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1 Introduction
V.Markov [4] proved that if p € P, the space of algebraic polynomials of degree n, and

then on the same interval
Hp(k)H < Tr(bk)(l)v (1.1)

with equality only if p = ~T;,, where |y| = 1. Here T,,(z) := cosnarccosz is the Chebyshev
polynomial of degree n, and || - || := || - [|¢[—1,1) is the usual uniform norm.
Duffin and Schaeffer [2] strengthened Markov inequality showing that it remains valid under
the weaker assumption
p@) <1, @ {cosZ)n,

where & = cos 7t are exactly the points where |T),(x)| = 1. They also showed that, if restrictions
|p(z)] < 1 are imposed at any other set of (n + 1) points in [—1, 1], then Markov bound (1.1) is no
longer true.

Here we consider the problem of estimating the norm |p(*)|| under restriction

Ip(z)| < p(x), rel,

where p is an arbitrary non-negative majorant, and I is either the whole interval [-1,1], or a
discrete set ¢ of n + 1 points in [—1, 1].
So, the problems are the following.

Problem 1.1 (Markov inequality with a majorant) For n, k£ € N, and a majorant p > 0, find

My = sup  [[p®¥] (1.2)
[p(z)|<p(x)

Problem 1.2 (Duffin—Schaeffer inequality with a majorant) For n, k € N, and a majorant p > 0,
find
Dy, = inf sup ™| (1.3)
T SE L (e s <l

(The idea of such setting is borrowed from Duffin—Karlovitz [3].)
In these notations, the results of Markov and Duffin—-Schaeffer read:
p=1 = Mg, =Dy, = HT’I’(Lk)”?

and the Chebyshev polynomial 7;, (which oscillates most between +1) is extremal for both prob-
lems. In particular, the set . of its n + 1 equioscillation points gives the infimum in (1.3).



So, the question of interest is: for which other majorants u the polynomial w = w,, that oscil-
lates most between £y, the so called snake-polynomial, gives solution to both problems (1.2)-(1.3),
i.e., when do we have the equalities

? ?
¢ k ¢
My = llwP|| = Dy .
Notice that, for any majorant y, we have

lw®|| < My < Di s

so the poblem will be settled once we show that Dy, ,, < ||w£k) Il
In this paper we establish Duffin-Schaeffer (and, thus, Markov) inequalities for a wide range
of majorants (.

2 Results

2.1 Earlier results

There are not so many results on Markov-Duffin-Schaeffer inequalities with majorants, therefore
we decided to mention all of them (to the best of our knowldege). We display them in two tables
and make short comments on them. A detailed account on different proofs of classical Markov
inequality and its generalizations could be found in the recent survey [13].

Markov inequalities with a majorant

Majorant y(x) Derivative k | Degreen Value M, Authors

0° 1 all k alln T (1) V. Markov (1892)
1° I+ (a2 — Da? all k alln w (1) Vidensky (1958)
2° Var? +bx +1 k=1 alln max |wy, (£1)| Vidensky (1958)
3° T2, (1 +c2x?) k=1 n>m wi (1) Vidensky (1959)
4° | /(1 + c322)(1 + c32?) all k n>cia+2 wi (1) Vidensky (1971)
5o \/(1 — .Z‘)ml(l T Z’)m2 k> mi+mag n > mi+mag Hw(li)l | or |‘W7<1k)|| Pierre and

-2 -2 " Rahman (1981)
6° 1 22 k1 n>2 e | Pierre, Réhman and

Schmeisser (1989)

7| Vi—z?orl-a’ all k n>2 w (1) from 1° and 5°-6°
Let us make some comments.
1°-7°. All majorants are of the form

M(I) =V RQm(x); RQnL € PQnu

where Rs,, is a non-negative polynomial of an even degree 2m. For the polynomials p € P,, with
a majorant of this kind, Vidensky [14] found (a kind of) explicit majorant Vj,(x) for [p®)(z)| (i.e.,



a bound for the pointwise Markov inequality). Also, in this case, there is an explicit (again, to a
certain extent) expression for the corresponding snake-polynomial w,, of degree n if n > m (see
§10.1).

1°-4°. Those are particular cases where Vidensky managed to proceed from an intermediate
pointwise estimate [p*) ()| < Vi (z) to a bound for the uniform norm ||p(®)|.

4°. As we have mentioned, for 4 = v/Ra.,, a natural restriction on degree n of w,, is

n >m,

thus restriction on n in 4° looks artificial (and we remove it in our results).

5°. For this case, Pierre and Rahman applied original variational approach of V. Markov. The
exact value of Hw,(lk) || is generally not known unless it is equal to Wi (£1)or W (0), this is perhaps
why, in 5°, two candidates for the extremal function appear. We will show that, for symmetric
majorants, we have My, , = Wi (1).

6°. This case required special consideration as it was not covered by 5°.

7°. We put this case in a separate line to compare it with the corresponding results in Duffin-
Schaeffer-type inequalities (which follow).

Duffin-Schaeffer inequalities with a majorant

Majorant p | Derivative & | Degree n Value Dj, Authors
g0 1 all k alln TT(Lk) (1) DufﬁrT, Schaeffer (1941)
Shadrin (1992)
k=1 all Dy > ||w,
9°| V1—g2 n 1 ||W:|| Rahman .and
k>2 alln Dy, = wé‘)(l) Schmeisser (1988)
10°] 1-22 k>3 alln WP (1) Rahman, Watt (1992)
11° | anyp | PP ang w®(x1) | Shadrin (1992)
k=n-—2 Nikolov (2001)

8°-10°. There are two different proofs of the classical Duffin-Schaeffer inequality (with the
unit majorant). The cases 9°-10° were obtained using original Duffin-Schaeffer method [2], but
the second method [11] is applicable for those majorants as well. However, further extensions of
both methods, even to the majorants (1 —22)™/2, are hardly possible, and that was our motivation
for searching a new method.

9°. The case k = 1 for the majorant u(z) = 1 — 22, when w,(ll)(l) = M; < D, is very
interesting as it shows that equality M}, = Dy, should not be always expected.

10°. Comparing 7° with 10° we see that, for the majorant u(z) = 1 — 22, the Markov-type
inequality My, = wg“)(l) holds for all & > 1, while the Duffin-Schaeffer-type result Dy, =
W (1) is established only for k > 3. However, the previous case suggests that, for the majorants
(1 — 2%)™/2, the equality M}, = Dy, might not be true for small k.

2.2 New results

Definition 2.1 Denote by (2 the class of polynomials w such that

=

0) wE)=cl||(xz-1t), tiel[-1,1];

1
w(1), 10) lwllcp-1,0 = lw(=1)};

T
Il

la) lwllcro,1)



2) w(x) = Z a;T;(z), a; >0.
=0

In particular, this class contains odd and even polynomials with positive Chebyshev expansion
(2), i.e., polynomials of the form

w(z) = Za2i+uT2i+u(w)a agi+v >0, ve{0,1}.

Equality (1a) follows, of course, from (2), but assumptions (1)-(2) are independent in the sense
that they are used at different stages of the proof, and may well be relaxed. For example, we
strongly believe that our main Theorem 2.2 is valid under assumption (2) only.

Our main result (with respect to the Markov-Duffin-Schaeffer inequalities with a majorant) is
the following.

Theorem 2.2 Given a majorant 1, let w,, be the corresponding snake-polynomial of degree n. Then we
have
w,(f_l) c) = Mk#l = thﬂ = w/(ik)(l) .

Example 2.3 The following table gives some examples of majorants to which this theorem can be
applied.

Duffin-Schaeffer inequalities with a majorant

Majorant p Derivative k | Degreen | Value Dy,

12° T, (1 + 22?) all k n>m | W)

13° (1 —a2)m/? E>m+1 n>m wék)(l)

14° R (2?) k>m+1 n>m w,(q,k)(l)

15° any p(x) = p(—x) k>n/2 alln wék)(l)

16° | /(1 + E2%)(1 + (a2 — 1)2?) k> 2 n>2 WP (1)
k=2 > 1

17° Vai? T b+ 1 TERED | L)
k>3 alln

12°. This case extends the Markov-type results 3°-4° of Vidensky to arbitrary &, and also

strengthens them in the spirit of Duffin-Schaeffer.

13°-14°. The case 13° is of course a particular case of 14°. It covers previous Duffin-Schaeffer-
type results 9°-10°, and srengthens the corresponding Markov-type inequality 5° for symmetric
majorants. Note that our Duffin-Schaeffer-type results are valid starting from & = m + 1, while
those of Markov type starts with k& = m, but this could be a necessary restriction, The case 14°
shows that the restriction & > m + 1 provides, in fact, Markov-Duffin-Schaeffer-type results for
all symmetric polynomial majorants.

15°. This is an expected extension of 11°.

16°. This majorant is of the form which is in a sense intermediate between the cases 12° and
13°.

17°. This is an example of a non-symmetric majorant.



3 Preliminaries

We are dealing with the Markov-Duffin-Schaeffer problem with a majorant ., where we want to
find the values

My, = sup ||p(k)|| , Dpy= inf sup ||p(k)|| .
Ip(=)|< () SE[-L1] |p(2)[s<|p(x)ls

For any p > 0 there is a unique polynomial w,, € P, the so-called snake-polynomial, that oscil-
lates n + 1 times between =+, i.e., such that

lwu(@)] < plx), = e[-1,1],

*

and on some set of n + 1 points §, = (7;

wa(r}) = (=1)'u(r}).

The question of interest is: for which majorants it is this polynomial w,, that gives extremum
to both values above (as in the case ;1 = 1), in particular, whether it is the set . that gives the
infimum value Dy, ,.

Notice that, for any majorant z, we have

n
)i, we have

||w1(1k)|| S Mk:ﬂf S Dk:ﬂf S DZ:,/U

where
D; . = sup ™).
[p(z)]5, <[p(z)]5.

so it would be enough to prove that D} = ||w7(7{f ) |. However, even with the simplest majorants,

the location of the nodes 7;" is not known explicitly, so we have to find some arguments that avoid
the use of them.

It is clear that the snake-polynomial w,, has n zeros inside the interval [—1,1], i.e., w,(z) =
c[Ti=,(z — t;), and that these zeros interlace with the “touch-points” (77), i.e.,

1<y <ti<7 < - <tp <7 <1.
Denote by A,, the class of knot-sequences § = (7;) with the same interlacing properties,

“1I<mp<thi<m<---<t, < <1.

Then
D, = sup Ip®| = sup Ip™)]
(@) 5. <l ()]s, <l (@)]s.
< sup sup  [p®] = Skw,

0€A, |p(z)|s<|w(x)|s

and respectively
ol < My < Dip < Dip 0 < S 3.1)

So, now, we may try to evaluate the value Si , in terms of ||wfﬁ) ||. It turns out that the pointwise
problem, of finding the values

Skw(x) == sup sup  [pM ()], we[-1,1],
5€A. [p(x)]s<|(@)ls

has a remarkable solution.



n

Proposition 3.1 ([13,[5]) Let w(x) = [](z — ), t; € [-1,1]. Then

=1
stw(z) = max { |w® (2)], max|o"” (2)[}, (32)
where ) .
oi(x) = w(x) x_—xt;’ =1,...,n. (3.3)

Proof. The original proof by Shadrin [12] followed the idea of Duffin—Karlovits [3]: it was shown
that variation of any single knot 7; € (¢;,%;+1) does not result in a local extremum of the value
pk) (x), hence the value sy, ., () is achieved when 7; is either ¢; ot ¢;11. A simpler proof based on

the properties of Lagrange interpolating polynomials was given later by Nikolov [5]. O
The polynomials ¢; are quite interesting. They have the same zeros as w except one ¢;, and,
because of the factor %, they satisfy the inequalities
6:(2)] = [w(z)l, 2€D1, [¢i(2)| <lw(2)l, 2 ¢Dx,

where D; is the unit open disc in the complex plane. These polynomials may be viewed as the
most extreme case of the Zolotarev-like polynomials.

From the pointwise equality (3.2), since Sy, = max, si (), it follows that Sy, is just the
maximum of the max-norms of the polynomials on the right-hand side. Moreover, we can make
a minor simplification using the fact that

Spw(E1) = [w® (£1)],

which means that the values of ¢;s at the endpoints are inessential, and therefore it is only the
local maxima of ¢;s that matter. To this end, we introduce the “local norm”

£+ == max{[ f ()| : f'(x) = O},
and the following statement is immediate.

Corollary 3.2 Let w(z) = [] (z — ti), t; € [-1,1]. Then

i=1
Sk = max { [w]|, max|g{*]l.}. (34)

From this corollary and the chain of inequalities in (3.1) we obtain the statement that gives
a new way (other than in [2] and [11]) of deriving Markov-Duffin-Schaeffer inequalities with a
majorant.

Proposition 3.3 Given a majorant u > 0, let w,, € P,, be the corresponding snake-polynomial. If
max [[¢{"||. < [lw i, (35)

then
My =Dy = |wP|l (= Skw)- (3.6)

An advantage of studying the inequality (3.5) is that this is purely a polynomial problem on
the class of polynomials w having all their zeros in [—1, 1], with rather simple and explicitly given
polynomials ¢; involved.

A disadvantage is that the high derivatives of ¢;s are still difficult to analyze, but we may

reduce the problem to studying the behaviour of $§’"> for small m, say, m = 0, 1, where ¢; are the

polynomials defined in the same way as in (3.3) but with respect to @ = w,(f_m).



Corollary 3.4 Given a majorant i > 0, let w,, € Py, be the snake-polynomial for p1, and let & = w(k ™,

If
max 6™ [l < 12T (= [w®]), (37)

then
Mk,u = Dk = Hw H ( = Sm@) (38)

Proof. The proof is based on the fact that if a polynomial p satisfies

lp(7)| < lw(m)],

where 6 = (7;) is any set of n + 1 points which interlace with the zeros of w, then its derivative of
any order k£ — m satisfies similar inequalities:

= ()] < o™ ()]

where § = (n;) is some set of (n+1) — (k—m) points which interlace with the zeros of w(*~™).
Therefore, with & := w*~™) we have

Skw(T) = sup sup  [p®)(z)]

deho [p(a)|s<lw(z)ls

< sup sup g™ ()] = smo(e)
Seas la@)s<io@);

hence
lwP| < My, < Dy < Dy < Sk < S -
From assumption (3.7), due to (3.4), we obtain S, 5 = [|[©™)|| = Hw,(,,k) |l, and that implies (3.8). O
Nikolov [6] proved that

G=w® =7® = (37)isvalidwithm =0 (hence (3.8) for u = 1),

n

and that gives one more proof of the classical Duffin-Schaeffer inequality.
In this paper, using some ideas from [6], we show that (3.7) is true with m = 1 for the polyno-
mials & from the class €2 which we defined in (2.1) in the following way.

0)  ©) =l (= —t)
la)  [@llcpy =@M 10) [@llor1,0 = ©(=1)]
2) W= Z?:o ajTj, a; > 0.

Namely, we prove the following statement.

Theorem 3.5 Let & € Q. Then R
max [| 7. < [|&']] -

From this result, Theorem 2.2 easily follows.

Proof of Theorem 2.2. By assumption of Theorem 2.2, & := w(*~1) belongs to the class Q. By
Theorem 3.5, this inclusion implies the inequalities (3.7) which in turn, by Corollary 3.4, 1mp1y
(3.8), i.e. the statement of the theorem.

The rest of the paper consists of two parts. In the first part (§4-58), we prove Theorem 3.5. The
proof is a bit lengthy, so we describe its structure in §4. In the second part (§9-§10), we take some
particular p’s and £’s (given in Example 2.3), and verify that, for the snake-polynomial w,,, the
polynomial & = w*~1) belongs to the class 2. Thus, for those particular majorants, by Theorem
2.2, we have

Mk,u = Dk,u = w,l(l,k)(]')'



4 Structure of the proof of Theorem 3.5

The proof consists of three parts.
Step 1. In §5, we introduce two functions 1 (z, t) and ¢ (z, ) with the properties
¢ (x) =0 = ¢i(z) =¢u(a,t).
That means that both 4, (-, ¢;) interpolate ¢ at the points of their local extrema, therefore

o, < in (1, (z, ;)] 41
max [0, < max max min [, (, )| (4.1)

Step 2. In § 6-§8, we show that, if

lwllcpo,n < w(1), 4.2)
then, with some specific functions f; of the form (4.3) below, we have
D (e t)] < max(A@L AELLE@), 0ol —1<IE <
2) [a(2,ti)] < max (| fr(2)], | f2(2)]), t <z <1
3 falot) <max(f@)l L@ IfE)  0<e<h,  g<ilt<

Combined with (4.1), these inequalities imply that

max [|¢;lpo,1) < Jnax, I fillcron »

and, by symmetry, on the interval [—1, 0], we have

max 9i 1 4=1,0) < fg}gﬁlﬂfj”qq,op

where fj(x) = fi(—x).
Step 3. The functions | f;| are of the form

[fi(@)] = Ifj(w, 2)] = la;(@)w" (2) + bj(2)w (z)] + ¢; [|&'] (4.3)

i.e., they are semi-linear in w. In § 8, we show that, for w = T}, they admit the estimate
1£5(T) o,y < T/A)  (thus || F(T)ller-10 < [T7(=1)| = T/(1) ).
This implies that the same estimate is valid for polynomials w with positive Chebyshev expansion,
ie., if
w= Z%Tiy a; >0, (4.4)
then
1fi@)lleon) < w'(1).

Indeed, since f(w,x) is semi-linear in w, and a; > 0, we have

@I = I (Do aT) | <N Y el (Tl
ST aillfm)) <3 aTi(1) =w'(1)
Hence, for polynomials w which satisfy (4.2) and (4.4), i.e., for w from the class {2, we have

max g, < o/ (1),

IN

and that conludes the proof of Theorem 3.5.

Remark 4.1 In Step 2, we used the condition ||w||¢o,1] < w(1) only in the case 3, when dealing
with the function f4, but we believe that well-behaving majorants for ||¢;||. of the form (4.3) exist
for any w.



5 Majorants for ||¢/].

Set

w(z) = H(x—ti), t; € [—1,1],

i=1
) = 2D
bile) = ().

We would like to estimate the “local norm” ||¢;||., i.e., the largest absolute value of the local

extrema of ¢, inside [0, 1].
For any function f, the function

9(x) = f'(x) + c(2) f" (x)

interpolates f’ at the points of its local extrema, hence

£ 110,11 < Nlgllfo,) -

Respectively, we are going to construct two majorants for the local extrema of ¢, in the form
bu(@,t:) = ¢5(w) + e (@, )4 ()

To this end, set
1—at

B, 1) = = w(a),
so that
o7 () = o™ (2, 13)
Since =2t — 1;_‘55 —t, we have
, o l—at o 10
(b(]),t) - r—t W(Z‘) (x_t)gw(x)7
y 1—at 11—t 1—¢2
t) = -2 22— .

Lemma 5.1 Let ¢/ (x) = 0. Then
¢i(x) = (2, t:)

where
Pr(x,t) = ¢ (x,t) + %(m —t)¢" (z,t)

]‘ 1" !
= 5(1 —zt)w'(z) —tw'(x).

Proof. The proof of (5.3) is straightforward from the definition and (5.1)-(5.2) as

1—¢2 1 —¢2
W'(x)

x—t C(z—t)2

& (x,t) = —tw'(z) +

(5.1)

(5.2)

(5.3)



Lemma 5.2 Let ¢ (x) = 0. Then

where
dalent) = )+ s (1) ¢ )
1 2\ r—t (1 _t2)
= 5(1—x Yw" (x) + T (x) —mw(x).

Proof. From the definition and expressions (5.1)-(5.2), for the factor at w’(z) we obtain

: <(1_‘”t)_(1_t2)(1_x2)>: 1 (z—t)? a—t

x—t 1—at -t 1—at 1—at’

and for the factor at w(x)

_1—t2 _1—x2 _ (1 —12)
(x—t)2<1 l—a:t> EEOREEDR

Proposition 5.3 For any polynomial w with all its zeros in [—1, 1], we have

; < i ti), yti)) s
max[|¢gllso.y) < max, max min (¢ (z,t), ¥a(, )

where v, (z,t) are given in (5.3)-(5.4).

6 Majorants for ¢ (z,t) and i9(x, t)

—t; 1
6.1 Thecase 0<z<], _1§x <=
Lemma 6.1 Let ; )
T — 14
O<x<17 _1S1—$tiS§
Then
1 (z, i) < max([fi(z)], | f2(2)], ] f3(x)])-
where
]‘ !
fal) = 0 -2 (@) (@),
1—22 , 20 -1 ,
fa(x) = 2_xw(x)—2_xw(x).

Proof. The function )
Py (x,t) = 5(1 —at) W (x) —tw'(z),

is linear in ¢, thus, for any given x and any ¢ € [a, b], we have the estimate

|¢1(z, )| < max(|¢n(z, a)l, [¢1(z,D)]).

—t; 1. .
The condition —1 < x t < 3 is equivalent to
—xt;
2¢ — 1 <t <1,
2—x — 7

10

(5.4)

(6.1)



thus, we can use (6.1) witha = Z=1 and b= 1. Then1 — za = 1 — m(g‘:l) = 2(;:22), so that

D) = 5 (0) — Tl ) = fola),
while .
)] = 50— 2 (@) - /() = (o)

Since |1 — x| < |1 — 22| on the interval [0, 1], we clearly have

l9(z)] < ’%(1 —2?)w" ()| + |'(2)| = max(|f1 ()], | f2(2)]) - [

6.2 Thecase t; <z<1

Lemma6.2 Let —1<t; <t; <z <1 Then

Y2 (2, £i)] < max (| f1(2)], [ f2(2)])

where )
fi2(x) = 5(1 — )W (z) £ (z).

Proof. By definition (5.4), we have

_ 1 2\ x—t x(l_t%)
z(1—t2) _ g—

tt + t, we obtain

Because w'(x) = ) w;(r), and because — = {—

(1 - 22) " (z) + T —t ij(x) _ M%(x)

1-— :Eti - 1— {Eti
Jj=1

¢2($7tz‘) -

N~ N

(1—22) 0" (2) + 22 3 wi(w) — trwi(@).

].—:Eti

Now, since |£=L-| < 1 and [t;] < 1, the last two terms do not exceed the value of 37, |w;(z)|.
But for ¢; <z <1 all the terms under the sum are positive, hence

3 fi(a)] = Y wile) = /(@)

Therefore,
1 1 !/
ltha(z, t:)] < ’5(1 —2?)w"(z)| + |'(2)] = max (| fi(2)], | f2(2)]) 0
1 —
6.3 Thecase 0<uz<t, —gx <1
Consider again the function ), defined in (5.4):
1 o x—t -zt
Yo(x,t) = 5(1 —z)w'(z) + e (z) CEDE) w(x).



Lemma 6.3 Let

1 x—t
0<z<ty, §§ l—xtgl’ lwllcro,) < w(1).
Then
[Y2(w,t;)| < max (| fi(z)], [f2(2)], ] fa(2)]), (6.2)
where
1
fral@) = 51— 2?) W (z) £ o' (),
1 2 " 1 / 1
file) = |02 (@) + (@) + 5 el (63)
Proof. For a fixed = € [0, 1], set
x—t
YT T
Since (1 — 2t)? = (z — t)* + (1 — 2%)(1 — t*), we have
x(1 —t?) _% r 11—
(x —t)(1 —xt) ol 1—22 4 1—z2

and therefore, for a fixed z,

2z

Yale,t) 1= 9(3) = (1= 2% (@) 7w (@) — - w(a). (6.4)

v 11— a2

For v € [3,1], the maximum of () is attained either at the endpoints, or at the points where
¥’ (y) = 0. In the latter case,

/ o 1+ '72 T .
1/’(7)— ()+ 72 1_x2w(x)_07
hence, —%£5 w(x) = —V—QQw’ x), and putting this expression into (6.4) we obtain
-z T+ p & p
_ 1 a2\ ’7(1 — ’72) / _ 1 a2\ 2y /
v = 50— @)+ (14 W0 i) = S0 - )0+ 2w

So, at the points where ¢’ () = 0, we have

(] < ‘1(1 —2?)w"(2)| + |w'(2)] = max (| f1(2)], | f2(2)]).

2

As to the values of () in (6.4) at the endpoints of [1, 1], they are

o) = 3= @)+ @) = i)
v, = 3= @)+ g o) - 5 T ele) = gle) (65)

and it remains to show that |g(

term which is 2 £ w(x) for g(

| < If.

4
1
and ;

x) (x)|- The functions g and f4 in (6.3) differ only in the last
x) lw'|| for f4(x). By the forthcoming Lemma 7.4,

w(z)
1—

1
lwllcpay <w(@) = gl 0z <t

x

and because 7 =

< 1on|0,1], we have

3 T
-——w
21—22

(z)




w(x
1—x |’

—

7 Estimates for

Lemma 7.1 Forany ~ € [0, 1], and for any ¢ > 0, we have

c
c+1°

min (¢y,1 —7) <

Proof. When ~ runs through [0, 1], the value ¢y is increasing from zero, while the value 1 — ~y
is decreasing to zero. So, there is a ., for which both values coincides, and for this ~. (equal to

1/(¢+ 1)) we have
c

c+1°

min (¢y,1 —7) < ¢y, =

Lemma 7.2 Let [|w|cjo,1) < w(1), and let 0 < x < t,,, < 1. Then

w(x) 1
< —— |l
1—x m+1
Proof. On the one hand, since w(t,,) = 0, we have |w(z)| = |ff W' < (b — x) ]|’ ||, hence
w(x) tm —x
2| < I .

On the other hand, since |w(z)| < w(1), we have

w)|  1—tm wd) 1=ty I & wldl) 1—tn 1 <wl) 1—-t, 1 ,
< < — < — = — 1).
'1—x1—x 1—-¢t,  1-—=x mgl—m*l—x mgl—ti 1—x mw()
So,
w(x) (11 —tnt 1
T | Smin { — loll < oI,
1—-=z ml—x m+1
the latter inequality by Lemma 7.1, with y = == and ¢ = L. O

If x is located between ¢5 and t;, then Lemma 7.2 gives the inequality |W(r) | < i|jw’|| which is
not strong enough. The next lemma improves it.

Lemma 7.3 Let ||w|[¢o,1) < w(1), and let
0<z<1, ta<e<t; <1
Then

9 _
_2-v2 L
2 3

7.1)

Proof. Let s; be the rightmost zero of w'(z), i.e.
to < 51 < t1, w’(sl) = 0,

where ¢; are zeros of w in the reverse order. Clearly, the ratio % attains its maximal value for
some z in [s1, t1], and we will distinquish two cases for location of s;:

1) 0<s1<z<ti <1, 2) s1<0<z<t;<1.
Casel(0<s;<z<t; <l1).

13



1) By assumption, |w(z)| < w(1) on the interval [s1, t1] so that, assuming that w(1) = 1 we let
w(s1) = —a with some a € (0, 1].
Let p be the quadratic polynomial that interpolates w at the points (s1, s1, 1), i.e.

p(s1) =w(s1) = —a, p'(s1) =w'(s1) =0, p(1) =w(l)=1.
Then, for z € [s1, 1], the Lagrange interpolation formula provides

w(z) —p(z) = %(m —51)%(x — D), €€ [s1,1]

and since w’(§) > 0 for £ > s, it follows that

w(z) <pz), =€ s1,1], p'(1) <'(1).

Figure 1: The graphs of w and p Figure 2: The graphs of w and ¢
2) Let g € P> be a quadratic polynomial defined by the conditions
d)=w(t)=1, ¢()=w/(1), qlsi) =infa(x) = —a, 7.2)
and let ¢} be its zero in the interval [s7, 1]
q(t7) =0, # € [s7,1].
This ¢ is a dilation of p, namely
g(x) =pe —(A=1)), A:=w'(1)/p'(1) > 1,
and, because the squeezing coefficient )\ is greater than one, we conclude that
51 < 8] (where w(s1) = p(s1) = ¢(s7) = —1).

When z runs through [s1, s3], the value w(z) is increasing from w(s1) = —a, while the value ¢(z)
is decreasing to ¢(s}) = —a. So, there is a point z* € (s1, s7) for which both values coincide:

q(z") =w(z"), s1<z"<sy<l.

We see that ¢ interpolates w at (27, 1,1), hence, by the Lagrange interpolation formula, for « €
[z*,1],

wlw) ~ a(a) = (e~ a")@ = 12"(@), €€ [o,1],

14



and we have ¢(z) < w(z), for z* < z < 1, in particular,
q(z) <w(x), si<z<l.
3) It follows that, for any x € [s1, t1], there is a point y,, € [s}, t]] such that

w(x) =qys) <0, x <y, <tj,

whence
w) | _|aly2)| _ | 9(yz)
1—x 1—x 11—y |
So, if
a(y) ’ /
max |——| < yq' (1), 7.3
yelst,tr] |1 —y v ( ) ( )
then, because ¢'(1) = w'(1),
w(z) /
< 1).
ZEGH[IS?J?;] 1—2z _’YW( )

4) Finally, let us find the least constant v in (7.3) for the quadratic polynomial ¢ given by
conditions (7.2), i.e.,

¢1)=1,  qt])=0, d(s)=0, q(s])=—a.

It is easy to see that -y is maximized if —a = —1, and that its value does not depend on the position
of s}, so we may take s, = 0, and consider inequality (7.3) just for the polynomial

— 2 1
qy) =2y* -1, yel0, .

For such a ¢, we have

/
=7 2—V2
Lq(x)} —0 = @1 -2)+q@)=0 = 227 —4dr+1=0 = m= 2\f
— X
whence
_ 1 Ja@o) | _ |4 (@0) _4ﬂ_2—\/§<1
TTYM 1w e | T 4 T 2 3

Case2(s1 <0<z <ty <1).
Recall that ¢; are zeros of the polynomial w € P, in the reverse order, and s; is the rightmost
zero of its first derivative «’, so that in the case under consideration we have

1<t < <2< <0<14; <1. (7.4)

1) Let us find out what the rightmost position of ¢; € [0, 1] could be if we require that s; < 0.
It is known that, for a polynomial w(z) = [];_, (x — t;), zeros s; of w’ are monotonely increasing

functions of ¢;. Therefore, with ¢; € [0,1] fixed, the leftmost position s} of s is attained for the
polynomial w, with the leftmost positions of all other zeros from ¢, to t,,, which are —1, i.e.,

we(z) = (x —t1)(x + )" L.

Then
W) = (2 +1)"2( + 1+ (n - Dz — 1))

and its first zero s} from the right satisfies
nsy +1
n—1"

1=

15



So, for any polynomial w € P,, which satisfies (7.4), we have

1
<

1
s1<s1<0 = tlgn_l 3

2) Now, consider the ratio

w(x) 1
v =sup sup -
w zefoy]) 1 —Tw

—~
—_
~—

where zeros of w satisfy

1<t, < <ta<0<t <

(7.5)
Since w'(1) > (1 —t2) -+ - (1 — t,,), we have

r—1t1x — 1o T —t,

v< sup sup . .
t;€(7.5) z€[0,t1] 1—x 114 1—t,

The first factor satisfies &= < 1 with equality when z = 0 and ¢; = . The remaining factors
-z 2 q y 2 g
satisfy

x—t;

. < 3 with equality when z = ¢; = § and ¢; = —1. So, in Case 2,

1—t;
L/3\"" 1/3\* 9 1
7—2<4> —2<4> 23 "=

On combining Lemma 7.2 (for « < t3) and Lemma 7.3 (for t2 < = < t;) we obtain the following
statement which we used in proving Lemma 6.3.

Lemma 7.4 Let ||w|[cpo,1) S w(1),and let 0 <z <t; < 1. Then

‘ w(z)

1
< = o] .
=2 <l

8 Proof of Theorem 3.5
1) We summarize results of §5-§6 in the following statement.
Theorem 8.1 Let w satisfy the following condition:

la) max |w(z)| =w(l).

z€[0,1]
Then
m?XH@H*[o,l} < nax, £ ()l eto,175
where
1
filwn) = (0 -a2(@) +/(a).
1
folw,z) = 5(1 — 23w (z) — W' (2),
fawn) = ey - Z L) o
s(wr) = (@ 5 (@),
1 2 " 1 / 1 /
filwr) = 212w (@) 4 @)+ L)

By symmetry, on the other half of the interval [—1, 1] we obtain the following statement.
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Theorem 8.2 Let w satisfy the following condition:

1b)  max |w(z)| = |w(-1)|.

z€[—1,0]
Then B
/
m?XH@”*[—l,o] < 1213’?244 ILfi(@)llei=1,0
where
~ 1
filw,z) = 5(1 — x2)w"(x) W'(z),
~ 1
folw,z) = 5(1 — 29" () + W (),
~ 1 _ x? P 2x + 1 , (82)
fa(lw,z) = 2+xw(m)— 2+xw(x),
r3 1 2\ 1 ’ 1 ’
falw,z) = 5(1—x)w (x)—iw(x) —|—1Hw II-

2) In order to complete the proof of Theorem 3.5 (see Step 3 in §4), we need to prove the
following statement.

Theorem 8.3 Ifw =T, then

||fJ(Tn)| [0,1] S T’rlL(l) = n2) .] = 1725374'

(That implies the same estimate for ||}V'J (To)llep=1,0)-
We will provide the proof in several lemmas, first for f3 and f1, and then for f, and fi.

Lemma 8.4 We have

1—2%_, 2z —-1,_, ,
. = — < . .
(@) = |5 T (e) = S Ta(@)| < Te(1), w € [0,1] 83)
Proof. Since
(z* = DT,/ (x) + aT,,(x) = n*Tp (), (8:4)
the left-hand side becomes
1—2? 2z — 1 (1—2>)T"(z) — 2T (x) 1—x
T _ T _ n n T
T ()~ 5 Th(x) ni) T ()
(1 =2)T(x) — n?Ty(x)
B 2—x ’

and our inequality is equivalent to
(1= 2)T; (2) = 0T (2)] < (2 - 2)| T = (2 — 2)n®.
The latter is obvious because |77, (z)| < n? and [T, (x)| < 1. O

Lemma 8.5 We have

o)l 1= |50~ #) T (@) ~ Tow)| < T(1), = € 0,1] )

17



Proof. By (8.4), our inequality is equivalent to

n2

- Tula) + (1 - g) T (2)

%(:ﬁ ~ )T + ST + (1-

' ;) Tio)| =

and we are done once we prove that |(1 — £) T/ (z)| < "72, that is

<n?

)

T} (@)] < 57— = gla).

The function g is convex and monotonely increasing on [0, 1], moreover g(1) = ¢(1) = n?, hence

5o (@) =n’

1) If 2 € [z, 1], where x¢ := cos T is the rightmost zero of T}, then T}, is convex and 77, (z) varies
monotonely from 0 to n2, hence
T -
0 < Tj(x) <n?7——= <n’

2) If z € [0, 2], then using the Bernstein inequality and the inequality sin¢ > 2¢ for ¢ € [0, Z], we
obtain

n n n n n

T! < < < —=—x , > 2.

T S i S A = ger S g = g S96) n

3) Finally, for n = 0, 1, both sides of (8.5) are identical.

2

g
Lemma 8.6 Let v € [0,2]. Then

0, @)1= (1 =) T(@) + T3 (0)| € 2= Ta1). we 0.1 (5.6

Proof. We divide the proof into two lemmas.

Lemma 8.7 Let

gy(z) = (1 — 22T (z) + T (z).
Then, at the points x € [0, 1] where g’V (z) = 0, we have

|g7(x)| < n’ Gv(ym)a
where

G () = )

L+ (v = Dye +9y2 Y T4 8.7)

Proof. From the differential equation

(1= 2T}/ (x) = aTy (x) — nTo(2), (8-8)
it follows that

9y(@) = (& + )T (2) = n*To(x). (8.9)
and, respectively,

dy(@) = (z +7) T)/(2) = (n* = )T, (2).

18



If g/ (z) = 02, then we may assume that x + v # 0, since otherwise we obtain 7),(z) = 0, hence

g~ (x) = —n*T),(x), so that (8.6) is valid. So, if ¢’ (z) = 0, we may conclude
2
-1
T// — n T/
1) =T T,

and, multiplying both sides with (1 — z?) and using (8.8), we obtain

(n? — 1)(1 - a?)

e T, (x) —n® Tn(z) = T, (x) =t y. Ty, (2)

T+
or, after rearrangement,
n?Ty(z) = (x — y,) T (2). (8.10)
Putting this expression into (8.9), we find that, at the points of local extrema,
(@) = (v + y2) T, (). (8.11)

Next, we square (8.10), and substitute the left-hand side by
niT,(x)?> =n* —n? (1 — 22T (x)?,

and that gives
' =[n? (1—2%) + (@ — ya)*] T (2)".

This formula expresses the value 77, () in terms of z, and we put this expression instead of T}, ()
into the right-hand side of (8.11) to obtain

2 4 (7 + ya)?
SR e

Finally, from definition (8.7) of y, it follows that n*(1 — 2%) = (z + 7)y. + (1 — 2?), so for the
denominator D, (z) in the expression above we have the estimate

Dy@)=@+MNye+ (1 —2))+ (@ —p)’ =1+ (-2 +ys > 14+ (v — Vg + 13-
That proves (8.7). g

Lemma 8.8 Let

(8.12)

Proof. For a fixed v € [0, 2], we need to determine the maximum of the value G, (y) over y > 0.
We have
G(0) =2, Gy(o0) =1,

while differentiation with respect to y gives
Gy)=0 = (+20+0-Dy+v*)—(+y((r—1+2y)] =0
& (Y+yR-01+7)y-v(-1]=0
From two roots

_2+47-7

Y1 = -, Y2 = 1+~ -7
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only the second one should be considered, and we have

4 4
A WY R T SR G S Ll B

So, for v € [0, 2], we have
4
Gy (y) < max (’727 ’E) :
Now, clearly ﬁ > 1, and we also have ﬁ > 42, because
4-B-)=4-3 4+ =1+NE -4 +7)=(1+72-7)*>0,

hence

Corollary 8.9 We have

A@] = [50-ATe + T < T .13
@] = [50- @) + 5T00)| + Tl < T

Proof. For the first inequality we apply the estimate (8.6) with v = 2,

1
1@ = 5ly(@)],_, < Th(D),
For the second one, the same estimate with v = 1 gives

1

1 , 1
S0 AT + 370 = 3lan()] -, < ST
and, because % < 3, we obtain | f4(z)| < (% + i) T)(1) < T'(1). O

9 Derivatives of (2> — 1)"T,(x) and (2% — 1)™T)(x)

In this section, we will find the orders k of the derivatives of f(z) := (22 — 1)™T,(z) and g(z) :=
(z? — 1)™T! (x) that have positive Chebyshev expansions. These results will be used in the next
section for establishing the same property for the derivatives of certain snake-polynomials.

Lemma 9.1 Let
f(x) = (2® = 1) T ().
Then
f(k)(x):ZaiTi(x), a; >0 Vn & k>2m.

Proof. We will use the fact that both T}, and zT,,(x) have positive Chebyshev expansions.
la) Form =1,
(@2~ DTu@)]" = (22— 1) TU(@) +2- 20 Th(2) + 2 Tu(a)
= (n?+2)Tu(z) + 32T, ()
> a;Ti(x), a; >0.
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1b) And for m > 2,

(22 — )" T, (2)]” = (2> =1)"T"(x)+2-2x-m(x?> - 1)™ 1T/ ()
+ [2m(a:2 — )™t 4422 - m(m — 1)(2? — 1) 2] T, (w)
= — 1) H{(2? = 1) T (z) + 4ma T, (z) 4+ [2m + 4m(m — 1)] T,, }

+ (x2 —1)m=2 4m(m — 1) T, (x)
= (@-D" Y aTi+ @ - )" EbT;, ;b 20,

(@2 — )" T ()] ™ = {[(az2 — 1)an,(a:)]N}(2(m71))

2(m—1
Sl G Vb STV YRR CaR Vi DTS ) R
and we apply the induction assumption to the last terms.

2) Now, let us prove that condition k& > 2m is necessary for f(¥) to have a positive Chebyshev
expansion, if n is big enough. We have

k

P =3 (’“) (22— 1)) 709 (@),

S
s=0

and since (for n = s(mod2))

T(0)=0(m*),  T(1) = 0n*),

we have
f(k)(O) = (xQ _ 1)m|m:0 . Tr(zk)(o) 4= O(nk)7
while .
f(k)(l) = < )[(xQ — 1)m](M)|T71 .Tékfm)(l) 4o = O(n2k72m),
m =
Hence

F® ) <|f®)], n>ny & k<2k—2m < 2m<k.

Lemma 9.2 Let
g(x) := (z* = 1)™T},(x).
Then
g(k) ZaT ), a; >0 Vn & k>2m—1.

la) Similarly to the previous case, for m = 1
(@2 = ) TL(@)) = (@2 — 1) T(@) + 20T} (@) = n? Tu(a) + 2 Th) = 3 ay Ty (
1b) And for m > 2
(2 = )" T (@) = (@ = )™ Y a0 Tj(x) + (2 = 1) Y b, Tj(a)
so that
2 m o (o8] (2m=1) 2 m—1 / 2 m—2 / (2(m-1)-1)
(@ =) @) " = {@2 = )" 6T @) + (0 - 1)y b T @) )

and we apply the induction assumption to the last terms.
2) Necessity. We have

g™ (0) = O(nFtY), g™ (1) = O(n2k+)-2m)
hence

9B ) < lg®™)], n>ny & k+1<2k+1)—2m < 2m—1<k
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10 Duffin-Schaeffer inequalities for various majorants

10.1 Preliminaries

The material in this subsection is borrowed from Vidensky [14].
1) Let Ra,, be a polynomial of degree 2m, which is non-negative on [—1, 1], i.e.

Rom € Pom, Rom(z) >0, zx€[-1,1].
Then, for any n > m, it can be represented in the form
Rom(z) = Pi(2) + (1 - 2*)Q7 4 (v),
where P, and ),,_; satisfy the following conditions:

a) P,ePpand Qn_1 € Pr_1;

b) all zeros of P, and @, lie in [—1, 1] and interlace;
c) the leading coefficients of P,, and Q),,—1 are positive;
d) P, is the snake-polynomial for y = v/Ray,.

Moreover,

Pm+n(x)

Re [Pm(x) +iv1— x2Qm_1(x)} [Tn(x) +iv1- szn_l(x)}
= Pp(@)Th(z) + (2% = 1)Qm-1(2)Up—1(7),
2) For n > m, the polynomials P, satisfy three-term recurrence relation

Poyi1(x) =22 P, (x) — Py (x)

1 1 :
w(z) V1—z2’

and they are polynomials orthogonal with the weight

=
o
N

1 1 dx
k
" Py(z)—— =0, k=0,..,n—1, n>m.
[1 ( )u(w)\/l—a:Q

3) For the special case

Rom(z) = [J(1 + (a3 — 1)a?),
j=1
the formula for P, takes the form
Pin(z) =Re H (ajx +ivV1— x2) [Tn(x) +iv1— xQUn,l} ) (10.1)
j=1

3) Also, for the majorants y = /Ra,,, Vidensky [14] established the following bound in the
pointwise Markov inequality:

()= sup  [p® ()| < Vila),
[p(z)|<p(z)

where

Vk(x) = ‘(Pm+n(x) +iv1— xQQm+n—1)(k) .

In particular,

P | 6 R Rl 4 R (el AT

1—22 ’

where P =P,,,, Q = Q1.
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10.2 The majorant p(x) = /R, (2?)

Lemma 10.1 Let
M(iﬁ) = R?m(x)y R?m(x) = R?m(_x)~
Then, for any k > m, and for any n > 0, we have

m-+n

Wk (@) Z a;Ti(z), a; > 0. (10.3)
Proof. We have

min(2) = Pousn(s) = Pu@)Ta(@) + (2 = )Qmo1 ()T (x)

where both polynomials P, and @,,—1 are either odd or even, all their (symmetric) zeros are in
[—1, 1], and they have positive leading coefficients. Consider two cases.
1) The case m = 2myg. Then

mo mo
Pp(z) = Pomy(z) = c[J@* =) =c[](=" -1+
i=1 =1

and
mo 1
(@® = 1)@m-1(z) = (2° = 1)Qamy-1(z) = cx(@®—1) [] @5}
i=1
mofl
= x®—1) H (" =1+c¢
i=1
— Z‘Zd?( mo—1
i=0
Hence,

mo
wiu(®@) = Poin(@ [sz D" Taa) + | Do dR = )| o)
1=0

and conclusion (10.3) follows by Lemmas 9.1-9.2, if k > 2mg =: m.
2) The case m = 2mg — 1. Similarly, we obtain

mo—l
Pp(2) = Pomo—1(z) = 2 Z b?(xQ 1)me =
i=0
and
("I"Q_]-)mel( ) (:E _]-QQmO 2 Zd2$ _1m0 Z.
Hence,
mo— 1 i mo v
) = Pne) = | 32 #a? = 1y S (e — 10| T(a),
i=0

and conclusion (10.3) follows by Lemmas 9.1-9.2, if k > 2mo — 1 =: m. O

Applying Theorem 2.2 we obtain the following Duffin-Schaeffer-type result.
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Theorem 10.2 (Example 2.3, 13°-14°) Let

Then, we have
Mkyusz#:wff)(l), kE>m+1, n>m.

10.3 The majorant u(x) = u(—x)
Lemma 10.3 Let

Then, for any n, and for any k > 5=, we have
wi (@) => aiTi(x), a; >0. (10.4)

Proof. We have
wn(z) = Po(x),

where P, is either odd or even, all its (symmetric) zeros are in [—1, 1] and it has a positive leading
coefficient. Consider again two cases.
1) The case n = 2ng. Then

no

P, (z) = Pop, (z ZbQ yno—i (10.5)

hence

(nO) Z b2 n[) Z

Ly (z) := dd”:n (2 —1)™

is the Legendre polynomial of degree m. Since L, is known to have a positive Chebyshev expan-
sion, i.e.,
x) = ZajTj(x), a; >0,

the same is true for its derivatives (because T ) have positive expansions), hence the conclusion
for k > ng =n/2,ie., forall k > "=
2) The case n = 2ng — 1. We may write

where

nol

n —1—1 d
P ( ) P2n0 1 =X Z b2 o—1 = %QQnO(I)

where

no—1 b2

2/..2 no—1u 2 4

n N 1 0 s a =
QQ 0( ) ; Cz(‘x ) C 2(n0 —Z)

so that

P (z) = QU (2).

Now, the polynomial Q2,, has the same form as the polynomial P»,, in (10.5), hence its (ng)th

derivative has a positive Chebyshev expansion. So, we have (10.4) for k > no — 1 = 251, O

So, application of Theorem 2.2 gives the following.

24



Theorem 10.4 (Example 2.3, 15°) Let

Then, we have
n
My =Duy=wl(1), k>5, neN

—3

10.4 The majorant p(x) = (1+ c?x?)

7

Il
—

Lemma 10.5 Let

pia) =]+ @} -1)2%), a>1L
i=1
Then, for any n > 0, we have
n+m
Wnim (@) = > biTj(x), b; >0. (10.6)
j=1

Proof. With ¢ > 0, and = = cost, we have

(aa: +iv1— xQ) . (Tn(x) +iV1— xQUn_l(a:))

= (acost+isint) - (cosnt + isinnt)

1 -1
= (a—;— (cost+isint)+a2 (cost—isint))-(wsnt—i—isinnt)

1 _
= a—;— (cos(n + 1)t +isin(n + 1)t) + a4

= (B @) + VTP @) + T (Tae) 5 910 5(0))

2 2

! (cos(n — 1)t + isin(n — 1)t)

therefore, in finding expression for
Poym(z) = Re H (ajx +4v/1 — a:2) {Tn(x) + i1 — xQUn_l} ,
j=1

we may proceed by induction. In particular, we have: for m =1,

a1 +1
2

CL1—1
2

Pn,+1 = Tn+1(x) + Tn—l(x) )

and, form = 2,

Poio = ((112_+1)w Tn+2(a:)+((“12+1) ((1,22—1)+ (a12—1) ("'2;1))Tn($)+ ((11_2—1)((12_2—” To_s(z), (10.7)

and, generally,
1 m
Ppin(z) = om Z H(aj + €ij) Tntles »
€4 j:l

where summation is taken over all the vectors e; = (e; 1, .. ., €im) With the components e;; = +1,
and |e;| :== > e;;. So, if all a; > 1, then the Chebyshev coefficients of P,,,, are non-negative. []

Thus, the following statement is true.
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Theorem 10.6 (Example 2.3, 12°) Let

W) = T[0+ ).
i=1
Then, for all k > 1, and for all n > m,
MkJ,,:Dk’l,,:w?(lk)(l), k‘Z 1, nzm

10.5 The majorant ;(v) = /(1 + Z22)(1 + (a3 — 1)22)
Theorem 10.7 (Example 2.3, 16°) Let

p2(x) = (14 (a? — D2*)(1 + (a3 — 1)z?), ay > 1.
Then we have

Mk:ﬂf = Dk:ﬂf = wr(zk)(]-)a k 2 2a n Z 2.

Proof. It is sufficent to prove that the first derivative of the snake-polynomial w, = P, 2 in (10.7)
has a positive Chebyshev expansion. Denote the coeffients of the Chebyshev expansion of P,
in (10.7) by A,B and C, respectively:

Poio(z) = ATy 19(x) + BTy (x) + CTh—2(x)

and note that

A:—‘“;l—‘”;l, A+B:“12+1a2+“12’1“22“, A+ B+C =ajas,

hence

a1 >1,a0>0 = A>0, A+B>0, A+B+C>0 (10.8)
Since

Ty (x) = m (Tp—1(2) + Tm—s(@) +--+)
we obtain
P o(x) = AT (x) + BTho1(z) + C' (Th—s(x) + Trs(x) + ) ,
where
A= (n+2)A, B' = (n+2)A+nB, C'=(n+2)A+nB+ (n—2)C,

and all these constants are positive because of (10.8). g

10.6 The majorant u(x) = vaz? + bx + 1

Here we will treat the the case of a non-symmetric majorant of the form
p?(x) = azx® + br + 1 = (ax + §)? +~+%(1 — 2?).

where we will assume that

Equating the coefficients we obtain
B+y7=1, o’*—y*=a, 2aB= (10.9)

whence

azwzo, gzwe[o,ﬂ y=V1-e0,1].
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The corresponding snake-polynomial has the form

(@) = (az+H)T(a) + L(a® = )T, () (10.10)
_ ‘; T 1(2) + BT (@) + O‘—;”Tn_l(x) (10.11)

In order to get
Miu = Do = wiP(1)

for a particular k, we need to verify two conditions (of w belonging to the class 2):
16) [w* Ve = w0 (1) (10.12)
2) wh V= Z%‘Tiy a; > 0.

(The right end-point condition (1a) follows from (2).)
1) Case k = 1.

In this case, w has a positive Chebyshev expansion if
a>y & a>0.
It is also clear, that the “left end-point condition” (10.12) will be satisfied if
w(=1) > u(0) & a>b.
Thus we have the following statement.

Lemma 10.8 Let

wx) =+ax?+br+1, where a>b>0.

Then, forall n > 1,
M y=Diy= W;,(l)

2) Case k = 2.
In this case, since 27T, (), T}(z) and [(z? — 1)T7,(z)]’ have positive Chebyshev expansions, it
follows that

W(z) = |(ax + ﬁ)Tn(x)}/ + [%( 2 _ 1)T,’l(a:)}l = ZaiTi, a; >0

i.e., w, has a positive Chebyshev expansions for any p = vax? + bx + c.
However, the "left end-point” property is not always fulfilled. For example, for pu(z) =z + 1,
and odd n, we have

w@)=(z+D)T,(z) = W (-1)]=1<n=]|J(0)].

Let us give a necessary and sufficient condition which provides the “left end-point” property
(10.12) for the first derivative of

w(@) = (0w + B)Tu (@) + L (a* = )T, (x)

By Vidensky result (10.2), with P(z) = az + § and Q(z) = v, we have

n(ax z]? — 22V & )2
W@ <Vi(e)? = +6)+7L+x(21 ot mp?
[(na‘F’Y)aj—Fnﬂ]Q

1— 22

+[o+ )
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with equality attained at n + 1 points.
Let us show that the majorant V; (which, is unbounded at +1 for «, 3, > 0) has exactly one
point of extremum (which is necessarily a minimum) inside [—1, 0]. We have

Vi(@)=0 < 2[(na+y)z+nd)(na+7)-(1—2?)+[(na+v)z+nb)? 22=0

which is equivalent to two conditions

1) (na+y)z+nB=0 <« 331:—”;5_7
2)  (at+)A-2")+[nat+Nr+nflr=0 & (na+9)+nfr=0 & xz:_n?ﬁ_v'

and, since 1 = 1/z5 € [—1, 0], there is exactly one extremum inside the interval.
Therefore, the “left end-point” condition (10.12) will be fullfilled for all n if and only if

w'(=1)] = V1(0).

We have
Vi(0) = V(nB)?+ (a+n7)2) = /n2(82 +12) + 2ayn + a2 = \/n2 + 2ayn + a? < n + a,
W(=1)] = agv(n+1)2—ﬁn2+?(n—l)2:(a—ﬁ)n2+2fyn+a,

where in the first line we used relations 3% + 2 = 1,y < 1 from (10.9).
So, it is sufficient to require
1—2y

(a—ﬁ)n2+2fyn+a2n+oz S a—-f(> .
n

Since a — # > 0 by definition, the latter is true if

1
125 e 1) —p-1) < V3 (since 23 = 2/1 —~2),
with a possibility p(—1) = 0. Another option is
1 1-2y 1-2y
2 <- & n>—=—.
) 1<y Ta—0  p(-1)

Lemma 10.9 (Example 2.3, 17°, k = 2) Let

w(x) = Vax? +bx+1.

If p(1) — p(-1) < V3, then for all n > 1, otherwise for all n > N(il), we have

My, = Da ) = wy(1).

n

The case k > 3.

Let us show that, for m > 2, the left end-point condition
lw™ e, = lw™(-1)], m>2,

is fulfilled for any «, 8,y > 0.
We have

WM (@) = [(ax + B)Ta(x)] ™

= af(z+1)Ta(2)] ()



Atz = —1,since a,y > 0and 3—a < 0, all the terms in the last line have the same sign (—1)"~ "1,

and because [(z? — 1)T7, ()] ™) and ngm)(x) have positive Chebyshev expansions for m > 2, it is
sufficient to prove the left-end property only for the first term.

The latter is the same as the right-end property for the polynomial [(x — 1)T},(z)]™), i.e. we
need to prove that

gm () = |(z = DT{™ (@) + mT" V(@) <mTmD(1), @ e(0,1].
For m = 2, on [0, 1], we have, by (8.13) and (8.5),
g2(x) < |(2? = V)T ()] + 2|T5, ()] = 2max(| f1(Tn, 2)|, [ fo(Tn, 2)]) < 277,(1)
Since T,V — >~ a;T!, hence (M — > a; T}, with the same a; > 0, the latter implies
(2 = DT ()] + 2T (@) < 271 (1),

and respectively,

gm(z) < (@ = DT (@) +m|T{™ D (x))|
< (@ =0T (@) + 2T (@)]) + (m = 2)| TV ()]
< mTm=Y(1).

Lemma 10.10 (Example 2.3,17°, k > 3) Let

w(x) = vax? +bx + 1.

Then we have
My, =Drp=wP(1), k>3 n>1.
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