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Abstract

Generalized sampling is new framework for sampling and reconstruction in infinite-dimensional
Hilbert spaces. Given measurements (inner products) of an element with respect to one basis, it al-
lows one to reconstruct in another, arbitrary basis, in a way that is both convergent and numerically
stable. However, generalized sampling is thus far only valid for sampling and reconstruction in systems
that comprise bases. Thus, in the first part of this paper we extend this framework from bases to frames,
and provide fundamental sampling theorems for this more general case. The second part of the paper
is concerned with extending the idea of generalized sampling to the solution of inverse and ill-posed
problems. In particular, we introduce two generalized sampling frameworks for such problems, based
on regularized and non-regularized approaches. We furnish evidence of the usefulness of the proposed
theories by providing a number of numerical experiments.

1 Introduction

A vital task in applied mathematics and engineering is the recovery of an object — a signal or image, for
example — from a collection of its samples (or measurements). This problem, which lies at the heart of
modern sampling theory, can be modelled in a Hilbert space H, with the samples of the unknown f € H
being of the form

<f » S35 >7 JEN,

for some system {s;};ey C H. In many important cases, one encounters the situation where the system
{s;j}jen is fixed. Also, one usually only has access to a finite number of measurements, say

<f78_7>7 j:17""m'

Thus, the computational problem is to recover f from a fixed, and finite, collection of its measurements.

Consider, for example, the Magnetic Resonance Imaging (MRI) problem of reconstructing an image
from pointwise samples of its Fourier transform. Here H = La([—1,1]) (in the 1D setting) and s;(¢) =
em ()t where p : N — Z is the standard re-indexing function. The particular design of the MRI scanner
means that the sampling scheme cannot be easily altered. Moreover, it is infeasible in practice to take
too many measurements, meaning that the parameter m may well be small. Of course, reconstructions
from Fourier samples are precisely the setting of arguably the most classical result in sampling theory, the
celebrated Shannon Sampling Theorem [21, 24]. However, whilst this theorem guarantees a reconstruction
of f via its Fourier series, this is often an extremely poor way to proceed. Indeed, one typically requires
an intolerably large number of samples m to recover f to any reasonably accuracy [13, 24]. Other effects,
such as the Gibbs phenomenon, can also be highly problematic.

This concern aside, note that the MRI problem is fundamentally well posed: it involves the inversion
of the Fourier transform. However, in applications, one may also encounter considerably more challenging
situations. In particular, it may well be the case that f is the solution of Af = g, where A is some bounded
linear operator, and, rather than measurements of f, we are actually given measurements of g. Thus, to
recover f, one has to invert A, making the Shannon Sampling Theorem (for example) no longer directly
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applicable. Another concern is that the operator A may well in practice be ill-posed. This is the case for the
problem of X-Ray tomography, where one is tasked with inverting the famously ill-posed Radon transform.

With this in mind, the purpose of this paper is to study novel approaches for these types of reconstruc-
tion problems, based on the framework of generalized sampling (GS) introduced by Adcock & Hansen
[6, 2, 3, 4]. Specifically, we provide two generalizations of this framework: in the first part of the paper
we augment this framework to systems {s;}jen that comprise frames (as opposed to previously studied
case of Riesz bases), and in the second part we present an extension of GS to the solution of inverse and
ill-posed problems.

We explain GS in more detail in the forthcoming section. Before doing so, let us first mention one
point that is essential to what follows. Given that we only have access to a finite number of measurements
of f (or g), it is quite common to treat the reconstruction problem as finite dimensional, i.e. living in a
finite-dimensional vector space. However, as we explain in due course, there are a number of potential
pitfalls of ignoring the true infinite dimensionality of the problem. In particular, one may well end up with
reconstructions that are neither stable nor convergent (in the sense m — o0). Fortunately, as we explain, GS
allows one to work directly with the infinite-dimensional model, whilst giving stable, convergent numerical
methods.

When introducing new sampling techniques (such as those we present in this paper) it is natural to ask
the following question: can such one exploit sparsity in order to subsample? In many cases, the answer
turns out to be yes. In [1, 19] (see also [5]), a new theory of compressed sensing for infinite-dimensional
problems was introduced, based directly on ideas from GS. This development relates directly to the point
made above: current compressed sensing theory (and techniques) are based largely on finite-dimensional
models, which are not sufficient in all circumstances. Having said this, the focus of this paper will be
on classical (i.e. nonsparse) sampling. In Section 5 we discuss how to extend and combine the sampling
theorems introduced in this paper with infinite-dimensional compressed sensing techniques.

The outline of the remainder of this paper is as follows. In Section 2 we describe the problems we
consider in more detail and recap GS. Section 3 extends GS to the setting of frames. In Section 4 we
discussed inverse and ill-posed problems.

2 Generalized sampling

2.1 The Problems

The purpose of this paper is to study the following recovery problems. We are given a signal f € H, where
‘H is an infinite-dimensional separable Hilbert space. We are also given a sampling system {sy}reny C H
and a bounded linear operator A on H, where A may be compact. The problems are as follows:

(i) Recover a good approximation to f from the samples {(f, s;)}7,, for some m € N.
(i) Recover a good approximation to f from the samples {(g, si)}}",, for some m € N, where g = Af.

We shall also consider the case where the samples are contaminated by noise.

As mentioned, a basic example of Problem (i) is the recovery of f € Lo([—1,1]) from its Fourier
coefficients. In this case, the sampling system consists of the usual complex exponentials. Of course, one
could construct the Fourier series approximation f,,, = Y ;- (f, sx) Sk, knowing that f,, — fasm — oc.
Yet, as discussed, such convergence is often in practice intolerably slow.

An alternative in this case is to proceed as follows. Suppose that we know that f has a ‘nice’ expansion
in another system {w, } jen C H. In other words, there exists a; € C such that

n
E Olj’LUj — f,
Jj=1

rapidly as n — oo. In the above problem of Fourier sampling it is easy to think that this may well
be the case. For example, the wy could be wavelets of some variety, or more exotic objects such as
curvelets, shearlets or contourlets. Now, had we access to {a;}""_; we could have recovered f to high
accuracy. However, we only know {(f, s;)}7",. Nonetheless, given the additional information that f is
well represented in {w } jen, we can now ask the following question: how do we obtain the values {a; }7_,
(or some approximation thereof) from the given measurements?



This question is more subtle than it appears. As we explain in the next section, the most straightforward
approach is not guaranteed to succeed.

2.2 Consistent Reconstructions

Suppose now that {wy } e are orthonormal vectors in a Hilbert space H, and that { sy } e is an orthonor-
mal basis of H. Let f € H be given by

m

F=Y"ogw;,  a; = (fw), (2.1)
j=1

where (-, -) is the inner product on H. Suppose that we can access samples (f, si) for k& € N. It is then
tempting to form
U1 e Ulm

Un=1| + |, uy=(ws,
Uml -+ Umm

and approach the problem of obtaining the o ;s by solving the linear system of equations

Un® = Ym, Ym = {{f,81)s- -, ([, Sm) }- (2.2)

This approach is often referred to as a consistent reconstruction technique (i.e. the first m measurements
of the reconstruction f = >, xpwy coincide with those of f). Introduced (in the context of sampling)
by Unser & Aldroubi [25, 26, 7], and later generalized significantly by Eldar et al [10, 12, 11, 14], this
technique is quite widely used in applications [24]. Note in the case above that f has only m nonzero
coefficients in the basis {w; } jen. Thus, ignoring any noise or numerical issues, the solution x of (2.2) will
coincide with {ay, ..., an,}, and thus f should, at least theoretically, be recovered perfectly by (2.2).

Let us now consider an example of this approach:

Example 2.1. Suppose that the wys are the Haar wavelets on [—1/2,1/2], and take m = 769. Let (f, si)
be Fourier samples of f, i.e. s, = e2™?(*)" where p : N — N is defined by p(1) = 0,p(2) = 1,p(3) =
—1,p(4) = 2,p(5) = —2... (p is merely a re-indexing function).

If we form the matrix U,,, then, although U, is invertible, and in particular the problem (2.2) has a
unique solution, one finds that its condition number is intolerably large (in this instance it is ~ 4.62 x 1016).
Thus, if the observations ¥,,, are perturbed by §,, € C™, and we solve U,z = y,,, + O, then we expect
a catastrophic failure. Indeed, this is the case even in the simplest setting. For f = Z;" 1 oijw;, where
a1 =ay = ag = ar = 1, azgg = —1/20 and a;; = 0 otherwise we get that when ||§]| = 3.85 x 10713,
the reconstruction f = >y xjw; satisfies || f — fllL, = 146.85. The disastrous error f — f as well as f
is visualized in Figure 1. Note that, even though the perturbation is small, the exceedingly large condition
number leads to a complete failure in the reconstruction.

One may think that a remedy could be to increase m. In particular, maybe taking more Fourier samples
would cure the problem. Let us increase m to 1351, but keeping f as before as well as the noise level.
Unfortunately, this also gives a completely unsatisfactory result (even worse than before) with || f — f||, =
360.12 as visualized in Figure 1.

There is, however, a remedy to the problem. In particular, by defining fnym as in (3.1), with parameters
m = 1351 and n = 769, we obtain a recovery error that is very close to the noise level. This approach was
first introduced in [3, 4], and we will in this paper extend this framework even further.

This failure is somewhat surprising (for similar examples, see [2, 3]). Since U, is nothing more than
the change-of-basis matrix between two systems of m orthogonal functions, it is tempting to think that
U,, is unitary (and therefore well-conditioned). However, herein lies a critical misunderstanding. There
is no reason why U, should be unitary (or even invertible). The trained eye of an operator theorist will
immediately spot the mistake: U,, is unitary if and only if span{wy }}* , = span{s;}}" ;. The problem
is that this may very well not be the case since H is infinite-dimensional. Indeed, it is straightforward to
see that the two bases in Example 2.1 do not lead to a unitary matrix: the first m Haar wavelets span a
space of piecewise constant functions, whereas the standard complex exponentials span a space of (smooth)
trigonometric polynomials.
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Figure 1: The figure displays f (upper left) as well as f — f for two different values of m (upper right and
lower left), and f — f,, ., (lower right).

The approach considered above can be loosely described as ‘finite-dimensional’: one simply interpo-
lates between two m-dimensional spaces. Herein lies the problem: the recovery of f, an element of the
infinite-dimensional Hilbert space, is inherently infinite-dimensional. In particular, a typical f € H will
have an infinite expansion in Zzoz 1 0wy, in the basis {wp, }ren, and a countably infinite collection of mea-
surements {(f, si) tren. Thus, to tackle the reconstruction problem effectively, i.e. to avoid the pitfalls
encountered above, it is necessary to pursue an infinite-dimensional approach.

2.3 The new approach

To compensate for the problems that consistent reconstructions cause, a new type of theory, and associated
technique, was introduced, known as generalized sampling (GS) [2, 3, 4]. This theory generalizes the
Shannon Sampling Theorem [21], as well as some fundamental work by Hrycak & Grochenig [20].

The main message of GS is the following: one can obtain samples via inner products with respect to
one basis (e.g. Fourier coefficients) and reconstruct in another basis of choice, and this can always be
done in a completely stable and convergent way. Hence, one can combat the problem of potentially slow
convergence in the sampling basis by simply reconstructing in a basis more appropriate for the signal to be
reconstructed. Stability also implies complete robustness with respect to noise.

2.4 Overview of the paper

GS was introduced in a series of papers [2, 6, 3, 4]. However, there are several important problems that
have not yet been addressed. These form the content of this paper:

e Frames: GS is so far only valid for sampling and reconstruction systems { sy } ren and {wy, }ren that
comprise Riesz bases. Given the vast literature on frames and the wide variety of applications it is
crucial that the GS is extended to frames. This is content of the first part of the paper.

e Ill-posed problems: GS is concerned with the problem of reconstructing an element f from samples
(f,s;). However, what if we cannot sample f, but rather g := Af, where A is a compact operator.
The topic of ill-posed problems is vast and of great importance. Therefore it is vital to have an
extension of GS that includes such problems. In the second part of this paper, we will introduce new
techniques with GS using regularization, as well as a non-regularized technique.



Let us remark in passing that the ideas leading to GS originate computational spectral theory [17, 18]. In
particular, the technique of uneven sections of infinite matrices. Spectral theory has been used in sampling
before (although in a very different context than what will be presented here) to great success, with the
fundamental paper [22] of Landau being an important example. The problems above will also addressed
through extensions and refinements of the uneven section technique (see also [8] and [16] for other results
on even and uneven section techniques).

2.5 Background and Notation

We will let H denote a separable Hilbert space. Let {wy, }ren be a frame for W = span{wy, }ren C H and
{sk }ren be a frame for S = span{sy }reny C H. In particular, this means that for all f € W there exist
constants 0 < A < B < oo such that

AllF12 <D 1w < Bl (2.3)

keN

and that for all f € S there exist constants 0 < C' < D < oo such that

Cllgl*> <> g sk)* < Dlgll*. (2.4)
keN

Recall the so-called synthesis operators S, W : 12(N) — 'H are defined by
St =118 + T892+ ..., Wy = yqwi + yows + .. .,
and their adjoints (the analysis operators) S*, W* : H — 1?(N) are easily seen to be
S*g ={{g,s1),{g,82),.-.}, W*h = {{h,w1), (h,wa)...}.
Define also the operators S,,,, W,,, : C™ — H by
ST = T181 + ... + TS, Wy =1y1w1 + ... + YmWm, (2.5)
with adjoints S*, W* : H — C™ given by
Smg =g 510, (grsm)}, Wik ={(hwi), ..., (hywm)}.
Define also the corresponding spaces
Sm =span{si,...,Sm}, Wy, = span{ws, ..., wy,}.

For any closed subspace V C H we denote the orthogonal projection onto V by P),. We shall also let
{e;};en denote the canonical basis of [?(N), and, for any k € N, write P for the orthogonal projection
onto span{ey,...,ex}. Lastly, if A : H — H is bounded, where H is a Hilbert space, we denote its
pseudo-inverse by Af.

3 Generalized Sampling with Frames

Let f € H and {wg }ren, {Skren be as in the previous section. Suppose also that we can, for some
m € N, access the samples S, f. The task is to reconstruct an approximation to f from these samples. As
mentioned, if {sj }ren Was an orthonormal basis (and f € S) we could have formed the approximation
Jm = > opey ([, sk)sk. However, it may well be the case that f,,, — f intolerably slowly and therefore f,,
would be a rather poor approximation. Moreover, if {s }recn is merely a frame, then f,, in general will
not converge to f, and hence will be completely useless.

Suppose now that Py, f — f rapidly —in particular, much faster than f,,, — f (if valid). Given this
information we are lead to the following question: can we reconstruct Py, f (or at least an approximation)
from the samples S}, f?



3.1 Reconstruction

Suppose now that we are given f € WV and that we can access the samples .S, f. Based on this information
we will construct the GS approximation fy, ,, € W,, as follows:

fn»m = Wn(W:SmS;LWn)TW;SmS;Lf' (3.1
The following theorem, which is proved in section 3.3, concerns the behaviour of fN,,,,m:

Theorem 3.1. Let H be a separable Hilbert space and S, W C 'H be closed subspaces such that WNS+ =
{0}. Suppose that {sy}ren and {wy}ren are frames for S and W respectively with frame bounds as in
(2.3) and (2.4) respectively. Then, for each n € N and any f € W, there is an M € N such that, for all
m > M, the reconstruction fmm (defined in (3.1)) exists and is unique. Moreover,

1P, flly < 1F = Famlle < (14 Ko ([P, £y,
where Py, is the orthogonal projection onto W, Pj‘vn =1—- Py, and
Knm = |[|[Wa(W; S Se W) WS, S5 Py |- (3.2)
For each fixed n we have that K, ,,, — K,, as m — oo, where
D
ok

Moreover, when {si, } en is an orthonormal basis and W C S then, for fixed n, Ky, y, — 0 as m — oo.

Ky = |Wo(WiSS*W,)TWisSs Py, || <

Note that this theorem generalizes the results in [3, 4] to frames (we give a proof in the next section).

3.2 Stability

The stability of GS is very important to analyze. One may at first glance suspect that this method could
be unstable, due to the fact that || (W,*S,,S% W,,)t|| could blow up for large n, even when m is arbitrarily
large. Indeed, this could very well happen as suggested in the next proposition.

Proposition 3.2. There exists a Hilbert space H with frames {wy }ren and { sy }ren such that
lim |[(W}S,, S5 W) || — oo, n — oo.
Proof. Let H = [?(N) and write {e, } xen for its canonical basis. Let {wy, }xen be defined by w; = e; and

wy = ep—1+ F, k> 2, and let {sy } ren be given by 55, = ey.. Then, as shown in [9], {wy, }ren is a frame
with frame bounds 1 — y/72/6 — 1 and 3 respectively. Note that

n er
Wny:ylel+zyk (7+ek71) ) ye(cnv

k
k=2
and therefore
1 1 0 O 0
1
0L 1 0 0
1
0 0 3
0 0 0
Sx W, = e C™"™  m>n.
0 0 O 1
00 0 i
0 0 0 0
000 ... ... 0
In particular, we have that ||(W;* S, S, W,,)|| > n?, yielding the assertion. O



Despite this rather pessimistic result, the method is perfectly stable. Indeed, although ||(W*S,,, S W, )|
may blow up, it is always the case that ||[W,,(W,*S,,, S, W,,)TW || stays bounded provided m is sufficiently
large. Specifically, we have the following theorem (proved in section 3.3).

Theorem 3.3. Let H, S, W, {si }ren, {wk }ren, n and m be as in Theorem 3.1. Suppose that the samples
of f € H are contaminated by noise. In particular, suppose that we are given S}, (f + h) for some h € H.

If 3
'r}zl,m = Wn(W;SmSLWn)TWsSmS;(f + h)7

then ~
1f = £ mll#e < (L4 Kom) ([P, £l + 12ll5)
for all m > M where M is as in Theorem 3.1.

3.3 Proofs

Proof of Theorem 3.1. Let us first observe that due to the fact that Ran(W;S,, Sy, W,,) is finite dimen-

m

sional, and hence closed, then the pseudo-inverse is unique and hence f,, ,,, exists and is unique. Moreover,
we observe that

W (WiW, ) W W, (WW, ) W = W, (Wi W) Pranwsway Wor = W (Wi, TW.

In particular, by self-adjointness, it follows that

Py, = W,(W;W,,) W 3.3)
Note that
Wi f = WS S5 (Pw, f + By, f) o
= WS Se, W (WiW, )Wk f + WS, Si Py, f-
Equation (3.4) now gives
W (WS SE W) WS, S f = Wi (WS, S Wi ) TW S, S W, (W W) T W f
+ W (W, Sm S, W) T Wi S, S5, Py f- G:3)
We now claim that there exists an M such that
W (WS, S W) WS, S W (WiW,) W f = Py f, ¥Ym > M.
To see this, we first observe that
W (W, Sin S, W) 'W3 S, S5 W (W W) YW f = W Pran(wz 5,55, ) (W W) T,
and it therefore suffices to show that
Ran(W;S,, Sk Wy,) = Ran(W, W,,) (3.6)

for all sufficiently large m. By assumption we have WW N S+ = {0}. Thus, for all n € N we deduce that
W, NS+ = {0}. It follows that

inf{||S*z| : x € Ran(W,,), ||z|| = 1} > 0.

In particular, we have that Rank(S*W,,) = Rank(W,sW,,), and therefore Rank(W}SS*W,,) = Rank(WW,,),
which yields that Ran(W;SS*W,,) = Ran(W;}W,,). Note that S,,,S};, — SS* strongly, however, by
compactness of W, it follows that W S,,, S W,, — W>S55*W,, in norm as m — oco. Hence, we deduce

(3.6) for all sufficiently large m. Thus,

1f = Frmllre < [P, = Wa (WSS W) Wi S S5 P Ly 1P, £l

which gives the first part of the theorem.



To prove the second assertion note that
W (WSS W) TWrSS* Py, = (SS*) " 1SS* W, (Wi SS*W,,) Wi SS* Py,
and therefore, since S*W,, (W;?SS*W,,)TW S is the orthogonal projection Pran(s+w,,), it follows that

W (WiSS* W) IWiSS* Py | < [(SS%) ls—slISllzay—slS™lls—ew)

*y— " D
[(SS*) | s—sllSS*|ls—s < rok

Also, by a compactness argument, since S,,, S5, — 5 S* strongly, it follows that
W (WS S W) T Wi S S Py, — Wi (Wi SS*W,) WSS Py, . m — oo, (3.7)

Therefore Ky, .m — [|[Wy (W SS*W,)TWrSS* Py, || as m — oo and we have proved the second asser-
tion.

To prove that K, ,,, — 0 as m — oo when {sy }xen is an orthonormal basis, we start by making the
following observation: since YW C S we certainly have that WW,, C S. Therefore PsPy, = Py, =
Pw, Ps. Also, W) = W} Py, , and therefore

Wy PsPp, = W;Ps(I— Py,) =0.
We therefore immediately obtain
W (WSS W) TWSS* Py, = Wy (Wi PsW,,) T W, Ps Py, = 0.
So, by (3.7) the assertion follows, and we are done. O

Proof of Theorem 3.3. Note that (3.5) and the reasoning in the proof of Theorem 3.3 give
F =T = Py, J = Wa(Wy S S, W) W S0 S5 Py (f +h) = h,

which yields the assertion. O

3.4 Determining m: The Stable Sampling Rate

For Theorems 3.1 and 3.3 we require m > M samples, where M depends only on n and the sampling and
reconstruction systems. This leads to the question: how large must m be? This was first explored in [3, 4]
in the context of Riesz bases. Continuing in the same way, let us define the stable sampling rate

®(n,0) =min{m e N: K,,,,, <0}, (n,0) e NxRy, (3.8)

where K, ,,, is as in (3.2). This quantity tells us how many samples one has to take, as a function of the
number of coefficients to be computed, in order to secure a stable and convergent solution. It is of course
very important to get analytical bounds for ®. However, these may be very difficult to derive for arbitrary
sampling and reconstruction systems. Fortunately, as we now explain, we can always obtain numerical
estimates for .

When confronted with the problem of computing ® there are two obvious obstacles:

(1) The operator PVJ\_/n does not have finite rank (and this suggests therefore the need for an infinite
amount of information to compute K, ,,).

(ii) The operator W,, (WS, S%W,,) WS, S,*nPVivn acts on the abstract Hilbert space . In it there-
fore unclear how to obtain numerical norm estimates when the information we will (at best) be able
to access are the numerical values of the inner products (s;, w;) and (w;, w;) fori,j € N.
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Fortunately, one can at least obtain a computable upper bound for K, ,,, (and therefore ®). Indeed, if
{5k }ren is an orthonormal basis for S, W C S and U and V are the infinite matrices

Uipr U2 U1z ... V11 V12 V13
U21 U2 U223 ... V21 V22 V23
U= U3l Uz U333 ... | V= V31 U3z U33 ... Uij = <Si7 wj>> Vij = <wi’ wj>7

(3.9
then it is a straightforward exercise (along the same lines as arguments given in [3]) to show that K, ,, <
Ky, m, where

Ky =VB ||[(PUPQUB,) U Py, — (PVE,) BU P |
+ |(B.V R (PU PLUP, — PV P (P VR
Thus, we have

®(n,0) < U(n,0) = min {m EN: Kpm < 9} , V(n,0) eN xRy, (3.10)

where the right-hand side can be computed numerically, since K, n,m involves only sections of the matrices
U and V. Thus, in practice, one can always ensure, via a numerical computation, the bounds of Theorems
3.1 and 3.3, and therefore convergence and stability. In the next section we give an example of the behaviour
of ¥(n, 0) for a typical problem (further examples in the case of bases are given in [3, 4]).

3.5 Numerical Examples

In this section we will test the framework suggested in the previous section with the following frames: let
{pr }ren denote the Legendre polynomials on [—1, 1] and {hy } r.cn the Haar wavelets on [0, 1]. Define the
frames

{witken, wor—1=pr, wWar = hy, {0k }ren, Wk = pr. (3.11)
Note that {wy, } ken 18 actually an orthonormal basis. When it comes to indexing the frame we simply make
the most natural choice. However, one should note that one has complete freedom to choose the indexing,
although the synthesis and analysis operators will obviously depend on such a choice. We will denote
the operators and spaces associated with this basis (as defined in Section 3) by simply adding a tilde, for
example W,,, W, W etc. Also, define the orthonormal basis for Ly ([—1, 1])

1 )
{Sk}kEZa Sk(t) = 767”]“_

V2

Thus, our samples of any function f € Lo([—1, 1]) will be its Fourier coefficients. In particular,

Flk) = (f,sx) = %/_1f(t)e”““ dt.
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Figure 3: The figure shows the errors fy — fq . (left), fq — fd,n’m (middle) and fq — fq,k,m (right) for
m = 501, n = 45, k = 150. Note that fg m, fd.n,m and fq r m use exactly the same samples.

Thus, in this case we have W = W = & = Ly(|—1,1]). In the previous framework we have indexed the
operators over the natural numbers, so to make it compatible with the setup in this section we will let (for
odd m) Sy, : C™ — La([—1,1]) and S}, : La([—1, 1]) — C™ be defined by

Sin® = T18_(m—1)/2 + -+ - + TmS(m-1)/2, Simd =1(9,5—(m-1)/2)s -+ +{9s S(m—1)/2) }-

Also, for f € La([—1,1]) and for odd m € N we let f,, denote the truncated Fourier series of f. In

particular,
(m—1)/2

fm(t)Z(SmS:‘nf)(t):% S e

j=—(m-1)/2

Example 3.4. In order to illustrate the theory developed in the previous sections we have tested the func-
tions

f)y=1t%",  fa(t) =t3e"(1 = x[0.5,0.75) (1)

Note that the analyticity of f strongly favors reconstruction in a polynomial basis. In particular, the fact
that f is non-periodic prevents rapid convergence of the Fourier series as shown in Figure 2, where we
have displayed the error f — f,,, for m = 501. As an alternative we have defined the GS reconstruction

Frm = W (WS S5, W) T WS, S5, f,

where m = 501 and n = 45. By using exactly the same samples as for f,,, namely S}, f, we simply
reconstruct in a different basis (the Legendre basis), and dramatically reduce the error. This is illustrated in
Figure 2. For more examples with reconstructions in different bases see [6, 2, 3, 4]. However, this paper is
primarily about the use of frames. In particular, frames that can be used to capture specific characteristics
of the function to be recovered.

To illustrate the effectiveness of the use of frames, consider the following. What happens if we intro-
duce a discontinuity in f? In particular, what happens if we replace f by the discontinuous function f;?
This does have an effect on the truncated Fourier series (as documented in Figure 3) fq ,, = Sy, fa, but
not near the striking impact it has on

Fanm = Wa(W; S, 85 W)W S, 8% fa,

which uses the Legendre basis in the same way as for fnym. The quite dramatic effect of the discontinuity
is visualized in Figure 3. The question is then: what to do? One idea that comes to mind is that one could
try to mix two bases, one that would favor smoothness, and one that would favor discontinuities. This is
exactly what the frame {wy, }ren (defined in (3.11)) would do. By introducing

Fatm = Wi(WiSm St Wi ) Wi S, i fa,

we can again dramatically reduce the error. This is documented in Figure 3. Note that fg ,,, fd,n,m and
fa,k,m use exactly the same samples.
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Figure 4: The left figure shows W(n,1) for n = 1,...,100 together with the mapping ¢ +— 2.45t2. The
right figure shows ¥ (n,2) for n = 1,..., 100 together with the mapping ¢ ~ 1.3t2

Example 3.5. In this example we consider numerical estimates of the function ® defined in (3.8). However,
as pointed out above, the function ¥ defined in (3.10) is much simpler to compute and we have

O(S, W,n,0) < U(S,W,n,0), V(n6)eNxR,.
Sections of the graphs of ¥(-, 1) and (-, 2) are displayed in Figure 4. Note that it is not a big surprise that
U(S,W,n,0) = O(n?), 0=1,2.
In fact, it is not hard to use the fact that
(S, W,n,)=0(n?), VoOeR,,
(see [4]) in order to prove that

(S, W,n,) =0(n?), VOecR,.

4 Generalized Sampling and Inverse Problems

Suppose now that we are given Hilbert spaces X and ) and a linear and bounded operator A that maps
between X’ and ). Moreover, we restrict the following discussion to compact operators, i.e. to operators
A that are equipped with a singular system {oy, vy, uy }, where the orthonormal system {v}ren spans
V = N(A)* and where the orthonormal system {uy, }xen spans U = N (A*)+. We aim to solve

Af =gy,

where we are typically faced with noisy data ¢° = g + z with ||z|| < 6. We assume that we have a
sampling system {s;, }ren that spans S = span{sj}ren = N(A*)L C Y and a reconstruction system
{wi }ren spanning W = span{wy, }xen = N(A)L C X at our disposal. With {sj } xen we are able to take
samples of g,

n=5%9={{(g, sk)ren
and with {wy, } ren We expand f,

F=Wg=) frw.
kEN
As we cannot deal with infinitely many samples of ¢ and infinite series expansions for f, the goal is to
reconstruct the best possible approximation of the form f =W, B = 22:1 Bkwk, based on the finite
subset {(g, sk)};_, = S;g of the full sampling information . We shall do this by exploiting the ideas of
generalized sampling. As we now allow the problem to be ill-posed and the data noisy, we rephrase the
problem as follows: given n, is there some r (determine if possible) such that

1S5g° — Sy AW, 3| — mﬁin
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has a unique solution? The corresponding normal equation is given by

Bl <géa 51>
WrA S, 5 AW,) | | =wrass, : @.1)
Bn <96a Sr)
and therefore ~
= WaB =W, (WrA*S,.S;AW,) W A*S,Srg . 42)

As already mentioned, the problem can be ill-posed and therefore the generalized inverse in (4.2) need
not exist. Hence we are first faced with regularization issues The second task is to analyze (4.2) by both
establishing existence of approximations of the form f° . and providing error bounds for || f — i

In what follows we discuss two different treatments of (4.2). Both proposed techniques heavily rely
on the singular value decomposition of the operator A. This allows a splitting into a sampling and recov-
ery step (which is quite natural). The sampling step in both algorithms is almost the same, whereas the
recovery steps are rather different. In the first approach the recovery step relies on (classical) regulari-
zation principles, whereas in the second approach we seek to stabilize the ill-posed problem by adequate
discretizations (which, of course, is also a regularization technique).

4.1 Regularized Reconstruction

Let us consider the normal equation A*Af = A*g and let AT denote the generalized inverse of A. If

g € D(A'), we can define fT := Afg. If A is injective it makes sense to define AT := (A*A)71A*. A

stabilized version of fT can be constructed through f® = R,g with R, = F,(A*A)A* with properly

chosen F, (for an extensive discussion on the choice of F,, see [15] or [23] and references therein).
Therefore, we can write

=Wp* = Zﬂk Wy = A*A)A*g = ZFQ(Ulz)m@, u )y
1

For the singular system we associate the corresponding synthesis and analysis operators which we denote
by V, U and V*, U* as well as its finite versions V,,,, U,,, and V,);, U},. Therefore, for all j € N we have

(V*f); Zﬂk Wi, Vj) ZFa(O—IQ)Jl<gyul><Ulavj>7
.

which is nothing other than
V*WB* = 0,5y orequivalently, O,'V*W3* =y,
where

(wi,v1) {wi,ve) ... F,(0?) 0 o1 0
VW = <’U.)2,'U1> <’LU2,1)2> - , ®a — 0 FQ(U%) ce , N = 0 09

The vector v = U*g = {(g, w;) }1en is not accessible in practice and must be related to the samples of g
with respect to our sampling frame {sj, }ren,

<U1,81> <U1,82>
n=2S"g=8"UU"g=8"Uy, where S*U = (uz,s1) (uz,s2)

Consequently, in order to compute f¢ = W 3 we are faced with two infinite dimensional linear equations
that need to be solved,

S*Uy = n (4.3)
O,'VWEr = Ty. (4.4)
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We proceed in two steps. To find an approximation to the solution of (4.4) we assume in a first step that a
finite length approximation vy, = U}, g to the solution of (4.3) is at our disposal (with m specified below).
Then, in a second step, we derive an approximation *yfn,,. to 7., where we also allow the data g to be noisy.

Suppose now that we have the samples U}, ¢ at our disposal. Based on this information we construct

an approximation f, = W,0; . € W, as follows:
o = Wa (Wi Vin®3 005 Vi W) WiV 055, B g (4.5)

where O, = PO,
ciently large m:

P12(N)- As the following theorem indicates, f',, is uniquely defined for suffi-

Theorem 4.1. Let X, Y be separable Hilbert spaces and A : X — Y be a linear and bounded operator
with singular system {oy., vy, uy}. Moreover, let W = N(A)t C X and S = N (A*)L C V. Suppose
{51 }ren and {wy }ren are frames for S and W respectively. Then, for the generalized solution fT € W C
X andn € Nand a > 0, there is an M € N such that, for all m > M the approximation f . exists and
is unique. Moreover,

1FT = Fmllze < 2+ Koo 1FT = £l + (L4 Ko 1P, ST,

where
Knma = |[Wa(WiV, 0,0, 000 VW) WiV, 0,0 0.1 VP, |-

am~am’m a,m’m

In particular, for m large enough,

X Amax (057
e = An'lln(@;,%n) '
where )‘max(e(;?m) and /\min(@;?m) denote the largest and smallest eigenvalue of 6(;,2771, respectively.
Proof. Solving the optimization problem
[5mUsg = O m Vi Wb m|l” — min (4.6)
results in
r(f,m = (W; Vm@&,%V%Wn)TW; Vm@;,%nsz:;zg
= (WyV®L 2 Vi W) WiV, 0.2 Vi (P, f* + Py, f*)

and therefore, as argued in the proof of Theorem 3.1, for m > M and M large enough,

[ = Wa(WiVm© 2 Vi W) WiV, 0.2 Vi (P, f* + Py, %)
= P, fO+ Wa(WiVin©:2 VW, ) Wi, 0.2 Vi Py o,

am’m am’m

and f,, is unique. Consequently,

I = el < IF = £l + 15 = £ llx
< T = Fllx 1P, £ = Wa(Wi Vi O3, Vi W) WiV, 0.2 Vi Py 2|
< = 2+ (U4 Komoo) | Py, £ 2
< 2+ Kuma)llfT = Fl2 + 0+ Knmo) 1P, 12 -

To prove that, for fixed n and @ > 0 and m large enough, the constant K, ,, , can be bounded by
Amax (052 )AL (©52)), we first define @, := F,(07)~ 'vy. This results in

Kmm,a = HWn(W;VmVn’;Wn)TW;Vm‘N/&Pﬁvn|| .

As {vg, }ren is an orthonormal basis, the system {7y, }rcn is a Riesz basis and therefore we obtain

Enma < 1 ViaVir) v v Vi Vi

Vi —Vm *
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For f € V,,, it follows that

min Fo(o}) 2IFI7 < (VuVifo ) = 3 FaloD) 2(Fvp) € max Fulo) 2| 1]
= =1,.,
resulting in
K max;=1,..,m Fa(%z)_g
n,m,ox — minjzl’”.’m Fa(O'?)72 )
as required [

As already mentioned, the samples to which we have access in practice are given by 77° = S*¢°. Based
on this (possible noisy) information we construct an approximation vfnm to the solution of (4.3) as follows:

Vorw = (U5 S:SiUL) U S, Srg” and hence, gl . = Un (U, SrSiUn) U S-Sig” (4.7)

Consequently, combining (4.5) and (4.7), we obtain an approximation to the solution of (4.4) that can
indeed be realized in practice,

fon =W WiV, 0, 0. Ve W, ) WiV,,0,%, 5,Ur g5, - (4.8)

As a simple consequence of the Theorems 3.1 and 4.1 we have the following:

Theorem 4.2. [f the assumptions made in Theorems 3.1 and 4.1 hold true, then

1T = Fomrll S T = £l + Koo (Omea (L K5 )Py, FI| + K, )

with constants defined by

K} o = Wa WiV Vi W) WiV, ViR A, K2,

= U (U}, 8,8 U U S, SEUPL||

Krgn,r = HUm(U;zSTS:Um)TU;erS:” )

where K} < Amax(Og ) |A

n,m,e — Amin (e(:?m.)

is an orthonormal basis, then, for fixed m, K,Qm

. and, for sufficiently large r, K7, ., K3, . < 2%. Moreover, if {sk } ken

m,r’
3
»— 0, K5 — lasr — oo,

Proof. First, with 3,,U = V,* A*, we observe that

m

ol = Wa(WiVin©, 0 Vi W) WiV, 0.0 50U (9 — g+ gd,.)
= [ AW (WiV 0,1, 0 Ve W) WiV, 0,0 Vi A% (g0, — 9) -

Moreover, with the help of Theorem 3.1,
9= 9 = Pt 9+ Un (U SeS7UR) U SeSE Pig g+ U (U 8157 Ui ) 1U 8,7 (9° = 9)

and since
PZ/Jf;n,g = (I - UPmU*)g = U(I - P’m)U*g = UP»,#’Y = UPTJ,ZZV*Wﬁ

it follows that

lg — gfn,r” < Omt1 (1 + HUm(U;SV'S:Um)TU:;LSV'S:UP7#||) ”P\}mf”
AU (U3 8785 Um) U, S, SE|6

This implies, with Vo = Vin©-! that

LT = fmell < 1T = il + W (W Vi Ve W) TWo Ve Vi A g9, — 9l
< HfT - S,mH + K}L,m,a (Um+1(1 + K?nr)”Pd_mf” + Kfn,r(s) :
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Now, for m sufficiently large,
K%,Jn,oz = HWW(W7T‘ZTLXZTLWH)TWTTVMVTZA*||
= H(vani)_lvmvntwn(W;vantwn)TW:vmVrzA*H
an:1,~-~,m FQ(U?) 1
2
J

—1 ¥ * * m -
ViV A*]| < Al .
VA < St S

< N(VaVi

m

Moreover, if r is also sufficiently large we obtain

Ky < Un(UnSeSiUR) UL S ST < 201(SS) THISS™ | K, e < 211(SS™)HI1SS™ -

m,r —

To see that K2, — 0 as 7 — oo we observe that, since {sj }xen and {uy, }ren span the same space, we

m,r

have that PsU = U, where Ps = SS*. Thus,
Un (U2 SS* U )UZSS*UPE = U, (U, 85U, P ,U*UPE = 0.

Also,
Un(U S, S U U S, SEUPE — U, (U SS*U,,) U SS*UPL, 1 — oo

by the strong convergence of S-S} to S5 and compactness of U,,,. The assertion about K, 72n,r follows. [

4.2 Non-Regularized Reconstruction

The approach in the previous section was essentially based on the normal equation A*Af = A*g. As an
alternative, we now propose an approach based on directly utilizing the singular value decomposition of
A. In other words, since A = UXV™*, we have

n=S%"g=S"USV*'Wp=S"Uxy

and, as in the previous section, this results in two linear equations

S*U~ry = n 4.9)
VWS = 271y, (4.10)
Based on equation (4.9) we construct an approximation to g,
Imr = Um (U3 SrS7UR) UL S, ST g, (4.11)
and with the help of equation (4.10) we construct
Frm = W WV VW) W2V S, U g @12)
Combining (4.11) and (4.12) suggests the following approximation to f:
Fame = Wa(WiVaVaWo) WiV B2 U g, (4.13)

Theorem 4.3. Let X, Y be separable Hilbert spaces and A : X — Y be a linear and bounded operator
with singular system {o, vy, uy } (such that {vi, }ren is an orthonormal system for N'(A)* and {uy }ken
is an orthonormal system for N'(A*)*). Moreover, let W = N(A)* C X and S = N(A*)*+ C V.
Suppose {si }ren and {wy }ren are frames for S and W respectively. Then, for the solution f € W C X
and n € N, there exist M, R € N such that, for all m > M and r > R the approximation f,‘imﬂn exists
and is unique. Moreover,

0
H-f - fg,m,'r'HX < (1 + Krlt,m)HPVJ\_/nf” + K'rQn,rHP\ﬂ_me + Kvgn,ro_iv (4.14)

with

Kl = ”WH(W;VMV;WTL)TW;VmVr;Pd—Vn ”7 K'rQn,r = ”Um(U:;LSTS:Um)TU'rtLSTS:UPvJVZHv

n,m
K3 = |Un(US:SiUR) U S, S|

In particular, K}%m — 0 as m — oo, and, for sufficiently large 7, KﬁL7T,K§1,T. < 2%. Moreover, if

{8k }ren forms an orthonormal system, then K2, — 0 asr — oo and K3, — lasr — 0.
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Proof. Following the same lines of the proof of Theorem 3.1, we obtain for (4.11),

ggz,'r = Um(U:zSTS:Um)TU;STS:(Q"'Z)
= Pu, g+ Un(UsS:SiUR)ULS Si Py g+ Un (U SrSiUR) U S Siz .

m

Therefore, we have for (4.13) with X, 1U* Py, g = Vi f,
nne = Wa(WaVa Vo W) ' WV, Vi (Pw, f + Py, f)
AW WiV Vi W) WiV 20 U U (U, S-S5 Um ) U RS- SE Py g
W, (W V, VW) WiV, S U U, (U S, S:U) U S,.S5 2.

Note that we may argue exactly as in the proof of Theorem 3.1, by using the fact that {vy}ren is an
orthonormal system for A'(A)* = W and deduce that there is an M € N such that

W WiV Ve W) WiV Vi Py, f = Pw, f,  m > M. (4.15)

Thus, by simply plugging in the expression for fg’mw, it follows that

Hf_fg,m,r”
<N = Wa (W Vi Vi W) TWiV,, Vi) Py, £
1 B 4.16)
W WV VW) WV S AU U (U7, 8087 Un ) U S, ST P g

m

|
+ ([ Wa (Wi Vi Ve W) WiV S U U (U, 8,85 Un) U S, Siz] - m> M.

To get the asserted bounds we shall bound separately the three terms on the right-hand side of (4.16). The

first term is obvious, so we focus on the second and third. To bound the second term observe that

* * * — *\— — 1
||Wn(WanVmWn)TWanEm1” = ||(vam) IVmPRaH(V,_Z,Wn)Zmln < )

O’7TL

and that
Py g= (I —UP,U*)g = U(I — P,)U*g = UP~y = UPESV*W§.

In particular, since 0; > o4 forall j € N, it follows that

W (W Ve Vs W) T W Vi 81U Ui (U, 8185 Ui ) UL S-S P, g |

< W (W ViV W) TWo Ve S, Ui (U5, 887U ) TUL S STU P (|| P 2V W |
< T 0, (U781 Un) U35, 8; U PA [PV WG| i
< NUm (U3 8087 Um) U3 S,S7U P 1Py, £
As for the third term we use (4.15) and the assumption on z and get that
IV (W Vi Vi W) W Vi S U U (U S, 82U ) U, S22
(4.18)

1
< — U (U5, S S7Um) UL, ST 6.

Hence, by (4.16), (4.17) and (4.18) we obtain

I = £2 el < (L4 W WV Vi W) TWi Vi Vi) Py ) P,
U (U3,80:85 U ) 1U; 8- SEU P ||| Py, £

1)
+ | Un (U, S-S50 U S S | —,
Om
which yields (4.14).
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To see that K}L’m — 0 as m — oo we can simply use Theorem 3.1 since, by assumption, {vj }ren and
{wi }ren span the same space and {vy, }ren is an orthonormal basis. Similarly, the statement about K73,
when {s } ey is orthonormal follows from Theorem 3.1. To see that K ,2”7,. — 0 as r — oo we observe
that, since {si }xen and {ug }xen span the same space, we have PsU = U. Thus,

Un(UYS85*U,,)TUY SS*UPL = U,,(U* SS*U,,) P, U UPE = 0.

Also,
Un(U 8,8 U U S, S:UPE — U, (U} SS*U,,) U SS*UPL,  r — oo

by the strong convergence of .S,..S; to S.S* and compactness of U,,,. The assertion about K ,%m follows. [

4.3 Numerical Examples

In this section we will test the frameworks proposed in the previous subsections. First, we discuss a one-
dimensional example for which we analyze the suggested regularized and non-regularized reconstruction
methods. Thereafter, we consider a two-dimensional experiment. The goal is to verify that we can achieve,
even in the presence of noise, a reasonable reconstruction by the proposed sampling-recovery technique.

Example 4.4. In order illustrate the proposed sampling theorems (Theorem 4.1, 4.2, and 4.3), we consider
the linear operator A : L2 ([0, 1]) — Lo([0, 1]) defined by

g(t) = Af(t) = / f(s)ds |

with singular system {o, vk, uy } given by

1

G U= Veeostk+1/2mt,  w=V2sin(k+1/2m.

O =
Note that {vj}ren and {uy }ren form orthonormal systems for Lo([0,1]). To keep technicalities at a
reasonable level, we choose the Fourier basis as both the recovery system {wy } ez and sampling system
{Sk}keZ» i.e. ) )

wk(t) — ekat and Sk(t) — ekat )
Let the signal f to be reconstructed be defined by f(t) = cos2nt. Consequently, f can be expanded as
follows, ) )
f(t) =Wj= Zﬂk62mkt _ 5e27ri(71)t + §e2wi(+1)t )
kCZ

Consequently, 5_1 = 1/2, 51 = 1/2,and B, = 0 for k € Z \ {—1,+1}. Moreover, the data g are given
through g(t) = Af(t) = 1/(27)sin2nt. In this particular example we also have explicit expression for
all further required quantities,

N U*QZ{’W}leNZ{ 4+/2 cos(I) }
1

72 (412 + 41 — 15)

« . —1 7
n = S'9g={mtrezwithn_y = —  ny1=-—andn, =0, k #£1
4 47

N B V2((Ir + 7 /2) cos(In) — 2mik)
VW= < (2mik)2 + (Im + 7/2)2 )lEN,kEZ

U — (=) 2((Im + m/2) cos(Im) 4 2mik)
(2mik)? + (Ir + m/2)? keZ,leN .

The approximations to f from the r samples S ¢° may now be derived by

7?,’7§z,r = Wn(W;:V,n@;},n@;}mVnZWn)TW:Vm@;}mEm(U;S,.S:Um)TU;LS,.S:f and
pr = Wa(WiV Vi W) WiV, 5 N (U, S, 85U U S, S g
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Figure 5: Recovery results for £,..; = 0%. Top (from left to right): n° = SH(g + 2) (1) and S;U,,7y (o),
80,3040 (~) and 3 (o), fgo 30,40 = Wn/330.30.40 (=) and f (- -). Bottom (from left to right): 535?30)40 (-) and

B (o), f 20, 30 40 =Wn 20 30,40 (4) and f (- -), 5300'?07 40 (1) and 3 (o), fQOEJO%to’ 40 = nﬁgoo,%tdio (=) and f (-
-).

where we focus here on Tikhonov regularization, i.e. the entries in O, ,,, are given by F,(07) = 1/(a +
0?). We discuss now several different recovery scenarios.

In the first case we choose a ﬁxed (and reasonable) setting for n, m and r and vary the noise level § and
compare the recovery quality of f m ,and f2 .m.,» While experimentally tuning the regularization parameter
« towards optimal recovery. This experiment shall show that for a fixed number of data samples and
coefficients in the series expansion of the solution an optimal choice of regularization parameter induces a
substantially improved recovery.

In the second case we fix the number n of coefficients in series expansion of the solution and try to
find for different noise levels é reasonable integers m and r to derive ffL m.r- For the same numbers m and
r we then experimentally determine an optimal « to compute f7* m »- This experiment shall show that a
reasonable choice of m and r may feasibly stabilize the recovery and providing approximations that cannot
be significantly improved by a fine tuning of a.

First case: vary z = g — g° such the relative error £,..; = 100 - ||z||/||g]| is 0%, 5% and 10% and let
n = 20, m = 30 and r = 40. The numerical results are illustrated in the following table and visualized in
Figures 5,6, and 7.

erets 8 || I = fosoaoll | IS = Faitsooll | 1S = Foghaoll | cope | Fi. ]

0%, 0 0.6262 0.4995 0.0071 0.00017 5
5%, 0.0056 1.1738 0.9728 0.1536 0.00037 6
10%, 0.0113 1.7593 1.5268 0.2265 0.00061 7

Second case: we first fix n = 10 and ask then, for different relative errors ¢,.; € {0%, 5%, 10%}, for an

adequate choice (numerically determined) of m and r in order to derive an optimal approximation f,f -

Then, we try by fine tuning « to obtain with f£* S .~ a comparable or possibly better approximation. The
results are documented in the following table. The illustrations of this experiment are given in Figure 8
(the illustrations for &,..; = 0% are not provided since there is no visual difference).

[ eres. [m | v [ = ol [ = £l [ = £ | cope | Fig. |
0%, 0.0 10 1000 | 0.002114839173 0.002114839160 | 0.000112 0.0000035
5%, 0.0042 40 100 | 0.0303 0.0433 0.0371 0.000025 8
10%, 0.0075 40 80 | 0.1044 0.2990 0.2732 0.0001 8

Example 4.5. In the second example we discuss the Radon transform,

R(r,w

+V1=72
):/ flrw +twh)dt | (4.19)

1—712
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Figure 6: Recovery results for &,..; = 5%. Top (from left to right): 1’ = SH(g + 2) (1) and S;U,,7y (o),
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Figure 7: Recovery results for ,; = 10%. Top (from left to right): 7° = S*(g + 2) (-) and S*U,,,7y (o),
90.30.40 () and B (0), 90 30 40 = Wn/330.30.40 (4) and f (- -). Bottom (from left to right): 530630 40 () and

B (o), f§6?30,40 = Wnﬂgb%o,z;o (-)and f (- -), ﬂgff%td 10 () and 3 (o), f;f%to’ 40 = nﬂ;oo%td 40 &) and f (-
Y

where we have assumed that supp(f) C D = {z € R? : [jz|| < 1},and w € S, 7 € [—1,1], see [23].
The map R is linear and continuous (with norm v/47) between Ly(D) and Ly([—1,1] x [0, 27], g~ 1), with
weight function g(7) = v/1 — 72. As a map between these spaces, the Radon transform has the following
singular system (for details see again [23]),

{(Vmi, Ui, 0mi) : m> 0,1 €Z: |l| <m,m+leven} ,
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Figure 8: Experimental results for €,..; = 5%: ff0_40’100 (t.1), f?6540 100 (tm.), ffd(_)fgol%%’é (t.r.), and for

eret = 10%: f540100 (0L, fli 10,100 (M), fio g0 100 (br.). In all subfigures the dashed line (- -)
represents the true solution f.

m+1 1] p(0,]21) 2 _
omal@) = { e MECHD L @llel? — DY/ llall) o]l <1
]l > 1

g(MUn(T)Yi(w) |7 <1

um,l(Ta W) = |7_| -1

Om.l = 2
’ Vom+1

(o +n+1) n \Lla+B+n+mtl) (x—1\"
(e, 3) _
P ("””)n!r(a+ﬁ+n+1>g__:o<m> [(a+m+1) (2) ’

Oy= O

where

sin((m + 1) arccos(1))

Un(m) =

(7) sin(arccos(7))

Hence, for each f € Lo(D), we have Rf = Zml = 0mi(f; Vi) L,(D)yumi. We choose as recovery
system for Ly(D) = Ly(rdrdf, [0,1] x [0,27]) the separable Haar basis on [0, 1] x [0, 2],

’UJ)\(T, 9) = ¢>\1 (7”)’(/1)\2 (€> ) >\i = (qm]?kl) 3

where g; prescribes the species of the wavelet (¢; = 0 - generator, g; = 1 - corresponding wavelets,
1 =1,2), j € Z the scales, and (k1, ko) € I the translations. Then, we obtain

2m 1
(f,vml) Loy = /f(x)vml(x)dx:/ /f(rcos@,rsinﬂ)f;ml(rcosﬁ,rsin&)rdrd&

2m
1 )
/ / f(r cost rsmmF RO o(2r2 = e rdrdo
2m
1
Zﬂ)\ 7,[})\2 ”edt‘)\/ﬁ/ ’l,[} \l|+1p(0 ‘l||)‘ /2 (2,’,,2 . 1)d7’

Zﬁ,\ (VW) xmi -
X

As sampling system, we choose an orthonormal Fourier-Mellin-type basis, {wp }(n k)enxz. to span
Lo([-1,1] x [0, 27], g~ 1), which we define by

1 /7+1

Sn (T, 0) = ~ Qn((T +1)/2)eg" (1) (4.20)
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Figure 9: Left: phantom function f on D, middle: Radon transform Rf for m < 30 (resulting in 496
singular functions), right: matrix W55 Vags @;72496 WaseVigeWase, where for the wavelet system the scale
is limited to 2 < j < 3 (resulting in 256 basis functions).

where

1

Qp = W y Qn Zan,pT , Qpp = (_1)n+1

(n+p+1)!
(n—p)plp+1)!

Therefore,
T+ 1
oy,

1 1
(5 Vi =0~ 5 [ Unlo) [ T2 Qulr+1)/200 )

The phantom function f to be recovered is now simulated on D by placing N ellipses,

k k sk
k. 9 a 0 cos v sin v ok
B —{xER H( 0 l)’“)(siny’c cosuk>(x x)

through,
fox)=0, f*"'(z)= @) xp\prr (@) +E" T xpra(z), n=0,...,N-1land f(z):= fV(z).

The k-th ellipse is specified by a set of parameters I1¥ = (2%, 7% L% aF bF ¢F), where x4, determines the
localization, r* the radius, v* the orientation, a*, b* the semi-axes, and ¢” the plateau height.
In our particular example we selected three ellipses,
E' . II'=(0.5,0.0,0.3, —7/12,1,0.5,2)
E? : II?=(-0.5,0.0,0.3,7/12,1,0.5,2)
E3 . II°=(0,-04,0.3,7/2,2,0.6,3) ,

‘Srk} , k=1,...,N |

resulting in a phantom function f(x) = f3(z) which visualized in figure 9. The resolutions (which can
be made as fine as desired) to represent f (on a cartesian and/or polar grid) as well as Rf are restricted
in our computational experiments to equispaced grids of size 256 x 256 and 512 x 512. This is of course
not fine enough when significantly increasing the number of recovery, singular and sampling functions.
In particular, the singular and sampling functions contain oscillatory components that indeed require a
much finer resolution. But as we focus here on exemplarily documenting the applicability of the proposed
approach, we restrict ourselves to problem dimensions that cause no extra sophistication when dealing with
very large systems. By (4.8) an approximation to f is now obtained through
fo =W (WO 0L Ve W) WiV, 0, 80 (U, S-S5 U ) TU L S, S g

o,m a,m " m

We have derived f, m - within the following scenarios, for visual inspection see figure 10,
n m r E(f, fh ) rel.
(wavelet functions) | (singular functions) | (sampling functions) recovery error
scenario 1 1024 (2 < j <4) 1326 1681 22,03 %
scenario 2 || 4096 (2 < j <5) 4186 4225 15,62 %
scenario 3 || 16384 (2 < j <6) 16471 16641 11,40 %
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Figure 10: Top row (from left to right): recoveries of f by ffdg&lg%’mgl (scenario 1), ffdg67418674225

(scenario 2), ffg§84,16471716641 (scenario 3), where the relative error is £,,; = 5% and the corresponding
Tikhonov stabilization is fine tuned by o = 0.00001. Bottom row (from left to right): modulus of difference

a,d a,d a,d
between f and fl()24,1326,1681’ f4()96,4186,4225’ and f16384,16471,16641-

In our particular example the relative data error is €,.; = 5% and the corresponding Tikhonov stabilization
is fine tuned by o = 0.00001. The relative recovery error is defined in this experiment by

. ”f_fr?,’gm,r”Lz(D)

E 9 7?’7(;7’ -
(s fiimr) = =)

L2>(D)

5 Conclusions and challenges

The purpose of this paper was to extend generalized sampling to sampling and reconstructions in frames,
and to inverse and ill-posed problems. The key component is to allow the various parameters (number
of samples etc) to vary independently. When done appropriately, it is then possible to prove sampling
theorems which give guaranteed error bounds for the reconstruction in terms of constants that can be
estimated numerically.

An important theme of this work, as discussed earlier in the paper, is that finite-dimensional tools are
not always well suited for formally infinite-dimensional problems. As such, this paper marks only one step
in a much larger project on how to reconstruct in infinite dimensions, with many directions for future work.
Several of these directions are now described.

All the key theorems in this paper rely on the existence of quantities (e.g. K, m, or K, }%m, K2 K fmﬁ)
which can be made small by an appropriate choice of parameters. In Section 3.4 an insight was given as
to how to numerically estimate the quantity K, ,, in the case of generalized sampling with frames, and
thus how to compute the so-called stable sampling rate. It is a topic of ongoing investigation to extend this
notion to the GS framework for inverse problems of Section 4. Note that the setting here is substantially
more complicated — we have to deal with additional parameters, including possibly the regularization a.
However, the aim of future work is to introduce explicitly computable sampling rates for such problems,
which allow one to determine precisely how to balance such parameters. Much of this will be based on the
more recent developments of [6] for GS with bases.
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An important ill-posed problem is that of X-Ray tomography, which involves inverting the Radon
transform. Although the GS framework introduced in Section 4, based on regularization of a compact
operator, can be applied to this problem, this is not the only possible approach. Indeed, the Radon transform
has a number of key features than one may hope to incorporate into the GS framework in order to get a
better reconstruction for this particular problem. This is also a topic of future investigations.

As mentioned at the beginning of this paper, GS can be combined with convex optimization tools to
give new techniques, and a completely new theory, for compressed sensing in infinite dimensions [1, 5].
One may therefore ask, is it possible to incorporate the developments in this paper to allow for sparse
recovery for inverse and ill-posed problems? In the near future we intend to investigate this question, with
one aim being to extend the previous work of [19] on this topic.
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