
A NOTE ON THE LEAST CONSTANTIN LANDAU INEQUALITY ON A FINITE INTERVALA. Yu. ShadrinComputing Center, Siberian Branch, Russian Academy of Sciences,630090 Novosibirsk, RussiaAbstract. In the Landau inequality on the unit intervalkf (k)kq � � kfkp+ � kf (n)krwith k � ks := k � kLs[0;1], 1 � p; q; r � 1, 0 � k < n, we �nd the least value A0 ofthe �rst constant �.1. We are concerned here with the problem of Burenkov on sharp constants inLandau-type inequality on the unit interval(1.1) kf (k)kq � �kfkp + � kf (n)krwith k � ks := k � kLs[0;1]; 1 � p; q; r � 1; 0 � k < n:Denote by � the set of all pairs (�; �) for which (1.1) holds for any f 2Wnr [0; 1].The general problem is to �nd the complete collection G = f(A;B)g of sharpconstants in (1.1) which are de�ned as(1.2) A � A0 := inf(�;�)2��; B := B(A) := inf(A;�)2� �:Here we de�ne the least value of the �rst constant(1.3) A0 = A0(n; k; p; q; r):2. The Landau-type inequalities in the additive form (1.1) were �rstly studiedby H.Cartan and Gorny for p = q = r =1. For arbitrary p; q; r 2 [1;1] they wereobtained by Gabushin [2].Burenkov [1] was �rst who was looking for the sharp constant (1.3) and thecorresponding constant B0 := B(A0). He proved thatA0 = M0; k = n� 1; 1 � p; q; r � 1;1991 Mathematics Subject Classi�cation. AMS 41A17, 41A44.Key words and phrases. Landau inequality, Markov inequality, Lagrange interpolation.Supported by a grant from the Alexander von Humboldt { Stiftung Typeset by AMS-TEX1



where(1.4) M0 :=M0(n � 1; k; p; q) := supP2�n�1 kP (k)kqkPkp ;is the best constant in the Markov-type inequality of di�erent metrics for algebraicpolynomials.In [3],[4] it was shown that(1.5) A0 = M0; 0 < k < n; p = q = r =1:Moreover, the exact value for B0 was also found. (In fact, Eq.(1.5) was provedmuch earlier by H.Cartan, though with a poor second constant.)Here we give an elementary proof of the followingTheorem 1. For any n; k; p; q; r A0 = M0:3. Notice, that for all n; k; p; q; r the valueM0 provides the lower bound for A0,i.e.(1.6) A0 � M0:To see that, one can substitute in (1.1) instead of f an algebraic polynomial P� ofdegree n� 1 extremal for the Markov inequality (1.4).Thus, it is enough to prove that (1.1) holds with � = M0 and some � < 1(the smaller is the better). We do it by �nding an appropriate approximation tof 2 Wnr . Such a method was used by H.Cartan and Gorny, and was given in themost general form by S.B.Stechkin [5].Proof of Theorem 1. Let f 2 Wnr , and let P : Wnr ! �n�1 be any projector fromWnr onto the space �n�1 of algebraic polynomials of degree n� 1. Thenkf (k)kq � kP (k)(f)kq + kf (k) � P (k)(f)kq� M0 kP (f)kp + kf (k) � P (k)(f)kq� M0 kfkp +M0 kf � P (f)kp + kf (k) � P (k)(f)kq :Set L�(P )s = supkf(n)kr�1kf (�) � P (�)(f)ks;N0(P ) = M0L0(P )p + Lk(P )q;N0 = infP N0(P ):It is easy to show that N0 < 1. For example, one can take as a P the Lagrangeinterpolating polynomial.Hence, kf (k)kq � M0 kfkp + N0 kf (n)kr;that is A0 � M0; B0 � N0:With respect to (1.6) this means thatA0 = M0;which completes the proof. 2
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