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Abstract

We prove that the L,-norm of the Lo-projector P onto the spline space Si(A) is bounded
independently of the knot-sequence, i.e.,

sup || Ps, (a)lloo < ck-
A
This proves a conjecture stated by de Boor in 1972. We make use of specific properties
of matrices associated with the null-splines, various determinant identities and elements
of combinatorics. Total positivity of the matrices involved plays the key-role.
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Chapter 0O

Introduction

0.1 Preface

1. Preface. In this paper we prove de Boor’s conjecture concerning the Ly spline
projector. The exact formulation is given in §0.2. Since the proof is rather long, it is
divided into three chapters, with an outline given in §0.3. For the same reason, all the
comments (historical notes, motivations, analysis of other methods, etc.) are moved to
the end of the paper. The proof is almost self-contained, we cite (without proof) only
some basic spline properties and determinant identities, and two somewhat more special
lemmas (accompanied by known simple proofs).

2. Notation. There is some mixture of notations. We use the familiar i, j both as
one- and multivariate indices, and we use p as p := k — 2 when dealing with k, the order
of the splines, while in other cases p is just an integer.

3. Acknowledgements. I am grateful to Prof. W. Dahmen for giving me the op-
portunity to work at the RWTH Aachen, and for his constant inspiring encouragement
of my studies. Thanks are extended to Prof. H. Esser, who took a lively part in discus-
sions and provided many constructive suggestions. It is a pleasure to acknowledge that
Prof. C. de Boor, in spite of some consequences for his finances, took an active part at all
stages of the proof’s evolution. To him I am obliged for a lot of hints and remarks, in
particular, for essential simplification of some of my arguments and notations.

0.2 Formulation of Theorem I
1. For an integer k£ > 0, and a partition
A=Ay :={a=t)<t; <-- <ty =b},
denote by
S := Si(A) := Pp(A) N C*2[a, b]

the space of polynomial splines of order k (i.e., of degree < k) with the knot sequence A
satisfying £ — 1 continuity conditions at each interior knot.
Consider Fs, the orthoprojector onto S with respect to the ordinary inner product
b .
(f.9) = [, fg. ie.,
(fvs):(Pvas)y Vs €S.

We are interested in Ps as an operator from L., to Lo, i.e., in bounds for its norm

[1P5(f)loo
Ifllso

| Ps| oo := sup
f

In this paper we prove the following fact.



Theorem 1. For any k, the Loo-norm of the Lo-projector P onto the spline space
Sk(A) is bounded independently of A, i.e.,

Slip | Pspaylloo < c (0.2.1)

This theorem proves the conjecture of de Boor of 1972 made in [Bs], see also §3.10
for details.

Earlier the mesh-independent bound (0.2.1) was proved for k = 2,3, 4.

For k > 4 all previously known results proved boundedness of ||Ps|o only under
certain restrictions on the mesh A. (See §4.1 for a survey of earlier and related results.)

2. Some of the earlier restrictions on A included spline spaces with multiple and/or
(bi-)infinite knot-sequences, therefore two corollaries of Theorem I are worthwhile to be
mentioned.

The first extends the result to the splines with a lower smoothness, the so-called
splines with multiple knots. For k and A = (¢;){ as given above, we introduce a sequence
of smoothness parameters m := (m;){Y where 0 < m; < k — 1, and denote by Si(A, m)
the space of polynomial splines of order k with the knot sequence A which, for every i,
have m; — 1 continuous derivatives in a neighbourhood of ¢;. If all m; are equal to m,
then

Skm(A) := Sk(A, (m,...,m)) =Pr(A) N C™ a,b], Sk(A)=Skr_1(A).
Corollary 1. For any k,

Sup [ Psyam)lloc < ke (0.2.2)

The second corollary extends Theorem I to the splines with (bi-)infinite knot-sequence
Ao = (t;) and with smoothness parameters m, := (m;). We denote the space of these
splines by Si (Ao, Meo).

Corollary II. For any k,

sup || Ps, (A, moc) lloo < i (0.2.3)

007m{><>

0.3 Outline of the proof

The proof is divided into three parts.

1. The first part (Chapter 1) describes the main ingredients of the proof.

Let (M,), (N,) be the L;-, respectively the Lo,-normalized B-spline basis of S;(A)
(see §1.1). Our starting point (§1.3) is the observation that if ¢ is a spline such that

(Ao) ¢ € Sk(D);
(A1) (—1)¥sign (¢, M,)) = const Vv;
(A2) (&, My)] = cmin V¥
(A3)  [9llsc < emaxi
then o
[ Pspa)lloo < die - KIZ

This is an analytic version of deBoor’s rather simple algebraic lemma (§1.2) on the
inverse of a totally positive matrix applied to the Gram-matrix {(M,, Ny)}.



Our main idea (§1.4) is the choice
p:=c* D geSu_1(A) (0.3.1)

where o is the null-spline of the even degree 2k — 2 such that

o(t,) = 0, v=0,...,N;
oW(ty)=cB(ty) = 0, I=1,...,k—2; (0.3.2)
ﬁa(kil)(t]v) = 1.

The main claim, Theorem ® of §1.4, is that ¢ so defined satisfies the properties (Ag)-(As)
given above.

As we show in §§1.6-1.8, the choice (0.3.1) makes the most problematic property (A;)
almost automatically fulfilled and provides also (As) quite easily. To prove (As), we use
for the components of the vector

1
z, = (200, @0y 00— ﬁa(l)(tu) )P pi=k -2, (0.3.3)
(where |h,| := t, 41 — 1), the following estimate
|20 <ep, if I>p+1, v<N-—k (0.3.4)

This estimate forms the content of Theorem Z in §1.9. The rest of the proof (Chapters
2-3) consists of deriving (0.3.4).

2. In Chapter 2, we show that, for each v, the vector z, in (0.3.3) is a solution to a
certain system of linear equations and provide intermediate estimates for it.

The known linear equations (§2.2) connecting derivatives z, of a null-spline at the
neighbouring knots are of the form

Zu4+1 = —D(PV)AZV, V:O,...,N.

Here p, := h,/h,+1 is the local mesh ratio, D(p) and A are some special matrices. For
a fixed v, this gives the equations

!
Bz, =2y, Cz,=2znN

with the matrices B’, C being products of A and D(ps) in certain combinations. Our
choice (0.3.2) of the null-spline o provides the boundary conditions

Zp = O,...,O,z(p+1),...,z(2p+1), ZN = O,...,O,l,z(erQ),...,z(2p+1) .
0:=( 0 o ) oav = N N
p p+1

They allow us to determine the vector z, as a solution of the linear system of equations

B'lp,:

Mz, =(0,...,0,1)7, M = m],
—— :

o Clp+1,]

where the matrix M is composed of the first p rows of B’ and the first p + 1 rows of C
(see §2.2). We solve this system explicitly by Cramer’s rule,

L) — (_1)2p+1+l M

v det M’
and then apply the Laplace expansion by minors of B’ and C to both determinants.
Some elementary inequalities yield then (§2.3) the first estimates:
C(p, ")

0] < ——— |=1,....2p+ 1. 0.3.5
Sy T R



Here, J,J! are the sets of (multi-) indices of the form
J={ieNP:1<ip<---<ip<2p+1}, T={icl:is#l}
bold n stands for the index (1,2,...,n); i and i’ are two different complements to i € J'
iU’ =(2p+1), iUi'=(2p+1)\{l},

and C(i, ) are the corresponding minors (see §2.1 for detailed notation).
The orders of the minors in the right-hand side of (0.3.5) differs by one. We use some
relations to equalize them and obtain (§2.5) the second estimate:

1
120 < ¢, maXM

L l=1,....2p+1. 0.3.6
eyt O(p,1*) Pt ( )

Here i* € J is the index symmetric to i € J!, i.e., i¥ =2p+2 — ipi1—s.
3. In Chapter 3, in §§3.3-3.7, we find a necessary and sufficient condition on the
indices 4, j denoted
i =, i,j €7,
for the inequality
C(p,i) < ¢ C(p, J)-

In §3.8 we verify that depending on [ the indices i’ and i* satisfy this condition, namely
that
i =i =2, L <p1<ly

which gives
C(p,il) <c¢ C(p,i*), 1>p+1

Combined with (0.3.6) this proves (0.3.4) and hence Theorem I.
This part of the proof is a bit long and technical, and it would be interesting to find
simpler arguments (see §§4.3-4.4 of Comments for a discussion).



Chapter 1

Main ingredients of the proof

1.1 B-splines and their properties
As before, for k, N € N, and a knot sequence
A:{a:t0<t1 <---<tN=b},

the notation
Sk(A) := Pr(A) N C*2[a, b]

stands for the space of polynomial splines of order k (i.e., of degree < k) on A.
The subintervals of A and their lengthes will be denoted by

I = (tj,ti41),  |hyl =t — 5.

Let AR = (,)N tkkjrll be an extended knot sequence, such that

a':tfk+1::t0<t1<<tN::tN+k71:b.

By (]\fj);.\[:__llﬁ_1 we denote the B-spline sequence of order k on A®) forming a partition

of unity, i.e.,
Nj(@) = N (@) i= ([t oo tin] = [ty ) — )57,
and by (M;) the same sequence normalized with respect to the Li-norm:

_ k
Mj(@) = Mjx(@) ==k [tj,. .., tjan] (- —2)57 = mNj(w).

The following lemmas are well-known.

Lemma 1.1.1 ([B4], Egs. (4.2)-(4.5)) For any k and any A", one has

supp Nj = [t tjenl, N =0, D Nj=1, (1L.1.1)
k titk
J J j

Lemma 1.1.2 ([B4], Th.3.1) The B-spline sequence (N;) forms a basis for Si(A).

Lemma 1.1.3 ([B4], Th.5.2) For any k, there exists a constant ki, the so-called B-
spline basis condition number, such that, for any a = (a;) and any A,

ri Hlallie <Y aNjllre < lalli (1.1.3)
j



Lemma 1.1.4 ([Schu], Th. 4.53) Any spline s € S;(An) has at most N + k — 2 zeros
counting multiplicities.

Lemma 1.1.5 ([By4], Eq. (4.6))

1
M;a(z) = ot T € [titiyr), i=0,...,N -1 (1.1.4)
k

tkit [M1'7k_1($) —Mi+17]¢_1(x)], l: _k+17,N—1 (115)
i+k T U

i/,k(ﬂf)
We will need two more lemmas.

Lemma 1.1.6 Let M; € Si(A) be the Li-normalized B-spline. Then

sign MY = (=1 v=1,... .,k (1.1.6)
(titv—1,tite)

Proof. Follows by induction from (1.1.4)-(1.1.5).

Lemma 1.1.7 Let I;; be a largest subinterval of supp M; = [t;,t;1x]. Then

IM* D ()] = const > |hir| 7%, @ € (i, ti). (1.1.7)

Proof. By induction. For k = 1 due to (1.1.4) the lemma is true. Let z € I;. From
(1.1.5)—(1.1.6) we obtain

k—1 k—2 k—2
|Mi(,k )(x” = - |Mi(,k71)(x)_Mi(+1,k)71($)|
k k—2 k—2
= o (MG @)+ IMEL @)
1 —(h—
- W'mwl (k=1)
= ||

1.2 Ls-projector and the inverse of the B-spline Gramian

Consider Ps, the orthogonal projector onto Sk(A) with respect to the ordinary inner
product, i.e.,

(f,S):(PSf,S), VSGSk(A)~
For N =N +k—1, let G be the N x N’ matrix
G = {(Miij) i\fj;l—k—i-l'
Lemma 1.2.1 [B;] For any k, A, one has

1Psa)llze < 1G™ i

Proof. Let f € Lo, and Ps(f) = >_; a;(f)N;, so that for a = (ai(f))

(Ga)i =y (M, Nj) a;(f) = (f, M;) =: bi( ).

J

By (1.1.3),
I1Ps(f)lee < lla(f)]is



and by (1.1.1)-(1.1.2)
160 e = max |(f, Mi)| < [[flloo - max{|Miflz, = [ fllo.-

Thus
1Ps ()l la(H)ll: G~ o(f)lli
FBslloo = sup = < sup = = sup =
14l T PR 1705 T L T3]
< NG Moo
as claimed. n

Lemma 1.2.2 [B;] The matriz G is totally positive, i.e.,
G(Z_l""’z_p> >0.
VATEER ,]p
Lemma 1.2.3 [B] The matriz G := ( g;l)) is checkerboard, i.e.,
—1 itqi (=1
95 = (1) gl .
Proof. Let Gj; be the algebraic adjoint to g;;. By Cramer’s rule
gl(j_l) = (—1)i+j det Gji/det G,

and by Lemma 1.2.2 both determinants det G, det G; are non-negative. ]

Lemma 1.2.4 [Bq] Let H=! be a checkerboard matriz, and let a,b € RN be vectors,
such that Ha = b, and

(a1) (—1)"sign b; = const  Vi;
(G’Q) Hllln |bl| = Cmin;
(Clg) HaHoo S Cmax-

Then B
1o < S,

Proof. Let a,b satisfy (a1)-(a3), and let
H o= (), (B = (1R,
Then
jail = [(H0)i] =D hG Vb =" Vbl
j J

J
. —1
win [b;] - 3 i)
J

Y

Therefore,

lellc = mexfad 2 i by max 7 i)
J

= minby] - |H o



1.3 Analytic version of de Boor’s Lemma 1.2.4

Let a € RY and let ¢ € Sk(A) be a spline of order k on A that has the expansion
(b = Z CLij.
J
Then, since G := {(M;, N,)}, one obtains

J
By Lemma 1.1.3, we also have
lallie < sk [l Lo

where kj, is the B-spline basis condition number.
Using these two facts, Lemma 1.2.4 applied to the matrix G combined with Lemma
1.2.1 implies the following statement.

Lemma 1.3.1 Let ¢ be any spline, such that

(Ao) ¢ € Sp(A);
(A1) (—1)tsign (¢, M;) = const  Vi;
(A2) (&, Mi)| = crmin(k) Vi
(A3)  [I9lloc < cmax(k).
Then
| Psp(aylloo < Ki ZZ?TX((I]:))

1.4 Main idea: definition of ¢ via a null-spline o.
Formulation of Theorem ¢

Definition 1.4.1 Define the spline o as the spline of the even degree 2k — 2 on A, i.e.,
S Sgkfl(A), (141)

that satisfies the following conditions:

ot;) = 0, i=0,...,N; (1.4.2)

oDt =cW(ty) = 0, I=1,....k—2; (1.4.3)
1

(k—1) = 1 1.4.4

o0’ (tn) (1.4.4)

The spline o defined by (1.4.1)-(1.4.4) exists and is unique, see [Schu], Theorem 4.67.
This fact will follow also from our further considerations where we show that o results
from the solution of a system of linear equations with some non-singular matrix.

Our main idea is to define ¢ as follows.

Definition 1.4.2 Set
P(z) = o *F D (x). (1.4.5)

Example 1.4.3 For k =2, o is a parabolic null-spline, and its first derivative ¢ = o’ is
the broken line that alternates between +1 and —1 at the knots, i.e.,

= (1)'N;, k=2

10



Our main result is the following theorem.
Theorem ®. For any k there exist constants ¢max(k), ¢min(k), such that for any Ay
with N > 2k the spline ¢ defined via (1.4.5) satisfies the relations

Ao
Aq
Ay
Az

¢ € Sk(An);
(—1)*sign (¢, M;) = const  Vi;
|(¢v M7)| > Cmin(k) Vi

(
(
(
( 1PN Lt tiga] < Cmax(k) Vi

)
)
)
)

Remark. The restrictions N > 2k is needed only in the proof of (As).
Proof of Ag. Since 0 € Sop_1(A), clearly ¢ := ok=1) ¢ Sk(A).

1.5 Proof of Theorem I and its corollaries
Proof of Theorem I. From Theorem ®, by Lemma 1.3.1,
1Ps,an)lloo < ey N > 2k.
To complete the proof, it remains to cover the case N < 2k. As is known (see, e.g., [S1]),

||PSk(AN)HOO < C(ka)a
hence,
||PSk(AN)||DQ SC;C, N<2ka

and finally
[ Bs(aylloe < ciy VA,

Proof of Corollary I. Let (M;),(N;) be the B-spline sequences for the space
Sk(A, m) of splines with multiple knots defined on the extended knot-sequence

(T(),...,TN/) = (t(),...,to,...ti,...,ti,...tN,...,tN).

k—mg k—m; k—mpy

Further, let (Mi(n))7 (Ni(n)) be the B-spline sequences on the knot-sequences A" = (tg»n))
chosen so that

W <t im. " = 1.
Then, as is known,

lim (M, N{") = (M;, N;),

n—oo

whence, for the corresponding Gramians, we have
G oo = lim [(G™) Moo < ek,
n—oo
where that last inequality is due to Theorem I. Thus,

1Ps(amylloe < NG oo < ch-

11



Proof of Corollary II. Let (M;),(N;) be the B-spline sequences for the space
Sk(Aoo, mso) of splines with multiple (bi-)infinite knot-sequence. Then also

1 Psy (A oo moo)lloo < IGAL [loos

where Ga_, = (M;, N;) is the corresponding (bi-)infinite Gram-matrix. By Corollary I,
all of its finite principal submatrices Ga, are boundedly invertible. This implies that
Ga_, is invertible, too, and

1 . -1
1Galloo = Jim [[GAyfloc < ek

1.6 Proof of Theorem ®: proof of (4;)

Lemma 1.6.1 The spline o changes its sign exactly at the points (ti)f\;_ll, i.e.,

(—1)'sign o =const, ¢=1,...,N.
(ti—1,ti)

Proof. By definition (1.4.2)-(1.4.3), the spline o € Sa_1(A) has at least N+142(k—2)
zeros counting multiplicities, and by Lemma 1.1.4 any spline from Sax_1(A) has at most
N + (2k — 1) — 2 such zeros. Therefore, o has no zeros different from (1.4.2)-(1.4.3). =

Property (A1). Let ¢ be the spline (1.4.5). Then
(—1)"sign (¢, M;) = const V.

Proof of (A;). Integration by parts yields

@) = [t

titk (k—1)
S i AR CL I OF (1.6.1)
. k1(_1;l+10(k11)(x)M(l_1)(x) titk
i o
1=1
At the point x = t; we have
J(kilil)(ti) 0, t;=ty, Il=1,....k—1;
MITVt) = 0, ti>te, l=1,...,k-1
and similarly for x = t,4
ok 1D (i) = 0, tizp=tn, l=1,....,k—1;
MUV (tigr) = 0, tigr<ty, l=1,... k-1

Thus, the sum in (1.6.1) vanishes and

1

(6, M;) = / o B () My (1) dt = (—1)F / T onE T @ a (162)

i

12



Since both o (t) and Mi(k_l) (t) alternate in sign on the sequence of subintervals of [t;, t;1£],
we have

~Lsign o sign MFD
) & (tistiv1) & ¢ (tistiv1)

(—1)'sign (¢, M;) = (-1) g
)F=1. (=1)%const - 1

_ (
= (1)
= (-t

i(=1
i(=1
- const.

Hence, A
(—=1)'sign (¢, M;) = const, i=—-k+1,...,N—1.

1.7 An invariant

For the proof of (A3) and for some further use in §2.4, we will need the following consid-
erations.

Definition 1.7.1 For two functions f,g and n € N, set

n+1
G(f,gix) =Y (1) fO(@)g" (),
1=0
whenever the right-hand side makes sense.

Lemma 1.7.2 Let p,q be two polynomials of degree n+ 1 on I. Then

G(p,q; ) = const(p,q), Va €.

Proof. It is readily seen that G’(p,¢q;x) = 0 for all x € R, hence the statement. [

Lemma 1.7.3 Let s1, s be two null-splines of degree n+ 1 on A, i.e.,
S1, 82 ESn+2(A), 81(751') :Sg(ti) ZO, iZO,...,N. (171)
Then
G(s1,52;x) = const(s1,s2), x € [a,b]. (1.7.2)

Proof. By Lemma 1.7.2 the function G(s1,s2) is piecewise constant.
On the other hand, since the continuity conditions on s1,s2 € S,4+2(A) imply the
inclusion s1, s2 € C™[a, b], we have

ng)sgnﬂ_z) _ sgz)sgnﬂ_z)

, l=1,...,n,
t;+0

and due to the null values of s1, s2 on A also

sgz)sgnﬂ_z) _ sgz)sgnﬂ_z)

=0, =0, I=n+1,
t;+0

i

i.e., the function G(s1, s2) is continuous. L]

As a corollary, we obtain

13



Lemma 1.7.4 Let 0 € So_1(A) be the null-spline defined in (1.4.1)-(1.4.3). Then

k-1
H(z) := [0* V) (z)]2 + 2 Z(—l)la(k_l_l) (2)o* =140 (2) = (k — 1)12. (1.7.3)
1=1

Proof. The function H is obtained from G(s1, s2) if we set s1 = so = o0 and n+1 = 2k—2,

precisely
H(z) = (-1 1 G(0,0;1).

Therefore, by (1.7.2), it is a constant function.
The boundary conditions on ¢ at ty are

oW(tn) =0, 1<k=2 o* Vitw) = (k1)L
therefore for © = ¢ the sum in (1.7.3) vanishes, i.e.
H(ty) = [o" D (tn)]? = (k — 1)12.

Thus,
H(z) = H(ty) = (k—1)1* Va € [a,b].

Lemma 1.7.5 We have ]

o) loF=D (1) = 1. (1.7.4)

Proof. The boundary conditions (1.4.3) on o at ¢y are
cD(tg) =0, 1<k-2.
Therefore, for x = g, the sum in (1.7.3) vanishes, i.e.,
H(to) = [0~V (t0))*.
On the other hand, by (1.7.3),

H(to) = (k — 1)1

1.8 Proof of Theorem ¢: proof of (Aj)

For the proof of (As2), we need the following estimate.
Lemma 1.8.1 There exists a positive constant ci such that the inequality
HO'HLl[ti,tH_l] 2 Ck |h7,|k (181)

holds uniformly in i.
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Proof. By (1.7.3), we have

(k-1 = H(t)

E

-2

— [O_(k—l) (ti)]Q +2 (_1)mo_(k—1—m) (ti)U(k_H—m) (tz)

ilng

3]

k—
= [J(kfl)(tiﬂ? +2 Z(_l)m[a(kflfm) (t;) - [hi| ™™ - [a(k*Hm) (ts) - |hi|™].
m=1
From the latter equality follows that

max |U(k_1+m) @E)] - Tha|™ > cx,
| <k—2

or, equivalently,
O N - 1] [ > |k
1§gr£1%;€<73|0 ()] - [hi]"™ > e |hi]”. (1.8.2)
By the Markov inequality for polynomials,

||U||L1[ti,ti+1] > |hi|l+1 ||U(l)||Loo[ \V/l,

titita]
so that making use of (1.8.2), we obtain

k
||J||L1[ti7t7’,+1] > C;c |hl| .

Property (Az). There exists a positive constant cyin(k) depending only on k such
that, for any A, the spline ¢ defined in (1.4.5) satisfies the relation

|(¢5Mi)|zcmin(k), Z:—k+1,,N—1

Proof of (A2) Let I;; be a largest subinterval of supp M; := [t;, ti+x]. Since
sign o (t) - sign Mi(kfl)(t) = const, t € [t titk],

we have

(¢, M) ==

titk
/ o 6=1 (1) My (1) dt’
t

23

titk
/ ()M (1) dt‘

t;

titvk
- / o (t)M D 1)) dt
t

i

Y

b (k—1)
/ ()& 1) dt

tr

i

k—1
= MF V@) ol

and due to (1.8.1) and (1.1.7)

(¢, M;)| > crc), =: cmin(k).
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1.9 Vectors z,. Formulation of Theorem Z

Theorem Z formulated below enables us to verify in the next section the last condition
(As) of Theorem .

Definition 1.9.1 Set
zi= (M, P e R®B =0, N1, (1.9.1)

with 1
2V = ﬁo(l)(ti) hgTRL 1 =1,... 2k — 3. (1.9.2)
In the rest of the paper we are going to prove the following theorem.
Theorem Z. There exists a constant c depending only on k such that, for N > k,

the estimates
12D <, 1>k—1, i=0,...,.N—Fk, (1.9.3)

hold uniformly in i and [.
This theorem almost evidently implies the estimate

||¢|‘Lm[ti7ti+l] = Ho'(k_l)HLOQ[ti,tH_l] S C;{;, { S N - kv

which coincides with (As) except for the indices ¢ > N — k. In the next section we prove
this implication and show how to cover for N > 2k the case i > N — k of (Aj3).

1.10 Proof of Theorem ®: proof of (Aj3)

Property (As). There exists a constant cmax(k) depending only on k such that, for any
Ay with N > 2k, the spline ¢ defined (1.4.5) satisfies the relation

H¢||Loo[ti,ti+1] < Cmax(k)a Vi. (1101)

Proof of (A3). 1) The case N > 2k, i < N — k. In this case, by (1.9.3) of Theorem
Z, and by definitions (1.9.2), (1.4.5) we have

(m) h mo (k 1+m) h m
|¢ (t)] - [hal ml ()] - |hil
_ (k—l—l—m) | (k— 1+m)|
N m! %
< m=0,...,k—2.

On [t;,t;y1] the spline ¢ := o*=1) is an algebraic polynomial of degree k — 1, and by
Taylor expansion,

k=1
P(tiv1) = i S (L) ha|™.
m=0
Hence,
6D ()] - il < b (ti |+Z ¢(m) (t:) - |ha|™ < k- cp,
and finally
=1
[o(@)Lcttitiv) < ZEW(T") |- 1ha]™
< (2k—1)-c}, = cmax(k), i< N -k, N>2k



2) The case N > 2k, i > N — k. Let o be the null-spline that is defined by the same
interpolation and boundary conditions (1.4.2)-(1.4.3) as o, but with the normalization
at the left end-point

oot = 1

Accordingly, we set, _
¢=c"1,

Then, due to symmetry, by Theorem Z applied to o, we obtain
H¢)||Loo[ti,ti+1] S Cnlax(k)7 Z 2 k
On the other hand, we established in (1.7.4) that

1
k- 1)

O'(t()) = +1.

This implies the equality _
¢ = +0¢,
and, correspondingly, the estimate
H¢||Loo[ti7ti+l] < Cmax(k)v 12> k.

If N > 2k, then N — k > k, thus

||¢|‘Loo[tiyti+l] < Cmax(k)a 1> N — k, N > 2k.

This completes the proof of Theorem .

Remark. The size and the structure of the proof of Theorem Z (that is, of (As))
given in the next two chapters are in a sharp contrast with the short proofs of (A1)-(Az)
given above. We conclude this chapter with a conjecture which probably could be useful
in finding a simpler proof of (As).

Conjecture 1.10.1 Let ¢ := ¢~V be the spline (1.4.5). Then it takes its mazimal
absolute values at the endpoints, i.e.,

[p()| <o)l (=e®)] = (k=1)}), V€ la,b].

In particular, the sum in (1.7.3) is always nonnegative, and zero only if x is a knot of
high multiplicity.
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Chapter 2

Proof of Theorem Z:
intermediate estimates for z,

2.1 Notation and auxiliary statements

Let U be any n x n matrix. We denote by

L Q1,...,0p
U[a7ﬁ] ._U|:ﬂla"'aﬁq:|

the submatrix of U (not necessarily square) whose (s,t)-entry is Ulas, 5] with a and
B sequences (indices) with increasing entries. The default sequence (:) stands for the

sequence of all possible entries. So, Ulc,:] is the matrix made up from rows aq, ..., a, of
U. The sequence (\s) stands for all entries but one numbered s. For example, U[\1, \l+1]
is the matrix made up from rows 2,...,n and columns 1,...,[,I+2,...,n of U.

The notation

L Qp,...,0p L Q1,y...,0p
o=t [y =0 (R

(now with #a = #/) stands for the corresponding subdeterminant.
A matrix U is called totally positive (TP) if

U, 8) 20 Va,B.

As was already mentioned, by indices we mean sequences with increasing entries. For
convenience we will also view indices as sets when writing, e.g., « C (3 to express that
the components of a appear also in [.

For n € N, the bold n denotes the index (1,2, ...,n). Further,

L,:={iCn: #i=p}:={(is)’_;: 1 <ip < - <ip, <n}
For the special case n = 2p + 1 we set
Ji=Topp1, Ji={icd: {I}¢i}, 1=1,....2p+1.
For i € I, ,,, its complement ¢’ and its conjugate index ¢* are given, respectively, by
i' € Ly—pon, i’ :==mn\i,
i* €Iy p, i*i=Mn+1—1ip,...,n+1—11).
For i € J!, we define also the I-complement

el iti=d\ {1}
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Finally, for two indices 4, j € I, ,,, we denote
i<j e dis<js Vs, |il=) .
S

The following lemmas will be used frequently (see [Kal, pp. 1-6).

Lemma 2.1.1 (Cauchy—Binet Formula) If U, V,W € R"*"™ and U = VW, then for
any t,j € I, .

UG, j) =Y, V(i,)W(a,j).

a€ly n
This relation will be referred to as ‘the CB-formula’ for short.

Lemma 2.1.2 (Inverse Determinants) If V = U1, then for any i,j € I, , we have

.. i U II,Z./
V(i.g) = (- T,

Lemma 2.1.3 (Laplace Expansion by Minors) For any fized index i € I, ,, we
have

detU = Z (=D)HlU G, a) U@ o).

a€ly n
We will also use the following estimate.

Lemma 2.1.4 Let ¢ € N, and as,bs,cs > 0. Then

) 9 agb b
min = < @ < max —. (2.1.1)
s Cs D ey GsCs s Cg
Proof. Let
min — = g, max — =€
s Cs s Cs

2.2 Reduction to a linear system of equations

2.2.1 Derivatives of null-splines at knots

Let g be a null spline on A of degree n + 1, i.e.,
q € Spt2(A), q(t,) =0 V.

Set )
q = (qW,....¢M)er", ¢V .= ﬁq(l)(tl,), [=0,...,n+ 1L
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On [ty,t,+1], ¢ is an algebraic polynomial, and by Taylor expansion of ¢ at z = t, we
obtain

1 n+1
O] — () ) j—i
¥ (ts1) = Z,Z 707 () el
ntl 4! o -
- _ L qU Nhy [
;(uo >>a' (t) - 1Al
ie.,
‘ n+1 j ‘ ‘
il =3 (1) b
j=i
Since q£ ) = ql(,le =0, we have
gt [P = =Yg |l
and hence

i N[ (7 n+1 ‘ -
bt =S [0~ (Y] -1

J=t

For the vectors ¢, we have therefore the equality

Do(hl/)qUJrl = _ADO(hV)QVa (221)

where A is the n X n matrix given by
1 y n
A:{(”TL )_ (3>} (2.2.2)
i 1) Jij=1

Do(h) = diag [h, h?,...,h"]. (2.2.3)

By Taylor expansion of ¢ at = t,,11, we conclude that

DO(_hV)qu = _ADO(_hV)unrlv

and

so that in view of (2.2.1)

A™! = DyADy, (2.2.4)
with
Dy := Do(—1) = diag [-1,1,—-1,1...]. (2.2.5)
It is more convenient to employ another scaling of ¢, in (2.2.1), namely by the matrix
Dy :=D(h) = h~™*Y2Dy(h)
= diag U,Lfn/24r1/27hfn/2+3/27.“7hn/271/2)J7 (226)

which satisfies
det D(h) =

Then we also have the equality

D(hl/)qwrl = _AD(hV)(Iw

which may be rewritten as

D(hy+1)qv+1 = —=D(hy41/hw)AD(hy ) g . (2.2.7)

20



2.2.2 The matrices B, B',C

Set
Yy == D(h,)qy, v<N;  yn:=D(hn_1)qn,

i.e., for a null spline g € S,,+2(A), we define the vectors
yl/ :: (yl(ll)’ .. '7yl(/n)) 6 Rn”

with the components

TS %q“’(tﬁ by |2y =0, N = 1
! 1 ~(n
gV = ﬁq(l)(tu) Ny [ (D72,
Set also
Pv = hu+1/hu~
Then from (2.2.7) follows that the vectors y, are connected by the rules
yl/+1 = _D(pl/)Ayl/a V:07"'7N_27
yn = —Ayn-1,
and
Yy—1 = _DOA-D(]-/pufl)Doyl/a V= 17"'7N_]-a
yn—1 = —DoADoyn.

Now fix an index v. Then we have two systems of equations

Cyy = (=) ""yn, By, = (=1)"yo, (2.2.8)
with
C = Cn-, = AD(pn-1)AD(pn—2) --AD(p,)A,
B = B, = AD(1/po)AD(1/p1)--- AD(1/py—1), (2:2.9)
B = B, := DyBDy.

2.2.3 Linear system for z,

Now we rewrite formula (2.2.8) for our special null-spline o € Sg;_2(A) defined in (1.4.1)—
(1.4.4). For the sake of brevity, set

p:=k—2.
Then the corresponding vectors are
zy = (200, .., 2Py e R2PHL = 0,.. .| N,
with
&) = FoD(t) - by [mEHD, v=0,...,N-1
20 = LoW(y) - [y, =N
Moreover, by definition (1.4.2)-(1.4.4) of o, we know that
zo = ( 0...,0, z(()m'l), z(()p+1), . .,z(()QpH)),
——
p=k—2
ZN = (0...,0, 1, z,(f“),...,zr(fp“)).
——
p=k—2
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By (2.2.8), we have two systems of equations
B'z, = (=1)" 20, Cz, = (—1)N "2y,

or in view of the prescribed values of the first components of zg, zn

0 0
p=k—2
p+1=k—1
0 0
Bz, = (1" | zprt , Cz, =DV 1 , v>0.
P 22
Z(()2p+1) Z;\?zﬂrl)

According to the notation introduced in §2.1 the upper half of these equations could be
written as

0
O .
Blpxz@)=0"| @ [pr, Clo+lidxz@)=ED""" 0| pee
0
0
1
For v = 0 we have
CNZO = (—1) ZN
or
0 0
p=k—2
ptHl=k—1
0 0
Czg:=C x z(()p“) = (—1)N 1 , v=20.
Z(()er?) Z](\;?Jr?)
Z(()2p+1) Z](\?zﬂrl)
In terms of the unknowns zj := (z(()p+1), z(()p+2), ceey z(()QpH)) and in our notation the upper

half of this system is equivalent to

In summary, we can form one system with a known right-hand side and obtain the
following result.
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Theorem 2.2.1 Let

1
2y = (Zz(/l)a ceey Zl(/2p+1))a Zl(/l) = _U(l) (tu) ' |hl/|l_(p+1)a

{!

Zo = (z(()p+1),z(()p+2)

(2p+1)
Zo0 A ).

PRI

Then, the vector z, € R?T1 is a solution to the system

B'[p, ]

Mz, =(-1)V=%(0,...,0,0,...,0,1), M :=
— Clp +1,1]

P p+1

and the vector Zg € RPTL is a solution to the system

Moz = (=1)M(0,...,0,1), My :=Clp+1,p’].
N——

p+1

2.3 First estimates for z,

2.3.1 Total positivity of the matrices A, B,C
By definition (2.2.9),

¢ :=Cn-, =AD,AD,, ---AD,, A,
B =B, = AD;s, ADs, --- ADs,,
BI = Bll, = D()BD(),

where 75, ds are some positive numbers.

Lemma 2.3.1 The matriz A is totally positive.

Proof. See e.g. [BS]. We present another proof in §3.2.2.

Lemma 2.3.2 The matrices B and C' are totally positive.

v >0,

(2.2.10)

(2.2.11)

Proof. By Lemma 2.3.1, the matrix A is totally positive, and so is D(v), as a diagonal
matrix with positive entries. By the CB-formula, the product of TP-matrices is a TP-

matrix.

Lemma 2.3.3 For any v € N, we have
B (i,5) = (1)1 B, (i, 5).
Proof. By definition, we have
Dy := diag [(—1)],
thus, by the CB-formula,
B, (i,j) = Do(i,9)By (i, j) Do (3, j)-

But since A ‘
Do(i,i) = (-1, Do(j,5) = (=1

the statement follows.
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2.3.2 First estimate for z;

Theorem 2.3.4 The solution zy = (z(()p+1), . ,z(()2p+1))T to the problem
MyZo = (0,...,0,1)T, My :=Clp+1,p/] (2.3.2)
——
p+1

satisfies the relation

!
0 C(p,p')

L0 = AP 1. 2.3.3

20| Cop+1p) p P (2.3.3)
Proof. From (2.3.2) we infer

Zo = (2B = Mgt 0,0, )T = My p + 1),
—_——
p+1

i.e., zg coincides with the last column of M(;l. By Cramer’s rule, we obtain

det M7

o) =27 = Mg - pp+1] = (1) det My

where Mél_p) is the algebraic adjoint to the element My[p 4+ 1,1 — p]. The formulas

det M i= Mo(\p+1,\l = p) i= Mo(p,\I - p) = C(p, D)),
det My = C(p+1,p)
follow from definitions and prove the theorem. [

2.3.3 First estimate for z,

Theorem 2.3.5 The solution z, € R?*T1 to the problem

Blp,:
Mz, =(0,...,0,1)T, M := [P € REpHIX(2p+1) (2.3.4)
-/—2p+1 Clp+1,]
admits the estimate y
|Zl(/l)| < max C(paj ) (235)

jeit C(p+1,5")

Proof. 1) First we derive an expression for z,. Note that

o Ble: { _ .
| P Clp, ] M (2.3.6)
Clp+1,:] Clpt 1.1

From (2.3.4) we infer that
2z, =M71-(0,...,0,)T = M~[:,2p + 1],
i.e., the vector z, is equal to the last column of M ~!. By Cramer’s rule we obtain

opt+1+1 det M®

2 =ML 2p+ 1] = (-1) det M

(2.3.7)
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where M® is the algebraic adjoint to the element M[2p + 1,1], i.e.,
det MY .= M(\2p+1,\1) = M(2p, \0).
2) Next we estimate det M(). Expanding the determinant M (2p,\l) in (2.3.6) by
Laplace Expansion (2.1.3) by Minors of B'(p, \!) and C(p, \!), we obtain
det M = M (2p,\l) = Y (-1)*YV B'(p, )C(p, 5,
JE

where ¢;(j) are some integers. From (2.3.1) it follows that

B'(p.j) = (-1)*VB(p,j)

for some integer €(j). Therefore

|det M| <" B(p,4)C(p.j'). (2.3.8)
JEI

3) We also need an expression for det M. Expanding the determinant det M in (2.3.6)
by Laplace Expansion (2.1.3) by Minors of B’ and C, and using (2.3.1), we find

det M = > (=1)PHIM(p,5) M(p', j')

JEJ
JEJ

= > B(p.j)Cp+1,5)
J€J

ie.,

det M =" B(p,j)C(p +1,5"). (2.3.9)

JjeJ

4) Now we are able to bound z,. From (2.3.7)-(2.3.9), it follows that

det MO] - Yjep B®NCPS) _ Yjen B, )0, J")
|det M| — ZjeJB(paj)C(p+1aj/) B Zjej]l B(p,j)C(p—Fl,j’)'

Applying Lemma 2.1.4 to the latter ratio we obtain

260] =

1
120 < maXM.
T e Clp+1.5)

2.4 Properties of the matrices

The orders of the minors of C' in the right hand side of (2.3.3) and (2.3.5) differ by one.
In this section we establish some relation between minors of C' which allow us to equalize
these orders.

Definition 2.4.1 Define F' € R™"*" as an anti-diagonal matriz with the only non-zero
elements .
Fliin+1—id]= (") ".

K3
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Recall that by definition (2.2.5)
Do i=[-1,+1,...].
Lemma 2.4.2 There holds the equality
C™' = (DoF)*C*(DyF). (2.4.1)
Proof. Consider two null-splines s1, s € S, +2(A) of degree n + 1 on A,
$1,82 € Spi2(A),  s1(ty) = s2(t,) =0, Vi, € A,

and the vectors z,,y, € R™ of their normalized successive derivatives

1 1
ail) = gt ) [l T = s ) L (24.2)
We proved in Lemma 1.7.3 the equality
n+1
G(s1,s2;) = Z(—l)lsgl)(x) s;n'+1_l)(x) = const(s1, $2), « € [a,b]. (2.4.3)
1=0
It follows, in particular, that
G(s1,s2;t,) = G(s1, s2;tN), (2.4.4)

Notice that due to the null values of s1, s2 on A we can omit in the sum (2.4.3) the terms
corresponding to l =0 and [ =n + 1, i.e., we have

G(s1,s25t) = 3 (=1)'s(8,) 5570 (1),
=1

Using equalities (2.4.2) we may rewrite the latter expression in terms of the vectors z,y

as
n

n -1 n —
G(s1,82;t,) = Z(—l)l( Jlrl) 335})3/5 0, (2.4.5)
=1

With the help of matrices Dy and F' one obtains

1
(n+1)!

(D' (") = (DoF)ins1 1.

Hence,
(=)' ("THy D = (Do Fy,) Y,

so that (2.4.5) becomes

1
ma(sh s2;t,) = (2, DoFyy).

Now, from (2.4.4) we conclude that
(zv, DoF'yy) = (zn, DoFyn). (2.4.6)
Recall that we defined the matrix C in (2.2.8)-(2.2.9) through the following relations
(- Vay =Cxy, ()N Vyn = Cy,.
Thus, from (2.4.6) it follows that

(zy, DoFy,) = (Cx,, DoFCy,) = (x,,C*DoFCly,).
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Since we have not made any assumptions on z,,vy,, the latter equality holds for any
Zy,, Yy, € R™. Hence
DoF = C*DyFC,

and therefore
C™' = (DoF)"'C*(DyF).

n
Lemma 2.4.3 For any i,j € I, ,,, we have the equality
C(i', 5" = fli,j]- CG*, 5"), (2.4.7)
where . o
fiig) = @1 T O30
T EG T O
Proof. From
C™' = (DoF)"'C*(DoF) (2.4.8)
it follows that det C' = det C* = det C~!, and since C' is a TP-matrix, we have
detC =1.
Therefore, by the Inverse Determinants Identity (2.1.2), we obtain
C(#,5") = (=DIHIC=1(j,4). (2.4.9)

To estimate the minor C~1(j,4) we apply the CB-formula to the right hand side of (2.4.8).
Since the matrix Dy (resp. F') is diagonal (resp. anti-diagonal), it follows that

Do(a,B) #0, iff a=p  Fla,8) #0, iffi a=p"
Thus, the CB-formula gives the equality
C~1(j,3) = F71(5,5")Dy (5%, 55)C* (5%, i%) Do (i*,i*) F (i*, 7).

Due to the relations

*

Dy(a*, a*) (—1)le
F~Ha, %) [Fla,0®)]™t = [F(a* )]
C*a,p) = C(B,a),

= (=1)tDp=lel

the latter formula for C~1(j,4) is reduced to

1. . it F 1Y)
C (i) = (-1 lil=lil 2" i, 7).
) = (=) o )
Combining this expression with (2.4.9) gives (2.4.7). L]

Lemma 2.4.4 For any p,n € N we have
C(n—p,p’) =C(p,p") (2.4.10)
and there exist constants c,, ., such that

n’

cnC(p,j*) <Cn—p,j') <, Cp,j*) Vjeln. (2.4.11)
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Proof. By definition,
p =({1,...,p) =n—-p+1,...,n)%,
n—-p =(,....,.n—p) =n-p+1,...,n).
Thus by (2.4.7) we obtain
C(n—p,j") = flp, 51C(P,J")-

(2.4.12)

Equality (2.4.10) follows now if we take j = p, since f[p, p] = 1. The inequalities (2.4.11)

follow with

coi=min{f[p,j]: 1<p<n, jeln}, ¢ =max{flp,jl: 1<p<n,jel.}

With n = 2p + 1, Lemma 2.4.4 takes the following form.
Lemma 2.4.5 For any p with n = 2p + 1 we have
Clp+1,p)=C(p.p"),
and there exist constants cp, c;, such that

o C(p,j*) < Clp+1,5') <¢,C(p,j*), Vjiel

2.5 Second estimates for z,

Theorem 2.5.1 The components of the vector z, satisfy the relations

!
! C(p,p
|Z(())| = ﬁ, l=p+1,....2p+1.
C(p, i)
M < —b,J) I=1,... . 2p+1
z ¢, Ma; , ey .
S N ) g

Remark. Since for | = p + 1 we have p! = p*, it follows that
|2+ = Clp,p"™) _
C(p,p*)
in accordance with (1.7.4).
Proof. By Theorem 2.3.4 we have

120 = C(p,p')

= APy 2,
L Ry

and by (2.4.13)
Clp+1,p')=C(p,p"),
which implies the first equality (2.5.1).
Similarly, by Theorem 2.3.5 we have

-
|Zl(,l)| < max C(paj)

) =1, 2+ 1
jerr C(p+1,j) P

and by (2.4.14)
Clp+1,5") > ¢, Cp,j%),

which leads to the second inequality.
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Chapter 3

Proof of Theorem Z:
final estimates for z,

3.1 Preliminary remarks

To estimate the ratio
C(p,1)/C(p,J)

for specific i,j € J, in particular, for those given in (2.5.2), we may split the whole
product

N—v
C:= [[4D,,]- A,
r=1
into two arbitrary parts
q
C=KRy, Ry:=]][AD,]- A, (3.1.1)
r=1

and use the CB-formula keeping the total positivity of the matrices involved in mind.
This gives
Cp.i) _ | Ryfoui)
C(paj) agd Rq(a’j)
so that it is sufficient to estimate R (v, 7)/Rq4(cv, j) for some ¢. It is clear that, the smaller
is the number ¢ of the factors of R, in (3.1.1), the simpler is the work to be done. It

would be ideal if we could take

(3.1.2)

q=0, Ryp=A.
Unfortunately, A, though totally positive, is not strictly totally positive, i.e.,
A(a,B) =0 for quite a lot of indices «, 3 € J.
But fortunately, A is an oscillation matrix and we prove in the next §3.2 that
Ala,8) >0, iff s < Bst1- (3.1.3)
As we show in §3.3 this implies
R,_1(6,i) >0, Vp,iel.
Thus, it suffices to estimate the ratio

p—1

Q(B,4)/Q(B,j), Q:=Rp_1:= H[AD%] - A.

r=1

This will be done in §3.6-§3.8.
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3.2 The matrices S and A

3.2.1 The matrix S
Definition 3.2.1 Set

1) et ) W

Example 3.2.2

1 1 1 1
1 1 1
1 1 01 2 3
Sz = , Ss=fo0 12|, Si=
0 1 00 1 3
0 01
0 0 0 1
Lemma 3.2.3 The matriz S in (3.2.1) is a TP-matriz, i.e.,
S(a,8) >0, Ya,Bel,n. (3.2.2)
Moreover, we have
S(a,3)>0 iff a<p (3.2.3)

Proof. The first part (3.2.2) of the lemma, that is the total positivity of S, was already
proved by Schoenberg [Sch]. We present an alternative proof by induction which gives
(3.2.3) as well.

1) Let S,, be a TP-matrix (as it is for n = 2). Since

(-6

it follows that

j 1 n+1
Sn+1 = { <Z _ 1> } == S:v,—}—l . In+1, (324)
i,j=1
where
I 0 1 1 ... 1
, 0 0 1 .1
n+1 =

@y, | T Y
n = G ) £ =2 T e

0 0o ... 0 1

The matrix I,, is totally positive (all its minors are either 0 or 1), hence, by the CB-
formula and the induction hypothesis, the total positivity of S,,+1 follows.
2) Let us prove (3.2.3).
A)If
as > (s for some se€{l,...,p},

then the entries of the matrix

T := S[a, 5],

which is a (p X p)-submatrix of the lower triangular matrix S, satisfy

T\ p] = S[an, ju] =0, A>s>p.
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Hence the rows {T[\,:]}}_, are linearly dependent, i.e.,
detT := S(a, 3) = 0.
B) Suppose that for any v, € I, , we have the equivalence
Sp(v,0) >0 iff 4 <4

Now let
o, B €l pnta, as < Bs Vs=1,...,p. (3.2.6)

We assume also that p < n, since for p = n+1 by definition we have det 5,41 = 1. From
(3.2.4)-(3.2.5), by the CB-formula, we conclude that

A1y, , A1y, 61,...,5p>
Sn =>» 5, I, . 3.2.7
+1(ﬁ17"'76p) ; +1<515"'76p> +1<61)"'7ﬁp ( )

We distinguish two cases.
1) If @y > 1, then, by (3.2.6) we also have 3; > 1. Hence

, <a1,...,ap>_5 (al—l,...,ap—l)
it 61)"'7ﬁp " ﬁl_lv"wﬁp_l .
Taking from the sum (3.2.7) only one term with § = 3 we obtain
A1yenn, a1 —1,...,a,—1 B1,...,0
Sn < ) 3 p) 2 Sn( ) s Gp >In < ) s Mp
+1 617"'7ﬁp 61_17"'76}7_1 i 61)"'7ﬁp
al—l,...,ap—1>
= Sn
(61—1,...,ﬂp—1
> 0,

where the last inequality holds by the induction hypothesis.
2) If a3 =1, then

, (1,042,...,05,,)_ 0, if pi1>1;
T Y W o I R
In this case taking from the sum (3.2.7) the term with
=1 0s=05, 522

we obtain

1,a2,...,ap> (ag—l,...,ap—l> (1,ﬂ2,...,ﬂp)
Sn 2 Sn ITL
+1(ﬁ1aﬁ27"'7ﬁp 62_17"'7617_1 + ﬂlaﬁQw“vﬂp

OéQ-l,...,Oép—1>
= Sy
(62_17"'7ﬁp_1
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3.2.2 The matrix A
The matrix A was defined in (2.2.2). We recall this definition.

Definition 3.2.4 Set

n n+1\ (i
AZZAn = (aij)i’j:h Qi Z=< i )_<l) (328)
Example 3.2.5
4 3 2 1
3 2 1
2 1 10 9 7 4
Ap = , A3=|[6 5 3 |, A=
3 2 10 10 9 6
4 4 3
5 5 5 4

Lemma 3.2.6 The matriz A in (3.2.8) is a TP-matriz, i.e.,
Ala,8) 20,  Va,B €T, (3.2.9)

Moreover,
Ala, 8) >0 iff as < Bsr1 Vs=1,...,p—1. (3.2.10)

Proof. The following considerations are due to [BS]. For the matrix S defined in (3.2.1),
consider the matrix S~ obtained from S by subtracting the last column of S from all
other columns. We have

{08 ACTIY | e

This implies that for o, 3 € I, ,

S(O,al,...,ap_l,ap> _ S_(O,al,...,ozp_l,ap>
B1,082...,0p,n+1 B1,82...,08p,n+1
= (=)D det (~Ala, B))
= ()P (=1)PA(a, B)

Ala, B),

S(O,al,...,ap_l,ozp) _A<o¢1,...,ozp)
ﬂlaﬁQuwﬁpan—’—l ﬁh"'vﬂp .

By (3.2.2), S is totally positive, and by (3.2.3) one has

i.e.,

0 < b,
00&1... Ap_1, .
S ’ ) s &p aif’>>0 iff S<S Ve =1.... 1
(»31752,~..,6p,n+1 as < Psy1 Vs=1,...,p—1,
ap§n+1.

This is equivalent to (3.2.10), since the condition «, 8 € I, implies that 5, > 1 and
ap < n.
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3.3 The matrices ()

Definition 3.3.1 Set
Q= AD,, AD,,---AD,,_ A= ][] [AD,,]- A (3.3.1)

where

A=Aspy1, Dy =D(v,) =diag[|v|™,...,]%w[P], A D,eRETxCET,
(3.3.2)

In this section we establish a relation between indices 3,4, j € J of the form
By © Eg.g,
which implies the estimate

Q+(8,9) < ¢ Qy(8,5), Yy =(m,...,7p-1) €RPTL

Here ¢, is a constant that is independent of v, i.e., independent of the knot-sequence (we
recall that in (3.3.1) ~, stands for the local mesh ratio p, = h,/h,4+1 with some v).
Let
o e J, r=0,...,p,

be a sequence of indices with
a® =3 oP .=

From (3.3.1) and the CB-formula, we infer

p—1
Qw(a(o)aa(p)) = Z HA(a(“l),a(r))D%,(a(”,a(r)) x A(a®=D a®).

a®) ...,alr-Deg] Lr=1

(3.3.3)
Since by definition (3.3.2) we have

P (r) _ ”
D’YT(O‘(T)aO‘(T)) =r s=1le” =P+ D)] = ’Yﬁp(lﬂfl) . 'yla( )‘v

T

we may rewrite (3.3.3) as

p—1 p—1
Qy (@@, a®) [T Ar) = 3 [T A", a5 A(a®=1 o)
r=1 a® L alkP-DeJ Lr=1
D p—1 ]
= > T AU Q) T A (3.3.4)
a®) .. alP-Dec]r=1 r=1

By Lemma 3.2.6 the condition
A(am™D o) >0
is equivalent to the inequalities

WD <o) s=1..p-1L (3.3.5)

S

This means that in (3.3.4) we could restrict the sum to the non-vanishing minors of A,
i.e., to the sequence of indices that satisfy (3.3.5) for all » = 1,. .., p simultaneously.
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Set
p—1
= H |y [PPHD).
r=1

This is the factor on the left-hand side of (3.3.4) that is independent of § and ¢. Then
from (3.3.4) we obtain

p—1 b1
D SRR | RN TR E D DI ) [

a® . ar=DeJy , r=1 a . a-DeJy =1

(3.3.6)
where for a fixed § =: (?) and i =: «”), the sum is taken over the set Ji,i of sequences

(a(M)PZ1 of indices ") € J which satisfy the condition (3.3.5) simultaneously.
Premsely, we formulate the following

Definition 3.3.2 For given 3,1 € I, we set
=35 aP .=

Further, we write
r 1
a:= (")) € Jjpa,

and we say that the sequence « is admissible for the pair [5,1] if

o e ], r=1,...,p—1

(3.3.7)
"M <ol

r=1,...,p, §=2,...,p.
Definition 3.3.3 For given (3,i € J, we write
€:=(e1,..., 1) €Egy,
and we say that the path € is admissible for [3,1], if there exists a sequence of indices
o= (04(1), e ,a(p_l)) € Iz

such that
e = o], r=1,...,p—1.

With such a definition, (3.3.6) becomes

p—1
& S T el <e,@aBi) < S Hm@ (3.3.8)

e€Eg ) r=1 eEIE[ﬁ g r=1

where the sum is taken over all different paths € € Eg 5.

Set
Q)= Y IIWI“ (3.3.9)

eE]E[[, i r= 1

The next lemma follows immediately.
Lemma 3.3.4 There exists a constant c, such that if
Eigq C Egjp,  By4,7 €1, (3.3.10)
then for any v = (v1,...,vp—1) we have
Q15,0(7) < Qs (),

and consequently

Q’Y(ﬁal) S cp Q’Y(ﬁv])
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3.4 A further strategy

1) The function

p—1
Qs.a(v) = Z H|%|ET

e€Eg 4 =1

defined in (3.3.9) is a multivariate polynomial in . All the coefficients of this polynomial
are equal to 1. We want to find whether, for special i, j € J, the inequality

Qs (1) < &pQ5,5(7) (3.4.1)

holds for all v € ]Rﬁ_l (all v’s are positive). The condition (3.3.10) in Lemma 3.3.4
provides, of course, this inequality, but we need to find a way to check its validity.
2) A trivial necessary condition for the inequality (3.4.1) to be true is that

(A) the minimal degree of Qg :1(7) the minimal degree of Qg ;(7),

>
(B) the maximal degree of Q3,(y) < the maximal degree of Q3 ;(7)-

This gives rise to the minimal and the maximal paths which we define in §3.5. These
paths are nothing but the corresponding degrees of the monomials in Qg4

As we show in §3.5, the set of admissible paths € € Eig; (i.e., the set of monomials
of the polynomial Q3 ;)(7v)) has the properties:

a) the minimal path (degree) €/’ depends only on 3,
b) the maximal path (degree) €! depends only on i.

Hence, among the conditions (A)-(B) only (B) will remain under consideration.
3) For two arbitrary multivariate polynomials, the condition (B) is not sufficient to
provide (3.4.1). For example, for

Pi(z,y) :==1+2%, Pa(z,y):=1+2°

Py can not be bounded by (const- P») for all positive values x,y. Therefore, we will prove
in §3.6 that for our particular polynomials the condition (B) for the maximal degrees, or
equivalently the condition

(B') the maximal path €/ < the maximal path €/
for the maximal paths, implies that
{the set of all monomials of Q3 } C {the set of all monomials of Q3 ;}.
In the path terminology it looks like
dl <l = Epgy C Bl

Then, by (3.3.10), the inequality (3.4.1) trivially follows.
4) To prove the last implication, we establish in §3.6 a criterion for the inclusion

Y= € Qip(y),  or equivalently e € Eig ;).

With Qs,.] being the polynomial of the highest maximal degree w (with the highest
maximal path eM), the criterion is

1 EQpu(), el & 1 E€QuEa().

In words, a monomial v¢ belongs to the polynomial Qs ;(7) if and only if
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i) it belongs to the highest polynomial Qs . (7),

ii) its degree ¢ does not exceed the maximal degree € of the polynomial Qra,i(7)-
In the path terminology this can be rephrased as
S E[ﬁ,w]’ e< dl o e E[,@,i]-

Only sufficiency needs to be proved, i.e. the implication “=-".
5) The latter will be proved by the iterative use of the following “elementary” step:
for any 7’ which differs from ¢ only in one component 7,,, the same implication holds:

€ Ec E[ﬁﬂ”]’ e< gl = e € E[ﬁﬂ'].

All of §3.6 is devoted to the proof of this latter statement.

a) We have a path ¢ € Eig ;| (a monomial v € Q[B,i';]) with € < €lil.

b) It is defined by a sequence (o/(")) € Ji,i1 with /()] = €.

¢) Since i’ > i, this sequence may not be admissible for 3, ].

d) But we can modify it to a sequence (a’(")), such that (o/(")) € J5 ;) and |o/(")| =
€.

These modifications are treated in Lemmas 3.6.1-3.6.3. The statements of these
Lemmas are summarized then in Lemmas 3.6.4-3.6.5.

3.5 Minimal and maximal paths

In this section we define the minimal and the maximal admissible sequences o @ e
Ji,51, and respectively the minimal and the maximal paths eldl ell ¢ Eg,j1-

We start with examples of what the admissible sequences (") € J (8, look like.
According to definition (3.3.7) we have two strings of inequalities

1§oz(r_)1 < agr)<2p+1, r=1,...,p—1, §=2,...,p,

S

agi_ll) < ozér), r=1,...,p, §=2,...,p.

In order to analyse these strings, we will frequently express them in the following matrix
form.

Example 3.5.1

p=2 (aW)eTpy p=3, (aM,a®) e,
a® r a® i
l 1 ! i1
(1) « alt)
azl) < g ! P < i
b < o oV o< ol < iy
Ba B < o < o
B < af!
| O3 |
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arbitrary p, (Oé(l), e »Oé(pfl)) € Jip,i

r a®—1) 7
l 21
aP=2)
i alP~ v < g

@ )

l ot < eV <
o™
L
o < off < < oY < oY <,

o< o) < o < < o7 < Py

ﬂp72 < aéljl < 011()2)

6{)—1 < 05;5)1)

L By |

In such a representation, each column is an index from J, i.e., the following “vertical”
inequalities are also valid:

1§a§r) <---<oz1(f) <2p+1 (3.5.1)
In particular, it follows that
sgagf’)gp—l—l—i—s, s=1,...,p. (3.5.2)

Lemma 3.5.2 For any (3,1 € J the set Jj5 4 is non-empty.

Proof. The following sequence (")) is always admissible:

r aP—1 T
! i1
aP—2)
l 1 < 19
a®
l 1 < 2 < 13
a®
AP
1 < 2 < < p—2 p—1 < 4
01 < p+3 < pH+4d < - < 20 < 2p+1
ﬁp_g 2p < 2p+1
Bp-1 < 2p+1
L Op |
[
Lemma 3.5.3 For any (8,7 € J, and any (oz(r)) € Jis,i), we have
oM <am, (3.5.3)
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where

min (¢p_pr1s,p+ 1+ ), s<r;
al) = (tp—ris,p ) r=1,...,p—1. (3.5.4)

p+1+s, s>

Proof. In view of (3.5.2), the following table presents the admissible sequence (@)
whose entries take the maximal possible values.

The maximal sequence (@”))

r aP—1 ]
! 1
a(P—2)
l min (ig,p + 2) <9
a®
! min (ig,p +2) <min (is,p + 3) <is
D
L
min (ip,p + 2) <min (ip, p+ 3) <--- <min (i, 2p — 1) < min (3p, 2p) <ip
61 < p+3 < p+4 << 2p < 2p+1
Bp—2 < 2p < 241
Bp—1 < 2p+1
L Op |
[
Lemma 3.5.4 For any (8,7 € J, and any (oz(r)) € Jis,i), we have
o <o), (3.5.5)
where
s, s<r;
alh) = r=1,...,p—1. (3.5.6)
max (Bs—r, ), s>

Proof. In view of (3.5.2), the following table presents the admissible sequence (o)
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whose entries take the minimal possible values.

The minimal sequence (a("))

B g(10—1)
! 11
g(10—2)

l 1 <19

a®
-l 1 < 2 <is

oM

L
1 < 2 << p—2 < p—-1 <

B < max(B1,2) < max(61,3) <---<max(f1,p— 1) <max(Bi,p)
ﬁp72 <max (ﬂpf%p - 1) <max (5}772’]))

ﬁp—l < max (ﬁp—l;p)

Bp

Definition 3.5.5 For 3,i € J define the mazimal path " and the minimal path €l as
follows:

T p
Al eBpy, @ = [@) =) min(ippept+lts)+ Y (p+1+s); (357)
s=1 s=r—+1
r P
N eRy,y, &7 = 12 =)"s+ > max(Bi.s). (3.5.8)
s=1 s=r+1
Lemma 3.5.6 For any (8,7 € J, we have
F <e<ell VecEg,. (3.5.9)
Proof. Follows directly from Lemmas 3.5.3-3.5.4 and Definition 3.5.5. [

3.6 Characterization of E3
Here we will prove the equality
E[@J] ={ee€ E[@M] e< E[i]}, vG,i € J,

where w := (p+2,...,2p+ 1) is index from J with maximal possible entries. The latter
will be proved by the iterative use of the following “elementary” step: for any ¢’ that
differs from 4 only in one component i,,, the same implication holds:

€€ E[g,ir], e< dl = ee E[ﬁ,i]-
In this section exclusively, for i € J we denote by ¢’,¢" € J some modifications of ¢ which

have nothing to do with unfortunately the same notation for the complementary index.
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Lemma 3.6.1 For any given m € {1,...,p}, let i,i’ € J be such that
= is, s #Fm;

If for a given B € J we have ‘
EI c E[ﬁ,i/]) EI S E[Z],

then for the same [3 there exists a path €, and a number ! € {1,...,p}, such that

el r=1,...,01—1;
(S E[gﬂ;], € = (3.6.1)
e -1, r=1,...,p—1.

Proof. Let 4
6’ S E[ﬁ)y], 6’ S EM .

By definition, there exists a sequence o’ € Jg,1 which satisfies the inequalities

i1
Oéll(pil) < g
T < <Y <y
— 1 — 2 —1 .
all(p m+1) < a;(p m+2) <. < 04;5511) <y 41
/(1) /(p—m+1) /(p—m+2) (p—1) ;
1 < S p—m+1 S p—m+2 S S ap—l < ip
/(1) /(p—m+1) /(p—m+2) /(p—1)
ﬂl < Qy < < p—m—+2 < p—m—+3 < < Qp
/(1
6{)—1 < ap( )
- ﬂp -

and moreover 4
o/ =€ <€l r=1,... p—1

To produce a required sequence a € Jj34), we change the values of the components of
o' € Jig,i only in the m-th row:

O/l(pferl) <o < o/ =1 < Z;n =i+ 1.

For o/’s in this row we have two possible relations.
1) The first one is the inequality

aiﬁp_‘l” < im + 1.

Then
o <<l <,
Therefore, o/ € Jj3, hence
¢ €Eigq,

and (3.6.1) is satisfied with | = p, i.e., we do not have to do anything.
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2) The second possibility is that for some ¢t € {1,...,m — 1} we have the following

relations
o/l(p’m*l) << a;glp:lmﬂfl) < O[;(zvfmﬁ) L oz;ff:f) =, +1.
In this case we set
a&pimﬂ) = a;(p7m+s)—1=im, s=t,....,m—1;
ozér) = o/s(r), otherwise;

thus, changing by —1 only the last m — ¢ entries of the m-th row.

(3.6.3)

(3.6.4)

2a) By such a definition, the second part of (3.6.1) holds evidently with | = p—m+t.

2b) To show that € € E(g;, we need to prove that

o€ J[gd .

Since the changes are restricted to the m-th row we need to care only about the inequal-

ities where the changed values are involved, i.e., about the inequalities

Oz,(fi_lm“) o (p—;)

[0 Ml imflv
A A A
—m4t—1 —m+t -1 .
off 7Y < e < < allT) <,

2¢) From (3.6.3) and (3.6.4) it follows that in the m-th row we have

(p—m+t—1) (p—m+t) _ _ (p-1) _
Oy <oy = =0 = tm,

i.e., the “horizontal” inequalities in (3.6.5) are valid.
2d) In the columns (aP=™*9))™ "1 we have

(p—mts) ._ /(p=—m+s)

; i . o(p—m+s
Qg gy <me1 < Uy =: ozf; ),

i.e., the “vertical” inequalities in (3.6.5) are also true.

Lemma 3.6.2 For somel € {1,...,p— 1}, let € be a path such that

I < =l
e <&, r=1,...,1—1;
€c E[,@,i], €p 1= , i
€. —1<&, r=1,....,p—1.
Then there exists an l” > 1 and a path
¢’ € Eigq,
such that
o e'TSE[TZ], r=1,...,0"-1;
' 6;,—1<E[ri], r=1"...,p—1.

Proof. By definition, there exists a sequence a = {a("}, such that

<@l r=1,...1-1

(]

a € Jig,, |a(r)|=er =
e —-1<e’, r=I,....,p—1.
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We will change now by +1 a non-zero number g + 1 of successive elements of a € J34
in a certain row starting from an element agl*) in the [-th column.
A) By such a change the equality (3.6.8) holds automatically.
B) The task is to find a starting element so that the new sequence o’ would still be
in Ji3,4). Since the changes are restricted to a certain row we need to care only about the

inequalities where the changed values are involved, i.e., about the inequalities

Oz”(l) < 1n(l+1) < ... < a//(l+q) < (I4+q+1)

o* < e s*+q S Qgegyi
A A A A (3.6.9)
(1) 1m(l+1) 1(l+q)

Qgr 11 Qgx i o e Qg fgt-

Consider the index o). Since

agl) ga”), s=1,...,p,

S

and by assumption (3.6.6)

P P
Zagl) = |oz(l)| < Elm = |6(l)| = Zag”,
s=1 s=1

there exists a number s’, such that

H =0

ag, <.

Set
s* 1= max {s ef{l,....p}: a < ag”} . (3.6.10)
1) If s* = p, then we set
o =l 41,
and the lemma, is proved with I =1+ 1.
2) Let s* < p. Then, by definition of s*,

o <a <a®, ol

ie.,
ar1<all . (3.6.11)
Set
I” = max {l+te {,....,p—1}: agl) :agl*fg}—i—l,
and let

I"=:l4+q+1, qe€{0,....,p—1—1}.

Then we have the following three possibilities for the position of I” in the table.
a) The case (I +q) < (p—1), s*+¢q <p.

< o = aiﬂ*jﬁ = .. = agl*tqg < ailfﬁf;fl) <
< O‘:(sl*)+1 < O‘:(;lii—lQ) < < agl*iqq)ﬂ =
b) The case (I+¢q) < (p—1), s* +q=p.
< agl*) = chl*ill) = = a;ljlq_l) = al(,lﬂ)
< agz*)+1 < aﬁl*ilﬁ < .. o< a}()lJrqfl)
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¢) The case (I +q) = (p—1) (then s* +¢=m —1 < p).

< o = Q0tY = o= QD <
< agl)ﬂ < aiﬂfﬁ < < Qe
Set
//(l+t) (l+t)
as* = s +1 t:o,...’ ;
jﬂ <H ! (3.6.12)
As "= Oésr) ) otherwise;

thus, increasing by +1 the elements in the upper row of the above subtables.
2.1) Let us verify the “vertical” inequalities in (3.6.9). Since, by (3.6.11),

ol 1< a0y,

and since, for the upper and lower row of the above subtables, the relations

! ! ! !
étrtz-l—l—oz()—kl ag*)+1§ag*fz+l, t=0,...,q

are valid, we have
alf) +1=al +1<ally, <ol
ie.,
afX] + 1< ol

According to the definition (3.6.12), this gives

n(l+t) | (l+t) (I+t) . n(l+e)

st =0y Tl <oapli=ragey, t=0,...,q,
ie.,
1n(l+t) 1n(l+t) .
Qgeyy < Qgiiyiq, t=0,...,q

This proves the “vertical” inequalities in (3.6.9).
2.2) Let us prove the “horizontal” inequalities in (3.6.9). It is clear that, due to the
equalities
(l) G N (LX)

— Mer41 = - O[s"Jrq’
the definition (3.6.12) implies
(1l m(1+1 n(l+
ozs*() zasfﬂ) =--~=a5£+qq).
Also in the case (a) we have
1(l+q) (l-‘rq) (4q+1) _ . r(l+q+1)
Qgepq = 1< anl i = Qg

and that completes the “horizontal” part of (3.6.9) for this case.
Further, since by definition (3.6.10) we have

s*v

it follows that 4 (l) _(l) )
v 1=al +1<all <alf).
This implies
;/*(l_:f) = agl*fz +1< EFl+t).
i.e., the values of the modified o lie in the admissible intervals. In particular, in the
case (b)
Oég(lJrq) < al(DlJrq) =2p+1



and in the case (¢)

e <a®m) = min (p+ my i) < im.
This finishes the proof of the “horizontal” part of (3.6.9) and of the lemma. (]

B eggz[ﬂ, r=1,...,1—1;
€€ iy, €= i
e'r—1<E£!}, r=1,....,p—1.
Then
¢ € Epg-
Proof. An iterative use of Lemma 3.6.2. n

We summarize Lemmas 3.6.1-3.6.3 in the following two statements.

Lemma 3.6.4 For any given m € {1,...,p}, let i,7' € J be such that

=i, s #m;

If € is a path such that ,
6/ c E[ﬁ,i’]; 6/ S E[l]’

then
€ e E[gﬂ;]. (3.6.13)

Proof. By Lemma 3.6.1, for such a path €, there exists a path ¢, and a number [ €
{1,...,p — 1}, such that

E €, r=1,...,01—1;
ec g, &=
e —1, r=1,...,p—1
And, by Lemma 3.6.3, we have then the inclusion (3.6.13). L]

Lemma 3.6.5 For any given m € {1,...,p}, let i,i’ € J be such that

.y . .
s = 1s, S#my

Then |
]E[ﬂv] = {6 c ]E[ﬂv’] ce< EM} .

Proof. For 4,1 so defined, the inclusion

{6 S E[ﬁﬂ'/] ce< E[z]} C E[/@,i]
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is just a reformulation of Lemma 3.6.4. On the other hand, since i < 4’, it is clear that
Eg,i) C B

and it remains to recall that, by (3.5.9), for € € Ejg ; we have € < el ]

Set
w:=((p+2,....2p+1), wel.
Then w is the index of J with the maximal possible entries, i.e.,
i<w, Viel.
Proposition 3.6.6 For any 8,7 € J, we have
Eigq = {e€Epu: €< e},

Proof. Since i < w, i.e.,
s <wg, s=1,...,p—1,
there exists a number N, a sequence of indices (i**))_, and a sequence of numbers

(m,)N_,, such that
O A

and

iéy) = igl’_l), s # my;

i =i 1, s=m,.
Since

i<iM <. < iV <w,
we have

i)

el < el <. < g[im*l)] < E[W],

and, by iterative use of Lemma 3.6.5, we obtain

IN
(8}

=l }

i(l)]
’

(4] }

E[@J] = {6 EEWJ“)] I €

= {6 S E[ﬁﬂv(z)] ce<E

|

= {ee€ Eigi2): €<

= {6 € E[ﬁﬂ'(NfU] i€ S EM}
= €€ ot €ZE .
B0 1

n
Proposition 3.6.7 If ‘ ‘
g[l] g E[JL i,j c JL
then
E[@J] C E[ﬁd] Vﬂ el.
Proof. By Proposition 3.6.6, we have
E[ﬁ,i] = {6 S E[,@,w] 1 e< E[i]}, E[,@’j] = {6 S E[/@,w] 1 e< E[j]},
and it is clear that
dl <eil = (ee Eiguw : €< dly c {ee Egu €< elily,
n
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3.7 Relation between the minors of () and C

Definition 3.7.1 Fori,j € J, we write
i<j o @l <dl (3.7.1)
or, equivalently,

p—t p—t
iXj e Y min(ieeptlts) <Y omin (o, ptlts), t=1...,p—1 (3.7.2)

s=1 s=1

Let us show the equivalence. By Definition 3.5.7,

il <ell o Zmin (tp—rts, p+14s) < Zmin (Jp=rts,p+1+s), r=1,...,p—1.
s=1 s=1
(3.7.3)
To see that inequalities (3.7.2) and (3.7.3) are equivalent, one should set r = p — t.
Proposition 3.7.2 For any p € N, there exists a constant cp, such that if
hjel, 127,
then

Proof. By Definition 3.7.1, by Lemma 3.6.7, and by Lemma 3.3.4, we have the implica-
tions

i<j = @<l = Ep ;cEpy = QB,)<c¢QB5) VY8eD

Proposition 3.7.3 For any p € N, there exists a constant cp, such that if
L,jed, 127 (3.7.5)
then for any v < N —p+ 1 we have

CNfu(pyi) S Cp CN*V(paj)'

Proof. f v < N —p+1,then N —12> v+ p—2 and we find that

N-1 v+p—2 p—1
Cnov = [[[AD(ps)] - A=K - [] [AD(ps)]- A=K - [[[AD(pv1s1]- A= K-Q,

with some totally positive matrix K. By the CB-formula, making use of (3.7.4), we
obtain

CN—u(pa Z)

> " K(p.8)Q(5,1)

Bel
pel
= CpCNfll(puj)'

IN
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3.8 Index relations

3.8.1 The statement
Recall definitions from §2.1:
2p+1:=(1,...,2p+1), J:={jCc2p+1: #j=p}

J={jel: {Iy¢j}, 1=1,....2p+1.

For i € J! we defined its I-complement i’ and its conjugate index i* as

ite It il =2p+ 1\ {I}\1

it e, T=02p+2—1ip,...,.2p+2—11).

In this section we will prove the following.
Proposition 3.8.1 Let i € J'. Then
i < =i, L <p1<iy

or, equivalently,

p—t —t

Zmin(ii_i_t,p—i—l—ks) < min (iy ., p+1+s), t=1,...,p—1, I>p+13.8.1)
s=1 1
p—

hS]

w
I
o~

t
min (i{,,,p+1+s) > min(il,,,p+1+s), t=1,...,p—1, 1<p+1382)
s=1 1

=

w
I

We will prove this statement in another equivalent formulation. It is clear that we
may compare the sums of the shifted values

min (3\8-'1-1‘,75)7 3\8 = js - (p+1)
We define, therefore, the sets of the shifted indices
Trp = (_pa"'ap)7 _{JC,]TP #]_p}

Be={el: {h¢sh 1=—p..p.

For j € Jé its [-complement and conjugate index are defined respectively as

it el jhe=mp \ {13\ js (3.8.3)

j*GJZN ] = _J

For j € ], we set also
P
] = ds- (3.84)
Thus, Proposition 3.8.1 follows from -
Proposition 3.8.2 Let i € Jé. Then
i = =i, L <0<y,

or, equivalently,

S
L

me (is4sr8) < in(i5,4s), t=0,...,p—1, 1>0; (3.8.5)

E min ( e+tv ) >

Remark 3.8.3 We have added al30 the inequalities with t = 0.

LS
L
- =

min (i ,,s), t=0,...,p—1, [<0. (3.8.6)

* M

Now we start with the proof of Proposition 3.8.2.
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3.8.2 Proof: The case [ =0

Definition 3.8.4 Let any p € N and any j € J, be given. Fort =0, ...

,p—1 define the

indices
][t] EJP—ta j‘[st] = min(js-‘rtas)) 8:17"'ap_t; (387)
gt e Iy, jﬁ_t] = max (js,—(p—1t)+ (s — 1)), s=1,...,p—t.
Since the components of j € J, satisfy
—p+(s—1)<js <, (3.8.8)
we have
j[*o] - j[O] =j.
For s =1,...,p—t, due to (3.8.8), we also have
—(p—t) <min (jsq¢,5) < p—t,
—(p—t) <max(js,—(p—t)+(s—1)) <p—t,
i.e., the inclusion ;1 jI=1 € J,_; in (3.8.7) really takes place.
The following tables show what the indices j*!, jI=* look like.
The indices j
j[o] = ( j17 j?a ey jp727 jp*h jp)
jm = (min (j2,1), min(js,2), ..., min(jp—1,p—2), min(jpy,p— 1))
———
it s ity ity
j# = (min (j3,1), min (js,2), ., min(jp,p—2))
—_—
;12 o ic
1 2 p—2
P~ = (min (jp, 1))
————
L G _
The indices jl=
3O =1, J2, Jas s Jp—1s Jr )
j[il] = (max(jl,—p-l-l), max (327_p+2)7 ceey max(jp72a_2)7 max (jp*la_l))
i st iy LY
ji2= (max (j1,—p+2), ..., max(jp—3,—2), max (jp_o2, —1))
—_——
it iy s i3
jl=Pl = (max (j1,—1))

In notation (3.8.7), (3.8.4), we have the equality
p—t
> min(Gere, s) =: i1,
s=1
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so that (for [ = 0) the statement (3.8.5) to be proved is
IO =@M, t=0,...,p—1, Viell (3.8.9)
Lemma 3.8.5 For any j € J,,

G = Eh ==l = G =0, p -2, (3.8.10)

Proof. Clear from the tables. [ ]

Lemma 3.8.6 For any given p and any i € Jg, we have

(a) 71 e]0 (b) (710 = 01, (¢) @Gy =@Eoil (3.8.11)

p—1
Proof. We prove first Equalities (3.8.11.a)-(3.8.11.b). By definition, for i € J) we have
#i=#"=p, iU"=m,\{0}, ini®=0.
Let
ip =: ¢, i(l)—l—p::r.
Then we have two cases
(1) i, =-1, (2) i, >0.

Case 1: i, = —1. In this case iY = 1 and the only possible entries of 7 and i® are
the following

EEmEEnn

0 -0
pfl‘lp‘
1]

Z‘[il]:(_p"’_lw"?_l)a (ZO)[l]:(]‘”p_l)

I

—_

In this case we have
and Equalities (3.8.11.a)-(3.8.11.b) are evident.
Case 2: i, > 0. In this case i{ < 0 and the entries of i,i® are located as follows

. . 0 . .0 0
‘“‘...‘ i ‘ i “ ‘...‘Zp‘zqﬂ‘...‘%‘

ol e T ool o]

In this case

—p+s, s=1,...,r
il = max (i, —p+s) = b Y
is, s=r+1,...,p—1;
0
1ei1, s=1,...,q9—1,
(io)[sl] :=min (i541,8) = st 1
s, s=¢q,...,p— 1.

Briefly, it can be written as

= UG Gl (O =0 i)\ ({8}

It follows that
@M =0, U E)M =m0\ {0},

what is equivalent to (3.8.11.a)-(3.8.11.b).
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Equality (3.8.11.¢) is straightforward:
= —max (lp—s,—(p— 1)+ (p—s—1)) = —max (ip—s, —5)

(Z[_l]): = _ipfs
= min(—ip_s,s) = Min (—ipq1_(s41),5) =: min (izq,s)
= @)
n
Lemma 3.8.7 For anyp € N, any i € Jg, and anyt=0,...,p— 1, we have
(@ "er_,, @ @@= (o @ =e)h
Proof. Follows from Lemmas 3.8.5-3.8.6. ]
Lemma 3.8.8 For any p € N, and any j € Jg,
15 = 1571,
Proof. Since j U j% =, \ {0}, and j* = —j, we have
L+ 15 =Iml =0, [+ =0,
ie., |51 =15]. =
Now we are ready to prove the case [ = 0 of Proposition 3.8.2.
Lemma 3.8.9 For any i € Jg
% =i, (3.8.12)
or, equivalently,
. (3.8.13)

p—t p—t
Zmin(ig+t,s) = Zmin(i:+t,s). t=0,...,p—1
s=1 s=1

Proof. By Lemma 3.8.7, for any i € Jg and any t = 0,...,p — 1, the index j := il

satisfies the relations
O =5 @™ =5, el
By Lemma 3.8.8, we have
75 =15 Vielp.
Thus
O] =@M, t=0,...,p—1,

and that is equivalent to (3.8.13).

This finishes the proof of Proposition 3.8.2 for [ = 0.
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3.8.3 Proof: The case [ # 0

It is clear that the following implications are valid:
(a) i<j = i=xj (b) i=5 = ixy.

Case 1: i € {J; NJp}. This is the case if {0} ¢ i. Since for i € JL by definition
(3.8.3) we have

.1 .
it =y \ i\ {},
it is easy to see that
i <® <l i <0<,
and respectively
i <0 <l 1 <0< D

Since i € Jg, we have by Lemma 3.8.9

0 =i,
therefore,
it <% <l if 1 <0<ly, ie{lpnly}.

Case 2: i € J;, i ¢ J]g. This is the case if {0} € i. Then we have the inclusions

-] l -] 0
i €, i €Jp.
Set
J=i\{0}u{l}
Then
jely, j<i, 1<0,
(1) . ’fl (2) o (3.8.14)
§0 =ik i<j, 1>0.

From the first part of these relations, by Lemma 3.8.9, it follows that

it = 0 =< j*.
From the second part one obtain
< g7, if <0, =g, if 1<0,
=
Jr<ir, if 1>0. jr =i, if 1>0.
Thus,
==t i <0<y, e, gl

Proposition 3.8.2, hence Proposition 3.8.1 are proved.

3.9 Completion of the proof of Theorem Z

Theorem Z [§1.9]. There exists a constant ¢, depending only on p such that the in-
equalities

1
ﬁ|a(l)(tl,)| =2V <e¢p, l=p+1,....2p4+1, v=0,....,N—p+1

hold uniformly in v, 1.
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Proof. By Theorem 2.5.1, we have
1
, l=1,...,2p+ 1.

By Proposition 3.8.1,
jl=g i lzpal, jell

and by Proposition 3.7.3, this implies

Cn—v(p,5") < c,Cn_v(p,j*), if V< N-p+1.

3.10 Last but not least
In [By] C. deBoor wrote:

“I offer the modest sum of m — 1972 ten dollar bills to the first person who
communicates to me a proof or a counterexample (but not both) of his or her
making of the following conjecture (known to be true when k = 2 or k = 3):

Conjecture. For a given n and ¢, let (A\;¢;) be the n x n matrix whose entries
are given by X\i¢; = k [ NiNji/(tisx — t;). Then

sup [ (xi6y) ™ o < ox.

Here m is the year (A.D.) of such communication.”

Added in proof. The cheque has been received. With m = 1999, and, to a nice surprise,
doubled, the modest sum turned out to be not that modest. Regarding the origin of the factor 2,
C.deBoor replied: “... well, about 5-6 years ago, I stated at some occasion that, given inflation
and all that, I was doubling that rate. In fact, Jia was kind enough to remind me of that.”
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Chapter 4

Comments

4.1 A survey of earlier and related results.

4.1.1 Earlier results

Earlier the mesh-independent bound (0.2.1) was proved for k = 2,3, 4 (the case k =1 is
trivial). For k > 4 all previously known results proved boundedness of || Ps|| only under
certain restrictions on the mesh A. This included, in particular, meshes with multiple

knots which correspond to the spline spaces

Skm(A) := Pp(A) N C™ a, b],

We summarize these results in two theorems. The number in the square brackets indicates

the year of the result.

Sk (A) = Sk,k—l (A)

Theorem A. Let K be one of the mesh classes given below. Then

sup sup ||Psk m(A)Hoo <cp(K), VkeN.
ACK m "

A Domsta [72],
(K1) quasi-uniform hm‘.mx < M or like | Douglas, Dupont, Wahlbin [751],
e de Boor [763], Demko [77]
h;
(K]) quasi-geometric h%l <1l+e¢ de Boor [763]
hz . .
(K3)  strictly geometric “H p p>0 Fe.ng, Kozak [81].’ Hollig [81],
hi Mityagin [83], Jia [87]

Theorem B. If k,m are as given below, then

sup P50 () loo < i

Ciesielski [63]

de Boor [68],[79]

trivial

deBoor [7635], Zmatrakov, Subbotin [83]

Shadrin [98]

33




4.1.2 Lo-projector onto finite element spaces.

The arguments used by Douglas, Dupont, Wahlbin [DDW,], de Boor [B3] and Demko
[De] for proving the boundedness of || Ps||s for the quasi-uniform meshes revealed that
such a boundedness has nothing to do with the particular spline nature. The essential
structural requirements on a subspace S needed for these proofs can be summarized as
follows:

(Bo) S =span{¢:},

(B1) suppo; <oo, #{¢;: ¢;d;i Z0} <k,

(B2) the local condition number x(®) of ® := {¢;} is bounded,
ie., k(®) < d for some d,

(B3) partition of the domain is quasi-uniform.

A general result (for quasi-uniform partitions) including also the multivariate case was
proved by Douglas, Dupont & Wahlbin in [DDW5], and in fact in an earlier paper by
Decloux [Dc].

To this end, a natural question is whether the mesh-independent bound of Ps could
be extended to (and perhaps more simply derived for) general finite element spaces. The
answer is “no”.

More precisely, denote by Sk.q the set of all finite element spaces S that satisty (By)-
(Bz). Then, for k = 2 and any d > 36, we have

3
sup ||Ps|l, =00, [1/p—1/2]> —&.
S [ Psllp 11/p—1/2| 7

This result shows that the mesh-independent L..-boundedness of the Ly spline projector

is based on some peculiarities of the spline nature.
On the other hand, one can show that, for any k € N, d € R, d > k,

1

3 P, 1/p—1/2| < —+—
swp [ Pslly < el ), [1/p—1/2 < s,

SE€Sk,a

i.e., the Ly-boundedness of the spline projector Ps for p in some neighbourhood of p = 2
(proved earlier in [S2]) is not something extraordinary.
See [Ss] for details.

4.1.3 A general spline interpolation problem

C.deBoor’s problem is a particular case of a general problem concerned with spline
interpolation.

For p € [1,00], and f from the Sobolev space W}[a, b, let s := sop A (f) be a spline of
the odd degree 2k — 1 which interpolates f on A, i.e.,

SESQk(A), S|A:f|A'

To obtain uniqueness, one should add some boundary conditions, e.g.,

Col=1,... k1.

z=a,b

sO@)|_ =1

r=a

A general problem is to estimate the L,-norm of such a spline-interpolation operator,
i.e. to find

L(k,l,m,p,q. K) = sup  sup | £ —s50 (f)llg,
ACK | f® <1

where K is a class of meshes, see [B7],[H6],[S1],[Ma].
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A particular problem is to determine whether the value

* l
L*(k,1,p)==sup sup ||s$) A(F)llp (4.1.1)
A IFOp<1

is bounded (independently of the mesh). A necessary condition was found to be
L*(k,l,p) <oo = WLe{Wi wkwity (4.1.2)

It was conjectured that this is also a sufficient condition. For [ = k this particular
problem is known to be equivalent to de Boor’s conjecture, since

S A () = Poyay[F ™). (4.1.3)

Now, by our Theorem I, due to (4.1.3), a particular converse of (4.1.2) follows:
! k *
W,=Ww, = L*(kl,p) <o

The question, whether such a converse is also true for two other cases in (4.1.2)

Whe (Wt Wity S Lk, p) < 0o

remains open.

4.1.4 A problem for the multivariate D*-splines

The univariate splines can be defined through a variational approach. Now the ques-
tion is that perhaps the variational nature of splines determines the mesh-independent
boundedness of the spline orthoprojector. The answer is “no”, too.

For another class of variational splines, the so-called multivariate DF-splines on a
domain of R™, the analogue of de Boor’s conjecture is false, see [S4], [Ma]. In particular,
in terms of the previous subsection, we have

L*(k,l,p)<oco & =k, p=2 if n>4

4.2 On deBoor’s Lemma 1.2.4

4.2.1 Gram-matrix and de Boor’s Lemma 1.2.4

A simple intermediate estimate
1Pslloe < 1G™ oo

stated in Lemma 1.2.1 is kind of folklore and has been used in most (but not all) papers
on the subject cited in Theorems A-B above. C.deBoor [Bs] proved that the converse
(not so simple) inequality

IG™ oo < ek [[Ps]loc

is also valid, i.e., to quote [Bg], “in bounding || Ps|| in the uniform norm, we are bounding
|G| o0, whether we want to or not”.
For k = 2, G is strictly diagonally dominant, and the direct estimate by Ciesielski
[Ci] was
G Y|oo < 3. (4.2.1)

For k > 2, G fails to be diagonally dominant, so a different argument has to be used.
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For k = 3,4, deBoor [B1],[Bg] proved the boundedness of G~! making use of his
Lemma 1.2.4. Namely, he found that the following “comparatively simple ” choice of the
vector (a;) works:

(tigo — tiy1)?

(tivo — ti)(tigs — tigr)’
(tigs — tiy1)?

(tivs — ti)(tiza — tig1)’

k=3, (—1)a; :== 1+

supp M; = [t;, tits]

k=4, (—1)'a; :=3+4 supp M; = [ti, tita].

(4.2.2)
This choice clearly provides the fulfillment of

(as) llalloo < Cmax

but makes the verification of (a;1)—(ag) “comparatively” problematic. (The proof of k = 4
announced in 1979 has never been published.)

In this sense our proof is of an opposite nature. We offer a construction which gives
a simple proof of (A;1)-(As2), but encounter the problems with (As) instead.

4.2.2 On the choice of the null-spline o

The main difficulty in using Lemma 1.2.4 for estimating ||G~!|| is the problem of finding
a vector a = (a;) satisfying the condition (a1 ) of this lemma, or, respectively, the problem
of finding a spline ¢ = > a; N; satisfying the condition (A;) of Lemma 1.3.1

1) Since the Gram-matrix G is an oscillation matrix, a candidate for the vector a
could be the eigenvector corresponding to the minimal eigenvalue. (By a theorem of
Gantmacher-Krein such an eigenvector is sign-alternating.)

2) Consider

5(’“):{t,k+1:---:t0:0 < l=t ==t}

the mesh with the so-called Bernstein knots. In this case the B-spline basis reduces to
the polynomials (*7!)a?(1 — z)k=1-7.
For the Bernstein Gramian Gs the explicit expression for the “minimal” eigenvector

is available, namely
(k-1
k i
— i)ie=1> i = —]_ . .
0= (@), a;=( >(l_1>

Also, it is known that the corresponding polynomial ¢ (z) := > a;N;(x) is the Legendre
polynomial
¢ =0V W(2) = [a(1 —2)

i.e., the (k — 1)-st derivative of the null-spline ¥ of degree 2k — 2.

Our null-spline ¢ may be viewed as a generalization of .

3) However, it turned out that the coefficients of the spline ¢ := ¢(*~1) have nothing
to do (and could not have something to do, see below) with the “minimal” eigenvector.
Nevertheless, this choice provides the fulfillment of (4;) in a simple and natural way.

4) Remark in retrospect. The “minimal” eigenvector (a;) of G can not be used in
de Boor’s lemma. Recall that in order to use this lemma, one should have the following
relations

b= Ga, H}an|ai/bj| < Ck.

For the “minimal” eigenvector (a;) of G they should be therefore

?
|amax/amin| < C;y

It is, however, not true, as the following lemma shows.
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Lemma 4.2.1 Let (a;) be the eigenvector of Ga corresponding to the minimal eigen-
value. Then, for k > 2,
Slip |amax/amin| =0

Proof. Let A = (ti)fio and h; = t;+1 — t;. Then, e.g., for k = 3,

~ 6 4 -
G*:= lim lim --- lim GA:i 6 4 ;
hN_1—>0 hN_2—>0 h1—>0 10 6 3 1
3 4 3
I 13 6 |

*
min

the limit minimal eigenvalue is \*. = 1/10, and the corresponding limit eigenvector is

a*:((—x)N_l,(—a:)N_Q,...,xQ,—x,l,—2,1), 6r—4=2x, x=4/5.

Thus,
sup |amax/amin| >2- (5/4)N_1.
#A=N

4.3 Simplifications in particular cases

The most elaborate part of the proof of Theorem I, viz Chapter 3, is concerned with the
estimate

maXM<c R '—ﬁ[AD |- A
ael Ry(a, j) P 4 st o ’

with ¢ = p — 1. The analysis would be simpler if we could take
q=0, Ro=A4, (4.3.1)

but we were forced to take ¢ = p — 1, since A in general has vanishing minors.

We indicate here the cases when considerations from Chapter 3 starting with §3.3-§3.5
can be omitted.

In the Cases 1 and 2 below, the choice (4.3.1) works. The Case 3 uses ¢ = p — 1 but
the only ingredient taken from Chapter 3 is non-emptiness of the set Jiz ; proved in §3.5.

1. Knots with multiplicity ¥ — m with m < (k +1)/2. Consider

Skﬂn(A) = Pk(A) n Cmil[a, b],

the spline space with the B-spline basis defined on the knot-sequence A with knot mul-
tiplicity £ — m. The following particular case of Theorem I does not rely on the analysis
made in §3.3-§3.6.

Proposition 4.3.1 If m < (k+1)/2, then

sup [P, (2 oo < k-
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The last step of the proof. For this space, the null spline ¢ is a spline with
(k — m)-multiple zeros on A. The matrix A which connects the vectors z, of the non-
zero derivatives of o at ¢, by the rule z,.1 = Az, has the lower order

Ae R(mel) X (2m—1) )

It could be obtained from the matrix S by k — m successive transformations similar to
those in §3.2.2. This gives the following criterion

A(ah.'.’aq> >0; iff Qg Sﬁs-l—k—m; 521,,q—(k—m) (432)
Bi,..., 0

Here o, 8 are indices from I 2,1, in particular, we have
s<as<(2m-—1)—(¢—9). (4.3.3)

If kK —m > g, then the condition on «, § in (4.3.2) is void. Now let

O k-msa-1 (6 m< ).

(4.3.3) (ii) ) (ii) (4.3.3)
a; < 2m—1)—(¢g—s5) <k—q+s<s+m—-1<s+k—m < [Borm:

i.e., condition on «, B in (4.3.2) is fulfilled. Thus,
A(O{,B)>O \V/Oé,ﬂ, if mg—v

and accordingly,

C(p,i') Ao, )
) < < o<,
[,°] < max Clp,i) = afns A(y,0) =P

2. The estimate of z;. For v = 0, the estimate |z(()l)| < ¢, of Theorem Z (see §3.9)
also can be proved without analysis of §3.3-§3.8, but with making use of properties of
the matrix A only.

Lemma 4.3.2 There exist a constant ¢, depending only on p, such that the inequalities
1
ﬁ|0(l)(tu)| = 20| < ¢, l=p+1,....2p+1, v=0

hold uniformly in .

Proof. From 2.5.1, making use of the CB-formula we obtain

C(p,p') Ao, p')

< max

2| = :
C(p,p*) = acl A(a,p*)

l=p+1,....2p+1. (4.3.4)

The criterion (see Lemma 3.2.9)
Ala,i) >0 iff «az <igyr Vs,
easily gives the implication

i<j = Ala,i)<cAla,j), Yael. (4.3.5)
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It is not hard to see that, for two different /-complements of i € J, we have
i <l if 1y <y,

in particular,

pl<pPtl=p* if I>p+1 (4.3.6)

Altogether, (4.3.4)—(4.3.6) proves

|z(()l)|§cp7 l=p+1,...,2p+ 1.

3. The estimate in terms of a local mesh ratio. The next particular case of
Theorem I does not need more than non-emptiness of the set Jiz; proved in §3.5.

Proposition 4.3.3 Let L(M) be the class of meshes with the bounded local mesh ratio,
i.e.,
L(M):={A: max hy,/h, <M}. (4.3.7)

lv—pl=1
Then
sup HPsk(A)Hoo < cr(M).
AeL(M
The last step of the proof. In §3.3 we proved the inequalities (3.3.6)
o™ o™
Cp Z H| |‘ |<CWQ75’ = Z H| |‘ .
a€lig r=1 ae,]] =1
We recall that v, stands for the local mesh ratio p, with some v, i.e.,
Yr = Py = hv/hu+17

¢, is a constant independent of 3 and i, and that the set Js ;) is always non-empty (see
£83.5). On account of (4.3.7), this yields the estimate

cl(Map)Sc’yQ’y(ﬁai)SCQ(M7p) vﬁaZEJa

ie.,

(a,1) -
max Q) <cp(M) Vi,jel.

4.4 Additional facts

Here we present some additional facts which we have not used at all in our proof of
Theorem I but which could be useful in finding a simpler proof.

4.4.1 Orthogonality of ¢ € S;(A) to Si_1(A)

For the Bernstein knots, ¢ being the Legendre polynomial of degree k — 1 is orthogonal
to the polynomials of smaller degree. The following lemma generalizes this property to
any A.
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Lemma 4.4.1 The spline ¢ of degree k—1 on A defined via (1.4.1)—(1.4.5) is orthogonal
to all splines of degree k — 2 on A, i.e.,

(¢a S) - 0, \V/S S Sk—l(A)

Up to a constant factor, ¢ is the unique spline from S (A) which possesses this property.

Proof. It can be shown (e.g., by integration by parts) that if any function f € W{“l [a, b]
satisfies the following conditions

f(tl/) = 07 V:07"'7N7

(4.4.1)
fOUt) =fOy) = 0, I=1,....k—2,

then
(fF VD s) =0, VseSi_1(A).

Since o satisfies (4.4.1) (they are the same as (1.4.2)-(1.4.3)), and since ¢ := o(*~1) the
statement follows. L]

4.4.2 Null-splines with Birkhoff boundary conditions at ¢

Let i € J be any index, and let & € Sa;_1(A) be the null-spline that satisfies the following
conditions:

o(t,) = 0, v=0,...,N;
cU(tg) =@ (ty) = 0, s=1,....k—2; (4.4.2)
oty = L

In comparison with the null-spline ¢ defined in (1.4.2)-(1.4.4) we have changed at the left
endpoint tp the Hermite boundary conditions (1.4.3) into Birkhoff boundary conditions.
Spline ¢ also exists and is unique.

Lemma 4.4.2 We have the equalities

1. - - C(p,i') ,
250 pallRL 2D ’ 4.4
Ho0 ) - o'+ =5 = LRy g @43)

Proof. Let p:=k — 2, and let
1= (7;1,.. ,Zp)

be the index whose components are the orders of the derivatives involved in (4.4.2). Then
we can find Zj as a solution to the system of linear equations similar to (2.2.11), and, as
in the proof of Theorem 2.3.5, one obtain

|%{l)| _ C(p7ll)
0T Clp+1,i)

Lemma 4.4.2 is of some interest for the following reasons. In Theorem 2.3.5 we
established that .
Clo.i
120 < maXLZ)..
iel; C(p+1,7)
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Therefore, by (4.4.3), we have the estimate

2871 < max 2|

where the maximum is taken over all null-splines ¢ with various Birkhoff boundary
conditions in (4.4.2). Maybe it is possible to obtain an easier proof of the inequality

|%f)l)| <¢p, l>2p+1,

for the left endpoint as was the case for |z(()l)| in Lemma 4.3.2.

4.4.3 Further properties of the matrices C'

For z = (V) € R™, S~ (z) and S*(2) denote the minimal, respectively maximal, number
of sign changes in the sequence z.

Lemma 4.4.3 For any v, the matriz C := Cn_, is similar to its inverse.

Proof. By 2.4.1, we have C~! = (Do F)~1C*(DoF). L]

The fact that C is an oscillation matrix permits the following conclusion.

Lemma 4.4.4 For any v, the spectrum of Cn_, € R**1 consists of 2p + 1 different
positive numbers
0 <A1 <o < Agp,

moreover, by Lemma 4.4.3,
As =1/ Aoptro—s,  App1 =1
If {uys} s a corresponding sequence of eigenvectors of Cn_,, then
S (ups) =ST(ups)=s—1, s=1,....2p+1.
The fact that, for any v, a solution z, of the equations
CN_vzy = 2N
remains bounded at least in the second half of its components indicates that in the

expansion
2p+1

2y = E AslUy, s
s=1

the eigenvector u, ;41 corresponding to the eigenvalue 1 dominates in a sense. Here is
one more evidence for this “dominance”.

Lemma 4.4.5 For any v, we have
S7(z) =5T(z) =p [= S(uvps1)]-

Proof. By the Budan-Fourier Theorem for Splines [BS], with p := k — 2 we obtain

Zg(a,b) < Z@pro (a,b) + S [o(a+), ..., 0P (a4)] — SFlo(b—), ..., 03P (b)),
(4.4.4)
where Z¢(a,b) stands for the number of zeros of f on the interval (a,b) counting multi-
plicities. Also, by Lemma 1.6.1,

Zg(tu, tﬂ) = Z g (2p+2) (tl,, tﬂ) Vv, u,
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and the boundary conditions (1.4.2)-(1.4.3) say that
S~ o(to+), ..., e ()] <p+1<STo(ty—),...,0 2P D (tn—)].
Taking now (4.4.4) with
1) a=ty,b=1tn; 2) a=toy,b=t,; 3) a=t,b=1n
successively, we obtain
Stot, —0),...,0PT2(t, —0)] = S”[o(t, +0),...,0P2(t, +0)] =p+1 Wb

Since

oW, —0)=cW(t,+0), 1=1,...,2p+1,

and since
oty —0) =o(t, +0) =0, signo®*2(t, —0) = —signo(t, + 0),

we conclude that
Slo'(t,), ..., t,)] =p Vo

This, in view of the relations
20 =const-oW(t,), I=1,...,2p+1,

proves the statement. [

4.5 On the constant ¢

There are two constants in de Boor’s problem:
1) the norm of the orthoprojector

cx[P] = SXPCkA[P], ce.alP] = [1Ps,a)llo s

2) the norm of the inverse of the B-spline Gramian

ck[G] = Slika,A[G], ce,alG] = |GA oo -

Our method based on properties of the spline ¢ := ¢ = Zj a;(¢a)N; provides also
3) the constant

|a;(¢a)
c '=supc . Ck, ‘= max :
k(4] up kald), ok ald) TV
These constants are related by the inequalities
Ck[P] < Ck[G] < Ck[(b], (4.5.1)

and we proved in Theorem I that
Ck [¢] < cg.

It is possible of course to estimate all the constants involved in the proof, hence, the final
constant ¢k, but we find it more useful to give a comparative analysis of the constants in
(4.5.1).

1. Lower bounds for c¢[G] and c¢[¢]. Consider



the mesh § with the Bernstein knots. In this case the corresponding B-splines are simply
the polynomials

k—1
T

Ni(z) = < ):&(1 — )1 My(2) = ENy(2),

and the Gram matrix Gy is given by

k (kfl)(kfl)
Gs == {(Mi,Nj)} = (9:5)1 720, 9ij = 57— DTt
2k —1 (%2
i+
The first values for the constants are as follows
k 213 4 |5 6 7 8 9
ksG] | 3|13 412 | 171 | 5833 | 2,364+ | 8,3732 | 33,7372 (4.5.2)
crsld] | 3120 105 | 756 | 4,620 | 34,320 | 225,225 | 1,701,700

They satisfy the relations

crslGl o~ kTR L) < aslG) < (),

ckslg] ~ KT8, cr.s(¢) Co) - (i jap)-

To find ¢, 5[¢], we have used the formula

min

Chsl0) = At 'H}&}Xai/aj,

k—1

where Amin is the minimal eigenvalue of Gs, and (a;) := ((—1)*(;~)) is the corresponding

eigenvector.

The first values and the two-sided estimates for ¢ s[G] were obtained with the help
of the MAPLE-package. It is possible to find an explicit expression for this constant,
too.

2. Lower bound for ¢ [P]. For the Bernstein knots, Fs is simply the orthoprojector
onto the space Py of polynomials, and in this case

co5[P) =12, e s[P) ~ VE.
For k = 2, K. Oskolkov [Os] improved the lower bound 12, and showed that
c2[P) > 3. (4.5.3)
His method is easily extended for arbitrary k.

Lemma 4.5.1 For any k
ck[P) > 2k — 1. (4.5.4)

Proof. For f € Lo, let its orthoprojection Ps(f) onto Si(An) have the expansion
NI
Ps(f.x) = D a;(f, An)N;(2).
j=1

Then, the value of P(f, z) at the left endpoint x = t; of A is equal to the first coefficient
of this expansion, i.e.,

PS(fvtl)) = al(vaN)'
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Therefore,

[P5(f)lloc = lar(f, AN,
and it follows that

1Ps.amll > K(An), K(An):= HfS”uP< lar(f, An)]| -
<1

Now let
AN: (ti){v, AN—H :{to}UAN, hI: tl—to.

Then, for the corresponding Gramians G and Gn4+1 we have the following relation

b |0 o
}{ir%GNH: L
. : Cr
0

In the same way as in [Os], one can prove the inequality
This implies the estimate

Ky > 1/bi + (ba/b1)K, Ky:= sup K(An),
#AN=N

and as a consequence

> S — fr .
]\}E,HDQKN > 1/b1 ;(Zn/bl) 1_b2/b1 b1 — by

For any k, the corresponding values by, by are easily computed as

k k—1

1
k—1, k—1

= der = —— bo=1—-b = ——

by k/ox T i 1 2 V=5

so that
A}im Ky > 2k —1.

3. Upper bounds. For k = 2, the exact values of all constants are known
k:2, CQ[P]:CQ[G]ZCQ[¢]=3.

Two further estimates of de Boor are available:

k=4, csG] <812

4. Expectations. Symbolic computations with MAPLE for k£, N < 5 give evidence
that

cx[G] = cx,5[GY, ck[P] = cr,5]9)-

These relations are also supported by theoretical estimates for the classes

A, :={A: hy/hy41 =p, Vv € N}
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of strictly geometric meshes. They are [Ho)

2k — 1= lim Ck,A, [G] < Cg,A, [G] < liHi Ck,A, [G] ~ (7T/2)2k
p—00 p—

In view of these inequalities and (4.5.4) it is plain to make the following
Conjecture. For any k € N,

s -1 _
Slip HPSk(A)HOO = HAlf ||G§k(A)||oo =2k —1.
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