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Abstract

Generalised sampling is a recently developed linear framework for sampling and reconstruction in separable
Hilbert spaces. It allows one to recover any element in an arbitrary basis given its samples with respect to any
other basis. Unlike more common approaches for this problem, such as the consistent reconstruction technique
of Eldar et al, it leads to completely stable numerical methods possessing both guaranteed recovery and accuracy.

The purpose of this paper is twofold. First, we derive new bounds for the error committed by generalised
sampling. These estimates improve existing results, and are shown to be sharp. In doing so, we also establish
a new result concerning oblique projections in Hilbert spaces, with applications to other methods, such as the
aforementioned consistent reconstruction technique. Second, we consider the topic of optimality. We prove a
result demonstrating that no projection-type method can outperform generalised sampling in an asymptotic sense.
Moreover, for the important example of the recovery of a smooth function to high accuracy from its Fourier
coefficients, we illustrate that generalised sampling is optimally stable amongst all possible methods. That is
to say, for this example at least, no other method can be both more stable and more accurate than generalised
sampling. As we discuss, these results have potentially significant consequences for the design of practical
reconstruction techniques in image and signal processing applications.

The key to obtaining these results is to first give an appropriate geometric interpretation of generalised sam-
pling in terms of projections onto particular subspaces. As we demonstrate, not only can generalised sampling
be interpreted in this way, the important constants which determine both numerical stability and accuracy can be
identified with particular subspace angles. Such constants can therefore be easily computed, and hence stability
and accuracy guaranteed a priori.

1 Introduction
A central theme in sampling theory is the recovery of a signal or an image from a collection of its samples.
Mathematically, this is modelled in a separable Hilbert space H, with the samples of the unknown signal f ∈ H
being of the form

f̂j = 〈f, ψj〉, j = 1, 2, . . . ,

for some collection of vectors {ψj}∞j=1 belonging to H (here 〈·, ·〉 is the inner product on H). Typically, the
sampling vectors {ψj}∞j=1 form a Riesz basis for their span S = span{ψ1, ψ2, . . .}.

One of the most common, and arguably one of the most important, examples of this type of sampling is
the recovery of a function f with compact support and Fourier transform Ff from the equispaced samples
{Ff(jε)}j∈Z. In this case 〈·, ·〉 is the standard L2(R) inner product, ψj(x) = exp(2πiεjx) and the values f̂j
coincide with Ff(jε) (here ε ≤ 1

2T , where supp(f) ⊆ [−T, T ]). This is precisely the type of sampling encoun-
tered in Magnetic Resonance Imaging (MRI), for example. The celebrated Shannon Sampling Theorem [29, 38]
guarantees that both f and Ff can be recovered exactly via the infinite sums

f(x) = ε

∞∑
j=−∞

Ff(jε)e2πiεjx, Ff(t) =

∞∑
j=−∞

Ff(jε)sinc

(
t+ jε

ε

)
. (1.1)

Note that Shannon’s sampling theorem is often stated in terms of g = Ff . However, in many applications, MRI
included, it is f that is of primary interest, rather than Ff . Hence we shall retain this form throughout.
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Shannon’s Sampling Theorem is a mainstay of modern signal processing, and has become one of the most
important theorems in the mathematics of information [38]. Whilst its influence cannot be understated, it transpires
that Shannon’s theorem is rarely used in practice [16, 38], the principle reason being that the infinite sum (1.1)
typically converges intolerably slowly for real-world signals [31, 38]. In computations one can only process finite
amounts of information, hence these sums must be truncated, leading to the approximations

fn(x) =

bnc−1∑
j=−bnc

Ff(jε)e2πiεjx, Ffn(t) =

bnc−1∑
j=−bnc

Ff(jε)sinc

(
t+ jε

ε

)
. (1.2)

The slow convergence of these truncated sums means that an infeasibly large number of samples Ff(jε) must be
taken to ensure that fn and Ffn are good approximations to f and Ff respectively. The former is also typically
polluted by unsightly Gibbs oscillations.

It is important to note the following at this point: throughout this paper the samples of f will be fixed, and
cannot be altered. Typically, this situation occurs when sampling scheme is specified by some physical device;
Fourier samples in Magnetic Resonance Imaging (MRI), for example. Thus, the question is, given such fixed
samples, how can one reconstruct f to better accuracy than (1.2)?

This question is not new, and there has been much interest in the last several decades in alternative approaches
for reconstruction. In practice, many signals, whilst not well-represented by complex exponentials (i.e. by (1.1)–
(1.2)), are well-represented in terms of a different collection of vectors {φj} [16, 38]. That is, for a given f ∈ H,
we have

f =

∞∑
j=1

αjφj , (1.3)

where the coefficients αj → 0 rapidly, or, in some special cases, αj 6= 0 only for a small number of values j (i.e.
f is sparse in {φj}). As a result, one needs only a comparatively small number of the values αj to represent f
to high accuracy. Given such additional knowledge, it is natural to ask how one can recover f in terms of this
system of vectors using only the fixed samples f̂j = 〈f, ψj〉. Consistent reconstruction—introduced by Unser &
Aldroubi [39, 40] and later generalised significantly by Eldar et al [12, 13, 14, 17]—is a linear technique designed
specifically for this problem.

Whilst the consistent reconstruction technique has proved successful, and is widely used in practice, there are a
number of issues. As discussed in [1, 3, 15, 27], consistent reconstructions have the significant drawback of being
typically neither numerically stable or convergent as the number of samples increases. In particular, one can quite
easily devise examples for which consistent reconstructions either fail to converge, or are extremely unstable, or
both [1]. In other words, the approximate coefficients α̃1, α̃2, . . . computed by this approach need not bear any
substantial resemblance to those in the exact representation (1.3), nor may their computation be stable.

To overcome these issues, a new approach, referred to as generalised sampling, was introduced in [1, 3, 4].
This method is based on a fundamentally new viewpoint on sampling and reconstruction, the so-called stable
sampling rate, which conveniently combines notions of sampling with those of numerical stability. In §3 we recap
this technique.

With this in mind, the purpose of this paper is twofold. First we provide sharp estimates for generalised sam-
pling, thereby improving those given in [1, 3, 4]. In doing so, we also obtain a new result for oblique projections
in Hilbert spaces, which, as a corollary, also confirms sharpness of a number of existing estimates for consistent
reconstructions. Such estimates show that consistent reconstructions must fail in some cases, as we discuss in
detail. Conversely, as we both prove and illustrate numerically, generalised sampling offers guaranteed recovery.

Implementation of generalised sampling relies on first determining the stable sampling rate. Roughly speaking,
this quantity measures how many coefficients αj in the basis {φj} can be stably and accurately computed from a
given number of samples. As we demonstrate, the stable sampling rate can be interpreted completely in terms of
subspace angles, and therefore computed numerically. Hence, both stability and accuracy of generalised sampling
can in practice be guaranteed a priori.

In the second part of this paper we consider the topic of optimality. Specifically, we show that generalised sam-
pling cannot be improved upon in a certain sense, and therefore is the optimal reconstruction technique amongst
all so-called projection-type methods. Furthermore, for the important example of the recovery of a (piecewise)
smooth function of one variable from its Fourier coefficients in a basis of (piecewise) polynomials, we give sub-
stantial evidence towards the conjecture that generalised sampling is an optimal stable method. Specifically, no
stable method can produce an asymptotically better (i.e. more accurate) reconstruction.

Both the sharp bounds and optimality results of this paper rely on first deriving a new geometric interpretation
of generalised sampling in terms of oblique projections onto specific subspaces. The interpretation of consistent
reconstructions in terms of oblique projections is well understood [13, 14, 17, 39]. By extending this notion to
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generalised sampling, not only do we obtain the aforementioned results, we also give a geometric argument for
how this framework overcomes the issues with stability and convergence inherent to consistent reconstructions. An
equivalent argument can also be made in terms of finite sections of infinite-dimensional operators. This indicates
how questions in sampling and reconstruction can be related to the issue of how to discretise certain operators
(such a connection was first demonstrated in [1]).

It is worth noting that the optimality results of this paper can be viewed in the following alternative way. If no
other method can be both more stable and more accurate than generalised sampling, then the stable sampling rate
(the quantity which ensures stability and accuracy of generalised sampling) is not intrinsic, but in fact universal.
That is, the number of coefficients in the basis {φj} that can be accurately and stably reconstructed from a given
number of samples by any method is determined precisely by this quantity, and hence cannot be improved upon
without compromising either stability or accuracy or both. This universality has potential ramifications for the
design of practical reconstruction frameworks in image and signal processing applications. Having said this, we
stress that such a notion remains a conjecture, and we currently have no proof of universality in a general context.
In §5 we discuss future work in this direction.

Generalised sampling, the subject of this paper, is a linear technique designed to recover any signal from
its samples. The development of compressed sensing techniques has had a huge impact in the reconstruction of
sparse signals via subsampling. Generalised sampling can also be judiciously combined with compressed sensing
techniques to achieve subsampling, whenever the signal f is sparse (or compressible) in the basis {φj}. The
importance of this development is that it allows for compressed sensing of analog (i.e. infinite-dimensional)
signals which have sparse (or compressible) information content in some analog basis. Conversely, the standard
compressed sensing techniques apply to inherently finite-dimensional signals, i.e. vectors in Cd. We refer to [2]
for details, and [6, 11, 41] for related methodologies based on analog, but finite information content, models for
signals.

The outline of the remainder of this paper is as follows. In §2 we introduce linear consistent reconstructions
and discuss their drawbacks. Generalised sampling, which overcomes these shortfalls, is introduced in §3 and
sharp bounds given. Finally, in §4 we consider optimality.

2 Consistent reconstructions and oblique projections
We first review the consistent reconstruction technique of [13, 14, 17, 39, 40], as well as its connection to oblique
projections. To this end, suppose that {ψj}∞j=1 is a collection of vectors in a separable Hilbert space H (over C)
that form a Riesz basis for the closed sampling space S. In other words, there exist constants d1, d2 > 0 such that

d1‖α‖l2(N) ≤

∥∥∥∥∥∥
∞∑
j=1

αjψj

∥∥∥∥∥∥ ≤ d2‖α‖l2(N), ∀α = {α1, α2, . . .} ∈ l2(N), (2.1)

where ‖ · ‖ is the norm on H [9]. Suppose further that φ1, φ2, . . . is a collection of reconstruction vectors that form
a Riesz basis for a closed subspace T (the reconstruction space). We shall also assume that the spaces T and S
satisfy the direct sum condition

T⊕ S⊥ = H, (2.2)

(for example, T = S = H). Let f ∈ H and suppose that we have access to the samples

f̂j = 〈f, ψj〉, j = 1, 2, . . . .

Given {f̂j}∞j=1, we seek a reconstruction f̃ ∈ T of f . Naturally, this reconstruction ought to represent f well.
This motivates the notion of quasi-optimality:

Definition 2.1. A mapping H→ T, f 7→ f̃ is quasi-optimal if there exists a constant c > 0 such that

‖f − f̃‖ ≤ c‖f −Qf‖, ∀f ∈ H,

where Q : H→ T is the orthogonal projection onto T.

Note that Qf is the best, i.e. energy-minimising, approximation to f from T. Thus, quasi-optimality states
that f̃ is within a constant factor of the energy-minimising approximation.

A simple and elegant way to obtain a quasi-optimal representation of f̃ from the samples {f̂j}∞j=1 is via the
so-called consistency conditions. That is, we specify f̃ by

〈f̃ , ψj〉 = 〈f, ψj〉, j = 1, 2, . . . , f̃ ∈ T. (2.3)
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Consistency means that the samples of f̃ agree with those of f . We refer to f̃ as a consistent reconstruction of f .
A thorough analysis of consistent reconstructions, which we now recap, was given in [13, 14, 17]. For this, it

is first useful to introduce the following two concepts:

Definition 2.2. Let U and V be closed subspaces of H and QV : H → V the orthogonal projection onto V. The
subspace angle θ = θUV ∈ [0, π2 ] between U and V is given by

cos(θUV) = inf
u∈U
‖u‖=1

‖QV u‖.

Note that θUV 6= θVU in general. However, it always holds that θUV = θV⊥U⊥ . Indeed, since QV is an
orthogonal projection,

cos2 θUV = 1− sup
u∈U
‖u‖=1

‖QV ⊥u‖2 = 1− sup
u∈U,v∈V⊥
‖u‖,‖v‖=1

〈QV⊥u, v〉 = 1− sup
u∈U,v∈V⊥
‖u‖,‖v‖=1

〈u, v〉.

Symmetry of the right-hand side immediately implies the result. Moreover, in the case that U⊕ V = H it can be
shown that θUV = θVU [37].

Definition 2.3. Let U and V be closed subspaces of H. A mappingW :=WUV : H→ U is an oblique projection
onto U along V ifW2 =W andW(v) = 0, ∀v ∈ V.

Observe that U⊕ V = H if and only if there exists a unique oblique projection onto U along V [37]. Equiva-
lently, the cosine of the subspace angle cos θUV⊥ 6= 0 . Indeed,WUV is defined by

WUV(u+ v) = u, ∀u ∈ U, v ∈ V. (2.4)

In the particular case that V = U⊥ (i.e. cos θUV = 1),WUV = QU is the orthogonal projection onto U.
Oblique projections arise in many types of sampling [5], and consistent reconstructions are intimately related

with such mappings. Indeed, the following result was proved in [17]:

Theorem 2.4. Let T and S satisfy (2.2). Then the mapping H→ T, f 7→ f̃ , where f̃ satisfies (2.3), is well-defined,
and coincides with the oblique projectionWT,S⊥ onto T along S⊥.

As a result of this theorem, consistent reconstructions are equivalent to oblique projections. Thus a study
of the latter informs the former. However, let us note one important distinction. When defining the consistent
reconstruction (2.3), we assume that a basis {ψj}∞j=1 of S is given. Indeed, this is natural in view of the sampling
process. However, the oblique projection WT,S⊥ is independent of this basis, as it is determined solely by the
spaces T and S. In light of Theorem 2.4, the same must also be true for f̃ . In fact, as we detail in §2.2, specification
of bases {φj}∞j=1 and {ψj}∞j=1 is only necessary when writing (2.3) as a linear system of equations to be solved
numerically.

We now wish to consider the error ‖f − f̃‖ of the consistent reconstruction f̃ , or equivalently, the oblique
projectionWT,S⊥f . We have

Theorem 2.5. Suppose that U and V are closed subspaces of H satisfying U⊕V⊥ = H, and letW : H→ U be
the oblique projection onto U along V⊥. Then

‖Wf‖ ≤ 1

cos θUV
‖f‖, ∀f ∈ H, (2.5)

and
‖f −Qf‖ ≤ ‖f −Wf‖ ≤ 1

cos θUV
‖f −Qf‖, ∀f ∈ H, (2.6)

where Q : H→ U is the orthogonal projection. In particular, if f ∈ U, thenWf = f .

Proof. Whilst the bounds (2.5) and (2.6) were derived in [40] and [39] respectively, we shall include a proof, since
similar techniques will be used subsequently.

If f = u + v with u ∈ U and v ∈ V⊥, then f − Wf = v ∈ V⊥. Moreover, since Wf ∈ U we find that
(I − QU)Wf = 0. Therefore

‖(I − QU)f‖ = ‖QU⊥(f −Wf)‖ ≥ cos θV⊥U⊥‖f −Wf‖.
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Since θV⊥U⊥ = θUV, this gives (2.6). For (2.5), we first consider ‖QVWf‖. We have

‖QVWf‖ = sup
ψ∈V
‖ψ‖=1

〈QVWf, ψ〉 = sup
ψ∈V
‖ψ‖=1

〈 Wf, ψ〉 = sup
ψ∈V
‖ψ‖=1

〈f, ψ〉 = sup
ψ∈V
‖ψ‖=1

〈QVf, ψ〉 = ‖QVf‖.

Since QV is the orthogonal projection, we obtain ‖QVWf‖ ≤ ‖f‖. By definition, cos θUV‖Wf‖ ≤ ‖QVWf‖.
Hence (2.5) now follows.

Due to Theorem 2.4, equations (2.5) and (2.6) equivalently give bounds for the consistent reconstruction f̃
defined by (2.3). In particular, (2.6) illustrates quasi-optimality of the mapping f 7→ f̃ ≡ WT,S⊥f . Note that the
first estimate (2.5) is a continuous stability estimate for f̃ : the norm of the reconstruction is bounded by a constant
multiple of the norm of the input signal.

As shown by (2.6), whenever f ∈ T its consistent reconstruction f̃ ≡ f . In this case we say that f is recovered
perfectly. We shall return to this concept subsequently.

2.1 Sharp bounds for oblique projections
Whilst Theorem 2.5 is a known result, it transpires that the bounds (2.5) and (2.6) are actually sharp. We now
establish this claim. To the best of our knowledge, such a result does not currently exist in literature.

First, let us recall several properties of Riesz bases. Associated to any Riesz basis {ψj} of a closed subspace
S of H is a bounded linear operator S : l2(N)→ H given by {αj} 7→

∑∞
j=1 αjψj . By (2.1),

d1‖α‖l2(N) ≤ ‖Sα‖ ≤ d2‖α‖l2(N), ∀α = {α1, α2, . . .} ∈ l2(N).

The operator S referred to as the synthesis operator [9]. Its adjoint, the analysis operator, satisfies S∗f =
{〈f, ψ1〉, 〈f, ψ2〉, . . .} for f ∈ H. The composition P = SS∗ : H→ H, given by

Pf =

∞∑
j=1

〈f, ψj〉ψj , ∀f ∈ H, (2.7)

is well-defined, linear, self-adjoint and bounded. Moreover, when considered as a mapping S → S, P is positive
and invertible.

Note that the consistent reconstruction f̃ can be expressed as T (S∗T )−1S∗f , where S and T are the synthesis
operators for the Riesz bases {ψj} and {φj} of S and T respectively. In particular, if ran(V) denotes the range of
an operator V , the bounded linear operator X = S∗T is continuously invertible as a mapping ran(T ∗)→ ran(S∗)
[17].

We are now able to establish the following:

Theorem 2.6. The bounds (2.5) and (2.6) are sharp.

Proof. Let {uj} and {vj} be orthonormal bases for U and V respectively with synthesis operators U and V .
Observe that the composition VV∗ : H→ V is precisely the orthogonal projection onto V. In particular, VV∗ψ =
ψ for ψ ∈ V. Moreover, V∗V : l2(N)→ l2(N) is nothing more than the identity operator I on l2(N).

With this to hand, write A = X ∗X = U∗VV∗U and let u ∈ U be arbitrary with u = Uα for some α ∈ l2(N).
For reasons that will become clear, we are interested in writing the quantities

‖QVu‖, ‖QV⊥u‖, ‖QU⊥QV⊥u‖,

in terms of A. First, note that

‖QVu‖2 = 〈VV∗Uα,VV∗Uα〉l2(N) = 〈U∗VV∗VV∗Uα, α〉l2(N) = 〈Aα, α〉l2(N). (2.8)

Similarly,
‖QV⊥u‖2 = 〈(I − A)α, α〉l2(N). (2.9)

Now consider ‖QT⊥QS⊥u‖. Note that

QT⊥QS⊥u = (I − UU∗)(I − VV∗)Uα = (UA− VX )α.

Moreover, since A is self-adjoint,

(UA− VX )∗(UA− VX ) = (AU∗ −X ∗V∗)(UA− VX ) = AU∗UA− X ∗XA−AX ∗X + X ∗V∗VX ,
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and this is precisely A(I − A). Thus, arguing as before, we obtain

‖QU⊥QV⊥u‖2 = 〈A(I − A)α, α〉l2(N). (2.10)

Now consider the quantity
a = cos2 θUV = inf

u∈U
‖u‖=1

‖QVu‖2.

By (2.8) and the fact that U is an isometry onto U (since {uj} is an orthonormal basis), it follows that

a = inf
α∈l2(N)
‖α‖=1

〈Aα, α〉l2(N).

The operatorA is Hermitian positive-definite. Therefore a must belong to the spectrum ofA. Moreover, since the
spectrum of A consists of approximate eigenvalues, there must be a sequence α[n] ∈ l2(N), ‖α[n]‖l2(N) = 1, with
‖(A− aI)α[n]‖ → 0 as n→∞. Note that, if p is any polynomial, then

〈p(A)α[n], α[n]〉l2(N) → p(a), n→∞. (2.11)

Let u[n] ∈ U, ‖u[n]‖ = 1 be given by Uα[n]/‖Uα[n]‖. Define w[n] = QV⊥u
[n] ∈ V⊥. Since w[n] ∈ V⊥, its

image under the oblique projectionW =WUV⊥ isWw[n] ≡ 0. Therefore, by (2.9),

‖w[n] −Ww[n]‖2 = ‖w[n]‖2 = ‖QV⊥u
[n]‖2 = 〈(I − A)α[n], α[n]〉l2(N),

and we deduce that
‖w[n] −Ww[n]‖2 → 1− a, n→∞.

Moreover, by (2.10) and (2.11),

‖w[n] −QUw
[n]‖2 = ‖QU⊥QV⊥u

[n]‖2 = 〈(I − A)Aα[n], α[n]〉l2(N) → (1− a)a.

Combining these results, we find that

‖w[n] −QUw
[n]‖

‖w[n] −Ww[n]‖
→
√
a = cos θUV, n→∞,

and this indicates sharpness of the bound (2.6).
For (2.5) we write w[n] = QVu

[n], so that ‖w[n]‖2 = 〈Aα[n], α[n]〉l2(N). Let f ∈ H be arbitrary and write
f = fU + fV⊥ , where fU ∈ U and fV⊥ ∈ V⊥. Note that

Wf = fU = QVf,

and thereforeW ◦QV =W . Hence,Ww[n] =Wu[n]. However, since u[n] ∈ U, we haveWu[n] = u[n] and thus
Ww[n] = u[n]. Therefore

‖w[n]‖2

‖Ww[n]‖2
=
‖w[n]‖2

‖u[n]‖2
= 〈Aα[n], α[n]〉l2(N) → a, n→∞,

as required.

Note that the proof of this theorem can be significantly simplified if U is finite-dimensional. In that case, A
can be considered as an operator Cn → Cn, where n = dim U, with the value a being the minimum eigenvalue
of A. It particular, there exists α ∈ Cn with Aα = aα. Thus, in this case, not only are the bounds (2.5) and (2.6)
sharp, they are also attained by a specific elements of H.

2.2 Computing consistent reconstructions
To compute a consistent reconstruction f̃ we must first specify a basis {φj}∞j=1 for T. In this case, we write
f̃ =

∑∞
j=1 αjφj , and note that (2.3) is equivalent to the infinite system of linear equations Uα = f̂ , where U is

the infinite matrix

U =

 〈φ1, ψ1〉 〈φ2, ψ1〉 · · ·
〈φ1, ψ2〉 〈φ2, ψ2〉 · · ·

...
...

. . .

 . (2.12)
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Observe that U is coincides with the operator X = S∗T : l2(N) → l2(N), where S and T are the synthesis
operators for the Riesz bases {ψj}∞j=1 and {φj}∞j=1 respectively.

Despite this formulation, it is still not possible to compute f̃ , since we can neither access all samples of f ,
nor can we process infinite amounts of information. Thus, it is first necessary to discretise. A commonly used
approach [13, 14, 15, 27, 38] is to replace the linear system Uα = f̂ by a finite version U [n]α[n] = f̂ [n], where

U [n] =

 〈φ1, ψ1〉 · · · 〈φn, ψ1〉
...

. . .
...

〈φ1, ψn〉 · · · 〈φn, ψn〉

 , (2.13)

f̂ [n] = {f̂1, . . . , f̂n} and α[n] = {α[n]
1 , . . . , α

[n]
n }. If f̃n,n =

∑n
j=1 α

[n]
j φj , then this is equivalent to the following

finite-dimensional analogue of the consistency conditions (2.3):

〈f̃n,n, ψj〉 = 〈f, ψj〉, j = 1, . . . , n, f̃n,n ∈ Tn, (2.14)

(the use of the double index in f̃n,n is for agreement with subsequent notation). Here Tn = span{φ1, . . . , φn} is
the finite-dimensional reconstruction space spanned by the first n reconstruction vectors.

The condition (2.14) is completely natural and reasonable to enforce. However, it turns out to be the wrong
condition once considerations of stability and accuracy (as n → ∞) are taken into account. To illustrate this, we
first note that

Corollary 2.7. Let Sn = span{ψ1, . . . , ψn} and suppose that

cos θTnSn 6= 0. (2.15)

Then, for each f ∈ H there exists a unique f̃n,n ∈ Tn satisfying (2.14). In particular, the mapping f 7→ f̃n,n is
precisely the oblique projection onto Tn along S⊥n , and we have the sharp bounds

‖f̃n,n‖ ≤
1

cos θTnSn
‖f‖, (2.16)

and
‖f −Qnf‖ ≤ ‖f − f̃n‖ ≤

1

cos θTnSn
‖f −Qnf‖, (2.17)

where Qn is the orthogonal projection onto Tn.

Proof. Due to (2.15), we also have Tn ⊕ S⊥n = H, and therefore the oblique projectionWn = WTn,S⊥n
is well-

defined. Clearly Wnf satisfies (2.14). Now suppose that (2.14) does not have a unique solution. Equivalently,
there exists φ ∈ Tn\{0} with 〈φ, ψj〉 = 0, j = 1, . . . , n. This implies that φ ∈ Tn ∩ S⊥n = {0}, and therefore
φ = 0 – a contradiction. Thus f̃n,n is unique, and coincides with the oblique projectionWnf . The sharp bounds
(2.16) and (2.17) now follow immediately from Theorem 2.5 and 2.6.

Although one only has access to a finite number of samples, it is natural to consider the behaviour of f̃n,n
as n – the number of samples – increases. This is a question of approximation. Ideally we would like f̃n,n to
behave likeQnf , the best approximation to f from Tn. Namely, f̃n,n should be quasi-optimal, and thus converge
to f at precise the same rate as Qnf . This is vitally important from a practical standpoint. The premise for
computing a consistent reconstruction is the knowledge that f is well represented in terms of the vectors {φj}.
This is equivalent to the property that Qnf converges rapidly. Hence it is vital that the computed reconstruction
f̃n,n does not possess dramatically different behaviour as n → ∞. Put simply, there is little point reconstructing
in the basis {φj} if the good approximation properties of f in this basis are destroyed by reconstruction technique.

Whilst on the face of it (2.17) guarantees quasi-optimality, this is only true if the constant Cn,n = cos θTnSn
remains bounded away from zero as n → ∞. As we show in the next section, there is no guarantee that this will
be the case for arbitrary Tn and Sn. Indeed, there is actually no general guarantee that f̃n,n either exists, since
(2.15) need not hold, or that the error ‖f − f̃n,n‖ does not diverge as n → ∞. Furthermore, as we illustrate in
§2.4, all these unpleasant features do actually occur in fairly straightforward examples.

Aside from convergence, or lack thereof, the behaviour of Cn,n is also significant from a numerical point of
view. Recall that, to compute f̃n,n we need to solve the linear system U [n]α[n] = f̂ [n]. The condition number
κ(U [n]) = ‖U [n]‖‖(U [n])−1‖ is therefore a critical consideration. Linear systems with large condition numbers
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are highly susceptible to both noise and round-off error, as well as being more costly to solve. In transpires that
the quantity Cn,n also determines κ(U [n]). As we shall prove in Lemma 3.12, κ(U [n]) satisfies

κ(U [n]) ≤
√
c2

d1Cn,n

√
κ(A[n]),

where d1 is given by (2.1), c2 is some absolute constant and A[n] is the Gram matrix for the vectors φ1, . . . , φn.
Thus, small Cn,n can potentially lead to a large condition number.

2.3 Operator-theoretic interpretation
To sum up, the properties of the finite-dimensional consistent reconstruction f̃n,n are determined critically by the
quantity Cn,n – or equivalently, by the behaviour of the matrices U [n] – as n → ∞. It transpires that the general
failure of consistent reconstructions can be explained quite easily using operator-theoretic arguments. Moreover,
such arguments also indicate how to avoid these issues, leading to so-called generalised sampling.

Recall that the infinite-dimensional consistent reconstruction f̃ , defined by (2.3), can be written as the solution
of an infinite system of linear equations Uα = f̂ , with infinite-dimensional operator U given by (2.12) As dis-
cussed, we cannot solve these equations in finitely many operations. Hence we must discretise. Suppose that we
do this in some way to give a sequence of finite-dimensional problems U [n]α[n] = f̂ [n], n = 1, 2, . . .. For obvious
reasons, it is vitally important that this sequence of problems satisfies the three following conditions:

(i) Invertibility: U [n] is invertible for all n = 1, 2, . . ..

(ii) Stability: ‖(U [n])−1‖ is uniformly bounded for all n = 1, 2, . . ..

(iii) Convergence: the solutions α[n] → α as n→∞.

Suppose that U [n] is given by (2.13). Then U [n] is nothing more than the n × n finite section of U . In other
words, if {ej} is the canonical basis for l2(N) and Pn : l2(N) → span{e1, . . . , en} is the orthogonal projection,
then U [n] = PnUPn. Moreover, f̂ [n] = Pnf̂ , and thus the finite-dimensional consistent reconstruction f̃n,n is
precisely the result of the finite section method applied to Uα = f̂ .

The properties of finite sections of infinite matrices have been extensively studied over the last several decades
[7, 25, 30]. Unfortunately, there is no guarantee that the finite sections PnUPn of an arbitrary matrix U satisfy
properties (i)–(iii). In fact, one requires rather restrictive conditions, such as positive self-adjointness, for this to
be the case. Typically operators U of the form (2.12) are not self-adjoint, thereby making this approach unsuitable
in general for discretising Uα = f̂ .

2.4 Failure of linear consistent reconstructions
Generalised sampling is based on alternatives to the finite section method for solving infinite-dimensional prob-
lems. Before discussing this, let us first numerically illustrate the failure of linear consistent reconstructions.

As mentioned in §1, consistent reconstructions will not in general possess invertibility, stability or convergence.
This is made clear from (2.15) and (2.17). It may well be the case that T and S obey (2.2), yet Tn ∩ S⊥n 6= {0} for
any n. This renders the finite-dimensional consistent reconstruction problem ill-posed. Such an eventuality has
been well documented (see [1, 27] for examples). Potential remedies were suggested in [12, 27].

However, of arguably greater importance, even if (2.15) holds, it may be that the constant Cn,n → 0 as
n → ∞. Consequently, consistent reconstructions may be neither stable nor convergent in the sense defined
above. We remark in passing that, although the methods introduced in [12, 27] are described as robust, this is only
a finite-dimensional consideration, and does not refer to the case n→∞.

Let us illustrate this effect with the following example, where we seek the reconstruction of a function f :
[−1, 1]→ R in a polynomial basis from its Fourier samples (i.e. Tn = Pn−1 and ψj(x) = 1√

2
eijπx). As we shall

see, this example succinctly demonstrates the potential failure of consistent reconstructions. Furthermore, it is also
important in its own right. In the last several decades there has been intense study into the question of removing
the Gibbs phenomenon from the Fourier expansion of a nonperiodic function by reconstructing in a polynomial
basis [21]. This question is of particular importance in spectral methods for hyperbolic PDEs [20, 21, 36], where
it is necessary to postprocess any numerical solution to obtain an accurate reconstruction in physical space (as
opposed to Fourier space) of the solution of the given PDE. As considered in detail in [4], generalised sampling,
which we discuss in the next section, is particularly well suited to this problem, and appears to outperform existing
methods. Moreover, as we consider in §4.3, there is substantial evidence to support the conjecture that generalised
sampling is in fact an optimal stable method for this problem.
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n 25 50 100 200
1/Cn,n 3.4e3 1.0e8 6.2e16 3.2e34
‖f − f̃n,n‖ 2.6e0 3.6e1 1.82 2.8e6
‖f −Qnf‖ 1.1e-3 2.9-6 1.2-11 4.4-18

Table 1: Recovery of f(x) = 1
1+16x2 with the consistent reconstruction f̃n,n.

20 40 60 80 100 120 140

-10

-5

5

10

15

Figure 1: The quantity log10 ‖f − f̃n,n‖∞ against n, where f(x) = x30 and f̃n,n was computed from (i) noise-free data
(squares) and (ii) noise at amplitude ε = 10−4 (circles), 10−6 (crosses) and 10−8 (diamonds). Noise was modelled by
replacing f̂j by f̂j + εzj for j = −100, . . . , 100, where zj is uniformly distributed in [−1, 1].

Returning to consistent reconstructions, in the first row of Table 1 we consider the quantity Cn,n for this
problem. As is evident Cn,n is exponentially small in n, with numerical results indicating that

Cn,n ∼ c−n, (2.18)

where c ≈ 1.5. Since the condition number κ(U [n]) actually coincides with Cn,n in this case, this means that with
n = 200, for example, one is required to solve a linear system with condition number of order 1034. As a result,
the consistent reconstruction is highly susceptible to both round-off error and noise. To illustrate this, in Figure 1
we consider the reconstruction of f(x) = x30 from its Fourier samples. Since f lies in the reconstruction space
Tn whenever n > 30 we expect perfect recovery, i.e. f = f̃n,n, for n > 30. Of course, perfect recovery cannot
be realised in finite precision, or in the case that the samples are polluted by noise. However, it is highly desirable
that a given reconstruction technique possess numerically perfect recovery. That is, perfect recovery up to an error
proportional to the numerical precision used, or, in the noisy case, the magnitude of the noise. Unfortunately, the
consistent reconstruction is not endowed with this property. As demonstrated in Figure 1, whilst initially obtaining
close to numerically perfect recovery, once the parameter n is increased beyond 30 this error actually diverges.

Aside from stability issues, the exponential decay of Cn,n means that there may well be functions f for which
f̃n,n 9 f as n → ∞. This problem is confirmed in Table 1 for the example f(x) = 1

1+16x2 . In this case, the
error ‖f − f̃n,n‖ increases at a rate exponentially fast in n.

This issue can actually be explained completely in terms of the sharp bound (2.17). Given that Cn,n satisfies
(2.18), the estimate (2.17) yields

‖f − f̃n,n‖ ≤ cn‖f −Qnf‖.

Thus, convergence can only be guaranteed when ‖f −Qnf‖ ≤ ρ−n for some ρ > c. Now, the convergence rate
of Qnf , a polynomial expansion of f , is completely understood in terms of subsets of the complex plane known
as Bernstein ellipses

B(ρ) =
{

1
2 (ρ−1e−iθ + ρeiθ) : θ ∈ [−π, π]

}
⊆ C, ρ > 1.

A classical result on polynomial expansions states that if f is analytic inside the Bernstein ellipse B(ρ) and not
analytic inside any Bernstein ellipse B(ρ′) with ρ′ > ρ, then ‖f − Qnf‖ converges exponentially fast at rate ρ
[34]. Thus, we may conclude that

Corollary 2.8. Let Tn = Pn−1 and ψj(x) = 1√
2
eijπx. Then the consistent reconstruction f̃n,n of f is guaranteed

to converge to f when f is analytic inside the Bernstein ellipse B(ρ), where ρ > c and c is such that Cn,n ≥ c−n
for all sufficiently large n.

This corollary does not explicitly state that the consistent reconstruction of an insufficiently regular function
f will not converge. However, Table 1 indicates that this is indeed the case. Observe that for this example, the
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function f(x) = 1
1+16x2 has complex singularities at x = ± 1

4 i, meaning that the largest Bernstein ellipse within
which f is analytic has index ρ = 1

4 (1 +
√

17) ≈ 1.28. Since c ≈ 1.5, we expect divergence of f̃n,n.
To sum up, there is substantial evidence to suggest that consistent reconstructions only converge for a particu-

larly small class of functions f . In contrast, as we shall see in §3, generalised sampling yields reconstructions that
converge for all functions f , not just those of sufficient regularity.

We remark in passing that the aforementioned effect is similar to the classical Runge phenomenon arising
in reconstructing a function f : [−1, 1] → R from its values at n equispaced nodes using a polynomial of
degree n [18]. Indeed, rather than pointwise evaluations of f , here we consider equispaced samples of its Fourier
transform. Corollary 2.8 can therefore be viewed as a continuous analogue of the Runge phenomenon. Note that
in the classical Runge phenomenon it is possible to prove a much stronger version of Corollary 2.8 that stipulates
precisely when the polynomial reconstruction will converge or diverge [19, chpt. 3].

The numerical instability and potential divergence of linear consistent reconstructions are not limited to this
example problem. One also witnesses a similar effect when reconstructing in dth order splines from Fourier
samples. Examples involving Haar wavelets were also documented in [1]. Although there are certainly instances
where success is not precluded – certain shift-invariant spaces being an example [39] – the situation is certainly
less than ideal. However, returning to the narrative of §2.3, given that this issue arises purely from the type of
discretisation applied to the operator U , there is potential for these problems to be avoided by means of a different
approach. This turns out to be the case, and the result is generalised sampling.

3 Generalised sampling

The key to obtaining a discretisation of Uα = f̂ obeying properties (i)–(iii) is to allow the number of samples
m to vary independently of the number of reconstruction vectors n. When done in this way, we obtain a finite-
dimensional operator U [n,m] (which now depends on both m and n) that inherits the structure and properties of its
infinite-dimensional counterpart U , provided m is sufficiently large for a given n. It turn, this ensures properties
(i)–(iii).

To this end, let Sm = span{ψ1, . . . , ψm} and Tn = span{φ1, . . . , φn} be finite-dimensional subspaces of H,
the (finite-dimensional) sampling and reconstruction spaces respectively. We seek a reconstruction f̃n,m ∈ Tn of
f . Let Pm : H→ Sm be the finite rank operator given by

Pmg =

m∑
j=1

〈g, ψj〉ψj .

Note that, due to (2.1), the sequence of operators Pm converge strongly to P on H [9], where P is given by (2.7).
With this to hand, the approach proposed in [1] is to define f̃n,m ∈ Tn as the solution of the equations

〈Pmf̃n,m, φj〉 = 〈Pmf, φj〉, j = 1, . . . , n, f̃n,m ∈ Tn, (3.1)

We refer to the mapping {f̂j}mj=1 7→ f̃n,m as generalised sampling. Observe that Pmf is determined solely by
the coefficients f̂1, . . . f̂m of f . Thus, this mapping is well-defined in this sense.

In what follows it will be useful to note that (3.1) is equivalent to

〈f̃n,m,Pmφj〉 = 〈f,Pmφj〉, j = 1, . . . , n, f̃n,m ∈ Tn, (3.2)

due to the self-adjointness of the operator Pm. An immediate consequence of this formulation is the following:

Lemma 3.1. Suppose that cos θTnSn 6= 0. Then when m = n the generalised sampling reconstruction f̃n,m
defined by (3.1) is precisely the consistent reconstruction f̃n,n given by (2.3).

Proof. We first claim that Pn(Tn) = Sn. In other words, Pn is a bijection between Tn and Sn. Since Tn and
Sn are both of dimension n, it suffices to show that if Pnφ = 0 for some φ ∈ Tn then φ = 0. Suppose that
Pnφ = 0. Then, since ψ1, . . . , ψn are linearly independent, we have that 〈φ, ψj〉 = 0 for j = 1, . . . , n, and
therefore φ ∈ S⊥n . Since φ ∈ Tn, it follows from the observation Tn ∩ S⊥n = {0} that φ = 0, as required.

By linearity, the conditions (3.2) are equivalent to (2.3). Since the consistent reconstruction f̃n,n satisfying
(2.3) is unique, we obtain the result.

We conclude that generalised sampling contains the consistent reconstruction technique as a special case cor-
responding to n = m (whenever the latter well-defined). However, as we next discuss, there is a significant
advantage in allowing the parameter m to be independent of n.
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3.1 An intuitive argument
As expounded in [1, 4], the approach (3.1) owes its success to allowing m and n to vary independently. To this
end, suppose that n is fixed and let m→∞. Equations (3.1) now read

〈P f̃n, φ〉 = 〈Pf, φ〉, ∀φ ∈ Tn, f̃n ∈ Tn,

for some f̃n ∈ Tn, where P is given by (2.7). Since P is self-adjoint, f̃n is equivalently defined by

〈f̃n,Φ〉 = 〈f,Φ〉, ∀Φ ∈ P(Tn), f̃n ∈ Tn. (3.3)

We have

Theorem 3.2. For any f ∈ H, there exists a unique f̃n ∈ Tn satisfying (3.3). Moreover, the mapping f 7→ f̃n is
precisely the oblique projection onto Tn along [P(Tn)]⊥.

To prove this theorem it is useful to have the following lemma:

Lemma 3.3. Suppose that T⊕S⊥ = H and that P is given by (2.7). Then there are constants c1 and c2 such that

c1‖g‖2 ≤ 〈Pg, g〉 ≤ c2‖g‖2, ∀g ∈ T. (3.4)

Moreover, P is continuously invertible as a mapping T→ P(T).

Proof. Let S be the synthesis operator for the vectors {ψj}∞j=1, and recall that P = SS∗. Thus, if φ ∈ T is
arbitrary we have

〈Pφ, φ〉 = 〈SS∗φ, φ〉 = ‖S∗φ‖2l2(N).

Therefore, to prove (3.4) it suffices to show that S∗ is continuously invertible as a mapping T → S∗(T). By the
inverse mapping theorem, it is sufficient to show that S∗ is bijective. By construction, S∗ is surjective. Moreover,
suppose that S∗φ = 0 for some φ ∈ T. Then 〈φ, ψj〉 = 0 for all j, and so φ ∈ S⊥. However, T ∩ S⊥ = {0} and
thus φ = 0. Hence S∗ : T→ S∗(T) is bijective.

For the final part, we merely note that (3.4) implies that P is bounded below on T, and therefore must be
continuously invertible onto its range P(T).

Proof of Theorem 3.2. We first claim that cos θTn,P(Tn) 6= 0, so that the oblique projection W onto Tn along
[P(Tn)]⊥ is well-defined and unique. Suppose not. Since Tn is finite dimensional, there exists a φ ∈ Tn, φ 6= 0,
satisfying QP(Tn)φ = 0. Thus

0 = 〈QP(Tn)φ,Pφ
′〉 = 〈φ,Pφ′〉, ∀φ′ ∈ Tn,

and, in particular, 〈φ,Pφ〉 = 0. Hence, φ = 0 by Lemma 3.3 – a contradiction. HenceW exists and is unique.
Moreover, it is clear thatWf satisfies (3.3). Therefore f̃n =Wf by uniqueness, as required.

As a result of this theorem, f̃n is precisely the oblique projection of f onto Tn along [P(Tn)]⊥. Applications
of Theorems 2.5 and 2.6 immediately give

Corollary 3.4. Let f̃n be defined by (3.3). Then f̃n satisfies

‖f̃n‖ ≤
1

C ′n
‖f‖, (3.5)

and
‖f −Qnf‖ ≤ ‖f − f̃n‖ ≤

1

C ′n
‖f −Qnf‖, (3.6)

where C ′n = cos θTn,P(Tn). Moreover, the bounds (3.5) and (3.6) are sharp.

Recall that the failure of consistent reconstruction was due to the potential decrease of the constant Cn,n =
cos θTn,Sn → 0 as n→∞. This cannot happen with C ′n. Indeed

Lemma 3.5. Let C ′n = cos θTn,P(Tn). Then C ′n satisfies

1 ≥ C ′n ≥ inf
φ∈Tn
‖φ‖=1

{
〈Pφ, φ〉
‖Pφ‖

}
≥ c1
c3
. (3.7)
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where c3 = ‖P‖T→T and c1 is given by (3.4). If P is a projection (P2 = P), then the second inequality holds
with equality, and has the simplified form

C ′n = inf
φ∈Tn
‖φ‖=1

‖Pφ‖. (3.8)

In particular, C ′n = 1 whenever P = I.

Proof. That C ′n ≤ 1 follows directly from the definition. Also from the definition we have

cos θTn,P(Tn) = inf
φ∈Tn
‖φ‖=1

‖QP(Tn)φ‖.

Consider ‖QP(Tn)φ‖ for some φ ∈ Tn. By the standard duality pairing,

‖QP(Tn)φ‖ = sup
φ′∈Tn
φ′ 6=0

{ 〈QP(Tn)φ,Pφ′〉
‖Pφ′‖

}
= sup
φ′∈Tn
φ′ 6=0

{
〈φ,Pφ′〉
‖Pφ′‖

}
.

Now P is self-adjoint. Hence,

‖QP(Tn)φ‖ ≥
〈Pφ, φ〉
‖Pφ‖

,

which gives (3.7). The lower bound C ′n ≥ c1
c3

follows immediately from properties of P . For the final part, we
merely notice that if P2 = P then

〈φ,Pφ′〉 = 〈φ,P2φ′〉 = 〈Pφ,Pφ′〉, ∀φ′ ∈ Tn. (3.9)

Thus
〈Pφ,Pφ′〉 = 〈φ,Pφ′〉 = 〈QP(Tn)φ,Pφ

′〉, ∀φ′ ∈ Tn.

Hence QP(Tn)φ = Pφ. Setting φ′ = φ in (3.9), we also note that 〈φ,Pφ〉 = ‖Pφ‖2. This gives (3.8).

An important instance where P coincides with the identity occurs when the sampling vectors {ψj} are or-
thonormal. In this case, C ′n = 1 and the sharp bound (3.6) immediately implies that f̃n is precisely the orthogonal
projection Qnf . This is corroborated by Theorem 3.2: since P(Tn) = Tn in this case, the oblique projection
f 7→ f̃n coincides with the orthogonal projection onto Tn.

In general, although it need not coincide with Qnf , this lemma demonstrates that the reconstruction f̃n
of f possesses the three aforementioned properties of invertibility, stability and convergence, as well as quasi-
optimality. Unfortunately, f̃n cannot be computed in finitely many operations, since it involves the infinite-rank
operator P . Nonetheless, given that the equations defining f̃n are, roughly speaking, the limit of those defin-
ing f̃n,m, we may expect the reconstruction f̃n,m, which can be computed, to inherit all these properties, for all
sufficiently large m. This is proved rigorously in the next section.

Before doing so, however, let us relate f̃n to the notion of finite sections. Recall first that we wish to solve
Uα = f̂ . Since α satisfies these equations it also obeys the normal equations

U∗Uα = U∗f̂ . (3.10)

Now write f̃n =
∑n
j=1 α

[n]
j φj . It is easily shown that α[n] = {α[n]

1 , . . . , α
[n]
n } is defined by

PnU
∗UPnα = PnU

∗f̂ ,

where f̂ = {f̂1, f̂2, . . .}. Thus, α[n] is precisely the result of the finite section method applied to the normal
equations (3.10). Since the operator U∗U is self-adjoint and positive, its finite sections must possess properties
(i)–(iii) (see §2.3).

3.2 Analysis of generalised sampling
The analysis of f̃n,m is similar to that of f̃n. Whilst an analysis was originally given in [1, 4], the bounds derived
were not sharp. Conversely, the bounds we obtain in this section are sharp, and therefore improve those of [1, 4].

We commence with the following lemma:
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Lemma 3.6. Let Cn,m = cos θTn,Pm(Tn) be the cosine of the angle between the subspaces Tn and Pm(Tn).
Then Cn,m satisfies

1 ≥ C ′n ≥ Cn,m ≥ inf
φ∈Tn
‖φ‖=1

{
〈Pmφ, φ〉
‖Pmφ‖

}
,

where C ′n is as in Corollary 3.4. Moreover, Cn,m → C ′n as m→∞. In particular, given n ∈ N and θ ∈ (0, c1c3 ),
there exists an m0 ∈ N such that Cn,m > θ for all m ≥ m0.

Proof. Let V ⊆W be closed subspaces of H and QU, QV the corresponding orthogonal projections. Then

‖QVg‖2 = 1− ‖g −QVg‖2 ≤ 1− ‖g −QWg‖2 = ‖QWg‖2, ∀g ∈ H.

In particular, for any closed subspace U,

cos θUV = inf
u∈U
‖u‖=1

‖QVu‖ ≤ inf
u∈U
‖u‖=1

‖QWu‖ = cos θUW.

Therefore, the first result is obtained by setting U = Tn, V = Pm(Tn) and W = P(Tn).
The second part of the proof uses identical arguments to those given in the proof of Lemma 3.5. For the final

part, we first write
〈Pmφ, φ〉
‖Pmφ‖

=
‖Pφ‖
‖Pmφ‖

[
〈Pφ, φ〉
‖Pφ‖

− 〈Pφ− Pmφ, φ〉
‖Pφ‖

]
,

from which it follows that

Cn,m ≥

 sup
φ∈Tn
‖φ‖=1

‖Pmφ‖
‖Pφ‖


−1 C ′n − sup

φ∈Tn
‖φ‖=1

{
〈Pφ− Pmφ, φ〉

‖Pφ‖

}

≥

1 +
1

c4
sup
φ∈Tn
‖φ‖=1

‖Pφ− Pmφ‖


−1 C ′n − 1

c4
sup
φ∈Tn
‖φ‖=1

‖Pφ− Pmφ‖

 ,
where

c4 = inf
g∈T
‖g‖=1

‖Pg‖,

(recall from Lemma 3.3 that P : T→ P(T) is continuously invertible). Therefore, it suffices to prove that

sup
φ∈Tn
‖φ‖=1

‖Pφ− Pmφ‖ → 0, m→∞,

for any fixed n ∈ N. Let {φj}nj=1 be an orthonormal basis for Tn. Write φ =
∑n
j=1 αjφj for α = (α1, . . . , αn) ∈

Cn. Then,

sup
φ∈Tn
‖φ‖=1

‖Pφ− Pmφ‖ = sup
α∈Cn
‖α‖=1

∥∥∥∥∥∥
n∑
j=1

αj(Pφj − Pmφj)

∥∥∥∥∥∥ ≤
 n∑
j=1

‖Pφj − Pmφj‖2
 1

2

,

where ‖α‖2 =
∑n
j=1 |αj |2. Since Pm → P strongly on H, the result now follows.

Recall that the issue with consistent reconstructions is that the subspaces Tn and Sn can become near per-
pendicular for large n. Provided m is sufficiently large, Lemma 3.6 shows that this cannot happen with Tn and
Pm(Tn).

Let us also note one further fact about Cn,m: it coincides with the constant Cn,n = cos θTn,Sn of consistent
sampling whenever m = n. In view of Lemma 3.1, this result is of no surprise. However, it will be of use
subsequently.

Lemma 3.7. When m = n the subspaces angles cos θTn,Pm(Tn) and cos θTn,Sn are equal.

Proof. As shown in the proof of Lemma 3.1, the subspaces Pn(Tn) and Sn coincide. The result now follows
immediately.
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We are now able to prove the main theorem concerning generalised sampling:

Theorem 3.8. Let f ∈ H. Then, for each n ∈ N, there exists anm0, independent of f , such that the approximation
f̃n,m defined by (3.1) exists and is unique for all m ≥ m0. In particular, m0 is the least m such that Cn,m > 0.
Moreover, the mapping f 7→ f̃n,m is precisely the oblique projection onto Tn along Pm(Tn), and we have the
sharp bounds

‖f̃n,m‖ ≤
1

Cn,m
‖f‖, (3.11)

and
‖f −Qnf‖ ≤ ‖f − f̃n,m‖ ≤

1

Cn,m
‖f −Qnf‖, (3.12)

where Cn,m = cos θTn,Pm(Tn).

Proof. The existence of an m0 such that Cn,m > 0 for all m ≥ m0 follows from Lemma 3.6. Thus, when
m ≥ m0 the oblique projection W onto Tn along [Pm(Tn)]⊥ is well-defined and unique. We now argue as in
the proof of Theorem 3.2. Since the equations (3.1) are equivalent to (3.2), and sinceWf also satisfies (3.2), we
must have that f̃n,m =Wf . Applications of Theorems 2.5 and 2.6 now complete the proof.

To connect generalised sampling to the narrative of §2.3, we note that if f̃n,m =
∑n
j=1 α

[n,m]
j φj , then the

vector α[n,m] = {α[n,m]
1 , . . . , α

[n,m]
n } ∈ Cn is the unique solution to

(U [n,m])∗U [n,m]α[n,m] = (U [n,m])∗f̂ [m],

where U [n,m] ∈ Cm×n is precisely PmUPn and f̂ [m] = Pmf̂ . In other words, α[n,m] is the solution to the overde-
termined least squares problem U [n,m]α[n,m] ≈ f̂ [m], and thus can be computed in a completely straightforward
manner.

Observe that U [m,n] is the leading m × n submatrix of U , and is consequently often referred to as an uneven
section of U . Uneven section techniques have recently gained prominence as effective alternatives to the finite
section method for discretising non-self adjoint operators [22, 26]. In particular, in [24] they were employed to
solve the long-standing computational spectral problem. Their success is due to the observation that, under a
number of assumptions (which are always guaranteed for the problem we consider in this paper), we have

(U [n,m])∗U [n,m] → PnU
∗UPn, m→∞,

where PnU∗UPn is the n × n finite section of the self-adjoint matrix U∗U . This guarantees properties (i)–(iii)
for U [n,m], whenever m is sufficiently large in comparison to n.

Finite (and uneven) sections have been extensively studied [7, 25, 30], and there exists a well-developed and
intricate theory of their properties involving C∗-algebras [23]. However, these general results say little about the
rate of convergence, nor do they provide explicit constants. Yet, as illustrated in Theorem 3.8, the operator U
in this case is so structured that its uneven sections admit both explicit constants and estimates for the rate of
convergence. Moreover, of great importance for computations, such constants can also be numerically computed,
as we demonstrate in §3.4.

3.3 Oblique asymptotic optimality
Recall the intuitive arguments of §3.1: namely, f̃n,m ≈ f̃n for all large m, where f̃n is the oblique projection onto
Tn along [P(Tn)]⊥. We refer to this property as oblique asymptotic optimality. Due to (3.4), the bilinear form
〈·, ·〉P = 〈P·, ·〉 gives an inner product on T which is equivalent to 〈·, ·〉. Hence, whenever f ∈ T, one finds that
f̃n is precisely the orthogonal projection of f onto Tn with respect to 〈·, ·〉P , and thus f̃n is the best approximation
to f from Tn in the corresponding norm ‖·‖P .

If the sampling vectors {ψj} are orthonormal, P = I is the identity and f̃n coincides with the orthogonal
projection Qnf . In this case, Theorem 3.8 confirms oblique asymptotic optimality. Indeed, due to Lemma 3.14,
the upper bound in (3.12) satisfies

1

Cn,m
‖f −Qnf‖ → ‖f −Qnf‖, m→∞,

and therefore, since Qnf is unique, f̃n,m → Qnf . It this case, we say that f̃n,m is asymptotically optimal.
On the other hand, when the sampling vectors {ψj} are not orthonormal, f̃n,m need not be asymptotically

optimal, since Cn,m 9 1 as m → ∞. Moreover, Theorem 3.8 does not confirm oblique asymptotic optimality
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either. For this, we first require an estimate for ‖f − f̃n,m‖ in terms of ‖f − f̃n‖. Fortunately, the interpretation
in terms of oblique projections provides such an estimate.

Suppose that we consider the subspace T of H and the inner product 〈·, ·〉P . Let us define the quantity

CPn,m = cos θTn,P−1(Pm(Tn)) = inf
φ∈Tn
φ6=0

‖QP−1(Pm(Tn))φ‖P . (3.13)

Recall that P : T → P(T) is invertible (Lemma 3.3), and that Pmφ ∈ P(T) for any m and φ ∈ T. Hence this
quantity is well-defined. Moreover, we have

Lemma 3.9. Let CPn,m be given by (3.13). Then, for fixed n ∈ N, CPn,m → 1 as m→∞.

Proof. As in Lemma 3.6, we notice that

1 ≥ CPn,m ≥ inf
φ∈Tn
‖φ‖=1

{
〈P−1Pmφ, φ〉P
‖P−1Pmφ‖P

}
.

Since Pm → P strongly on T, it follows that P−1Pmφ → φ for any fixed φ ∈ T. We now argue as in the proof
of Lemma 3.6.

With this lemma to hand, we have

Theorem 3.10. Suppose that f ∈ T and let f̃n,m be defined by (3.1), where m ≥ m0 and m0 is as in Theorem
3.8. Then we have the sharp bounds

‖f̃n,m‖P ≤
1

CPn,m
‖f‖P , (3.14)

and
‖f − f̃n‖P ≤ ‖f − f̃n,m‖P ≤

1

CPn,m
‖f − f̃n‖P , (3.15)

where CPn,m is as in (3.13). In particular, f̃n,m → f̃n as m→∞.

Proof. Let φ ∈ Tn be arbitrary. Then

‖QP−1(Pm(Tn))φ‖P = sup
φ′∈Tn
φ′ 6=0

{
〈φ,P−1Pmφ′〉P
‖P−1Pmφ′‖P

}
= sup
φ′∈Tn
φ′ 6=0

{
〈φ,Pmφ′〉
‖P−1Pmφ′‖P

}
.

Since P : T→ P(T) is continuously invertible, we have

‖P−1Pmφ′‖P ≤ c‖Pmφ′‖,

for some c > 0 independent of m and φ′. Hence

‖QP−1(Pm(Tn))φ‖P ≥
1

c
sup
φ′∈Tn
φ′ 6=0

{
〈φ,Pmφ′〉
‖Pmφ′‖

}
= ‖QPm(Tn)φ‖,

where QPm(Tn) is the orthogonal projection onto Pm(Tn) with respect to the canonical inner product 〈·, ·〉. It
now follows that CPn,m ≥ c−1Cn,m, where Cn,m is as in Lemma 3.6. Since m ≥ m0 we deduce that CPn,m > 0.
In particular, the oblique projection W onto Tn along [P−1(Pm(Tn))]⊥ with respect to 〈·, ·〉P is well-defined
and unique. Moreover, the equations (3.2) defining f̃n,m are equivalent to

〈f̃n,m,Φ〉P = 〈f,Φ〉P , ∀φ ∈ P−1Pm(Tn).

SinceWf also satisfies these equations, we obtainWf = f̃n,m. The estimates (3.14) and (3.15) are now given
by Theorems 2.5 and 2.6. For the final part of the proof, we apply Lemma 3.9 to (3.15) and use the fact that f̃n is
the best approximation to f from Tn with respect to 〈·, ·〉P .

Note that oblique asymptotic optimality was first shown in [4]. This theorem improves on that work by
providing sharp bounds.
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3.4 The stable sampling rate
The key component of generalised sampling is that the parameter m (the number of samples) must be sufficiently
large in comparison to n (the number of degrees of freedom). The purpose of this section is to precisely quantify
this notion. This follows along similar lines to [1, 4].

The question of how large m must be motivates the following definition:

Definition 3.11. For n ∈ N and a ∈ (0, c1c3 ), where c1 and c3 are as in Lemma 3.5, the stable sampling rate is
defined by

Θ(n; a) = min {m ∈ N : Cn,m > a} .

Note that an equivalent definition of Θ(n; a) is that it is the minimum m such that the angle θ between Tn and
Pm(Tn) satisfies cos θ > a.

The stable sampling rate, as its name suggests, measures how large m must be (for a given n) to ensure
guaranteed, stable and quasi-optimal recovery. Indeed, choosing m ≥ Θ(n; a), we find that

‖f̃n,m‖ ≤
1

a
‖f‖,

and
‖f −Qnf‖ ≤ ‖f − f̃n,m‖ ≤

1

a
‖f −Qnf‖.

Thus, f̃n,m is quasi-optimal to f from the set Tn (with constant a−1), provided m ≥ Θ(n; a). Moreover, the
condition number of the matrix U [n,m] is also determined by this quantity:

Lemma 3.12. Let A[n] ∈ Cn×n be the Gram matrix for the vectors {φ1, . . . , φn}. Then

d1Cn,m√
c2

√
κ(A[n]) ≤ κ(U [n,m]) ≤

√
c2

d1Cn,m

√
κ(A[n]), (3.16)

where d1 and c2 are given by (2.1) and (3.4) respectively.

Proof. The condition number of U [n,m] is precisely the ratio of its maximal and minimal singular values. Let σ
be a singular value of U [n,m] with corresponding normalised vector α = {α1, . . . , αn} satisfying

(U [n,m])∗U [n,m]α = σ2α.

By linearity, we deduce that
〈Pmφ, φ〉 = σ2‖α‖2 = σ2.

First, note that

〈Pmφ, φ〉 =

m∑
j=1

|〈φ, ψj〉|2 ≤
∞∑
j=1

|〈φ, ψj〉|2 = 〈Pφ, φ〉 ≤ c2‖φ‖2,

where c2 is as in (3.4). Thus

σ2 ≤ c2‖φ‖2 ≤ c2 sup
α∈Cn
‖α‖=1

∥∥∥∥∥∥
n∑
j=1

αjφj

∥∥∥∥∥∥
2

= c2λmax,

where λmax is the maximal eigenvalue of A[n]. This establishes an upper bound for σ.
Next we consider a lower bound. Observe that

‖QPm(Tn)φ‖ = sup
ψ∈Pm(Tn)
‖ψ‖=1

〈φ, ψ〉 ≤ sup
ψ∈Sm
‖ψ‖=1

〈φ, ψ〉 = sup
α∈Cn
α6=0

∑m
j=1 αj〈φ, ψj〉
‖
∑m
j=1 αjψj‖

.

Using the Cauchy–Schwarz inequality, as well as the bound (2.1), we deduce that

‖QPm(Tn)φ‖ ≤
1

d1

 m∑
j=1

|〈φ, ψj〉|2
 1

2

=
1

d1

√
〈Pmφ, φ〉.
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From this it follows that
〈Pmφ, φ〉 ≥ d21C2

n,m‖φ‖2, (3.17)

where Cn,m is as in Lemma 3.6. Therefore

σ2 ≥ d21Cn,m‖φ‖2 ≥ d21Cn,mλmin,

where λmin is the minimal eigenvalue of A[n]. Since A[n] is self-adjoint, its condition number is precisely
λmax/λmin. Therefore

d21Cn,m
c2

κ(A[n]) =
d21Cn,mλmax

c2λmin
≤ [κ(U [n,m])]2 ≤ c2λmax

d21Cn,mλmin
=

c2
d21Cn,m

κ(A[n]),

which gives (3.16).

As a result of this lemma, the matrix U [n,m] is no worse conditioned than the Gram matrix A[n], whenever
m ≥ Θ(n; a). In particular, if the reconstruction vectors {φ1, . . . , φn} form a Riesz basis, then κ(A[n]) = O (1)
for all n and the computation of f̃n,m is consequently completely numerically stable.

At this point, it is also worth noting that f̃n,m, being the image of f under an oblique projection, depends
only on the subspace Tn, and is completely independent of the choice of reconstruction vectors. As the previous
lemma demonstrates, such a choice only affects numerical stability.

The stable sampling rate is named for precisely the reason that it indicates when the computation of f̃n,m is
guaranteed to be numerically stable. Note that it is completely at odds with the classical viewpoint of sampling
theory. Sampling rates typically deal with how much can one obtain from the given samples, with the obvious
notion being that if one has m samples then one has m corresponding degrees of freedom with which to form a
reconstruction. However, whilst this viewpoint is perfectly valid, when the important considerations of stability
and accuracy are taken into account, one needs to ask a somewhat different question.

Whilst the stable sampling rate is intimately related to generalised sampling, an important issue we raise in
this paper is the possibility that it may be actually a universal quantity. In other words, any stable and accurate
method that reconstructs in the space Tn from m samples, must have m ≥ Θ(n; a). The optimality results of §4
indicate that this may well be the case in general, although we currently have no proof.

3.5 Determining the stable sampling rate
The stable sampling rate becomes a useful quantity for practical computations after noting that it can always be
computed. This follows from the observation that Cn,m is itself computable:

Lemma 3.13. Let A[n] be as in Lemma 3.12, and suppose that C [m] ∈ Cm×m is the Gram matrix for the vectors
{ψ1, . . . , ψm}. Then the quantity C2

n,m = cos2 θTn,Pm(Tn) is precisely the minimal generalised eigenvalue of the
matrix pencil {B[n,m], A[n]}, where

B[n,m] = (U [n,m])∗U [n,m]
(

(U [n,m])∗C [m]U [n,m]
)−1

(U [n,m])∗U [n,m].

Proof. By definition

C2
n,m = inf

φ∈Tn
φ6=0

{‖QPm(Tn)φ‖2

‖φ‖2

}
= inf
α∈Cn
α6=0

{∑n
j,k=1 αjαk〈QPm(Tn)φj ,QPm(Tn)φk〉∑n

j,k=1 αjαk〈φj , φk〉

}
. (3.18)

The denominator coincides with α∗A[n]α. Now consider the numerator. Suppose that we write

QPm(Tn)φj =

n∑
l=1

β[j]
r Pmφr,

for some vector β[j] = (β
[j]
1 , . . . , β

[j]
n ), so that

〈QPm(Tn)φj ,QPm(Tn)φk〉 =

n∑
r,s=1

β[j]
r β

[k]
s 〈Pmφr,Pmφs〉 = (β[k])∗

(
(U [n,m])∗C [m]U [n,m]

)
β[j].
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By definition,
n∑
l=1

β[j]
r 〈Pmφr,Pmφk〉 = 〈φj ,Pmφk〉, k = 1, . . . , n.

Therefore
β[j]
r =

(
(U [n,m])∗C [m]U [n,m]

)−1
r,k

(
(U [n,m])∗U [n,m]

)
k,j
.

Substituting this into (3.18) and simplifying now gives

C2
n,m = inf

α∈Cn
α 6=0

{
α∗B[n,m]α

α∗A[n]α

}
.

It is straightforward to see that this coincides with the minimal eigenvalue of the pencil {B[n,m], A[n]}.

Whilst this lemma indicates that Cn,m is always computable, the matrices involved, in particular B[n,m], may
be somewhat complicated to evaluate. However, it is always possible to estimate Cn,m above and below with a
simpler quantity:

Lemma 3.14. For n,m ∈ N, ket C ′n,m be given by

C ′n,m = inf
φ∈Tn
‖φ‖=1

√
〈Pmφ, φ〉,

Then C ′n,m is the minimal generalised eigenvalue of the matrix pencil {(U [n,m])∗U [n,m], A[n]}. Moreover, C ′n,m
satisfies

1

d2
C ′n,m ≤ Cn,m ≤

1

d1
C ′n,m, (3.19)

where d1 and d2 are as in (2.1). In particular, whenever the sampling vectors {ψj}∞j=1 are orthonormal, we have
C ′n,m = Cn,m.

Proof. The first part of the proof is similar to the proof of Lemma 3.13. Moreover, the upper bound in (3.19) is
given immediately by (3.17). For the lower bound, we first note that, for any φ ∈ Tn,

‖Pmφ‖ =

∥∥∥∥∥∥
m∑
j=1

〈φ, ψj〉ψj

∥∥∥∥∥∥ ≤ d2
 m∑
j=1

|〈φ, ψj〉|2
 1

2

= d2
√
〈Pmφ, φ〉.

An application of Lemma 3.6 now gives the result. Finally, when {ψj}∞j=1 are orthonormal we have d1 = d2 = 1,
and equality therefore follows from (3.19).

This lemma gives a somewhat simpler quantity to compute than Cn,m. Note that C ′n,m was originally used in
[4] to analyse generalised sampling.

3.6 Polynomial reconstructions from Fourier samples
It is easiest to illustrate the stable sampling rate with the concrete example of §2.4. As shown therein, consistent
reconstruction of a function f from its first n Fourier samples in terms of a polynomial of degree n is both
numerically unstable and not guaranteed to converge, unless the function is sufficiently regular. With generalised
sampling, we know that stability and convergence, for all functions f ∈ L2(−1, 1), are guaranteed provided
m ≥ Θ(n; a). The question of how Θ(n; a) scales with n was studied in depth in [4]. Therein it was shown
that Θ(n; a) = O

(
n2
)
, meaning that to recover a polynomial approximation to f of degree n one needs O

(
n2
)

Fourier samples. Numerical results confirm the sharpness of this estimate. Note that the application of generalised
sampling to this specific problem is equivalent to a method first proposed in [28].

To demonstrate the improvement offered by generalised sampling, in Table 2 we consider the example f(x) =
1

1+16x2 once more. Observe that, unlike the case of the consistent reconstruction (see Table 1), the approximation
f̃n,m converges to f . In particular, f is recovered to 10 digits of accuracy using onlym = 1250 Fourier coefficients
and a polynomial of degree n = 100. Moreover, for all n, the error ‖f − f̃n,m‖ is virtually indistinguishable from
‖f − Qnf‖ – the best achievable error from the reconstruction space Tn. Note also the close correspondence
between the sharp bound (3.12) and the true error: the upper bound is less than ten times larger than the true value
in this case.

18



n 20 40 60 80 100

‖f − f̃n,m‖ 5.09e-3 3.55e-5 2.49e-7 1.76e-9 1.24e-11
‖f −Qnf‖ 4.87e-2 3.45e-5 2.45e-7 1.74e-9 1.23e-11
1

Cn,m
‖f −Qnf‖ 2.37e-1 1.60e-4 1.12e-6 7.85e-9 5.54e-11

Table 2: Reconstruction of f(x) = 1
1+16x2 by generalised sampling with m = 1

8n
2.

100 200 300 400

-14
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-10
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Figure 2: The quantity log10 ‖f − f̃n,m‖∞ against m with n = d
√

4me, where f(x) = x30 and f̃n,m was computed from
(i) noise-free data (squares) and (ii) noise at amplitude ε = 10−4 (circles), 10−6 (crosses) and 10−8 (diamonds).

In Figure 2 we revisit the noisy example of §2.4. As is evident, generalised sampling is completely robust
in the presence of noise, with the best achievable error being solely determined by the magnitude of the noise.
Moreover, once f is recovered perfectly up to O (ε), where ε is the noise parameter, there is no drift in the error,
unlike the consistent reconstruction (see Figure 1).

Whilst generalised sampling is certainly effective in overcoming the issues discussed in §2.4, it is perhaps
disappointing that one requires m = O

(
n2
)

Fourier samples to reconstruct. An obvious question to ask is
whether another method can be both as stable and as accurate as generalised sampling whilst requiring fewer
samples. In other words, is the stable sampling rate a property only of relevance for generalised sampling, or is it
universal? This question is the topic of the next question.

4 Optimality

Recall that the mapping f 7→ f̃n,m is the oblique projection onto Tn along (Pm(Tn))⊥. An obvious question to
ask is, can another oblique projection give a better reconstruction? That is to say, a reconstruction which is both
more stable and more accurate. Under some natural assumptions, one finds that the answer is no.

4.1 Optimal projection-type method
Suppose that Ln,m ⊆ H is a subspace, and assume that

Ln,m ⊆ Sm, (4.1)

and that
Tn ∩ (Ln,m)⊥ = {0}. (4.2)

Note that the former condition is natural to impose, since we only have access to the samples f̂j = 〈f, ψj〉 of
f , where ψj ∈ Sm, j = 1, . . . ,m. The second condition ensures that there exists a unique oblique projection
f 7→ f̃Ln,m onto Tn along (Ln,m)⊥ [13].

Definition 4.1. A reconstruction method Gn,m : H → Tn, f 7→ f̃n,m is of projection-type if Gn,m is the oblique
projection onto Tn along (Ln,m)⊥, where Ln,m is a subspace of H satisfying (4.1) and (4.2).

The optimality result we next prove concerns projection-type methods. First, it is useful to note the following:

Theorem 4.2. Let Gn,m be a projection-type method and write

CL
n,m = cos θTn,Ln,m . (4.3)

19



Suppose that n,m ∈ N are such that CL
n,m > 0. Then the projection-type method Gn,m : f 7→ f̃Ln,m is well-

defined, and we have the sharp bounds

‖f̃Ln,m‖ ≤
1

CL
n,m

‖f‖,

and
‖f −Qnf‖ ≤ ‖f − f̃Ln,m‖ ≤

1

CL
n,m

‖f −Qnf‖.

Proof. Since any projection-type method is an oblique projection, the result follows from Theorem 2.5.

As with generalised sampling, the constantCL
n,m controls both the stability and the accuracy of any projection-

type method (note that generalised sampling is the projection-type method with Ln,m = Pm(Tn)). Therefore, a
reasonable question to ask if whether, for given n and m, one can obtain a better, i.e. larger, constant CL

n,m with a
suitable alternative choice of Ln,m. Our first result is as follows:

Theorem 4.3. Suppose that {ψj} are orthonormal and that Ln,m ⊆ H satisfies (4.1) and (4.2). Then, if Cn,m =
cos θTn,Pm(Tn) and CL

n,m = cos θTn,Ln,m , we have

CL
n,m ≤ Cn,m.

Consequently, no projection-type method can be both more stable and more accurate than generalised sampling.

Proof. By definition
(CL

n,m)2 = inf
φ∈Tn
‖φ‖=1

‖QLn,mφ‖2 = 1− sup
φ∈Tn
‖φ‖=1

‖φ−QLn,mφ‖2.

Now QLn,mφ ∈ Sm, and therefore

‖φ−QLn,mφ‖ ≥ ‖φ−QSmφ‖ = ‖φ− Pmφ‖,

since the vectors {ψj}∞j=1 are orthonormal. Thus we obtain

(CL
n,m)2 ≤ 1− sup

φ∈Tn
‖φ‖=1

‖φ− Pmφ‖2 = inf
φ∈Tn
‖φ‖=1

‖Pmφ‖2 = (Cn,m)2,

as required.

Although this theorem confirms that no projection-type method will outperform generalised sampling, it as-
sumes an orthonormal sampling basis. When the sampling vectors constitute a Riesz basis, it may appear possible
to outperform generalised sampling. As we show next, this is true, but only in a very limited sense.

Let us first recall the stable sampling rate (Definition 3.11)

Θ(n; a) = min {m ∈ N : Cn,m > a} , a ∈ (0, c1c3 ).

We may define the same quantity for any projection-type method:

ΘL(n; a) = min
{
m ∈ N : CL

n,m > a
}
, a ∈ (0, c∗).

Here 0 < c∗ < 1 is such that ΘL(n; a) is well-defined for all n ∈ N and 0 < a < c∗. We shall assume that such a
c∗ exists. Clearly if not, then one cannot choose a sequence m = m(n) such that CL

n,m(n) remains bounded away
from zero, and therefore the projection-type method cannot be stable.

Recall that, for given a > 0, settingm ≥ Θ(n; a) (respectively ΘL(n; a)) ensures stability and accuracy of the
method to within a constant factor of a−1. Our interest lies in the asymptotic growth of Θ(n; a) as n → ∞: this
determines the precise scaling of the number of samples m with respect to n for stable, quasi-optimal recovery.
Therefore, a natural question to pose is, can a suitable choice of Ln,m give a projection-type method with a stable
sampling rate ΘL(n; a) possessing milder asymptotic growth than that of Θ(n; a)? As we now show, this cannot
occur. We first require the following lemma:

Lemma 4.4. Let Cn,m and CL
n,m be as in Theorem 4.3. Then

Cn,m ≥
d1
d2

[
1−

√
1− (CL

n,m)2
]
.
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Proof. Recall from the proof of Theorem 4.3 that

(CL
n,m)2 ≤ 1− sup

φ∈Tn
‖φ‖=1

‖φ−QSmφ‖2.

Observe that ‖φ−QSmφ‖ ≥ 1− ‖QSmφ‖. Moreover, arguing as in the proof of Lemma 3.12, we find that

‖QSmφ‖ ≤
1

d1

√
〈Pmφ, φ〉.

Hence

(CL
n,m)2 ≤ 1−

1− 1

d1
inf
φ∈Tn
‖φ‖=1

√
〈Pmφ, φ〉

2

.

Using Lemma 3.14, we obtain

(CL
n,m)2 ≤ 1−

[
1− d2

d1
Cn,m

]2
,

and rearranging now gives the result.

Theorem 4.5. For a ∈ (0, 1) suppose that ΘL(n; a) is well-defined for all n. Then

Θ(n; a′) ≤ ΘL(n; a),

where a′ = d1
d2

(1−
√

1− a2). Equivalently, if there exists a sequence {m(n)}∞n=1 such that CL
n,m(n) ≥ a for all

n ∈ N, then Cn,m(n) ≥ a′.
Proof. For n ∈ N let m = ΘL(n; a) so that CL

n,m > a. By the previous lemma, we find that Cn,m ≥ a′. Hence
Θ(n; a′) ≤ m = ΘL(n; a), as required.

As seen the polynomial example of §2.4, one typically finds that Θ(n; a) = c(a)nα for some α ≥ 1. Therefore,
this theorem states that if ΘL(n; a) = O (nα), then Θ(n; a) = O (nα) also. In other words, the asymptotic growth
of the stable sampling rate cannot be improved.

As shown, when sampling is carried out with an orthonormal basis, no projection-type method can improve
generalised sampling. However, as evidenced by the previous theorem, there is room for improvement when
sampling in a Riesz basis. In fact, it is straightforward to devise an ‘optimal’ projection-type method for such a
problem:

Corollary 4.6. Suppose that {ψj} is a Riesz basis for S. Then the optimal projection-type method (in the sense of
Theorems 4.3 and 4.5) is given by Ln,m = QSm(Tn).

Proof. Let {Ψj}mj=1 be an orthonormal basis for Sm. Then the projection-type method with Ln,m = QSm(Tn)
is equivalent to the generalised sampling scheme based on the orthonormal sampling vectors {Ψj}mj=1. Thus,
by Theorem 4.3, no other projection-type method can outperform this method, including, of course, generalised
sampling based on {ψj}mj=1.

This importance of this corollary is that it indicates how to improve generalised sampling whenever the vectors
{ψj} are not orthonormal. Indeed, instead of specifying f̃n,m ∈ Tn by (3.1), we instead define f̃on,m ∈ Tn by

〈QSm f̃
o
n,m, φj〉 = 〈QSmf, φj〉, j = 1, . . . , n.

Suppose that C [m] ∈ Cm×m is the Gram matrix for the vectors {ψj}mj=1. Then this is equivalent to the system of
equations

(U [n,m])∗(C [m])−1U [n,m]α[n,m] = (U [n,m])∗(C [m])−1f̂ [m],

for α[n,m] ∈ Cn, where f̃on,m =
∑n
j=1 α

[n,m]
j φj . Thus, at the extra expense of having to calculate (C [m])−1,

this approach allows one to improve the constant of the stable sampling rate, although not the asymptotic growth.
Note that, since {ψj}∞j=1 is a Riesz basis, the Gram matrix C [m] is well-conditioned for all m.

Remark 1 There are several equivalent ways to look at Theorems 4.3 and 4.5.

1. One cannot replace the mapping Sm : ran(S∗m)→ Sm with another map Gn,m : ran(S∗m)→ Sm and obtain
a better stable sampling rate.

2. One cannot precondition the matrix A = U∗U via U∗PU with some matrix P and obtain a better stable
sampling rate.

We shall discuss several consequences of this remark in the next section.
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4.2 Numerical examples
To illustrate Theorem 4.3 let us consider the problem of reconstructing in a polynomial basis from Fourier samples.
Since the samples are orthogonal in this case, we expect no projection-type method to offer a better stable sampling
rate. This is shown in Figure 3, where we compare generalised sampling and two projection-type methods based
on Fourier filters. Note that these methods are equivalent to replacing Pm by Pσm in the equations (3.1) defining
f̃n,m, where Pσm is the filtered Fourier operator

Pσm =
∑

|j|≤bm2 c

σj f̂jψj(x),

and σ is some filter. The two filters used were the Lanczos and the raised cosine filter [8, chpt. 2], given by

σj =
m

2jπ
sin

(
2jπ

m

)
, σj =

1

2

(
1 + cos

(
2jπ

m

))
, (4.4)

respectively. Figure 3 should come as no surprise. Whilst filters are extremely successful in improving pointwise
accuracy of Fourier series [36], they do not decrease the error when measured in the L2 norm ‖·‖, which is
precisely the quantity that determines Cn,m.

An example of more interest is provided by replacing the standard Fourier series by a nonharmonic Fourier
series [42]. In this case, instead of the standard exponentials {eijπx}j∈Z we consider {eiλjπx}j∈Z. For suitably
chosen parameters λj ∈ R, the latter constitutes a Riesz basis [42].

In Figure 4 we consider the stable sampling rate resulting from reconstructing in a polynomial basis whilst
sampling with the nonharmonic Fourier basis corresponding to λj = j + 1

3 (−1)j . We consider both generalised
sampling in its standard form, as well as the optimal projection-type method described in Corollary 4.6. As
predicted by this result, the optimal projection-type method offers a slightly reduced stable sampling rate, yet the
asymptotic growth remains O

(
n2
)
. Thus, at the extra expense of having to invert an m ×m Gram matrix, one

can slightly reduce the number of samples required to reconstruct to within a prescribed accuracy.
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4.3 Polynomial reconstructions from Fourier samples
The optimality results of the previous section are limited in that they only encompass one type of reconstruction
method. Whether a broader, more powerful result holds – equivalently, whether the stable sampling rate is uni-
versal or not – is a matter for future research. However, in the important case of reconstructing a function in a
polynomial basis from its Fourier samples, there is substantial evidence to conjecture that generalised sampling
is optimal amongst all methods (subject to some minor restrictions). In other words, the stable sampling rate is
universal for this particular pair of sampling and reconstruction vectors.

This argument is based on previous work by Platte et al [32]. Therein the authors consider the problem of
recovering an analytic function f : [−1, 1] → R from its values at m equispaced nodes in [−1, 1]. The principal
result proved is as follows:

Theorem 4.7 ([32]). Let a compact set E ⊆ C containing [−1, 1] in its interior be fixed, and suppose that {Φm}
is an approximation procedure based on equispaced m-grids such that for some M <∞, σ > 1 and τ ∈ ( 1

2 , 1],

‖f − Φm(f)‖L∞[−1,1] ≤Mσ−m
τ

‖f‖L∞(E), n = 1, 2, . . . , (4.5)

for all functions f that are continuous on E and analytic in its interior. Then the condition number κm of Φm
satisfies

κm ≥ cm
2τ−1

,

for some c > 1 and all sufficiently large m.

Here the condition number κm of Φm is defined in a particular way (see [32, eqn. (1.1)]) which reduces
to the usual condition number of a matrix when Φm is linear. However, this theorem also holds for nonlinear
methods, the only stipulations being that, for all functions f , Φm(f) depends only on the grid values of f and
satisfies (4.5). This aside, note the main conclusion of this theorem: namely, any stable method can converge at
best root-exponentially fast in m.

This key step in proving this theorem is to determine the nature of the constant

Dn,m = sup
p∈Pn
p 6=0

{‖p‖L∞[−1,1]

‖p‖m

}
, (4.6)

where ‖p‖m is the maximum of |p(x)| on the equispaced grid. This is a classical problem in approximation theory:
how large can a polynomial of degree n be, given that it is bounded at m equispaced nodes in [−1, 1]? As shown
by Coppersmith and Rivlin [10], there exist positive constants c1 and c2 such that

(c1)
n2

m ≤ Dn,m ≤ (c2)
n2

m . (4.7)

In particular, for boundedness of Dn,m, we require m = O
(
n2
)

(this result actually dates back to Schönhage
[35], for more recent work on this problem see [33]).

As discussed in §2.4, the problem of recovering a function from its values of an equispaced grid is very
similar to that of reconstructing a function from its Fourier coefficients. It seems highly likely that an analogue of
Theorem 4.7 ought to hold for this problem as well. To this end, suppose that ||| · |||m is the semi-norm defined by
|||f |||m = maxj=−bm2 c,...,b

m
2 c−1 |f̂j |, and let

D̃n,m = sup
p∈Pn
p 6=0

{‖p‖L∞[−1,1]

|||p|||m

}
. (4.8)

Note that similarity between D̃n,m and the constant Dn,m (as defined in (4.6)). Critically, the latter involves the
semi-norm ‖p‖m consisting of grid values, whereas the former consists of Fourier coefficients.

At this point, we make the following conjecture:

Conjecture 1. If D̃n,m is as in (4.8), then there exist positive constants c1, c2 such that

(c1)
n2

m ≤ D̃n,m ≤ (c2)
n2

m , ∀n,m ∈ N. (4.9)

Provided this conjecture holds, we have the following theorem:
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Theorem 4.8. Consider the problem of recovering a function f : [−1, 1] → R from its Fourier coefficients
{f̂j}j∈Z. Under the assumption that Conjecture 1 is true, then an anologue of Theorem 4.7 holds for this problem.
In particular, generalised sampling is an optimal stable method in this instance.

On the assumption that the Conjecture 1 holds, this theorem confirms optimality of generalised sampling for
this problem (the proof is virtually identical to that of Theorem 4.7). Note the similarity of the quantity Dn,m and
(Cn,m)−1, where Cn,m is the constant of generalised sampling. In fact, it is a simple exercise to show that

1

n
√
m
Dn,m ≤ (Cn,m)−1 ≤

√
2Dn,m.

In particular, boundedness of Dn,m implies boundedness of (Cn,m)−1, and therefore stability of generalised
sampling.

At the moment, we have no proof of Conjecture 1. However, there is substantial numerical evidence. In Figure
5 we have plotted the quantity (Cn,nα)−1 for various values of 1 ≤ α ≤ 2. The straight lines in the diagrams
indicate a bound of the form (4.9).

5 Conclusions
The purpose of this paper was to derive new estimates for generalised sampling, and to establish several results
concerning its optimality. The latter topic warrants further study. In particular, whilst the results proved in The-
orems 4.3 and 4.5 are interesting, they place rather stringent restrictions on the types of methods considered. An
aim of future work is to prove a stronger result. Additionally, the example used throughout this paper – recon-
structions in polynomials from Fourier samples – is of particular interest, due to its application in the resolution
of the Gibbs phenomenon. A topic of ongoing work is a proof of Conjecture 1, and as a consequence, the removal
of this as a condition of Theorem 4.8.

As mentioned, optimality of generalised sampling is equivalent to the question of universality of the stable
sampling rate. This has important ramifications for the design of reconstruction methods in applications. Namely,
given some sampling scheme and some desired reconstruction space, universality of the stable sampling rate
places concrete limitations on the achievable accuracy of the reconstruction for a given number of samples. We
shall explore this issue in more detail in future investigations.

On the other hand, although Theorems 4.3 and 4.5 demonstrate that no projection-type method can improve
the stable sampling rate, there is a potential alternative based on a slight generalisation of projection-type class.
This approach, whilst possibly not improving the asymptotic growth of Θ(n; a) (i.e. if universality holds), may
potentially reduce the constant c of such growth. As commented in Remark 1, these theorems essentially preclude
any improvement by replacing the mapping Sm : ran(S∗m) → Sm with another map Gn,m with the same range
and domain. However, although it is necessary that any alternative map Gn,m have the same domain (due to the
nature of the samples), the restriction that Gn,m has the same range Sm as Sm is clearly not necessary. If we allow
for mappings Gn,m : ran(S∗m)→ H with arbitrary ranges then it may be possible to decrease c. Note that, roughly
speaking, the size of c is determined by the rate of convergence Pm → I uniformly on the reconstruction space
Tn. Replacing Sm by Gn,m equates to replacing Pm = Sm ◦ S∗m by a mapping P ′n,m = Gn,m ◦ S∗m. Thus, if a
suitable sequence of mappings P ′n,m possessing faster convergence uniformly on Tn could be found, then it may
be possible to decrease c. The specification of any such mappings would obviously depend on both the type of
sampling and the reconstruction space Tn.
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This aside, a central premise of generalised sampling is guaranteed recovery for all vectors f . Indeed, the
stable sampling rate provides the exact condition for this property, and also, as a by-product, enforces numerical
stability. However, suppose now that one was willing to compromise numerical stability, and consider the problem
of recovering just one vector f as accurately as possible. For a given number of samples m is there a better way
to choose n than that specified by the stable sampling rate? In particular, could one obtain a more accurate
reconstruction with a larger (and typically vector-dependent) choice of n, and how could such a choice be made
using only the given data (i.e. the samples of f )? Naturally, this question involves the delicate balance between
the growth of (Cn,m)−1 and the decay of ‖f −Qnf‖ in the error estimate

‖f −Qnf‖ ≤
1

Cn,m
‖f −Qnf‖,

(see Theorem 3.8). In preliminary numerical experiments at least, it appears that choosing the best n = n(f)
for a given f (and m) can lead to substantial improvements in the accuracy of the reconstruction. However, the
question of how to determine n(f) for an unknown vector f is currently unanswered. An adaptive algorithm may
be useful in this regard, as may be the use of nonlinear techniques.

On a different topic, one conclusion of this paper is that consistency is the incorrect condition to enforce for
numerical reconstructions. However there are applications, most notably image resizing, for which consistency
of the reconstruction with the original measurements is important. Thus, the question is, can one design a recon-
struction method possessing both consistency and numerical stability? Given the results of this paper, it seems
probable that this cannot be done without sacrificing numerical accuracy, at least with a linear method. However,
in such applications, this may be acceptable. Moreover, the use of nonlinear techniques (e.g. l1 minimisation)
may potentially allow simultaneously for consistency, stability and accuracy. This is a topic for future research.

Consistent reconstructions are extremely popular in signal and imaging applications. There are some notable
circumstances, in particular, when operating in certain shift-invariant or periodic spaces, for which such recon-
structions do not suffer from any stability or convergence issues. However, there are also many examples, outside
of the polynomial case of this paper, for which these issues do arise. These include reconstructions in both splines
and wavelets (see [1] for the case of the latter). In a future paper we intend to present a longer list and detailed
discussion of such important examples. That aside, let us note that the analysis of this paper actually has im-
portant consequence for consistent reconstructions themselves. Namely, it answers the question of when they do
and do not work, and shows how this answer can be determined conclusively by a simple series of numerical
computations.
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