaij;pj � d2
ji�jjp ; 
p := 
2=p2 
1�2=p1 ; p � 2: (5:5)The inequality 
p < 1 means
2=p2 
1�2=p1 = 
1 � 
2
1�2=p < 1; p � 2;what results in 1 � 2=p > ln
1ln 
1 + ln(1=
2)i.e., 0 � 12 � 1p < 12 ln(1=
2)ln
1 + ln(1=
2) =: �0: (5:6)Since lnx � 1� 1=x, we haveln(1=
2) := 12(k � 1) ln�d2 + 1d2 � 1� > 1k � 1 1d2 + 1 ;ln
1 := ln(d=p2); 5



therefore, �0 := 12 11 + ln 
1ln(1=
2) > 12 11 + (k � 1)(d2 + 1) ln(d=p2) :From the inequality d � k � 2, it follows that�0 > 12 1kd2 ln dso that for p satisfying 0 � 12 � 1p � �� := 12 1kd2 ln d (5:7)the inequality (5.6) is also satis�ed.This means, that if p belongs to the interval (5.7), then for 
p de�ned in (5.5)we have 
p � 
p� = 
k;d < 1;therefore, jbij;pj � d2
ji�jjk;d ; 
k;d < 1;and, by (4.4), kPSkp � ck;d:Finally, kPSkp � ck;d; ��12 � 1p �� � 12kd2 lnd:Theorem 1 is proved. 6. Proof of (5:3)Denote by ��q = f��i;qg the basis dual to �q,(�i;q; ��j;q) = �ij ; i; j = 1; n:It follows from the de�nition of A�1p := f(�i;q; �j;p)g�1 := (bij;p), that��i;q = nXj=1 bij;p�j;p:Lemma 6.1. Let � 2 �k;d(�), and ��i;2 =Pnj=1 bj�j;2. Thenjbjj � d2
ji�jj2 ; 
2 = �d2 � 1d2 + 1�1=2k : (5:3)Proof. 1) Since ��i;2 is orthogonal to span f�j;2gj 6=i, we have(��i;2; ��i;2) = (�i;2; bi�i;2 +Xj 6=i bj�j;2) = (��i;2; bi�i;2) = bi;i.e., k��i;2k22 = bi:6



On the other hand, by (3.2), d�2 nXj=1 b2j � k��i;2k22;i.e., b2i � nXj=1 b2j � d4: (6:1)2) For m > i + 1� k, set  m = n+kXj=m bj�j :Then  m(x) = ��i;2(x); x � tm+k�1i.e.  m is orthogonal to spanf�i;2gi�m+k�1, in particular to  m+k�1. This givesk mk2L2[a;b] + k �  m+k�1k2L2[a;b] = k m �  m+k�1k2L2[a;b];i.e. kXj�m bj�j;2k22 + k Xj�m+k�1 bj�j;2k22 = km+k�2Xj=m bj�j;2k22;or, with respect to (3.2),d�2 Xj�m b2j + d�2 Xj�m+k�1 b2j � m+k�2Xj=m b2j (6:2)Set Bm := Xj�m b2j :Then (6.2) reads d�2Bm + d�2Bm+k�1 � Bm � Bm+k�1or Bm+k�1 � 
Bm ; 
 := d2 � 1d2 + 1 :For any j � i+ 1, with some 0 � l0 � k � 2, this givesb2j � Bj � 
b j�ik�1 c+1Bi�l0 � 
 j�ik�1 d4Finally, jbjj � d2
ji�jj2 ; 
2 = �d2 � 1d2 + 1�1=(2k�2)7. Proof of (5:4)Lemma 7.1. Let � 2 �k;d(�), and let ��i;1 =Pnj=1 aj�j. Thenjajj � d3
ji�jj1 ; 
1 = d=p2: (5:4)7



Proof. 1) By (5.1),(6.1),jaij := jbii;1j = jbii;2j =: jbij � d2:2) Let Ii+l0 = [ti+l0 ; ti+l0+1] be the largest subinterval of Ei = [ti; ti+k], i.e.,Ii+l0 � Ei; jIi+l0 j � k�1jEij; 0 � l0 � k � 1:Then, for any j = 1; : : : ; k, Ii+l0 � Ei+l0�k+j;and we have d�1jai+l0�k+j j � jEi+l0�k+jj�1=2k��i;1kL2(Ei+l0�k+j )� jIi+l0 j�1=2k��i;1kL2(Ei+l0�k+j )� k1=2jEij�1=2kai�ikL2(Ei)� k1=2kai�ikL1(Ei)� k�1=2jaij � k�1=2d2 � d2;i.e. maxi+l0+1�k�j�i+l0 jajj � d3: (7:1)3) For m > i + 1� k set  m = n+kXj=m aj�j :Then  m(x) = ��i;1(x); x � tm+k�1i.e.  m is orthogonal to spanf�igi�m+k�1, in particular to  m+k�1. This givesk mk2L2[tm+k�1 ;b] + k �  m+k�1k2L2[tm+k�1 ;b] = k m �  m+kk2L2[tm+k�1 ;b]:Since Em+k�1 = [tm+k�1; tm+2k�1] � [tm+k�1; b];supp ( m �  m+k�1) \ [tm+k�1; b] = [tm+k�1; tm+2k�2] � Em+k�1we also havek mk2L2(Em+k�1 ) + k m+kk2L2(Em+k�1) � k m �  m+k�1k2L2(Em+k�1 ):By (A3) we have2d�2jam+k�1j2 � jEm+k�1j�1�k m+k�1k2L2[Em+k�1 ] + k mk2L2[Em+k�1 ]�� jEm+k�1j�1k m �  m+k�1k2L2[Em+k�1 ]� k m �  m+k�1k2L1[Em+k�1 ]= km+k�2Xj=m aj�jk2L1[Em+k�1 ]� maxm�j�m+k�2 jajj2;8



what implies jamj � (d=p2)m�i�l0 maxi+l0+2�k�j�i+l0 jajj:Finally, with respect to (7.1) ,jamj � d3(d=p2)jm�ij:8. Proof of Theorem 2In this section, for given � > 0 we construct a sequence of bases �n = f�igni=1,such that(A) �n 2 �2;d(�n), with some �n and some d = d� = O(1=�2);(B) for the matricesAp;n := f(�i;q; �j;p)gni;j=1; 1=p = 1=2� �;with some constants c� and �� > 1 holdskA�1p;nkp > c �n:This proves Theorem 2.1) Let f1; f2 2 L1[0; 1] be given. For k = 2, and�n = fa = t1 < t2 < : : : < tn+1 < tn+2 = bg; with hi := ti+1 � ti;de�ne a f.e. basis � = f�igni=1 as�i(x) =8<: f1 ((x� ti)=hi) ; x 2 Ii;f2 ((x� ti+1)=hi+1) ; x 2 Ii+1: (8:1)Further, consider the case of the geometric mesh �n;z with the local mesh ratio z,i.e., hi+1=hi = z; 8i = 1; n+ 1:As we show in x 9, such a basis � := �(f1; f2;�n;z) has the following properties.2) The local L1-condition of � is determined byd1(�) = 1 + ze(f1) + ze(f2) ; (8:2)where e(f1) := inf� kf1 � �f2kL1[0;1]; e(f2) := inf� kf2 � �f1kL1[0;1]:3) If for � 2 (0; 1=2], and z > 1 holds(z� + z��) z1=2 R f1f2 > R f21 + z R f22 ; (8:3)then for the inverse of the matrixAp;n := f(�i;q; �j;p)gni;j=1; 1=p = 1=2� �;9



with some constants c� and �� > 1kA�1p kp > jb1;n;pj > c �n: (8:4)4) Now, for some z > 1 and arbitrary small �, we construct the functions f1; f2satisfying (8.3), such that d1 in (8.2) is O(1=�2).For a given � 2 (0; 1=2], denote by �n;� the basis de�ned via (8.1) by thefunctions f1 � 12 ; f2(x) = 8<: 12 1p
z ; x 2 [0; 
];0; x 2 (
; 1]: 
 := 1� �2: (8:5)Then e(f1) = (1� 
)12 = �22 ; e(f2) = (1� 
)12 1p
z = �22 1p
zand by (8.2), since 
 < 1d1(�n�) = 1 + ze(f1) + ze(f2) = 2�2 1 + z1 +pz=p
 < 2�2pz: (8:6)With f1; f2 from (8.5), inequality (8.3) turns to bez� + z�� > 2=p
;or z� > z�0 := 1p
 +r 1
 � 1 = 1 +p1� 
p
 :=r1 + �1� � :This implies �0 ln z = 12 ln 1 + �1� � < 12 2�1� � = �1� � � 2�;i.e., �0 < 2�ln z :Set d := 2�2pz;so that, by (8.6), we have �n;� 2 �2;d(�n;z). Then� = p2z1=4pdand respectively �0 < 1pd 2p2z1=4ln z :Set z = 4, then with � 2 (0; 1=2] we haved := 2�2pz � 16;and �0 < 1pd 2ln2 < 3pd:10



9. Proof of (8.2)-(8.3)Let f1; f2 2 L1[0; 1] be given, and for� = fa = t1 < t2 < : : : < tn+1 < tn+2 = bg; hi := ti+1 � ti;a f.e. basis � = f�igni=1 is de�ned as�i(x) =8<: f1 ((x� ti)=hi) ; x 2 Ii;f2 ((x� ti+1)=hi+1) ; x 2 Ii+1:Lemma 9.1. If hi+1=hi = z, then the local L1-condition of � is determined byd1(�) = 1 + ze(f1) + ze(f2) ; (8:2)where e(f1) := inf� kf1 � �f2kL1[0;1]; e(f2) := inf� kf2 � �f1kL1[0;1]:Proof. For the value d1(�) we haveei := infaj k�i �Pj 6=i aj�jkL1(Ii[Ii+1)= inf�;� k�i � (��i�1 + ��i+1)kL1(Ii[Ii+1)= inf� k�i � ��i�1kL1(Ii) + inf� k�i � ��i+1kL1(Ii+1)= hie(f1) + hi+1e(f2);where e(f1) := inf� kf1 � �f2kL1[0;1]; e(f2) := inf� kf2 � �f1kL1[0;1]:This gives d1(�) := � infi jEij�1ei��1 = supi hi + hi+1hie(f1) + hi+1e(f2)= 1 + ze(f1) + ze(f2) ;what proves (8.2).Lemma 9.2. If for � 2 (0; 1=2], and z > 1 holds(z� + z��) z1=2 R f1f2 > R f21 + z R f22 ; (8:3)then for the inverse of the matrixAp := f(�i;q; �j;p)gni;j=1; 1=p = 1=2� �;with some constants c� and �� > 1kA�1p kp > jb1;n;pj > c �n: (8:4)11



Proof. For the entries of the matrixA2 := (aij) := (�i;2; �j;2)we have aii;2 := (�i;2; �i;2) = hi R f21 + hi+1 R f22hi + hi+1 ;ai;i+1;2 := (�i;2; �i+1;2) = hi+1 R f1f2(hi + hi+1)1=2(hi+1 + hi+2)1=2 ;ai;i�1;2 := (�i;2; �i�1;2) = hi R f1f2(hi�1 + hi)1=2(hi + hi+1)1=2 :a) Consider the case of geometric mesh with the local mesh ratio z, i.e.,hi+1=hi = z; 8i = 1; n+ 1:Then aii;2 = (1 + z)�1 �R f21 + z R f22 � ;aij;2 = (1 + z)�1z1=2 R f1f2; ji� jj = 1:For the entries of Ap = (aij;p) we haveaij;p = (jEjj=jEij)1=2�1=paij;2:In the case of geometric mesh this givesaii;p = (1 + z)�1 �R f21 + z R f22 � ;ai;i�1;p = (1 + z)�1z1=2�� R f1f2; � = 1=2� 1=p;or Ap = (1 + z)�10BBBBBBBBB@ u z�wz��w u z�w. . . . . . . . .z��w u z�wz��w u 1CCCCCCCCCA ;with u = R f21 + z R f22 ; w = z1=2 R f1f2: (9:1)b) The matrix Ap is tri-diagonal. By Cramer's rule, the element b1;n;p of itsinverse is equal to b1;n;p = detAn;1;pdetAp ;where An;1;p is algebraic adjoint to an;1;p. It is clear thatdetAn;1;p = n�1Yi=1 ai;i+1;p = (1 + z)�n+1�n�1; � := z�w:12



As to detAp, we have jAp;nj = u jAp;n�1j �w2 jAp;n�2j;whence, detAp = (1 + z)�n(c1�n1 + c2�n2 );with �1;2 = 12(u�pu2 � 4w2);the roots of p(t) := t2 � ut+ w2, and c1; c2 constants depending on (u;w).Thus, jb1;n;pj > c � ��1�n ; c = c(u;w; z);and respectivelykA�1p kp > jb1;n;pj > c �n; � = ��1 ; 1=p = 1=2� �:c) We obtain � > 1, as required in (8.4), if � > �1. This is the inequalityz�w > 12(u +pu2 � 4w2);or 2z�w � u > 0; (2z�w � u)2 > u2 � 4w2;i.e., (z� + z��)w > u; z > 1Substituting expressions for u;w from (9.1) we obtain (8.3):(z� + z��) z1=2 Z f1f2 > Z f21 + z Z f22 :10. Appendix: A proof of deBoor's formulaLemma 10.2. Let p 2 [1;1], 1=p+1=q = 1, and let S 2 Lp be a linear subspace.Then kPSkp = sups2S inf�2S kskpk�kqj(s; �)j = sup�2S infs2S kskpk�kqj(s; �)j (10:1)Proof. We use(a) the observation thatsups2S inf�2S kskpk�kqj(s; �)j = supPf2S infPg2S kPfkpkPgkqj(Pf; Pg)j = supf2Lp infg2Lq kPfkpkPgkqj(Pf; Pg)j ;(b) the relations(Pf; g) = (Pf; Pg) = (f; Pg); kPgkq � kPkqkgkqwhich are due to the de�nition of the orthoprojector P , and13



(c) H�older (in)equality in the forminfv2Lq kukpkvkqj(u; v)j = 1:Now we havesupf2Lp infg2Lq kPfkpkPgkqj(Pf; Pg)j = supf2Lp infg2Lq kPfkpkPgkqj(Pf; g)j� kPkq supf2Lp infg2Lq kPfkpkgkqj(Pf; g)j= kPkq;supf2Lp infg2Lq kPfkpkPgkqj(Pf; Pg)j = supf2Lp infg2Lq kPfkpkPgkqj(f; Pg)j� supf2Lp infg2Lq kPfkpkPgkqkfkpkPgkq = supf2Lp kPfkpkfkp= kPkp;i.e., kPSkp � sups2S inf�2S kskpk�kqj(s; �)j � kPSkq:Similarly, kPSkq � sup�2S infs2S kskpk�kqj(s; �)j � kPSkp;what completes the proof.
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