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Abstract

Let 8n, be the (nonlinear) space of free knot splines of degree r — 1 with at most N pieces
in [a,b], and let M* be the class of all k-monotone functions on (a,b), i.e., those functions f for
which the kth divided difference [xo, ..., zx]f is nonnegative for all choices of (k+ 1) distinct points
Zo,..., %k in (a,b).

In this paper, we solve the problem of shape preserving approximation of k-monotone functions
by splines from Sy, in the Ly-metric, i.e., by splines which are constrained to be k-monotone as
well. Namely, we prove that the order of such approximation is essentially the same as that by
the non-constrained splines. Precisely, it is shown that, for every k,r, N € N, r > k, and any
0 < p < oo, there exist constants co = co(r, k) and ¢1 = c1(r, k, p) such that

dist(f, Scon,r NM"), < crdist (f,8nr), VfeM".

This extends to all k € N results obtained earlier by Leviatan & Shadrin and by Petrov for k£ < 3.

1 Introduction and Main Results

In this paper, we solve the problem of shape preserving approximation of k-monotone functions by
splines with free knots in the LL,-metric, i.e., by splines which are constrained to be k-monotone as
well. Namely, we prove that the order of such approximation is essentially the same as that by the
non-constrained splines, confirming thus expectations of some standing.

Given k € Z, and an interval I = (a,b), a function f : I — R is said to be k-monotone on [ if its
kth divided differences [z, ..., zx]f are nonnegative for all choices of (k + 1) distinct points zg, ..., zx
in I. We denote the class of all such functions by M* := M¥*(I). Thus, f € M? is non-negative, f € M*
is non-decreasing, and f € M? is a convex function. If f € C*(I), then f € MF¥ if and only if f*) >0
on I.

We would like to emphasize that functions from M* are not assumed to be defined at the endpoints
of the interval (a,b), and, hence, have to be neither bounded nor integrable on (a,b). For example,
if f(z) = (=1)*z=1=Y/P then f € M¥(0,1) for k € N, but f € L,(0,1), 0 < p < oo. (Throughout
the paper, Lo (I) denotes the space of all measurable essentially bounded functions equipped with the
norm || f|l_(r) := esssup; | f|.)

Hence, we now define M’; := M¥ NL,, and also remark that the functions from the cone M* are
sometimes referred to as “k-convex”.

Let f € M’; and U be a subset of L,,. The best (non-constrained) approximation of f from U is
defined by

E(f,U), := inf —ullp .
(£, W = inf 11 = ull,
In contrast, in k-monotone approximation , one is interested in the value

EQ(f W0, = inf f —ully.
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That is, approximants are assumed to preserve the k-monotone shape of f. Clearly, the shape preserving
approximation is more restrictive, hence, E®)(f,U), > E(f,U),, for all f € M* and U C L,. Ts it much
worse? Lorentz & Zeller [10] proved that, for U = II,,, the space of all algebraic polynomials of order
n, any k € N, and any constant ¢y € N, there exists a function f € M’; such that

E®(f 1, .,
(1.1) M—M}O as n— oo.

E(f’ Hn)P

(The same estimate is true for a sequence of any reasonable linear subspaces U,, instead of II,,.) On
the other hand, monotone and convex polynomial approximations allow Jackson type estimates, for
example,

E(k)(fvnn)oo S Ckwarl(fv%)OO’ k= ]-a27

but they have essential restrictions (as well as gaps) in comparison with the non-constrained estimates.

Splines with free knots, s € Sy, are piecewise polynomials of order r (degree r — 1) where only
the number of pieces, N at most, not their position, is being prescribed. (Note that we do not make
any assumptions about the smoothness of functions in 8y ,.) They are a classical tool of non-linear
approximation (along with the rational functions). As that, they achieve a better rate of approximation
compared with the linear methods. The simplest example (see e.g. [4, p. 365]) is that

B(f, 8.1 < 5

N <~ Va'r[(),l] (f) < K7

whereas for L..-approximation by piecewise constants with N equidistant knots the rate O(N~1) is
attained only for W._, roughly the class of continuously differentiable functions, which is much narrower
than the class of functions of bounded variation.

It was R.DeVore who had much advocated the studies of the non-linear methods in k-monotone
approximation. Set

Ene(f)p = E(f.8x.:)p, BS(Fp:=E® (f,85.)p.

Notice that since M*(0,1) € C*~2(0,1) (see Lemma 3.1), the set Sy, N M* contains functions other
than k-monotone polynomials of order r only if » > k. In 1995, Leviatan & Shadrin [8] and Petrov [13],
independently, proved that for k = 1,2 r > k, and 0 < p < oo, there exists a constant ¢co = O(r) such
that, for any f € M’;, k=1,2,

(1.2) EX\ (Np < Eno(f)p-

This result showed that the order of monotone and convex approximation by free knot splines is es-
sentially the same as that in the non-constrained case, which, in view of (1.1), is a striking contrast to
the linear approximation methods. Naturally, one would expect that the situation is similar for £ > 3.
However, the technique used in [8], [13] was based on some explicit constructions and some properties
of monotone and convex functions which have no straightforward analogues for general k. (Say, for
k = 1,2 the maximum of two k-monotone functions is a k-monotone function, while this is no longer
true for larger k.) Petrov [14] has managed to adopt this technique for k = 3 and p = co obtaining an
analogue of (1.2), but it became clear that, for general k € N, new ideas are required.
Here, we prove the following general result.

Theorem 1.1 Letk,r,N € N,r >k, and0 < p < co. Then, there exist constants ¢y < C'(k) max (1,r—
k) and ¢y = ¢1(r, k,p) such that, for all f € M’;,

(1.3) ES\ (P < aBne(f)y-

Using [8, Lemma 3], the following result on k-monotone approximation by smooth splines is an
immediate corollary of Theorem 1.1.



Corollary 1.2 Letk,r,N € N, r >k, and 0 < p < 00, and denote E’](\];)T(f)p = EW®)(f, 8N7T0C(T_2))p.
Then, there exist constants co < C(k)max (1,7 — k) and ¢1 = ¢1(r, k,p) such that, for all f € M’;,

Eif])\f,r(f)P <cEn(f)p-

For k = 1 and 2, Theorem 1.1 is an immediate consequence of (1.2). Because functions in M (a, b)
(unlike those in MF¥(a,b) with k& > 2) do not have to be continuous everywhere on (a,b), the case
k = 1 is somewhat different from k& > 2 (though constructions are much simpler and some auxiliary
statements become trivial if one lets k be equal to 1). Thus, in order to make this paper more readable,
we concentrate below only on the more difficult case k > 2. At the same time, we mention that some
of the statements are valid or can be modified to become valid for k = 1 as well.

Now, all direct results for the best (unconstrained) free knot spline approximation are being readily
extended for the k-monotone case.

Corollary 1.3 Let k,r, N € N, r >k, and let f € M*_ be such that f"=V) is of bounded variation on
[0,1]. Then,
k —r r—
E) (F)oo < elr, k)N ™" Vargo 1y (f1).

This corollary is an immediate consequence of Theorem 1.1 and [4, Theorem 12.4.5]. It is related to
an earlier result of Hu [5] which was actually the first result in k-monotone approximation by free knot
splines: For f € Wi N M~ the order of k-monotone approximation by Sy, in Lo is O(N ™).

The following corollary follows from Petrushev’s estimate of (unconstrained) free knot spline ap-
proximation (see [16, Theorem 7.3] and [4, Theorem 12.8.2]).

Corollary 1.4 Let k,r, Ne N, r >k, 0<p<oo, and0 < a <r. Then, if f € M’;OBO‘,

EX (£p < clasp, r)N | f|pe

where B® := B (L), 1/v = a+ 1/p, denotes the Besov space with the semi-norm |f|pe defined by

3 1/~
o= ([ e ntrogar)

Let us comment on the constants cp,c; involved in (1.3), namely on the question, whether it is
possible to have any (or both) of them equal to 1.

Leviatan & Shadrin [8] showed that, in order to retain the same degree of approximation for the
k-monotone free knot splines approximation as for the best one, the increase of the knot number is
unavoidable if r > k 4 2. Precisely, for anyr > k+2, N €N, 0 < p < oo, any ¢ >0, and ¢, = 2LT5kJ,
there exists a function f € MY such that

EX Py > cBrp(Flp 7>k +2.

Thus, the question about whether or not it is necessary to increase the number of knots remains open
only for r = k and k + 1.

On the other hand, for r = k£ and p = oo, a part of a theorem by Johnson (see Braess [2, Theorem
VIIL.3.4, p.238)]) is that for any k, the best free knot spline approximant of order k to a k-monotone
function in the LL,,-norm is k-monotone itself, i.e., in this case, ¢¢ = ¢; = 1, » = k, and, for any
feMs,

k
(1.4) Eg (Do = ENa(f)oc
It would be interesting to find the exact order of ¢o(r, k) as a function of r and k. Estimates (1.2) and

(1.4) also suggest another question; namely, whether the value ¢; = 1 in (1.3) can be attained with
some ¢y = cp(r, k).

Notations. We let I = (a,b) if not stated otherwise, and set L, := L,(I), || - [, == [l - lL,@)»
Snk = Sn.k(I), etc., i.e., the interval I is omitted if there is no risk of confusion.



Further, f®(z+) and f(*)(z—) denote the right and the left i-th derivatives of f at x, respectively.

Notations ¢, and ¢(p,, k) stand for a constant which depends only on the parameters given (p,
r, and k in this case), where, for 0 < p < oo, dependence on p means dependence on min(1, p).

The “prime”-notation k' is going to be reserved for |k/2] + 1 throughout this paper:

K= |k/2]+1.
For f € L,(a,b) and a set U C Ly(a,b), we define

Pulfp = Pulf, @ ={u e U: |If —ulp, = E(f,U)p}-
In other words, Py (f), is the set of all best L,-approximants to f from U on (a, b).

2 Outline of the proof

The general direction of the proof is the same as it was for k = 1,2: given a k-monotone function f, one
takes 0 € Psy, (f)p, a best free knot spline approximant to f (which is not necessarily k-monotone) and
puts some corrections in it trying to convert it into a k-monotone spline preserving the approximation
order. For k = 1 and 2, these corrections were done by explicit constructions which, unfortunately,
have no straightforward generalizations for £ > 3, and so our basic idea came from the following general
considerations.

There is another notion of k-monotone approximation in which a function f which is not in MF¥
is being approximated by elements from the entire M* (MF is a convex cone). There is an extended
literature on this subject where one studies existence and uniqueness of this type best k-monotone
approximant, its characterization and structural properties, see e.g. [18] and the references therein.
When can one have a need to approximate an arbitrary function by a k-monotone one? The only
situation we can think of is the necessity to correct the data which must be k-monotone by some a
priori assumptions. This is exactly the case of shape preserving approximation, and this is how we
correct o.

Given f € MF, we take 0 € Ps, (f)p, a best free knot spline approximant to f, and correct o by
f« € Py (0)p, a best approximant to o from MF.

Here are two observations concerning this idea.

1) Approzimation property of f.. The function f belongs to M¥, but f, is a best approximant to o
from MF¥, hence

o = fllp < llo = £l
Therefore,
e lf =Fellp < N =allp +llo = Fullp < 21 = ollp
i.e., f. approximates f as well as o.

2) Spline structure of f.. A result from the theory of approximation by elements of M* reads that
(in the “piecewise sense”) either f, is identical with o (which is a spline of order r) or it is a spline
of order k (because the functions g(z) = Y°_ cal(x — xa){fl, cq > 0, are the boundary points of the
cone M¥). Thus, f. is a spline of order r. If f, had O(NV) knots, then we could stop at this point. The
problem is that it may have too many knots (infinitely many, in fact).

The paper is organized as follows.

1) First of all, to ease the exposition, we switch to a local version of the idea described above, and
correct separately each polynomial part of o by its best approximation f, from MF[f], a subclass of
k-monotone functions defined locally (see §3 for precise definition of MF[f]).

2) In §3, we cite some known results concerning existence and structure of the elements f. €
Par(f)(0)p- As mentioned earlier, f. is a spline of order r, but it may have too many knots to be
in 8¢y, in which case we modify it into an appropriate spline s.

3) Properties of s are formulated as Proposition 4.2 in §4 where we use them to prove Theorem 1.1.

4) The proof of Proposition 4.2 takes the rest of the paper. In §§5-7, we blend f. with the polynomial
parts of ¢ using some results from the theory of moments, and consider some general aspects of this
procedure. In §8, we prepare to show that the blending spline s approximates f as well as f., and the
final §9 joins all the parts of the proof together.



Remark 2.1 The number of knots of f. € Py[s(0), is approximately the same as the number of
distinct zeros of o — f. (see Lemma 3.8 below). In our proofs, we assume that this number may be
arbitrarily large. However, we conjecture that this is not the case, i.e., a best k-monotone approximant
to a piecewise polynomial o (and perhaps to any piecewise k-monotone function) with M pieces has
only O(M) points of intersection with o. If it is so, then there is no need in considerations given in
§65—9. This conjecture is true for k = 1,2 as one can easily check, and our method gives a simpler proof
for these cases than in [8] and [13]. For k£ > 3, the problem is open.

Remark 2.2 Actually, the correction of o made explicitly for £ = 1,2 in [8] and [13], is exactly the
best k-monotone approximation of o from MF[f] under additional restriction that this is also one-sided
approximation. This restriction provides the constant ¢; = 1 on the right-hand side of (1.2). For k > 3
we cannot pose such a restriction, hence ¢; > 1 in (1.3).

3 Classes M*[f] and their Properties

The following lemma lists some basic properties of k-monotone functions for k > 2.

Lemma 3.1 The following statements are equivalent for k > 2:

(0) f € M*(0,1).

(1) f%*=2) exists and is convex on (0,1).

(2) f*5=2) is absolutely continuous on any closed subinterval of (0,1), and has left and right deriva-
tives, fE=V(.—=) and fF=V(-+), which are, respectively, left- and right-continuous and nondecreasing
on (0,1).

(3) For each closed subinterval [a,b] C (0,1), there is a polynomial p € Il and a bounded nonde-
creasing function p such that

b
f(z) =p(z) + %/ k(z — )k Ydu(t), € [a,b].

Proof. See Bullen [3, Theorem 7, Corollary 8]. See also [12], [17] for various properties of k-monotone
functions (called there “k-convex”) and their applications. (]

Lemma 3.1(2) allows us to introduce the following classes of function.

By MF, := M¥ (a,b) and M}_ := M}_(a,b) we denote the subclasses of those functions f €
MF¥(a,b) for which the values {f@ (a+)}=} and {f® (b—)}"=41, respectively, are finite, and set M* :=
ME(a,b) == ME, N ME_.

For f € M(’j+ and g € M’gi, we define

ME[f] 1= {h € ME[ RO(at) = fD(at), i =0, k=2 B D(a+) 2 FED(at)},
ME_[g] = {h € MH| RO (b—) = gD (b=), i =0,... k=25 AED(b=) < o= V(b))
Finally, let
ME[f, g1 = Ma [N MG_[g],

and, for f € M¥,
MFLf] = ME(f, £].
Note that M¥[f] is always nonempty (it contains f), while MF[f, g] can be the empty set. In §7, we
give a sufficient condition on f and g which guarantees that there is a function h from MF[f, g].

Lemma 3.2 Let f,g € M¥(0,1), and let [a,b] C (0,1). Then f,g € M¥(a,b), and for any h €
MF¥[f, g](a,b) (if it exists) the function

~ f(x), 2€(0,d],
h(z) :={ h(z), z¢€(a,b),
g(x), z€lb1),



belongs to M*(0,1).

Proof. The proof is an immediate consequence of Lemma 3.1(2). [

We will use Lemma 3.2 without further reference to build k-monotone functions from k-monotone
pieces. For example, if f € M¥(0,1), UI, = (0,1) with I, N I,y = () if £ # ¢/, and hy € M*[f](I,), then
the function h, defined as h := hy on Iy, belongs to M*[f](0,1).

Now we consider some properties of approximation from M*[f].

Lemma 3.3 Let k > 2,0 < p < oo and f € M¥(a,b). Then, for any g € L, an element of its best
LL,-approzimation from MF[f] exists, i.e., the set Poeris1(9)p is not empty.

Proof. The proof is based on the arguments similar to those used by Zwick [19, Theorem 4] for the
case p = co. We give it here for completeness. Set

o = f(i)(a—k) and f; = f(i)(b—)7 1=0,....k—1,
and consider a sequence (f;) C M¥[f] such that, for j € N,
1 = ally < E(g. M} +1/5, if 0<p<1,

and
1 = glly < E(g. M*[f])p +1/5, if 1<p<oo.
Since f;kd) () = ap—2+ [ f;kil)(t) dt and ||f;k*1)||DO < max{|ak_1],|Bk—1|}, we conclude that
( f;kﬁ)) is uniformly bounded and equicontinuous on [a,b]. Therefore, there exists a subsequence

( f;f_Q)) which converges to a function h, uniformly on [a,b], and this h, is necessarily convex and
satisfies ) (a+) > ar—1 and k) (b—) < Br—1. Now, the function f. such that f. := hs, if k = 2, and

k—3 b
@i i 1 k—3
w\T) = T\ Ay - * ) >3,
fx() 2 !(a: a)’ + (/f—3)!/a (x—t)\ " h(t)dt, k>3
is in M¥[f] and satisfies [lg — f. |, = E(g, M*[f])p, i-e., fx € Poverr1(9)p- [

Lemma 3.4 (Zwick [20]) Letk € N and f € M¥(a,b). Then, there exist two splines 2, = z,(f, [a,b]),
v =1,2, such that
2,2 € MPIfIN Sk, K = |k/2] +1,

and

n<f<zm on [ab].
If f does not belong to Sy 1, then the inequalities are strict, respectively, on some nonempty intervals
Il, IQ mn [Cl, b]

Remark 3.5 In [20], more precise conclusions regarding the number of polynomial pieces &’ of the
splines z,, and their boundary values are given. The proof is based on the Markov—Krein Theorem from
the theory of moments.

Remark 3.6 We emphasize that &’ denotes |k/2| + 1 throughout this paper.

A simple, yet important, consequence of Lemma 3.4 is the following result on the structural prop-
erties of best LL,-approximants from MF¥[f].

Lemma 3.7 For k > 2,0 < p < oo, I = (a,b), let g € C, f € M*, and f. € Poaeris1(9)p- If the
difference g — f. has no zeros inside an interval (¢,d) C (a,b), then f. € 8 x[c, d].



Proof. The idea of the proof is similar to what was considered by Zwick [20] in the case p = 1. Suppose
that 0 < p < oco. Without loss of generality we can assume that f.(z) > g(x), x € (¢,d). Now, suppose
that f. & Sy k[c + €,d — €] for some € > 0. Consider a function f obtained from f« by replacing it on
the interval [c + €,d — €] by 2 (f., [c + ¢,d — €]) (see Lemma 3.4). Then, f € M*[f] and f. — f > 0 on
[a, b] with this inequality being strict on a nonempty interval contained in (¢ + €,d — €).

Since f. — g is a continuous positive function on a closed interval [c + €,d — €], there exists § > 0

~

such that f.(z) > g(x) + d, © € [c + €,d — €]. Therefore, there exists 0 < u < 1 such that f(x) :=

i () + (1 — p) f (z) satisfies the inequalities g(z) < f<f on [c+e,d—¢], and ||f. — ﬂ|Lp[c+6,d,e] #0.

This implies that ||]?— gllp < lIf+ — gl which contradicts our assumption that f. € Pygrr)(9)p-
Hence, f. € S8y i[c+ €,d — €] for all € > 0, which implies that f. € S r[c,d].

Lemma 3.8 Fork>2,0<p<oo, I =(a,b), let g€ C, f € MF, and §, € Porrf)(9)p- Further, let 3
be the set of zeros of g — f«, i.e.,

3:={zel)g(z) =1.(2)},

and let 3% be the set of all limit points of 3. Then, the following is true.

(1) f« =g on 3*.

(2) If, for a closed interval [c,d] C I\ 3*, the difference g — f. has (necessarily finitely many) m — 1
distinct zeros in (c,d), then f« € S k[, d].

Proof. This lemma is a variation of Zwick [20, Theorem 2]. In a similar form (though with 3* defined
differently), it appeared in Marano [11]. Part 1 immediately follows from continuity of g and f.. Part
2 is a consequence of Lemma 3.7. ]

For p = oo, Lemma 3.7 is not valid, because local changes influence the integral’s value, but not
necessarily the sup-norm, hence there may be best k-monotone L.,-approximants with the structure
different from that specified in Lemma 3.8. However, for our purposes, it is enough that there is at
least one element from Pyx4)(g9)oo that has the spline structure. The following statement is valid.

Lemma 3.9 For k> 2, p=oo, I = (a,b), let g € C and f € M*. Then, there exists f. € Povierr)(9) oo
such that all the conclusions of Lemma 3.8 hold true.

Proof. The idea of the proof is to take as f. an element which minimizes, say, the La-norm of g — f.
over f. € Pyrr7)(9)oo- We omit details. m

Now the spline structure of the best k-monotone approximant to any spline readily follows.
Corollary 3.10 Forr >k >2,0<p< oo, I = (a,b), let g€ Sn,NC and f € MF. Then, there is a

f« € Pairp)(9)p which is a piecewise polynomial of order r.

4 Proof of Theorem 1.1

The following three propositions are the main components of the proof.

Proposition 4.1 Fork,r € N,r >k >2,0<p<oo, I = (a,b), let f € M¥ and (—p) € (I, \IT)NM*.
Then there exists a spline s such that

ENS S(k-l—l)k’,k N Mk[f]

and

Ip = sllp = E(p, MF[f]),p.



Proof. Let us show that f., a best approximant to p from M¥[f], satisfies all the conclusions of the
proposition (hence, s := f,). Since, by the definition,

fe € MFFLL e = Fellp = E(p, ME[f])ys

only the spline structure needs to be proved. Since (—p) is a k-monotone polynomial of degree > k — 1,
it is a strictly k-monotone function in the sense that (—p)(k_Q) is strictly convex. Hence the function
(f. — p)*=2) is strictly convex too, thus it has at most two zeros, and, therefore, f, — p has not more
than £ distinct zeros on /. By Lemma 3.8 (or Lemma 3.9 in the case p = 00), f« € 8(x41)#,x, and the
proof is complete. [

Proposition 4.2 Let k,r € N, r >k >2,0<p<oo, I = (a,b), f € M, andp € I, " M*. Then
there exist a constant C(k) independent of I and a spline s € Sc k), N MF[f] such that

”p_S”P§C2E(paMk[f])pa 62262(p7r7k)'

Now, . from Pyri5)(p)p is still a piecewise polynomial of order r, but we cannot take s = f. because
two k-monotone functions (f. and p in our case) may have any number of intersections, hence f, may
have any number of knots. We obtain s as a modification of f., which will be done in the following
sections with the proof of Proposition 4.2 given in §9.

Proposition 4.3 Let k,r € N, r >k >2,0<p<oo, I = (a,b), f € M*, and let p be such that either

* 7

p € I, NMF or (—p) € (IL, \ I1,) N MF*. Then there exists a spline s such that
5 € 8c(k).r N M[f]

and

(4.1) If =sllp <cillf —pllp, e =cilpr k).

Proof. Let s be the spline from either of Propositions 4.1 and 4.2, so that s € 8¢ (),» N MFE[f] and

(4.2) Ip = sllp < c2B(p, M¥[f])p-

We only need to prove (4.1). Using the triangle inequality, and the estimate (4.2) we obtain

cpllf = sllp < If = pllp + llp = sllp < 1f = pllp + 2 E(p, M*[£]),.

Since f belongs to M*[f] in a trivial manner, it follows that

FE k = inf — < — .
@ M), = ot e =l < o= fI,
Thus
epllf = sllp < (2 + DIf = pllp-

Finally, the following lemma shows that, in the proof of Theorem 1.1, instead of an arbitrary
fe M’;(O, 1), we may consider f € M”(0,1), i.e., we may assume that the function f and its derivatives
are bounded at the endpoints.

Lemma 4.4 Let k€ N, 0 <p <o0, and f € M’;(O, 1). Then, for any € > 0, there exists f. € M*(0,1)
such that

If = fellp <e.



Proof. For f € M£(0,1) and ¢ € (0,1), let T}, be the Taylor polynomial of degree k — 1 at zo+ (or
at xo—), i.e.,

k—1
Ta:o (if) = %!f(l) (:E()—f—)(if - x())i'
i=0
Given ¢, for § to be prescribed, let
Tzi; on [Oa 5];
fei=1< f, on [4,1—4],

Ti_s, on [1-4,1].
Then obviously f. € M¥(0,1) and
(4.3) If = fellp < epllf = Tsllu, 0,60 + cpllf — TizsllL,j1-s,1-

;From [6, Theorem 1], it follows that, for I = (a,b), f € ME(I), and z, := “E, we have

”f_Tm*

where wi(f)L, (1) is the k-th modulus of smoothness of f € IL,,(I) (see §8 for the definition), which, as
is well known, has the property that wi(f)v,(s) — 0 if |[J| — 0, J C I. Applying this result to the
interval (0,26) C (0,1) we obtain

L,(1) < Ckpwk(f)L, (1)

1f = TsllL, 0.8 < IIf = Tsllu,0,28) < crpwi(f)L, 0260 =0 as 3 —0.

Similarly,
1f = Ti-sllL,1-s1) < rpwi(flL,1-251) =0 as 6 —0.

Proof of Theorem 1.1. By Lemma 4.4, we can assume that f € M?(0,1). Let o € Sn,r be a spline
of best Ly-approximation to f on (0,1). We need to prove that there exists a spline s such that

5 € 8enr NMF(0,1) and |[f = sllp <cillf =l

Denote by {J,,} the set of largest subintervals of [0, 1] on which o is a polynomial of order r, and by
{I} the set of largest subintervals of J,;,’s on which 0(*) has a constant sign. Since o € 8,0, 1], there
are at most N intervals J,,, and, on each J,,, the spline ¢(¥) is a polynomial of degree  — 1 — k, hence
there are at most max(1,r — k) subintervals I, in each interval J,,. Thus, {I;} is a partition of [0, 1]
such that

[0,1] =Ul;, #{I;} < Nmax(1l,r —k),

and, on each Iy,
either o eI, NM*,  or (—o)e (I, \II;) N M*.

By Proposition 4.3, on each interval Iy, there exists a spline s, such that
s¢ € 8cky.r N MF[f](Le)

and
(4.4) If = selle, oy < et f —allu, -

Now, define the spline s so that
s:=s8;, on I,.

Relations sy € 8¢k, (I¢) and #{I;} < Nmax(1,r — k) imply that

s € 8¢n,r(0,1), co=C(k)max(1,r — k),



while inclusions s, € M*[f](I;) with UI, = [0, 1] yield
s € M*[£](0,1) € M*(0,1).
Thus,
5 € Seonr NMF(0,1).

Finally, to estimate the degree of approximation of f by s for 0 < p < co (modifications for p = oo are
obvious), from (4.4) we obtain

Hf_sH]L »(0,1) —Z”f SZH]L »(Ie) —CIZHf UH]L »(1e) :C}lef_Unﬁp(o?l)

i.e.,

Eif;\f,r(f)l? <aBn.(f)p

5 k-monotone interpolation

If p — f. has many intersections (see Proposition 4.2), then the spline f. € Pyex((p) has many knots.
In this case, we will modify f. into a spline s with a smaller number of knots by blending f. with p.
This procedure is related to the following general problem.

Problem 5.1 Given two k-monotone functions f, g on J, and an interval (a,b) C J, determine whether
or not there exists a k-monotone function h in M*[f, g](a, b). Note that existence of such h implies that

there is a function % such that

f(x)’ r < a,

he M (), and h(x) = { g@), ==b.

We will refer to this problem as blending of f,g € M¥(J) on [a,b]. Actually, all we need is a k-
monotone interpolation of data £ (a+),¢® (b—), i =0,...,k — 1, so that we consider this topic more
generally.

Let

x = (z) 7 ={a=x1 <...<Zpyp =b}

be a sequence of interpolation knots such that x; < x;1x, and let

yi=y(x) = ().

We use the usual convention that, if some of the knots in & are repeated then interpolation of corre-
sponding derivatives takes place. For each j = 1,...,n + k, denote by [; the number of points x; such
that x; = x; with i < j, i.e.,

lj le(ﬂc) I:#{i | 1§i§j, .237:.23j} .
Note that, because of the restriction z; # x4k, the inequality [; < k is valid for all j.

+k

Definition 5.2 A data sequence (x,vy) := (x;,y;);~; is called k-monotone if there exists a k-monotone

function f € M¥(a,b) such that

(5.1) fG V@) =y;, j=1,...,n+k.

10



Note that if all the knots in @ are distinct then the sequence (x,vy) is k-monotone if f(x;) = v,
j=1,...,n+k, for some f € M¥(a,b). Also, if [; = k for some j, then fli=1(z;) = f*F=V(z;) is
understood as f*~(z;+) or fF=1(z;-).

Since

FEMY & [t tiklf 20 W),

where not all ¢;’s are the same, one must necessarily have for a k-monotone sequence (x,y)
[xia v 7xi+k]y > 0.

If k=1 or 2 (ie., in the case of monotone or convex interpolation), this condition is sufficient as well.
However, it is not sufficient if k£ > 3, as the following example shows.

Example 5.3 The data set
x y ot 52 5

5 77>25\
3 27\13/ 3\0
1| =17 N -37
\1/ \1
1 1/ N 3/
\13/ \O
3| 277 N 37

/!

>25

has nonnegative divided differences of order 3, but, at the same time,
(=5, -3, 1,00y +[0,1,3,5]y = —3[-5,-3,—1]y —5[-3, — 1]y —15[-1]y +15[0]y
+301.3,5y  —g5(L3ly +5[y —5[0ly
= Lte-L.26+%-2=-5 <o.
Hence, there is no 3-monotone function passing through (x,y).

Denote by
V= ’U(:c,y) = (’Ui)?v Vg 1= [337;, R 7xi+k]y7

the sequence of divided differences of y(x), and by

M= M(x) = (5M;), Mi(t) :=kl[zi, ..., xips](- — t){f1 ,

the sequence of the B-splines of order k with the knot sequence . Recall that supp M; = [x;, z;1],
M; >0, [ M; =1, and that, for any f € C*(a,b) (in fact, condition f € W¥(a,b) is sufficient),

b
[mwmeu:%/ﬁm@ﬂWQﬁ.

Notice that if a k-monotone function f belongs to C¥, then f*) > 0. Thus, to check whether the data
sequence (z;,y;) is k-monotone , one needs to form the sequence of divided differences (v;) and check
whether there is a non-negative function A such that

w=%/M@WW-

The last problem is the so-called Markov moment problem which we discuss in the next section.

11



6 Markov moment problem and k-monotone interpolation

Let U := (u;)™_; be a sequence of continuous linearly independent real-valued functions on I = (a,b),
and let v := (v;)_; be a sequence of real numbers.

Definition 6.1 A sequence v € R" is called a moment sequence w.r.t. U if, for some bounded non-
decreasing function p, it admits the representation

b
v; :/ w;(t)du(t), 1<i<n.

Lemma 6.2 A data sequence (x,y) is k-monotone if and only if the sequence of divided differences
v(x,y) is a moment sequence with respect to M(x), the sequence of B-splines.

Proof. By Lemma 3.1(3), f € M¥(a,b) can be represented as

b
(61) £@) = pla) + 5 [ ble =0 dute)

where p € Il and p is a bounded non-decreasing function. If f ‘m =y, then

1 b
V= [Ty T k)Y = [Thy - ik f = E/ M;(t)du(t),

i.e., v is a moment sequence w.r.t. 1.
Conversely, if for the sequences v(x,y) and M(x) there exists a bounded non-decreasing function
w such that

1t
v; = E/ M;(t)du(t), i=1,...,n,
then, for any p € I, the function f defined by (6.1) is in M* and satisfies

(6.2) [y @ik f =vi = [Ty Tipiy, =1,...,n.

Finally, in (6.1), we can choose p € IIj so that the equality in (5.1) holds for j = 1,...,k, and that
together with (6.2) implies successively that it is also true for j = k 4+ 1,...,n + k, hence the sequence
(4, y) is k-monotone. n

Now, we need a result from the theory of moments which gives a characterization of the moment
sequences.

Definition 6.3 A sequence v € R” of real numbers is called positive w.r.t. U = (u;)I; (recall that U
is a sequence of continuous linearly independent real valued functions on [a, b]) if

n n
Zaiui(t)zo, a<t<b, = ZaiviZO.
i=1 i=1

Theorem 6.4 (Krein & Nudelman [7, Theorem 3.1.1, p. 58]) Let U := (u;)™, be a sequence of
continuous linearly independent real-valued functions on I = [a,b] with the property that there exists a
strictly positive polynomial p € spanU. A sequence v € R™ is a moment sequence w.r.t. U if and only
if v is positive w.r.t. U.

Since span9i(x) contains constants, we may combine this theorem with Lemma 6.2 to obtain the
following criterion for k-monotonicity of data.

Corollary 6.5 A data sequence (x,y) is k-monotone if and only if the sequence of divided differences
v(x,y) is positive w.r.t. M(x), i.e., if and only if

n n
ZaiMi(t)ZO = Zam207 v = [2i, ..., ]y -
i=1 i=1

12



7 Blending of k-monotone functions

In this section, we will give a partial solution to Problem 5.1. Namely, in Proposition 7.3, we prove
that, provided f and g have sufficiently many points of intersection, a function h € MF[f, g] exists.
We need two auxiliary statements.
The following lemma is a particular case of Lemma 3.2 in Beatson [1] concerning the spline blending.
Actually, we will use a more detailed statement which is formulated within the proof of Proposition 7.3.

Lemma 7.1 (Beatson [1]) Let k € N, n = 2k? and let p € Iy, be a nonnegative polynomial on |a,b].
Then, for any knot sequence

tZZ{athStlS...Stn<tn+1:b}

there exists a nonnegative spline sy € 8¢ ,(R) (i.e., s2 is a spline of order r on the knot sequence t) such
that
s9=0 on (—o0,q, 0<s2<p on [a,b, so=p on [bo00).

The next statement is a well-known property of divided differences.

Lemma 7.2 Let (z )"+k be any non-decreasing sequence such that x; < xjii. Then, for any subse-
quence (g, . - xlk) of length k + 1, there exist coefficients v; such that, for any continuous f (which
is diﬁerentz'able at the repeated knots),

n
[xim cee 7xzk]f = Z I/j[xj, .. .,.’EjJrk]f,
=1

Proposition 7.3 For k € N and n = 2k?, let f,g € M¥(a,b) be such that
f(t;) =g(t;) on {a=ty<ti<...<tp <tlp41 =0}
Then there exists a function h € M*(a,b) such that
A (a+) = fO(a+), AOb-)=g¢V0b-), 1=0,...,k—1.

Note that the condition that all points ¢; in the statement of Proposition 7.3 are distinct is not
essential and is only used here in order to simplify the exposition.

Proof. Let us introduce two sequences & = (2;)"2" and y = (y;)77 2%
a, 1<j <k, fU=D(a+), 1<j<k,
xji=1q tiog, k+1<j<n+k, yi =19 flzj)=g(x;), k+1<j<n+k,
b, n+k+1<j<n+2k; gU” F=Db=), n+k+1<j<n+2k.
It is convenient to arrange this data set (x,y) as follows:
U1
I
W) = fla) o @) flaren) s floaes)  f(D)
T T T T T
T1=... =T = < Tp41 <...< Tptk <b= Tntk+1 =-. .= Tni2k
1 ! 1 l 1 .
gla)  g(@rer) - g(@nir) g®) . g IO (yy)iEe
I
Yo
Set
k k
—
(71) Ly 1= (xh"'7xkaxn+k+17"'7xn+2k) = (av"'va’vba"'vb)’
Y = (yla'~'7ykayn+k+17~'~7yn+2k) = (f(a),...,f(k_l)(a),g(b),...,g(’“_l)(b)) .



We need to interpolate y, on x, by a k-monotone function h. Denote by
Mz.) =: (Bi)iy, v(@e,y,) = (wi)iy

the sequences of the B-splines and of divided differences, respectively, which correspond to (., vy, ). By
Corollary 6.5, existence of a k-monotone interpolant h to the data (7.1) will follow if we show that

k k
i=1

i=1
We start with some preliminaries.

1) Let (vj);‘;rl’C and (M]);L;rlk be the sequences of divided differences and B-splines, respectively,

constructed with respect to the entire set (z;, yj)?;rl% Consider two sets of the following subsequences:
L +k+1 L +k+1 o +1 — +1,
Ty = (xj);lzl y Y1 = (yj)?:l y V1= (’Uj)?:l’ ml Ea (Mj)_rjl:lv

(7.3)
Ty = ()1 025, o= ()1 wa = ()RR, Mg = (M)EY

By assumption, k-monotone f interpolates y; on x1, and k-monotone g interpolates y, on xs, thus,
both sets of data (x,,vy,), v = 1,2, are k-monotone. Then Corollary 6.5 implies that

(7.4) v, is positive w.r.t. M,, v =1,2.

2) Since (v;), (M;) are divided differences of certain functions on @, while (w;), (B;) are divided
differences of the same functions on x, C x, by Lemma 7.2, there exist expansions

n+k n+k

wi =Y eyvg, Bi(x) =) ey M)
j=1 j=1

with the same coefficients (c;;) in both of these equations. This implies that, for any (a;)¥_; C R, the

expansions
n+k n+k

k k
ZalBl(x) = Z Cij(iE), Zaiwi = Z CjUj,
i=1 j=1 i=1 j=1

have the same coefficients c; = Zle a;Cij.
3) The B-splines (B;) € M(x.) have the form

i koo (k-1

— k=1 _ - i—1 k—i
Bz(t)—k[a,,a,b,7b](—t)+ _W<Z_1)(t—a) (b—t) y Z—l,...,k,
i-e., they are Bernstein basis polynomials of order £, so that

ZaiBi S Hk, V(az)

Now, let us prove (7.2). Suppose that, for some sequence (a;),

k
Ppa() = Zm&(az) > 0.

Since p, is a polynomial of order k, and

k n+k
Pa(z) := ZaiBi(x) = Z cjMj(z) >0, and n > 2k?%
i=1 j=1
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the method of the proof of Beatson’s Smoothing Lemma [1, Lemma 3.2] shows that there is an index [,
k <l <n+1,such that

n+k

l
(7.5) si(z) =Y _¢;M;(x) >0, sa(x):= Y  ¢;M;(z) >0.
j=1 j=Il+1

(We will not repeat Beatson’s argument here and only mention that the sign variation diminishing
property of B-spline series (see [4, Section 5.10], for example) as well as their finite support are used.)
(From definitions (7.3) it follows that s, € M, v = 1,2, which allows us to conclude that, since v, are
positive w.r.t. M, (see (7.4)), (7.5) implies

! n+k
ZCjUj Z 07 Z CjU; Z 0.
=1 j=l+1
Finally,
k n+k l n+k
Zaiwi = Z CjU; = ZCjUj + Z C;jU > 0.
i=1 j=1 i=1 j=l+1
Hence, (7.2) is proved, and the proof of the proposition is now complete. [

Now, having proved existence of a function h € M*[f, g], we may use Lemma 3.4 to derive existence
of a spline z € M"[f, g].

Corollary 7.4 For k € N, n = 2k?, let f,g € M*(a,b) be such that
f(t;)=g(t;) on {a=ty<ti<...<t, <tpp1 =Db}.
Then, there exists a spline z such that
Z € Sk ok NME[f, g].

Note that, for ¥ = 1 or 2, that is for monotone or convex functions f and g, a procedure of k-
monotone blending of f and g is quite evident geometrically.
8 Auxiliary Whitney type estimates
In this section, we give some Whitney type estimates for approximation of polynomials p € II,. by

splines and polynomials of degree k.
As usual, wy(f,0,I), denotes the kth modulus of smoothness of f with the step ¢ on the interval I,

wi(f,6,1), := su AF(f, - T ,
k(f )p 0<hI§)6 || h(f )H]Lp(l)
where AF(f,z,I) is the kth forward difference,

AE(fa 1) = { S o Y0 f(w +ih), if [z, +kh] C 1,

0, otherwise.

It is also convenient to denote

Wi (f)p = we(fL, () = we(f, 1], 1)p-

Lemma 8.1 Let k,r ¢ N, 0 < p<oo, I = (a,b), p €Il,., and let s be a spline of order k with at most
C(k) pieces in I (i.e., s € Sc(py,x). Then,

P —sllp > cprpwr(P)p -
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Proof. Let J be a largest subinterval of I between two successive knots of s (and, hence, |J|/|I| >
1/C(k)), and let q € TIj be the restriction of s to J. Then, using Whitney’s inequality,

Kk
(8.1) E(pvnk)]Lp(I) = wk(P)Lp(I),
and the Markov’s type inequality (see [4, (4.2.10) and (4.2.16)])
Iplle, ry < epor (/1T P Bl () »

we find

P = alle, ) = o (TN 1lp = allw, 1)
ok (P, Hk)]Lp(I) > C;,r,kwk (P)p -

llp — SH]LP(I)

AVANAY)

Lemma 8.2 Let k,r € N, 0 <p < oo, I = (a,b), p €I1,, and let l;(p) be the Lagrange polynomial of
order k interpolating p at any k (not necessarily distinct) points inside I. Then,

P =Pl < cprpwr(P)p -

Proof. Taking into account Lebesgue’s inequality

b — L)l < <sup 1)

+ 1) E(pvnk)P
q€ll, lallp

and Whitney’s inequality (8.1), it suffices to prove that
1k(@llp < cprrllallp,  Va €Tl
We make use of Markov’s inequality
19® oo < eprsel 117577 lqll,
and the well-known error bound for the Lagrange interpolation
1F = (oo < el T1F1F® oo

to obtain
la = Le@llp < 1V7lla = k(@)oo < ekl TMPIF1aP oo < cprkllallp -

Lemma 8.3 Let k € N, f € M¥(a,b), and let Ix(f,z;21,...,7%) be the Lagrange (Hermite-Taylor)
polynomial of degree < k — 1 interpolating f at the points x;, 1 < i <k, where a =: vop < 1 < ... <
T < Tpt1 :=b. Then

(_1)k_1(f($)_lk(f,$,$1,,J?k))zo, xe(‘xiv‘xi"rl)? ZZO,,]C
In other words, f — li changes sign at x1,...,Tk.
Proof. First of all, if all the points z;, 1 < i < k, are distinct, this is Theorem 5 in Bullen [3].
In the case when some of z; (but not all) coincide, the statement of the lemma is a consequence of
the following result which follows from [4, Theorem 4.6.3]: For a given f € C*=2)(a,b), the Lagrange-

Hermite polynomial ly,(X) = lx(f,x;21,...,2k) is a continuous function of X = (x1,...,xy) at each
point X* = (z7,...,z}) € (a,b)* such that not all ¥, i =1,...,k, are the same.
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In the case, when all points coincide, i.e., , xt1 = ... = z = &, lemma follows from the following
statement which can be proved by induction on k: Let k € N, f € M¥(a,b) and € € (a,b). Ift; is a

Taylor polynomial of degree < k — 1 for f at &, i.e., , t,(f) (€) = fO(&x) fori =0,...,k — 1 (or, more
precisely, t,(;) (€)= fO) fori=0,...,k—2 and t,(fk_l)(f) is either f*=V(¢+) or f(*=1(¢-)), then,

f(z) —tr(z) 20, z € (§b), and (=1)* (f(z) —pr(z)) 20, z € (a,€).

The following is an immediate corollary of Lemma 8.3.

Corollary 8.4 Fork € N, f € M¥(a,b), and for a set of interpolation points {a =z < ... < x}, = b},
let

Iy =l(f;20...,25—1) and I ::lNk(f,xl...,xk)
be two Lagrange (Hermite-Taylor) interpolants to f on the given sets. Then f lies between I, and Tk on
[a,b], ie.,
min {l, lp} < f < max {lj,l;}.

Lemma 8.5 Let k,r € N, 0 < p<oo, [ = (a,b), pc I, NMF, 0< pu<k—1, and let g € M* be a
function such that

(82) 9a) =pW(a), i=0,...,p
and , ,
(8.3) g0y =pD®), i=0,... . k—p—1.

(Here, in the cases p = 0 and p = k — 1, g*=D(b) and g*~Y(a) are understood as g*= (b—) and
gV (a+), respectively.) Then,
o = 9gllp < cprpwr(p)p -

Proof. Consider the following Lagrange (Hermite—Taylor) polynomials of order k on [a, b]:

a1 k—p—1 w k—p

— ~ ~ A —_——
Iy = l(p;a,...,a,b,...,b) and Iy :=Ilk(p;a,...,a,b,...,b).

By Corollary 8.4, both k-monotone functions p and g lie between [ and I in [a,b], i.e.,

min{lk,ik} < min{p, g} < max{p,g} < max{lk,l}} .

Therefore, _ _
g —pllp < 1k = lkllp < cpllle = pllp + cpllp — lkllp < cprrwi(P)p,

where the last inequality follows from Lemma 8.2. [

In our proof, we need a slightly stronger statement in the case p = 0.

Lemma 8.6 Letk,r €N, 0 < p < oo, I = (a,b), p € I, " M*, and let h € M* be a function such that

(8.4) h(a) =p(a) and RDB)=p@ (1), i=0,....k—2, h*F Do) <prE-Dp).
Then
(8.5) P = 2llp < cprpwi(P)p -

17



Proof. First of all, assume that there exists 6 > 0 such that p € M¥(a, b+ 6), and set

_J b, on ab),
9=V p, on [bb+4].

Then g is k-monotone on [a, b+ §] and satisfies all other assumptions of Lemma 8.5 (with u = 0), hence

lg — bl (ab+6 < Cpr ki (D)L, (a,b+6] -

Letting § — 0, we obtain
A = pllL,ap < Um [lg = pllL,[ab+6) < Cpork M WE(P)L, 0,546 = Cpirk Wk (P)L, [a,] -
6—0 §—0

Now, if for any 6§ > 0, p & MF(a, b+ &) one can replace p by

p(z) :=p(x) + e(x —a)(x —b)" .
Then, p € Mpax(rk+13 N MF(a, b+ A) for some A > 0,

Pla) =p(a), YO =pPb), 0<i<k-2,

and
pEI () = p*V(b) + (k= 1)le(b — a) > p* D (b) > KD (b-).

Now, using the same argument as above and letting ¢ — 0 and A — 0 completes the proof of the
lemma. (]

9 Proof of Proposition 4.2
The following statement summarizes results of §§5-8.

Proposition 9.1 Let k € N, n =2k%, 0 <p < oo, I = (a,b), p € I, " M*, and let g, € Sc(k)k N M-
be such that
g*(tj):p(tj) on {a:t0<t1<...<tn<tn+1=b}

Then, there exists a spline z such that
z e Skﬁk n Mk[g*,p]

and
(9.1) Ip—zllp < caollp — gullp,  c2=ca(p, 7, k).

Proof. First of all, Corollary 7.4 implies that there exists a spline z € 8/ x N M¥[g., p]. Now, since 2
satisfies condition (8.4) of Lemma 8.6 (which follows from the definition of the class MF[g., p] and the
fact that g.(a) = p(a)) we have the estimate

Ip = zllp < cprpwi(p)p -

On the other hand, for g. € S¢(x),x, Lemma 8.1 yields

P — gsllp > cprrwr(p)p -

Combining both estimates we obtain (9.1). L]

Remark 9.2 Applying Proposition 9.1 to p(t) := (—1)*p(—t) and g.(t) := (—=1)*g.(—t) we conclude
that there also exists a spline Z € 8/ 1, N M¥[p, g.] for which (9.1) is valid.
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Also, we need the following elementary statement.
Lemma 9.3 Let (7;)52, be such that x; # x; if i # j, and lim; o x; = L, and let, for some k > 2,
[ be (k — 2)-times continuously differentiable in some e-neighborhood of L and have onesided (k — 1)st
derivatives at L. If f(x;) = 0 for all j, then fO(L) =0 fori=0,...,k—2 and either f*~V(L4+) =0
or fE=1(L-) =0.

Proof of Proposition 4.2. If 0 < p < oo, let f. be a best L,-approximant to p € I, N M* from the
set M¥[f] whose existence is guaranteed by Lemma 3.3, and so Lemma 3.8 is valid. If p = oo, we choose
f.« to be a best Lo.-approximant to p from the set M¥[f] which satisfies Lemma 3.9.

We need to prove that there exists a spline s such that

(9.2) s € 8oy, NMF[f]
and
(9.3) [P = sllp < callp = fillp-

Lemmas 3.8 and 3.9 imply that, on any interval (c, d) where the difference f.(x) —p(z) has exactly m—1
distinct zeros, we have
(9.4) fx € Sk iy kK = lk/2] +1.

Denote by 3 the set of all zeros of the function f, — p, i.e.,

3= {x € [a, b]

ful) = p(a)} |

and let 3* be the set of all limit points of 3. Also, let #3 denote the cardinality of 3. (Note, that the
set 3 does not take into account multiplicity of zeros. This is not essential, and is only done to simplify
the exposition.)

The proof is quite transparent. If 3 consists of only a few (less than 4k2 + 4) points, (9.4) implies
that f. has to be in 8¢ (1) k, and so there is nothing to prove. If #3 is not less than 4k? + 4 but is finite,
we use Proposition 9.1 to blend f, and p on intervals containing the first and the last 2k% 4 2 points
from 3 (and, hence, f. which has many “knots” between these intervals is replaced by the polynomial
p there). Finally, if 3 is an infinite set, the set 3* is necessarily not empty and connected. Hence, 3*
is a closed subinterval of (or a point in) [a,b]. We will show that f. = p on 3*, and so it’ll remain to
apply the above mentioned argument in the case #3 < oo to the set [a,b] \ 3* which is a union of at
most two intervals.

We now fill in the details, and consider the following three cases.

Case 1: #3 < 4k? + 4.

According to (9.4),
fu € 8ciry e, C(k) < (4k* + 4K,

so we let s = f..

Case 2: 4k*> + 4 < #3 <

Denote by I, := [a,,b,], v = 1,2, the smallest closed subintervals of [a, b] which contain the first and the
last 2k*+2 points of 3, respectively (i.e., a; = min(3) and by = max(3)). By (9.4), f. € 822111 (Lv),
v =1,2 , and, hence, by Proposition 9.1 and Remark after it we conclude that there exists two splines
$1, S2 such that

s1.€ S e N MO [, pl(11), 52 € S N MP[p, £ (I2),

and
(9.5) P —sullL, @) <c2llp—fellL, @) -
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Also, note that f. € S x[a,a1] and f. € Sk k[b2,b], and define

fo(x), € la,a1]Ulbe,b],
s(z) = si(z), =€ la1,bi],

p(x), € [b,as],

sa(x), x € [ag,bs]

Then,

and, clearly, (9.3) is satisfied.

Case 3: #3 = o0

Clearly, the set of all limit points 3* is not empty in this case. Also, 3* is closed, and we now show that
it has to be connected. This will imply that 3* = [¢,d] C [a, b] (not excluding the possibility that ¢ = d).
Taking into account that f. — p is (k — 2)-times continuously differentiable and has onesided (k — 1)st
derivatives on [a, b] (which is guaranteed by the assumption that f. € M*[f]), we apply Lemma 9.3 to
conclude that, for every x € 3*, at least one of two relations takes place:

f(at) =pD(2), i=0,....k—1.
Thus, if {¢,d} C 3*, then p € M*[f.](c,d), so that the function

_J R(@) z€lab]\[c,d],
g+(x) = { p(z), z€lc,d]

is in M*[f.](a, b) C M*[f](a,b). Also, if f. # p on [¢,d], then g, approximates p better (in the L,-metric)
than f, on [a,b] if 0 < p < 0o and not worse than f. if p = co. Therefore, we know (can assume) that
f. =p on [c,d], hence [¢,d] C 3*.

Thus, we can assume that 3* = [¢, d] for some [c,d] C [a,b]. We also assume that a < ¢ < d < b, the
cases when ¢ = a or d = b being analogous (and simpler).

Since (a,c¢) N 3* = 0, any closed subinterval of (a,¢) contains finitely many points from 3.

Now, if # ((a,¢) N 3) < 2k* 4 2, (9.4) implies that f. € $(2x242)k k[a, c] and we define the spline s;
to be f. on [a, c].

If, on the other hand, # ((a,c) N 3) > 2k? + 2, then there exists ¢ € (a,c) such that ¢/ € 3, and the
interval (a,c’) contains exactly 2k? + 1 points from 3. The same construction as in Case 2 allows us
to obtain a k-monotone spline §; € 8oy i (a,¢’) N MF[f., p] which “blends” f, with p (in a k-monotone
fashion) on (a, c’), and approximates p as well as f.. Now, we define s; by

The same argument can now be used “at the right end” to yield a construction of s2 € 82x22)r7 1 [d; 0]
satisfying all conditions required.
Finally, we set

si(z), z€la,d),
s(z) =1 pl@), z€led,
so(x), =eldb).
Then,
s € 8oy, VM [flla.b],  C(k) < (4k* + k' +1,
which completes the proof of Case 3, and of Proposition 4.2. -
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