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Abstract

Recently, it has been shown that incoherence is an unrealistic assumption for compressed sensing when
applied to infinite-dimensional inverse problems. Instead, the key property that permits efficient recovery
in such problems is so-called asymptotic incoherence. The purpose of this paper is to study this new
concept, and its implications towards the design of optimal sampling strategies. We determine how fast the
asymptotic incoherence can decay in general for isometries. Furthermore it is shown that Fourier sampling
and wavelet sparsity, whilst globally coherent, yield optimal asymptotic incoherence as a power law up
to a constant factor. Sharp bounds on the asymptotic incoherence for Fourier sampling with polynomial
bases are also provided. A numerical experiment is also presented to demonstrate the role of asymptotic
incoherence in finding good subsampling strategies.

1 Introduction

Compressed sensing, introduced by Candes, Romberg & Tao [8] and Donoho [13], has been one of the major
achievements in applied mathematics in the last decade [6, 12, 14-16]. By exploiting additional structure
such as sparsity and incoherence, one can solve inverse problems by uniform random subsampling and
convex optimisation methods, and thereby recover signals and images from far fewer measurements than
conventional wisdom suggests.

However, in many applications — including Magnetic Resonance Imaging (MRI) [17, 23], X-ray Com-
puted Tomography [9,25], Electron Microscopy [21,22], etc — incoherence is completely lacking. The reason
for this can be traced to the observation that classical inverse problems are typically based on the continuous
integral transforms of Fourier or Radon type. Via the Fourier slice theorem, the latter can be viewed as a
problem of sampling the continuous Fourier transform along radial lines. Hence in both settings, the result-
ing recovery problem is that of reconstructing an unknown function f from pointwise samples of its Fourier
transform. As an inverse problem, we can write this as follows:

g=Ff, feL*RY, (1.1)

where we are only given access to a finite set of pointwise values of g. Here
Ff(w) = f(z)e 2™ dy,
Rd

denotes the d-dimensional Fourier transform.

In compressed sensing, such a transform is combined with an appropriate sparsifying transformation
associated to a basis or frame, giving rise to an infinite measurement matrix U. Wavelets, or their various
generalizations, are frequently used as the sparsifying transformation, and for smooth functions, one often
considers orthogonal polynomials. However, the combination of Fourier samples and wavelet sparsity is
completely coherent (see Definition 1.1 for the definition of incoherence). Fortunately, as Figure 1 reveals,
although such a measurement matrix is coherent, it is also asympftotically incoherent: that is to say, the high
coherence (large matrix entries) are isolated to a leading submatrix of U (see Definition 1.4 for a formal
definition). This phenomenon has been well documented in [3,4,19]. It is precisely this property that allows
for the efficient use of compressed sensing in this setting. However, to do this successfully, one must employ
sampling strategies that differ substantially from uniform random subsampling, and take into account the
local variations in coherence. In other words, to properly understand how to subsample in this setting, it is
crucial to estimate the asymptotic coherence. Such estimates are the main topic of this paper.



Figure 1: Plots of the absolute values of the entries of the matrix U corresponding to Fourier sampling with Daubechies6 boundary
wavelets (left) and Legendre polynomials (right). Light regions correspond to large values and dark regions to small values.

1.1 Compressed Sensing and the Coherence Barrier

Let us now provide some background regarding compressed sensing and incoherence. We commence with
the definition of the latter:

Definition 1.1 (Incoherence). Let U = (Uij)f\fj:l € CVXN be an isometry. The coherence of U is

2 -1
U)= m Ui N7, 1].
w(U) i’j:ﬁfN| U| € [ ) ]

We say that U is ‘perfectly incoherent’ if n(U) = N1,

Note that the definition of ;1 obviously extends to the infinite-dimensional case, where U is an isometry
of 1?(N). Standard compressed sensing theory says that if z € C is s-sparse, i.e. x has at most s nonzero
components, then, with probability exceeding 1 — €, x is the unique minimiser to the problem

min |7l subjectto PoUn = PoUw,
necN

where P is the projection onto span{e; : j € 1}, {e;} is the canonical basis, {2 is chosen uniformly at
random with |Q)] = m and
m 2 u(U) - N -s-log(e ) - log(N), (1.2)

(see [7] and [2])'.

The estimate (1.2) demonstrates how the three pillars of compressed sensing — sparsity, incoherence and
uniform random subsampling — combine to allow for recovery with substantial subsampling. However, now
suppose that 1 (U) is large; for example, u(U) - N = O(N) as N — oo. In this case, (1.2) suggests that no
dramatic subsampling is possible: that is, we must take roughly N samples to recover x, even though x is
often extremely sparse. We refer to this phenomenon as the coherence barrier.

1.2 Overcoming the Coherence Barrier

When faced with the coherence barrier, the standard compressed sensing approach of subsampling uniformly
at random does not work. This begs the question: do we have an alternative? Empirically, it is known that the
answer to this question is yes: one can break the coherence barrier by sampling according to an appropriate
variable density. This was recently confirmed by mathematical analysis in [3,4]. The key to this work is to
replace the three principles of compressed sensing with three new concepts — sparsity in levels, multi-level
sampling and local coherence — and prove recovery estimates akin to (1.2) under these more general settings.

'Here and elsewhere in this section we shall use the notation a > b to mean that there exists a constant C' > 0 independent of all
relevant parameters such that a > Cb.



Let = be an element of either C or [?(N). Forr € Nlet M = (Mjy,...,M,) € N" with 1 < M; <
... < M,ands = (s1,...,8) € N, with s < M} — My_1,k=1,...,r, where My = 0. We say that «
is (s, M)-sparse if, foreach k = 1,...,r,

Ay :=supp(x) N {Mg_1+1,..., My},
satisfies |Ag| < si. We denote the set of (s, M)-sparse vectors by s m.

Definition 1.2 (Multi-level sampling scheme). Letr € N, N = (Ny,...,N,.) e N"with1 < N; < ... <
Ny, m= (mqy,...,m,;) € N, withmy, < N, — Ni_1, k=1,...,r, and suppose that

ng{Nk_1+1,...,Nk}, \Qk|:mk, k=1,...,m

are chosen uniformly at random, where Ny = 0. We refer to the set
Q=0Nm =0 U...UQ,
as an (N, m)-multilevel sampling scheme.

Definition 1.3 (Local coherence). Let U be an isometry of either CY or I2(N). IfN = (Ny,...,N,) € N
and M = (My,...,M,) € N"with1 < Ny < ...N,.and1 < My < ... < M, the (k,1)*® local coherence
of U with respect to N and M is given by

Nj,— M, Nj,—
unm(k, 1) = \/M(PN: IUPMZL 1)-u(PN: ), k,l=1,...,m (1.3)
where Ng = My = 0 and P denotes the projection matrix corresponding to indices {a + 1, ...,b}.

In [3] a new theory of compressed sensing was introduced based on these new assumptions. Therein,
instead of a standard compressed sensing estimate (1.2) determining the total number of measurements, one
has the following estimate regarding the local number of measurements my, in the k" level:

Ny — Ny, .
1> 25 EL (el (Z pnona (K, 1) - sl) dog(N), k=1,...,m (1.4)
Mk =1

In particular, the sampling strategy (i.e. the parameters N and m) is now determined through the local
sparsities and incoherences.

1.3 Asymptotic Incoherence

This estimate begs the following question: how do the local sparsity and incoherences behave in practice?
As described in [3,4], natural images possess not just sparsity, but so-called asymptotic sparsity. That is, the
ratios s /(Np — Ni—1) — 0 as k — oo in any appropriate basis (e.g. wavelets and their generalizations).
Furthermore, such problems are also asymptotically incoherent:

Definition 1.4. Let U : [?(N) — [2(N) be bounded and linear. Then we say U is ‘asymptotically incoherent’
if, as N — oo,
p(PxU), W(UPy) — 0. (1.5)

Note that the local coherence can be estimated as follows:

ik, 1) < \fmin (u(P, U, p(UPY, ) - p(Py, ). (1.6)

Hence, the combination of asymptotic sparsity and asymptotic incoherence allow the coherence barrier to
be broken. Images can be recovered from small numbers of measurements, and the appropriate multilevel
sampling strategy is determined via (1.4).

Nevertheless, it is clear from (1.6) that in order to determine the appropriate sampling density one needs
good estimates for p( Py U) and u(U P5) for N € N. This is the key contribution of this paper. Our main
results provide estimates for the precise convergence rate in (1.5).



1.4 Main Results

In this paper we focus on studying operators U € B(I*(N)) of the form U,, , = (7(n),p(m)) where
(p(n))nen, (T7(n))nen enumerates two bases By, B of subspaces in a Hilbert space and (-, -) denotes the
inner product. Our aim is to determine the optimal decay rate of the coherence ;( Py U) and, by swapping
the two bases By, By around, of ;(U P5;) . The decay rate of u1( Px-U) depends not only on the bases By, Ba,
but also on the way we enumerate the basis B, which could be used to guide, for example, how we might
subsample from B;. This leads us to the following two key questions:

1. What are the fastest possible decay rates for u(PxU) and pu(U P5)?

2. What are examples of orderings of B; and Bs that produce these optimal decay rates?

One important issue is how we interpret these questions; to what degree of accuracy do we want to
describe the optimal decay rate and the optimal ordering(s)? It turns out (see Figure 2) that, in the Fourier-
wavelet case, simply looking for an ordering with fastest decay can lead to unnecessarily complex orderings
that are wavelet dependent. However, if we only want to find the optimal decay rate up to multiplication by
a constant we admit optimal orderings that are simple and wavelet independent.

In the general case, i.e. for any pair of bases (B7, Bs), we have the following result on the fastest possible
decay:

Theorem 1.5. Suppose U € B(I?(N)) is an isometry*. Then we cannot, for any o > 1, have the decay

w(PxU) = 0(}\#) N — oo.

Futhermore the sum Yy, j1( Px-U) must diverge.

This theorem is directly implied by Theorem 2.14. Furthermore, Lemma 2.16 shows that this statement
on the fastest decay of y(PxU) cannot be strengthened.
In this paper we shall answer questions 1. and 2. for the following specific cases:

Theorem 1.6. Let U € B(12(N)) be defined as above. If By is a one-dimensional Fourier basis and By is a
one-dimensional Daubechies® wavelet basis, then the fastest decay possible is

1
ario) wwrh) -o( ). v
and this decay can be realised by orderings of the two bases (B1, By). Moreover, by Theorem 1.5, there is
no other pair of orthonormal bases (B1, By), with corresponding U € B(I1?(N)) an isometry, that can yield
faster decay on the asymptotic incoherence as a power of N. Consequently we say that the wavelet with
Fourier case has the fastest decaying asymptotic incoherence of any pair of orthonormal bases up to powers

of N.

This theorem is an easy to state, however weaker version of Theorem 3.8 which describes this result
in full detail. We mention here that the notion of one ordering having a faster decay rate than another is
described rigorously in Definition 2.4.

Theorem 1.7. Let U € B(1*(N)) be defined as above. If By is a one-dimensional Fourier basis and By is a
one-dimensional Legendre polynomial basis, then the fastest decay possible is

1
u(PyU), w(UPy) = 0<N2/3>7 N — oo,

and this decay can be realised by orderings of the two bases (B1, Bs).

2Which includes the case where B, By are orthonormal and the span of B1 contains Bs.
3We include Haar wavelets as a special case.



As with the previous result, this theorem is an easy to state, however weaker version of Theorem 4.4,
where we go into further detail.

For these one-dimensional cases we find that canonical orderings give the optimal decay rate; we order
the wavelet basis according to their levels, use the natural ordering of the Legendre polynomial basis and
order the Fourier basis according to size of frequency.

It should also be mentioned that in all cases we first provide bounds on the row incoherences”, namely
w(mnU) and p(Uny), where mn denotes the projection onto the Nth coordinate (see (2.2)). From these
bounds on the row incoherences we derive the results given above. For example the Fourier-Wavelet result
is originally stated as

4

ulrU), w(Uny) = O (;) N - co.

1.5 Outline for the Remainder of the Paper

Before going into more theory, we shall outline the structure for the rest of the paper. We present the general
framework in Section 2 where the notions of optimal decay rates and optimal orderings are defined and a
few general results for any pair of bases are proved.

After this the analysis is split into cases; (i) the one-dimensional case and (ii) the multi-dimensional
case, which is more technical but a natural extension of (i), and is therefore deferred to a later paper. The
framework setup in Section 2 is central to the multi-dimensional case as well.

Next we tackle the main theorems presented in the introduction, first considering the one-dimensional
Fourier-Wavelet cases in Section 3. We then study the one-dimensional Fourier-polynomial cases in Section
4.

Finally we analyse how the different structures of the Fourier-wavelet and Fourier-polynomial cases lead
to differing optimal subsampling schemes with a simple numerical example in Section 5.

2 Coherences and Orderings

We work in an infinite dimensional separable Hilbert space H with two closed infinite dimensional subspaces
V1, V4 spanned by orthonormal bases By, Bs respectively,

Vi = Span{f € By}, Vo = Span{ f € Bs}.
We call (By, Bs) a ‘basis pair’.

Definition 2.1 (Ordering). Let S be a set. Say that a function p : N — S is an ‘ordering’ of S if it is
bijective.

Definition 2.2 (Change of Basis Matrix). For a basis pair ( By, Bs), with corresponding orderings p : N —
By and 7 : N — Bs, form a matrix U by the equation

Um,n = (7(n), p(m)). 2.1)

Whenever a matrix U is formed in this way we write ‘U := [(By, p), (Ba, 7)]".

2.1 Comparing Orderings and Decay Rates
We start this section by defining two useful projections.

Definition 2.3. We define the following linear projection operators from 12(N) to itself as follows:

. ) ) (2.2)
x; 1> N r; 1=N

QN(SC)i = {

4Row incoherences have also been studied from a finite-dimensional viewpoint in [19], where they are called “local coherences”.

0 i< N 0 i#N
WN(f)ii{ .




We are interested in studying the asymptotic incoherence of the matrix U, namely we would like to see
how 1(PxU) behaves as N gets large. For notational simplicity we shall work with 1(QnU) (which is
equal to u(Py_,U) for N > 2). We will also be looking at the row coherence of U, defined as u(mnyU).
Notice that if we permute the columns of U then this does not effect u(QnU) or u(myU), which means
that u(QnU) and pu(mnU) are independent of the ordering of Bs. Since we want to see how asymptotic
incoherence behaves with different orderings, we need a precise way of saying one ordering has a slower
decay rate than another:

Definition 2.4 (Relations on the set of orderings). Let p1, ps : N — Bj be any two orderings of a basis B
and T any ordering of a basis By. Let U' := [(By, p1),(Ba,7)], U? := [(B1, p2), (B2,7)] as in (2.1). If
there is a constant C' > 0 such that

then we write p1 < pa and say that ‘py has a faster decay rate than po for the basis pair (B1, Bs)’. If also
pa < p1 we write p1 ~ pa. These relations, defined on the set of orderings of By which we shall denote as
R(B1), depend only on the basis pair (B1, Bs), and are therefore independent of .

Notice that < is a reflexive transitive relation on R(B;) and ~ is an equivalence relation on R(Bj).
Furthermore, we can use the relation to define a partial order on the equivalence classes of R(B;) by the
definition

[a] < 0] < a<b,

where [a] denotes the equivalence class containing a. Furthermore, we say an equivalence class [a] is ‘opti-
mal’ if we have
[a] < [0], Vb € R(By).

Definition 2.5 (Optimal ordering). Given the setup above, then any element of the optimal equivalence class
is called an ‘optimal ordering of the basis pair (B, B3)’.

It shall be shown shortly in Lemma 2.9 that optimal orderings always exist . Notice that p is an opti-
mal ordering if and only if for every other ordering p’ we have p < p’. In order to study the asymptotic
incoherence of the matrix U, we need the following definitions.

Definition 2.6. Let f, g : N — Ry (. We write f < g to mean there is a constant C' > 0 such that
J(N)<C-g(N), VNeN
Ifboth f < gand g < f holds, we write “f = g’.

Definition 2.7 (Optimal decay rate). Suppose p : N — By is an optimal ordering for the basis pair (B, Ba)
and U = [(By, p), (B2, T)] a corresponding incoherence matrix (with some ordering T of Bs). Then any
decreasing function f : N — R<o which satisfies f = g, where g is defined by g(N) = u(QnU), VN € N,
is said to be an ‘optimal decay rate’ of the basis pair (B, Bo).

Notice that an optimal decay rate is unique up to the equivalence relation ~ defined on the set of functions
f N —= R.(. Next we define the concept of best ordering.

Definition 2.8 (Best ordering). Let (By, Ba) be a basis pair. Then any ordering p : N — By is said to be
a ‘best ordering’ if for any other ordering T of Bs and U = [(By, p), (B2, T)] we have that the function
g(N) = u(mnU) is decreasing.

Notice that for a best ordering we have u(myU) = u(QnU). If p’ is any other ordering and U’ =
[(B1,p"), (B2, 7)] then since Q 5 U’ must contain one of the first NV rows of U we must have that

wQnU") > Mglli“r}.Nu(ﬂMU) > w(rnU) = p(QnU),

and we deduce that p < p’. This shows that any best ordering is optimal.
Lemma 2.9. Suppose that we have a basis pair (By, Bz). Then one of the following two results must hold:

(1) There is at least one best ordering.



(2) Every ordering of By is optimal for (By, Bs).
In either case, optimal orderings always exist.

Proof. Let p : N — By, 7 : N — By be any orderings of By, Bs respectively and U = [(By, p), (Bz, 7)].
Now first assume that for any finite subset D C N

sup u(rnU), (2.3)
NeN\D

is attained for some N € N\ D. In this case we can then construct a best ordering p* : N — Bj inductively
by letting (for N = 1)
p*(1) € argmax sup [(7(n), f),

feB1 neN
and for N > 2 we set
p(N) e argmax  sup(r(n), /)]

fE€B, neN
fE{p™(1),p™ (N=1)}

Note that it is clear from the construction that this is an actual ordering. Therefore if our original assumption

holds we conclude that 1) must hold too. If our assumption does not hold this means there exists a finite

subset D C N such that the supremum (2.3) is not attained for any N € N\ D. This means that if we

remove finitely many elements from N \ D the supremum will remain unchanged. Therefore if N’ is the

largest natural number in D we find that

,U(Q]\/[U) = Ssup :u(ﬂ-NU)a VM > Nl?
NeN\D

and so u(QnU) is eventually constant as a function of N. This means that for any ordering p’ of By and
U = [(B1,0),(Ba2,7)], p(QnU') is eventually constant. If follows that any two orderings of B; are
equivalent under ~ and consequently 2) holds. O

Lemma 2.10. Suppose that we have a basis pair (B1, By) with two orderings p : N — By, 7 : N — By of
By, By respectively. If U = [(Bu, p), (Ba, )] satisfies

wryU) =0 as N — oo,
then a best ordering exists.
Proof. The supremum (2.3) is always attained and therefore we fall into case 1) of the previous lemma. []

Since u(PxU) — 0 as N — oo implies u(myU) — 0 as N — oo we also deduce that if U is
asymptotically incoherent then there must be a best ordering.

Remark 2.1 Given a basis pair (B1, Bs), it is tempting just to search for a best ordering. This, however,
can be problematic if we want to find optimal orderings that are simple to describe and independent from
any factors that are also independent of the optimal decay rate. Figure 2 shows an example where the best
orderings are wavelet dependent, even though the optimal equivalence classes can be described in a wavelet
independent manner. Although the difference between the best orderings is very minor in Figure 2, this
difference becomes more noticeable when working in higher dimensions.

In later sections of this paper we shall first deduce bounds on the row incoherence p(7nU) and then use
these to deduce bounds on ;:(Q nU). The next important Lemma describes a few connections between these
two notions of coherence.

Lemma 2.11. 1): Let (By, B) be a basis pair and T any ordering of Bo. Furthermore, let B] C By have
an ordering p1 : N — BY, and define U, := [(B{, p1), (Ba, T)]. Suppose that that there is a decreasing
Sfunction f1 : N — Ry such that

[i(N) < p(rnUy), VN eN.
Then if p2 : N — By is an ordering, Uy = [(B1, p2), (B2, )] and f2 : N — Ry is a function with

IU‘(QNUQ) SfQ(N)7 VNENa
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(a) Incoherence matrix and column maxima for a Haar (b) Incoherence matrix and column maxima for
wavelet basis (with Fourier). Daubechies6 wavelet basis.

Figure 2: Here are two (20 X 20 centrally truncated) wavelet-Fourier Incoherence matrices (brighter means larger absolute value)
and their corresponding column maxima. The columns denote the Fourier basis (viewed as Z) and the rows denote the wavelet basis
(ordered top to bottom). Notice that there is a slight difference in the best orderings (by looking around —10, 410 on the horizontal
axis) even though the general decay rate is similar. The maxima are taken over a much larger matrix to ensure accuracy.

then f1(N) < fo(N) for every N € N.
2): Let p be an ordering of By with U := [(B1,p), (B2, 7)) and f : N — Rx¢ be a decreasing function
with f(N) = 0as N — oo. If, for some constants Cy,Co > 0, we have

Cif(N) <u(nyU) < C2f(N), VN €N, 2.4)
then p is an optimal ordering and f is a representative of the optimal decay rate.

Proof. 1): Let 6(N) denote the smallest m € N such that p1(m) € {p2(k)};2y and m' = m/(N) €
{N,N +1,...} be such that p; (0(N)) = p2(m'(N)). Now notice that (N) < N since {p2(k)}3 5 can
only miss at most the first N — 1 of the p;(k)’s. Combining this with the fact that f; is decreasing we see
that

Ji(N) < f1(0(N)) < p(mgnyUr) = (T (nyUz2) < u(@nUz) < fo(N).

2): By (2.4) and Lemma 2.9 we know there is a best ordering p* of B; with corresponding matrix U* =
[(B1, p*), (B2, 7)]. Furthermore if g is a representative of the optimal decay rate we know that there are
constants D1, Do > 0 such that for every N € N,

Dy - g(N) < p(xnU*) = p(QnU") < Dy - g(N). 2.5)
However, we also know from f being decreasing and (2.4) that

Cr- f(N) < p(rnU) < p(QnU) = max pu(wnU) < Cp - max f(N') = Ca - f(N). (2.6)



Therefore we may apply part 1 of the Lemma twice to (2.5) & (2.6) to deduce f < g and g < f, which
implies f ~ g. O

Definition 2.12 (Strongly optimal ordering). Let (By, Bs) be a basis pair and T any ordering of Bs. Then
any ordering p of B that satisfies (2.4) for some decreasing function f is said to be a ‘strongly optimal
ordering’.

Notice that any best ordering is also a strongly optimal ordering. Furthermore if g is a representative of
the optimal decay rate then by Lemma 2.11 an ordering p is strongly optimal if and only if there are constants
C4,Cy > 0 such that

C1-g(N) <p(rnU) <Cz-g(N), VYNeN

Throughout this paper we would like to define an ordering according to a particular property of the basis
but this property may not be enough to specify a unique ordering. To deal with this issue we introduce the
notion of consistency:

Definition 2.13 (Consistent ordering). Let F' : S — R where S is a set. We say that an ordering p : N — S
is ‘consistent with respect to F’ if

F(f)y<F(g) = p '(H<p 9, Vfges

Before moving onto specific cases, we consider the general case where U is an isometry and ask; is there
a universal lower bound on the incoherence?

Theorem 2.14. Let U € B(I*(N)) be an isometry. Then "y u(QnU) diverges.

Proof. Suppose that Y u(QnU) converges, Then, we can find N’ € N such that Y _ p(QnU) <
1/42. Therefore if we write U = (u; j); jen then

S funiP < Y w@nU)<1/4%, jEN 2.7)
N=N' N=N'
Now define the vectors
v = (Ui g)iens  vf = (uig)iey v = ()N, jEN

Inequality (2.7) says that ||[v}[|2 < 1/4 for every j € N. Since U is an isometry, we know its columns are
normalised, i.e. [|v ]2 = 1, and so we deduce ||vj||2 > 3/4 for every j € N. Let w; := v}/|[vj|l2, j € N.
Since the w; € CN'~1 are all finite dimensional we claim that

sup [(wj,w;)] =1, as M — oco. (2.8)
G4’ €{1,.., M}
i#i’

To see this, notice that for every e > 0, there exists a & > 0, such that for all j € N the set W;(e) := {w €
CN'=1: |(w;,w)| > 1 — €} contains the open set Bs(w;) of radius & centered at w;. It must be the case that
there are j1, jo € N, ji # jo such that Bs/o(w;,) N Bs/2(wj,) # 9, else the union

L Bsj2(w)) U U Bs)a(w),
JEN wéujeNB(;/g(wj)
wECNI*l
would form an open cover of the unit ball in CV '~1 with no finite subcover, contradicting compactness of
the unit ball in CN'~1. Since Bsa(wj,) N Bs/a(w;,) # @, wj, € Bs(w;,) C Wy, (€) and so [(wj, ,w;, )| >
1 — €. Since € > 0 was arbitrary we have proved (2.8).
Therefore, by (2.8) we know there exists jq,j2 € N, ji # j2 such that [(w;,,w;,)| > 1/2 and therefore
we deduce that
32

242

2.9)

1
(), v5,)| > §||”g1'1||2||%1-2||2 >

5 Any finite subcover would miss infinitely many of the points w -



Furthermore, since [|v? ||z, [|v7, [l2 < 1/4 we know that
1
O AN CA RS (2.10)
Therefore, combining (2.9) with (2.10) gives us

[(vsy, v3)| = (V)5 05,) + (V3,050 | = [(v),, 05,)| = [(vF,,v3,)]
N 32 17 -
T 92.42 42 2.42 '

However, since U is an isometry and j; # j2, we know that (v, ,v;,) = 0 and therefore we have a contra-

diction. O

Corollary 2.15. Let U € B(I?(N)) be any isometry. Then there does not exist an € > 0 such that
m@nU)=0(N~'7), N —cc.

Noting the above corollary and that ;(U) = N1 is the best result possible for the finite U € CV x
CV case, it might be tempting to believe u(QnU) = O(N~1) is the best decay rate we can achieve for
an isometry. However, it turns out that Theorem 2.14 cannot be improved without imposing additional
conditions on U:

Lemma 2.16. Let f, g : N — R be any two strictly positive decreasing functions and suppose that y_ ; f(N)
diverges. Then there exists U € B(I*(N)) an isometry with

w@nU) < f(N), wUQn)<g(N), NEeN. 2.11)

Proof. The proof is constructive. We may assume without loss of generality that f(N), g(N) < 1 for all
N € N. We will construct a matrix U = (ui,j)i}jeN satisfying (2.11) with normalised columns, v; :=
(ui,5)ien, j € N, having disjoint support. With this in mind we partition N as follows:

N=[J2, @ :=2"'N\2'N.
i=1

Let j € N be fixed and define recursively (for® N € N)

(90 (V) 2, L SN ) +9G)F(N) <1, Neqy,
o = 4 =S5 (@) i S5 () < 1, 212
(sl Y ) g 21, Neq, o
0, Otherwise.

It is immediate from the definition that v; is supported on ; and ((v;)n)? < f(N)g(j) forevery N,j € N
which implies that (2.11) holds. Furthermore, it easy to show by induction on N that |lv;[|2 < 1. Since f is
decreasing and by the structure of the set 2;, >\, cq, f(N) diverges for every j and consequently there is
an N’ € N such that

Yo 9Ny =1, S ) < 1.

NeQ, NeQ,

N<N’ N<N'Z1
For N <N -1 N € €1; we fall into the first case of (2.12), however for N = N ’ we fall into case 2, and
therefore Z?;l((vj)i)Q = 1. This means ||v;||2 = 1 for every j and consequently U is an isometry. O

Although this negative result shows that we cannot define an analogue of perfect incoherence for asymp-
totic incoherence, if we restrict our decay function to be a power law, i.e. f(IV) := C'N ~* for some constants
a, C' > 0 then the largest possible value of & > 0 such that (2.11) holds for an isometry U is o« = 1, which
shall be attained by our first example.

From hereon in we shall work with specific bases and find optimal orderings and decay rates for each
case.

%Here we use the convention that Zf\; 711 is an empty sum if N = 1.
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3 1D Fourier-Wavelet Case

In this section we shall be using a Fourier basis and a wavelet basis. However we shall consider two types of
wavelet basis in this section: standard wavelets and boundary wavelets. Before doing this this, we will first
define and order the Fourier basis.

Let € > 0 be fixed. For x € R, define

Xk(l') = ﬁexp (271'16/{1') : 1[(_26)—1,(26)—1](1'), kelZ. 3.1

Notice that (% )rez is a basis for L2[(—2¢)~1, (2¢)71]. We set By = Bg(€) := (x#)rez. (The little f here
stands for ‘Fourier’).

Definition 3.1 (Standard ordering). We define F; : By — NU {0} by Ft(x1) = |k| and say that an ordering
p : N — By is a ‘standard ordering’ if it is consistent with Fy (recall Definition 2.13).

For convenience in what follows we shall identify Bg(€) with Z by the function A : By — Z, A(xx) :=k
which means that for any ordering p of B¢(¢) we have

p(m)(z) = Veexp (2mie- Ao p(m)z) - Ly_oe-1,(20-1)(), Vm € N.

Definition 3.1 says that an ordering p of B¢(e) is standard if and only if the function |\ o p| is nondecreasing.
Therefore p is standard if and only if we have {\ o p(2n), A o p(2n + 1)} = {+n,—n} forn € N and
Ao p(1) = 0 and consequently if p is standard then |\ o p(m)| = [(m — 1)/2]. We now define and order
the two types of wavelet basis.

3.1 Case 1 - Standard Wavelets

Take a Daubechies wavelet 1/ and corresponding scaling function ¢ in L?(R) with

Supp(¢) = Supp(¥)) = [-p + 1, p)].

We write ] ] , )
bik(x) =27¢2x —k),  n(z) =222 - k),
V; :=Span{¢; : k € Z}, W, :=Span{y);; : k € Z}.

With the above notation, (V;),cz is the multiresolution analysis for ¢, with the conventions

Vi C Vi, Vigr =V, e W;.

where W; here is the orthogonal complement of V; in V1. For a fixed J € N we define the set’

Supp(¢.sk) N (=1,1) # 0,
Bw = ¢J,k:a wj,k . SU-pp(ijc) N (_L 1) 7é (Z)a ) (32)
JENj>J kel

Let p be an ordering of B,,. Notice that since L*(R) = V; @ @] ; W; for all f € L*(R) with supp(f) C
[—1, 1] we have ‘

f= Z cap(n) forsome (cn)nen € £2(N).
n=1

Definition 3.2 (Leveled ordering (standard wavelets)). Define Fy, : By, — R by
ja lff eWw;
Fw(f) = . ! )
-1, iffevy
and say that any ordering 7 : N — By, is a ‘leveled ordering’ if it is consistent with F,.

Notice that Fyy(¢;x) = j. We use the name “leveled” here since requiring an ordering to be leveled
means that you can order however you like within the individual wavelet levels themselves, as long as you
correctly order the sequence of wavelet levels according to scale.

7w’ here stands for ‘wavelet’.
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3.2 Case 2 - Boundary Wavelets

We now look at an alternative way of decomposing a function f € L?([—1,1]) in terms of a wavelet basis,
namely using boundary wavelets [24, Section 7.5.3]. The basis functions all have support contained within
[—1,1], while still spanning L?[—1, 1]. Furthermore, the boundary wavelet basis retains the ability to re-
construct polynomials of order up to p — 1 from the corresponding standard wavelet basis. We shall not go
into great detail here but we will outline the construction; we take, along with a Daubechies wavelet 1/ and
corresponding scaling function ¢ with Supp(¢)) = Supp(¢) = [-p + 1, p], boundary scaling functions and
wavelets (using the same notation as in [24] %)
left - gright pleft right n=0,--,p—1.

Like in the standard wavelet case we shift and scale these functions,

(@) =220 (P (2 1), 55 (x) = 2P0 (@ — 1)),
We are then abl@: to construct nested spaces , (V™) > s, for J > [log,(p)], such that L?([-1,1]) = @;io vint
and Vi) = V" @ W3 by defining

left (bright

Vit = Span{ ™I n=0,-,p-1
J . ) )
bk ke Zs.t. Supp(¢;r) C [-1,1]

left right _
win = span | Y Vim 1= 0 p
; : :
Vi kE€Zst. Supp(yy) C [-1,1]

We then take the spanning elements of V" and the spanning elements of VV;-nt for every j > J to form
the basis By, (bw for ’boundary wavelets’).

Definition 3.3 (Leveled ordering (boundary wavelets)). Define F, : By — R by the formula
g, iffewn
FbW(f) = . iztt .
-1, iffeVy

Then we say that an ordering T : N — By, of this basis is a ‘leveled ordering’ if it is consistent with Fiy,.

3.3 Proof of Theorem 1.6

Suppose that p is an ordering of the Fourier basis By = Bg(e), 7 is an ordering of a wavelet basis By, (or
Biy) and set U = [(Bg(€), p), (Byw, 7)] (or U = [(Bt(€), p), (Bbw, 7)]). Recall that the basis Bt(e) spans
L*[(-2¢)71, (2)7'].

Remark 3.1 For standard wavelets if we require U to be an isometry we must impose the constraint (2¢)~! >
1 +277(p — 1) otherwise the elements in By, do not lie in the span of B¢(¢). For convenience we rewrite
this as € € 17, where

Ipp:=(0,(24+27 " (p—-1)7"].

If By, is replaced by By, we only require e < 1/2, since every function in By, has support contained in
[—1, 1]. For the rest of this section, we shall assume these constraints on € hold.

With U defined as above (with either By, or By, ), the key observations for handling the entries of U are

Unnn = (r(n), p(m)) = / Jeexp(~2miex - Ao p(m)) - 7(n)(z) dx

(3.3)

= VeFr(n)(e- Ao p(m)),

recalling that 7 denotes the Fourier Transform. We also observe that
]:(bj,k:(w) _ e—27r12’jkw2—j/2]:¢(2—jw)’ ]:wj,k(w) _ e—27ri2’jkw2—j/2]_-w(2—jw)’ o

Ft (w) = 27922M Fyit(27w),  Fyit(w) = 2792 Ryl (2 w).

We now come to our first optimal incoherence estimate.

8We use [—1, 1] instead of [0, 1] as our reconstruction interval here, but everything else is the same.
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Proposition 3.4. Let 7 be any leveled ordering of a standard wavelet basis and U = [(By,, T), (Bt (€), p)]
for any ordering p of the Fourier Basis Bs(¢€). Then there are constants Cy,Cy > 0, dependent on the choice
of wavelet, such that for all ¢ € 1, and N € N, we have

e-Cq €-Cs

< p(mnU) < =57 (3.5)

Furthermore, suppose that T is instead an ordering of a boundary wavelet basis and U = [(Bpyw, 7), (Bt (€), p)]
Sor any ordering p of the Fourier Basis Bt (¢). Then there are constants Cy,Co > 0, dependent on the choice
of wavelet, such that for all e € (0,1/2] and N € N, (3.5) holds.

Proof. By equation (3.3) we know that (since A o p : N — Z is bijective)

u(rnU) = Slé%dfT(N)(e “Aop(m))]* = Slél%ﬁ\fT(N)(em)\z-

Case 1 (Standard wavelets): In this case we define j(IV) := Fy,(7(IV)) and let a := 2p— 1 € N denote
the length of the support of the scaling function ¢ corresponding to By,. Notice that for a leveled ordering of
By, the functions belonging to V; come first, and there are of 2/*! + a — 1 of these functions. Therefore,
for N < 27%! 4 4 — 1 we have that, by (3.4),

w(rnU) = esup 277 | Fop(27 em)|?. (3.6)
meZ

Furthermore, for the wavelet terms in By, which correspond to N > 2741 4 a, we have that, by (3.4),

w(rnU) = e sup 279N | Fap(277 N em) 2. 3.7
mez

Since the wavelet is compactly supported and in L?(R) it is in L*(R) and so its Fourier transform is con-
tinuous. Notice that by this continuity and the Riemann-Lebesgue Lemma, we see that sup,,cp |[F1)(w)| =
|F1p(&)| for some @w € R. Therefore, since j(N) — oo as N — oo because the ordering 7 is leveled, we
find that
SUPpez, [F (€277 NVm)|?
sup er [F¥(w)[?

Furthermore, this convergence is uniformin € € I, as N — oo. We are therefore left with handling the
2-3(N) term, which means estimating j(N) as N — oo.

Notice that for each value of j(N) > .J there are 2/(¥)*1 4 ¢ — 1 functions in our wavelet basis with this
value of j(N). For simplicity we shall use the simple bounds 2/(")+1 < 2i(N)+1 4 ¢ 1 < 2/(N)+e Now
for every N € N with j(N) > J, we must have had all the terms of the form f € By, Fy(f) = j(N) — 1
come before N in the leveled ordering and there are at least 2/(V) of these terms. If j(N) = .J we instead
have N > 271 4 a — 1 > 27/. Likewise for every N € N with j(IN) > J there can be no more than

Zzg) 26ita) 4 97 4 g — 1 < 29(N)+a+2 terms that came before N. Therefore we have the inequality, for
J(N) = J,

—1 as N — oco. (3.8)

93(N) <N< 93 (N)+a+2 (3.9)

Now we will tackle the upper and lower bounds of (3.5) separately:

Upper Bound: We will show that u(nyU) < % Notice from (3.9) we have the upper bound

271(N) < 2042 N1 for j(N) > J and therefore for these terms we can bound (3.7) by

) ) 2a+2
esup 277 Fyp (27T Mem) 2 < e=— - sup | Fy(w)|?,
meZ N w€ER
For the j(N) = —1 terms (i.e. N < (271! 4 a — 1)) we also have the simple bound
2J+1 -1
€27 sup |Fo(w)? < 27! S sup |Fo(w) P,

weR N weR

and so the upper bound is complete.
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Lower Bound: We will show that % < p(wnU). First notice that from (3.9) that we have the lower

bound 277(N) > N—1. Next notice that from (3.8) there is an N’ € N independent of € € (0,1/2p] such
that for all N > N’ we have

sup [F(e2 7 Mm)? > © sup | Fip(w) 2.
mez 2 wer

Consequently for N > N’ we have the lower bound

sup,, e | Fb(w)|? €
(N) . p €R| w( )l >—-sup|]-"d;(w)|2.

anU) > 277
p(rnU) > 5 Z 9N Sup

Therefore, in order to prove the lower bound, we need only show there exists a constant C' > 0 such that
every N < N’ we have y(mnyU) > e- C uniformly in € € I;,,. This will be satisfied if we can show that
for every j > J fixed there exists a constant C' > 0 such that for all e € 15,

sup |.7-'<Z)(2_J6m)\2, sup |]-'1/J(2_jem)|2 > C.
MEZL meZ

We will deal with latter term since the scaling function term is handled similarly. We know that for every
€ € I, fixed, sup,,cz |[F(277em)[? > 0 since if it were not the case we would find that (X, ¥j 0) = 0 for
every m, contradicting the Y, forming a basis of L?([(—2¢)~!, (2¢)71]). Next notice that by the Riemann-
Lebesgue Lemma and continuity of the Fourier transform of 1, this supremum is a continuous function of €
and that ‘
sup | Fip(2 7 em)|? — sup |Fyp(w)|> >0 as € — 0.
meZ weR
Consequently we deduce the supremum attains its lower bound as a function of € on I;, and we are
done.
Case 2 (Boundary wavelets): The method of proof is the same except that we have additional
Pleft pleft qpright - gright termg to deal with. We also have slightly different behaviour of 2/(V) ie. for N >
2J +1’
2I(N) < N < 2i(N)+2, (3.10)

This follows from observing that for each value of j(N) there are 2/(")+1 functions in the wavelet basis,
and that we are using a leveled ordering. The details are omitted for the sake of brevity. [

For estimating 1(Q U ), we need the following condition on our scaling function / wavelet; there exists

a constant K > 0 s.t. Vw € R\ {0},
K

This condition holds for all Daubechies wavelets (see the proof of Proposition 4.7 in [11]), in fact it even
holds if we change the power of w from 1/2 to 1.

Lemma 3.5. Let ¢ be a Daubechies scaling function, with corresponding mother wavelet 1. Then, along

with (3.11), we also have
K
| FY(w)| < W (3.12)

Furthermore in the case of boundary wavelets we also have for some constant K > 0 and w € R\ {0}

[ FoT (@), [Fors (@), [F ()], [Fypn(w)] < w172’ (.13)
along with (3.11) and (3.12). In fact (3.12) and (3.13) hold with the powers of 1/2 replaced by 1.
Proof. We notice that if (3.11) holds then we can use the equation (see (2.14) in [18])
F(2w) = exp(2inw) - v(2w) - mo(w + 1/2) - Fp(w), (3.14)
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where my is the Fourier transform of the low pass filter of the scaling function ¢ and v is function whose
modulus is always 1°. Taking the modulus of this equation gives |Fy(2w)| = |mg(w + 1/2)| - | Fo(w)].
Therefore using this along with |mg(w)| < 1, Vw € R (from (2.5) in [18]) we can show that (3.11) also
holds with ¢ replaced by .

We now turn to the boundary wavelet estimates. We may assume p > 2 since in the Haar case boundary
wavelets are redundant. First we note that the property of having a decay estimate of the form (3.11) is
closed under finite linear combinations. Next observe that if we prove an estimate of the form (3.11) for the
functions (see page 71 of [10])

2p—2

n=~k

then we also have the same decay (with a different constant) for the functions ¢! and 1™ since they are

finite linear combinations of these functions. A similar argument will work for the right boundary wavelets.
Let us consider an arbitrary term from the sum

To(z) =¢(x+n—p+1) Loy =d(x+n—p+1)-Lgo_1-

Now since we have expressed T}, as a product of two L? functions we can apply the convolution rule on its
Fourier Transform to deduce F7T}, (w) = (Fdo,—ntp—1 * FL[g2p—1]) (w). Now we make two observations:

L |Flpop1j(w)| = |(exp(—27i(2p—1)w)—1)-(2miw) | < Cy-(Jw|+1)~* for some constant C; > 0.

2. Excluding the Haar wavelet, for every Daubechies wavelet there exists constants o, Cy > 0 such
that | Fo(w)| < Cy - (Jw| + 1) =17 (see the proof of Proposition 4.7 in [11]).

We now that claim that if two functions f, g satisfy
f@l<Cr(wl+1)7 g < Co-(w[+ 177, VweR

for some constants o, C1,Cy > 0 then |f * g(w)| < C3 - |w|~! which will prove the lemma. To see this
notice that (without loss of generality w > 0)

@l
(lul + D(jw = uf + 1)t+e

w/2 |W|
<
—C‘5</m<w+1Mwm+nHa“ (3.15)

+oo
+/ [l du
wz (Jul+D(jw—u| +1)t+e )7

and notice that we would have shown the claim if we can bound the RHS uniformly in w. By noting
w—ul+12>|ul+1, |w—u| > |w/2|foru € (—oco,w/2] we see that the first integral is bounded
above by

du

IMMMHMSQQA

w/2 w/2
/ wl du</ |w] du
—oo (lul+ D)2 (ju—w| + )IF/2 707 o (Jul + D)2 (w /2 4 1)HHe/2

21+a/2
< /]R W du = constant < oo.

To bound the last integral in (3.15) we simply use |w|(|u| + 1)~ < 2 for u € [w/2,00) to give us a similar
uniform upper bound, completing the proof of the claim. O

For our second incoherence result we will need a technical lemma.

9The equation here is not identical to that of the reference because of our choice of definition of the Fourier transform.
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Lemma 3.6. For any compactly supported wavelet 1) with a scaling function ¢ € L'(R) there exists an
N € N such that for all ¢ > N, (q € N) we have

L, = inf |F(w)|] > 0.

wel2—(a+1) 2-4]
Proof. We recall from equation (3.14) that
|Fp(2w)| = |mo(w +1/2)] - |Fo(w)]. (3.16)

Furthermore, we also know that [F¢(0)| = 1 and mg(1/2) = 0 [18]'°. However, since ¢ is compactly
supported, my is a non-zero trigonometric polynomial so it follows that this zero at 1/2 is isolated. Therefore,
since F ¢ is continuous, we deduce that (3.16) is nonzero when w > 0 is sufficiently small. O

We now prove an optimal incoherence result for Uy = [(Bs(¢), p), (Bw, 7)]. Notice that this matrix is
different to Us = [(Bw, 7), (Bt(€), p)] which was covered in Proposition 3.4. In particular, Uy = (Uz)* (the
adjoint of Us) and so have that u(rnUy) = pu(Uamy).

Proposition 3.7. Let p be any standard ordering of the Fourier basis B¢(€) and U = [(Bs(e), p), (Bw, T)]
for any standard wavelet ordering T. There is a constant Cy > 0 such that for all e € 1, and N € N, we

have the upper bound

C
u(rnU) < N

Furthermore, there is a constant Cy > 0 such that for all € € 1, and N > 1+ 27T1e=1 we have the lower
bound o

w(rnU) = N

Finally, if we replace By, by By, in the above setup, the same conclusions also hold with the constraint
€ € I, replaced by e € (0,1/2].

Proof. Upper Bound: Since p is a standard ordering if m = 1 then A o p(m) = 0 and since |F¢(0)| = 1,
F1(0) = 0 (see (3.16) and the line below it), in the case of standard wavelets we have p(mU) = e2=7. In
the case of boundary wavelets we have the estimate

u(mU) < e- 277 -max(1, [(0)], [ (0)], [¢°(0)], |¢™€(0)])?,

Next let m > 1. For standard wavelets we observe that the estimate (3.11) is strong enough to bound the
finitely many ¢ j , terms as required since

_J 2 2
2 _ o7 = 2o 2K <28
(@, p(m)* = 271 Fo(e277 - Ao p(m)* < romfsme s <

where we used that p is a standard ordering in the last step (for boundary wavelets the same holds for the
finitely many V™ terms). Therefore we are left with the terms involving the shifts and dilations of 1/ (and for
boundary wavelets the 1", /7" terms as well). This is also a straightforward consequence of (3.11) since

we have

[ (ks p(m)* = €277 | Fp(e277 - Ao p(m))|?
27 K2 K2 2K?

§€2_j' S S 9
e hopm) = Pepm)] = m—1

and for boundary wavelets we can tackle the zp}f“, rkight terms in the same way. This gives the global bound

for m > 2 (uniform in n and ¢)

2K? 4K?
< —.
m—1—" m

[(m(n), p(m))]* <

Combining this with our bound on u(71U) (we just bound € by 1) we obtain the required upper bound.

10See Section 2 Theorem 1.7 and Equation (3.1) in the reference.
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Lower Bound: For standard wavelets, given m € N, m # 1, find n € N such that 7(n) = ;0 with
j = [logy(e|A o p(m)])] + g, where ¢ € N is arbitrary but sufficiently large so that j > .J. Notice that this
means that €277 |\ o p(m)| € (27971, 279]. Therefore, recalling the definition of L, in Lemma 3.6, we see
that we have

[{m(n), p(m))|* = 277 | Fyp(277 eX o p(m))[?
> 27 oz (elop(m))1=a| Fy)y(¢ . g Moga(elrop(mIDT=a . x & p(m))|?
29— 29—
. L2271 - L2.274
“2[Aop(m)| T m
We used m # 1 in the last step and the fact that the ordering p is standard. Recall that by Lemma 3.6
there exists a ¢ € N such that L, > 0. We choose the same such ¢ for all € € I;,. To ensure that

J = [logy(e|A o p(m)])] + g satisfies j > J we must therefore impose the constraint that m is sufficiently
large. j > J is satisfied if

J <logy(e]hop(m)]) < m>1+4+271e

When using boundary wavelets the argument for the lower bound is identical.
O

Remark 3.2 The condition N > 1+ 27/+1¢~! cannot be replaced by N € N for the lower bound since, in
the case of standard wavelets, for every fixed NV € N we have

p(rnU) < e max (sup |Fo(w) 2, sup [Fo(@)l?) = O(e).
weR w€eR
Summarising the consequences of what we have proved in this section, while throwing away e depen-
dence from our results, we have the following theorem.

Theorem 3.8. Let the Fourier basis Bs(€) be defined as in (3.1) and a wavelet basis By, be defined as
in Section 3.1 with ¢ € Ij,. Let p be a standard ordering of Bi(€), T a leveled ordering of By, and
U = [(Bt(e), p), (Bw, T)]. Furthermore, suppose that (3.11) holds for the wavelet basis and ¢ is kept fixed.
Then we have, for some constants C'y, Cy > 0 the decay

% < u(PyU), pW(UPx) < % VN €N, (3.17)

which for either of the coherences M(PI# U), w(U Pﬁ), the decay cannot be improved by changing the order-
ings p, T, except up to alteration of the constants Cy, Co > 0. Furthermore, the ordering p is strongly optimal
for the basis pair (Bs(€), By) and the ordering T is strongly optimal for the basis pair (By,, B (¢€)). More-
over, there is no other pair of bases ( By, Bz) and orderings p, T, with corresponding U = [(By, p), (B2, T)] €
B(12(N)) an isometry, that can yield faster decay on the asymptotic incoherence as a power of N; namely
we cannot, for any o > 1, have the decay
1
p(PxU), M(UPJ#)Z(/)(NQ) N — oc.

Finally, if we replace the basis By, with By,,, defined in Section 3.2, in the setup above and also replace the
constraint 15, by € € (0,1/2], the same conclusions also hold.

Proof. Proposition 3.7 gives us the following bound, for some constants C;,Cy > 0, when € € I, is
fixed!!: o o
1 2
— < U)< = N eN.
v S wunl) < 47, €

Likewise Proposition 3.4 gives us the same bounds for p(Uny ). Using these bounds we deduce (3.17), with
a change of the constants, since

Cs Cs

C] 1
< < u(P = ’ < — = .
N+17™ i U) < w(PyU) NIHZI?VXHM(?TN U) < anzl?vxﬂ N N+1
The statements about strong optimality follow from Lemma 2.11. Strongly optimality implies optimality,
and therefore the statement about not being able to improve the decay rate follows. Finally, the statement
about attaining the fastest decay rate for an isometry (up to powers of V) follows from Theorem 2.14. [

1When e is fixed we need not worry about the condition N > 1 + 27/+1¢=1 since we can just change the lower bound constant Cq
to incorporate the finitely many positive terms pu(mnU) for N < 1 4 27+1e=1,
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4 1D Fourier-Polynomial Case

If (pn)nen denotes the standard Legendre polynomials on [—1,1] (so p, (1) = 1) then the L?-normalised
Legendre polynomials are defined by p, = y/n — 1/2 - p,, and we write B, := (p,, )22, (the p here stands
for “polynomial” ). By, is already ordered; call this the natural ordering . We do not consider any alternative
orderings and shall show shortly that the natural ordering is optimal with the Fourier basis.

Before we start covering the incoherences for these two bases we will first need to prove a preliminary
result.

Lemma 4.1. Let J,, denote the nth Bessel function of the first kind and let jn i denote the kth non-negative
root of J),. Furthermore, Let ]n denote the nth spherical Bessel function of the first kind and let an i denote
the kth non-negative root of j,,. Then if n > 1 we have

sup [Jp ()] = [Jn(ip,1)ls  sup lin (@) = |jn(ay, 1)1

z€R z€R
Proof. The result for J,, follows from the arguments given in [26, Section 15]. Instead of repeating them

here again, we instead adapt the same approach to deduce the Lemma for j,,. We will be using two facts
about j,. First, we have the power series expansion [1, Eqn. (10.1.2)]

o0

, B (—1)m2ntl(n 4 m + 1)lgnt2m
gn) =2 ml2(n +m + 1))!

A.1)

m=0

Second, we shall use the fact that j,, is a solution to the following differential equation [1, Eqn. (10.1.1)]
% ()" + 22j;,(2) + (2° = n(n +1))jn(z) = 0. (4.2)

We first observe that by (4.1), |jn(—2)| = [jn(2)|, Vo € R and so we need only consider sup, (g, to0) |Jn ()]
(4.2) can be rephrased as
. / .
(2270 (@) = (n(n+1) — 2*)jn(2).
Therefore, noting that by (4.1), j,(z) > 0 for x > 0 sufficiently small, we deduce that 2?5/, (z) is positive
for x € (0,n(n + 1)] and hence so is j;, (). This tells us that a;, , > n(n + 1) forall k € N.
Now consider the function
x2]/2( )

Ap(z) = jn(x) + 2 —nm+1) € (n(n+1),+00).

Observe that A, (a;, ) = ja(ay, ;) for all n,k € N. Moreover the derivative is always negative for = >
n(n+1):

T -2 T 1,2 i ()i (2 xS 2
AL (2) = 24, (2)jn () + 22 (xz) jz(n]:_(l))jn( ) - (22 2_ n(n(+)1))2
2@ (@) = il + 1)) + i) £ 220) 20 ws)
B 22 —n(n+1) (22 —n(n+1))2 ’
22,2 () 22%j,2 ()

T T nn+1) B (22 —n(n+1))? <0 (using (4.2))

This tells that |5y, (a;, 1)| > |jn(ay, 2)| > [jn(a;, 3)|.... To finish the proof we notice that by (4.1), j,(0) = 0
forn > 1 and furthermore by [1, Eqn. (10.1.14)],

\n 1

- —1 iz

Jn(x) = %/ e, (t) dt,
—1

and therefore j,(z) — 0 as z — +oo by the Riemann-Lebesgue Lemma. We therefore know that the

maxima of |, (z)| on [0, +00) must be attained at its first stationary point. O

Proposition 4.2. Let T be the natural ordering of the Legendre polynomial basis and U = [(By, 7), (Bs(€), p)]
Sor any ordering p of the Fourier basis Bi(€). Then there are constants C1,Co > 0 such that for all
€ (0,0.45] and N € N,



Proof. Upper Bound: First notice that
Unn = <p(n)vﬁm>L2([—l,1])
1
_ \/E . /m — 1/2/ eQ‘rriAop(n)stpm(t) dt
-1

=i""12/e(m —1/2) - jm_1(2meX 0 p(n))
m—1/2
Ao p(n)

where on the third line we have used [1, Eqn. (10.1.14)] and on the fourth line we have used the following
formula connecting the spherical Bessel function to the standard Bessel function:

(4.4)

_ m—1

ueapp2eNop(n),  (n# 1)

T
im(2) =1/ 52m : 45
Jm(2) 2% +1/2(2) 4.5)
Therefore, we find
u(rnU) < 4e(N —1/2) sup ji i (¢). (4.6)
teR
We therefore need to estimate sup,cp [ (t)|- By Lemma 4.1, we know that sup;cg |jm (t)| = |jm(ay, 1)|

for m > 1, where ay,, ; denotes the first positive root of jy,.
Thus, we only need to have estimates for |j(ay, ;)|. But we also know [1, Eqn. (10.1.61)], that the
following asymptotic expansion holds

(@ 1) ~y(m+1/2)75/% 4+ O((m +1/2)7%/2), 4.7)

for some positive constant 1/2 < « < 1. Therefore we know there exists N’ € N such that for all N > N’
we have

sup v ()] < (N +1/2)7%/°,
e

Applying this bound to (4.6) we get the upper bound

p(rnU) < 4e(N —1/2) - (N —1/2)75/3
4e Se
(N —1/22/3 = N2/3°

<

Therefore the upper bound is complete for the case N > N’ (and notice that N’ is independent of ).
However since sup,cp |jn(2)| < oo for every N we can use (4.6) to cover the case N < N’, completing
the upper bound.

Lower Bound: We focus on the following equation taken from (4.4)

m—1/2
(Ao p(n)|

Let j,,; denote the first positive zero of .J;,. From [1, Eqns. (9.5.16), (9.5.20)], we have the asymptotic
estimates

[Unm,nl = NImo1j2(2medop(n))],  (n#1). (4.8)

o ~ v+ M+ O, (4.9)
J(jnq) ~ kv B 0@, (4.10)
!

m—1/2,1°
which means that |k, — j},, ;5| < me. We shall first prove a lower bound for |J,;,_1/2(kn, )| Before we

do so, we need the following two results:

where «,( > 0 are some constants. Next let k,,, denote the nearest integer multiple of 27e to j

1. 2J)(z) = Jy_1(x) — Jog1(x),  [26,p. 45],

2. sup,eg 1o (7)] = |1, (jy 1)1 using Lemma 4.1 .
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These two results can be combined to give us sup, g |/, (z)| < [J,(j;, 1), which we will use in (4.11)
below.

By the triangle inequality |Jm71/2(km)| > |Jm71/2(j1/n_1/2,1)| - |Jm71/2(km) — I 1/2( Im—-1/2, 1)‘
and we bound the latter term by using integrals'?

km,

|Jm—1/2(km) - Jm—1/2(j;n71/2,1)| = ;n71/2,1(t) dt

Im—1/21

1 /2. () dudt

Im—1/2,1 Y Im-1/2,1

@11

|Jm—1/2(j':nfl/2,1)| du dt

Im—1/2,1 YV Im—1/2,1

r—1/21 — ke |? .
< /f : ‘Jmfl/Q(];n—l/Q,l”

(me)? |
< B '|J’m—1/2(.]':n—1/2,1)|'

Notice that there is a constant 1 > d > 0 such that for all € € (0, 0.45] we have (me)?/2 < d and therefore
(4.11) becomes

[Tm—1/2(km) = Tm—1/20m-1/2,01 < d - [Tm—1/2(Gm—1/2.1)s
and therefore we deduce
|Jm—1/2(k'm)| > |J77L—1/2(j;n—1/2,1)| - ‘Jm—1/2(km) - Jm—1/2(j1/n—1/2,1)|
> (1 - d) : |Jm—1/2(j;n—1/2,1)|'
Combining this inequality with (4.9), (4.10) gives us the following bound:

-/
m—1/2 ]m71/2,1 m— 1/2
T NTm—12(km)| > T d)|Jpn— 1/2(]m 1/2, 1)l

]m 1/2,1
_m m_1/2 (1 —d)(k(m — -1/3 m~1
- Ve \/m— 1/2 4+ O(m1/3) (1 —d)(r( 1/2) +0( )).

The first two fractions on the last line converge to 1 as m — oo and therefore we deduce that there is an
M € N and a constant C' > 0 (independent of €) such that for all m > M we have

m—1/2
Vkm
Therefore, given m > M, let n(m) € N be such that 27e o p(n) = k,,. Then by (4.12) and (4.8) we have

N1y (km)| = Cm =13, (4.12)

Unnnmy| = V2me - F—== |Jm71/2(km)| > V27 Cm~1/®
Consequently we deduce that u(myU) > 27e - C’Qm*2/3 for N > M.
For N < M we observe that from (4.4)
w(ryU) = 4e(N —1/2) itélz lin_1(2men)|?.
As before we observe that since jy_1(z) — 0 as x — oo, the supremum supnEZ |in—1(2men)| is a contin-

uous function of € and moreover the supremum converges to sup,.cg |jn—1(x)| > 0 as € — 0. Therefore by
compactness of [0, 0.45], we know there is a constant D > 0 such that for all e € (0, 0.45] we have

pw(rnU) = 4e(N —1/2) - DA

This combined with the result yu(7xU) > 2we-C?m~2/3 for N > M gives us the required lower bound. [J

12The use of the second integral is valid since J —1/21 t=J, _ 12,1 (t)— by the definition of 5/

—1/2, 10U 1/2, V) 1/2,1°
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Like in Section 3 we now prove an optimal incoherence result for when we swap around the two bases.

Proposition 4.3. Let p be any standard ordering of the Fourier basis Bg(€) and U = [(Bs(¢), p), (Bp, T)]
Sor any Legendre polynomial basis ordering 7. Then there is a constant Cy > 0 such that for all € € (0,1/2]
and N € N

Clé 1/3

w(ryU) < N
Furthermore, there is a constant Cy > 0 such that for all € € (0,1/2] there exists an M (€) € N such that
forall N > M we have the bound

026
p(rnU) > N

Proof. Upper Bound: Without loss of generality we can assume 7 is the natural ordering of B,,. Recall that
from (4.4) (with m, n swapped because the U in the theorem is the adjoint of the one in (4.4)) we have

1/2
Ul = 22 (amera plm) @.13)
= 4e(n —1/2)j%_,(2meX o p(m)). (4.14)

We shall first derive two useful bounds; notice that if we apply (4.7) to (4.14) then we get the bound, for
some constant 8 > 0,

|Unnnl® < de(n—1/2) - (B(n = 1/2)7%/)? < 4ef®(n — 1/2) 7%, (4.15)
Secondly we shall use the following inequality from [20]
|J (@) <bs Y% u>0, zeR, (4.16)

where b > 0 is some constant. Applying this to (4.13) gives the bound
n—1/2 b2 (n —1/2)1/3
(Ao p(m)]| [Aop(m)|

Recall that our goal is to estimate |U,, ,,| uniformly in n as m — oo. We first apply the case n — 1/2 >
€|A o p(m)] to (4.15) to give the bound

4.17)

[Unnnl® < (b(n — 1/2)71/%)? <

45261/3
2 2 -2/3 .
|Unn|” < 4€B7(eA o p(m)) = [Xo p(m)[2/3

For the other case n — 1/2 < €|\ o p(m)| we use (4.17) to give the bound

|U |2 _ b2(€|>\ op(m)|)1/3 - b2el/3 B h2el/392/3
mel S TS s S e p(mPR (m = 1
which gives a global upper bound in terms of m > 2 and € € (0,1/2]. If m = 0, i.e. Ao p(m) = 0, then
since 5, (0) = 0 for n > 1 (see (4.1)) we deduce that u(mU) = €|jo(0)|?> = € which is a stronger bound
than required.
Lower Bound: By (4.9) we know that

niijon —dno1/20 = 1 as n— oo (4.18)

With this in mind let n(m) € N denote the nearest j;—1/2,1 to |2meA o p(m)|. From (4.18) we observe

n(my—1/2.1 — |2meX o p(m)|| < 1/2 +n(m,e), (4.19)

where 7) is such that 7(m, €) — 0 as m — oo for any fixed e. By using the same method as in (4.11) we find
that

| Tn(m)—1/2,1Ungm)—1/2,1) = In(m)—1/2,1(127A 0 p(m)])]
< ‘j;(m)71/2,1 — |2meX o p(m)
- 2
<270 27 n(m, €)? - [Tnim) =172 Gngmy—1/2.1)]
= g(mv 6) ! |Jn(m)*1/2,1(j;z(’m)—l/ll)"

I?

NTnimy—172.1Gnmy—1/2.1)
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Where &(m, €) — 871 as m — oo with e fixed. This tells us that

| Tn(m)—1/2,1(27A 0 p(m))| = |Jn(m)—1/2,1(27A 0 p(m))]
> |Jn(m,)—1/2,1(j;z(m)fl/2,1)| - |Jn(m)—1/2,1(j;(m)71/2,1) - Jn(m)—1/2,1(|27T>\ o p(m)|)]
> (1= &(m, ) Tn(m)-1/2,1 Unmy—1/2,1)]-

Combining this with (4.13) we see that, using (4.10),

—1/2
U P = 2172y a2 o )
—1/2 2 y
= n()\n:)p(m)/ '(1’5(’”’6)) NTngmy=172,1 Gmy 172,017 (4.20)
n(m) —1/2

—_— —&(m,e 2f$nm— —1/3 n(m) — -1 2.
> L2 (1= €m,9) (s(m) — 1/2)7 5+ O((nm) = 1/2) )

By (4.9), (4.19) and the fact that p is a standard ordering we know that (for ¢ fixed)

n(m)

| ‘—>1, as m — oo.
TEM

Therefore we know that there is an M (¢) € N and a constant C' > 0 such that for all m > M and € € (0,1/2]
we have
|Um’n(m)|2 >(C- 61/3 . m_2/3.

Consequently for N > M (€) we have p(myU) > C - €'/3 . m=2/3, O

Summarising our results in this section, while throwing away € dependence again, we get the following
theorem.

Theorem 4.4. Let the Fourier basis Bi(€) be defined as in (3.1) and a Legendre polynomial basis By, be
defined as in the start of this section with € € (0,1/2]. Let p be a standard ordering of Bt (€) and T a natural
ordering of B, and U = [(Bs(¢), p), (Bp, 7)]. Then, keeping ¢ € (0,0.45] fixed we have, for some constants

C1,C5 > 0 the decay

c C
a7 S MERU), pUPY).< w575, YNEN. 4.21)

For either of the coherences ji(PxU), n(UPR), the decay cannot be improved by changing the orderings
p, T, except up to alteration of the constants C,Cy > 0. Furthermore, the ordering p is strongly optimal for
the basis pair (Bs(€), Bp) and T is strongly optimal for the basis pair (By,, B (€)).

Proof. We first observe that by Propositions 4.2 & 4.3 with € fixed we have that, for some constants C7, Co >

Oand M € N,

01 02
This can then be extended to all N € N, with perhaps a change the constants C7, C2 > 0, by observing that
w(rnU), w(Umy) for any N are strictly positive (and constant since we have fixed ¢).

We therefore deduce strong optimality of p, 7 and inequality (4.21) from Lemma 2.11. O

5 Asymptotic Incoherence and Subsampling Strategies

‘We have shown that there is faster asymptotic incoherence for the Fourier-wavelet case than for the Fourier-
polynomial case, and therefore we know that the corresponding U-matrix structures are different. We shall
demonstrate how this difference is vital for choosing an effective sampling strategy.

Consider the problem of reconstructing the function f € L2[—1,1] from its samples {(f,g) : g €
Bs(1/2)}, where f is defined as

f(z) = (1 —cos(8mx)) - Lp,1y(7), x € [-1,1]. (5.1)
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The function f is reconstructed as follows: Let U := [(B;(271), p), (Ba, 7)] for some orderings p, 7 and
a reconstruction basis By. The number 27! is present here to ensure the span of By contains L'[—1,1]. It is
assumed that p is a standard ordering. Next let  C N denote the set of subsamples from B;(27!) (indexed
by p), P the projection operator onto € and f := ((f, p(m)))men. We then attempt to approximate f by
>0 | &, 7(n) where & € *(N) solves the optimisation problem

min ||z; subjectto PoUz = Pqf. (5.2)
zel1(N)

Since the optimisation problem is infinite dimensional we cannot solve it numerically so instead we proceed
as in [2] and truncate the problem, approximating f by 25:1 #,7(n) (for R € Nlarge) where & = (2,)%_,
now solves the optimisation problem

min o1 subjectto PoUPrz = Po f. (5.3)
paS

We shall be using the SPGL1 package [5] to solve (5.3) numerically. We focus on two choices of recon-

Figure 3: Coefficients of f when decomposed into different reconstruction bases.
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(a) First 300 coefficients (using a leveled order- (b) First 100 coefficients (using a natural order-
ing) of f in a Daubechies4 boundary wavelet ex- ing) of f in a Legendre polynomial expansion.
pansion with J=6.

struction bases:
1. Bs = By, with Daubechies4 boundary wavelets, 7 is a leveled ordering.
2. By = By, with Legendre polynomials, 7 is a natural ordering.

The coefficients of the decomposition of f into these two bases is shown in Figure 3. The coefficients in the
polynomial expansion decay quickly, but there is little sparsity in the first 40 coefficients. On the other hand
in the wavelet expansion there is large number of zeros in the first block of coefficients. This, combined with
asymptotic incoherence, will enable us to subsample.

Figure 4: Two sampling patterns and their corresponding histograms.
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(a) Sampling Pattern A (b) Histogram for Pattern A (c) Sampling Pattern B (d) Histogram for Pattern B

We shall be looking at two simple subsamping patterns and how they perform for each reconstruction
basis. We shall be subsampling from the first 501 coefficients, and since the ordering p is standard this means
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that these coefficients correspond to
{Aop(m):m=1,--- 501} = {—250,—249, - - - ,249,250}.

If we were to sample all the 501 coefficients then we would achieve a highly accurate reconstruction from
both bases'>. We now consider two subsampling patterns, denoted as pattern A and pattern B which are
presented in Figure 4, and now try to use them to reconstruct in the bases By, By. Pattern A takes all
its samples from the first 101 coefficients and there is very little subsampling in this range. On the other
hand pattern B takes around 50% of the samples from across the first 501 coefficients. Both patterns are
constructed by uniformly subsampling in levels.

Figure 5: Reconstructions from Pattern A (above) with errors (below).
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(a) Wavelet Reconstruction (b) Polynomial Reconstruction

Let us first consider what happens when we use subsampling pattern A, which is shown in Figure 5. We
first look at the wavelet reconstruction, which has an L' error of 1.52 x 10~!. The reconstruction fails to
reconstruct the smoothness of f, with the first and fourth peaks being particularly jagged. Next consider the
polynomial reconstruction, which has an L' error of 8.68 x 10~3. Since polynomials provide a relatively
good linear approximation to f, it is unsurprising that using a near full-sampling subsampling pattern for the
first 101 Fourier coefficients would give a reasonable reconstruction.

Next we turn to reconstructing f using sampling pattern B. Reconstructions are given in Figure 6. First
we look at the wavelet reconstruction which has an L' error of 7.14 x 10~3. Since the wavelet basis expansion
of f is sparse and we have asymptotic incoherence, we see that we can obtain a good wavelet reconstruction
by subsampling roughly 50% of the 501 Fourier samples. Finally we consider the polynomial reconstruction,
with an L' error of 7.29 x 10~!. Due to poor sparsity and slow asymptotic incoherence, subsampling fails
to be successful.

This therefore demonstrates that a subsampling pattern should not only be dependent on the function that
we are trying to reconstruct, but also on the reconstruction bases that we are using. We must stress here that
the ability to find two subsampling patterns, where each gives a better reconstruction in a different basis,
relies crucially on the different incoherence structures of the two reconstruction problems and not simply the
sparsity structure when decomposed into the two reconstruction bases; the same phenomenon can also be
demonstrated if we remove f completely and instead fix the sparsity structure (which means solving for a

13For all our reconstructions we will be using R = 1024.
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Figure 6: Reconstructions from Pattern B with errors.
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(a) Wavelet Reconstruction (b) Polynomial Reconstruction

fixed Z in our optimisation setup). Asymptotic incoherence not only facilitates subsampling but also allows
us to investigate the link between good subsampling patterns and reconstruction bases.
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