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Abstract In this paper we present efficient numerical approximation for systems
of highly oscillatory ordinary differential equations with matrices of variable co-
efficients. We assume that the spectrum of the matrix is purely imaginary and the
frequency of oscillation grows large. We develop the asymptotic and the Filon-type
methods for linear systems with time dependent matrices and we integrate oscillatory
quadrature rules with waveform relaxation methods employing the WRF method for
non-linear systems. We solve matrix exponential in Lie groups employing Magnus
expansion. The methods are illustrated in several numerical examples of interest.
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1 Introduction

In many applications one comes across physical phenomena described by dynamical
systems subject to a time dependent perturbation which is localized in space and time.
In current work we develop methods for systems of ordinary differential equations
(ODEs) with variable coefficients,

y′(t) = Aω(t)y(t) + f (t,y(t)), y(0) = y0 ∈ R
d, t ≥ 0. (1)
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The following assumptions are hold: the matrix Aω is time dependent and has large
imaginary eigenvalues, σ(Aω) ⊂ iR, ‖Aω‖ � 1, ‖A−1

ω ‖ � 1, f : R × R
d → R

d is
a smooth vector-valued function and ω � 1 is a real parameter. The solution of this
equation becomes highly oscillatory due to the imaginary eigenvalues and increasing
values of the parameter ω. Needless to mention that presence of the parameter ω is
symbolic. It is a forcing term and its scalar product with the eigenvalues of the matrix
Aω guarantees that the frequency of oscillation in system (1) grows large for ω � 1.

It is well known from the classical theory of differential equations, [6], that the an-
alytic solution y of the system of ODEs (1) is described by the variation of parameters
formula,

y(t) = Xω(t)y0 +
∫ t

0
Xω(t − τ)f (τ,y(τ ))dτ = Xωy0 + I [f ]. (2)

The assumption that matrix Aω is time dependent, results in a complex solution of a
fundamental matrix Xω, satisfying matrix linear ODE, see [22],

X′
ω = AωXω, Xω = eΩ,

where Ω represents the Magnus expansion, an infinite recursive series,

Ω(t) =
∫ t

0
A(t)dt

+ 1

2

∫ t

0

[
A(τ),

∫ τ

0
A(ξ)dξ

]
dτ

+ 1

4

∫ t

0

[
A(τ),

∫ τ

0

[
A(ξ),

∫ ξ

0
A(ζ )dζ

]
dξ

]
dτ

+ 1

12

∫ t

0

[[
A(τ),

∫ τ

0
A(ξ)dξ

]
,

∫ τ

0
A(ζ )dζ

]
dτ

+ · · · . (3)

This solution can be compared to the systems of ODEs with a constant matrix Aω,

considered in [19].
The theory on Lie group methods and in particular on Magnus expansion is well

developed and we list here only the most relevant literature on the topic: [2–5, 8, 9,
13–15, 25, 30].

The challenge is to evaluate a highly oscillatory integral I [f ] in (2) efficiently.
Classical methods based on Gaussian quadrature fail to approximate highly os-

cillatory integrals for increasing frequency. For the highly oscillatory Fourier-type
integral

I [f ] =
∫ b

a

f (x)eiωg(x)dx,

with smooth functions f,g ∈ C
∞, the error of approximation with a classical quadra-

ture rule is compared to O(1) for increasing ω, [17, 19]. From this standpoint, con-
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sidering that the integral itself is of order O(ω−1), this result compares to an approx-
imation of the Fourier-type highly oscillatory integral I [f ] by zero. Thus it is safe to
declare that any approximation that is less accurate than equating the integral to zero
is fairly useless. Letting step-size h to depend on the frequency ω on the other hand
results in enormous amount of computation for large ω, tremendously reducing the
step-size h.

Armed with this information, we first focus on developing numerical methods to
solve highly oscillatory integrals with a matrix-valued kernel and next we use our
results in numerical approximation of non-linear systems (2).

Given a vector-valued integral over a compact interval [a, b],

I [f ] =
∫ b

a

Xω(t)f (t)dt, X′
ω = AωXω, Xω = eΩ, (4)

with a time dependant matrix Aω, such that detAω �= 0, ‖Aω‖ � 1, ‖A−1
ω ‖ � 1,

σ(Aω) ⊂ iR, ω is a real parameter and f ∈ R
d is a smooth vector-valued function.

In the special case of systems of ODEs with constant matrices Aω, the task of
obtaining the asymptotic expansion for the integral I [f ] is fairly straightforward,
[19]. Indeed, from the equation X′

ω = AωXω, we derive Xω = A−1
ω X′

ω. The integrals
I [f (k)] for k = 0,1,2, . . . are also oscillatory and recursive integration by parts

I [f ] = A−1
ω

[
Xω(b)f (b) − Xω(a)f (a)

]− A−1
ω

∫ b

a

Xω(t)f ′(t)dt

= QA
1 − A−1

ω I [f ′],
leads to the asymptotic expansion of the integral I [f ],

I [f ] ∼ −
∞∑

m=1

(−Aω)−m
[
Xω(b)f (m−1)(b) − Xω(a)f (m−1)(a)

]
.

The truncated s-partial sum of the asymptotic expansion represents the asymptotic
method QA

s , defined as

QA
s [f ] = −

s∑
m=1

(−Aω)−m
[
Xω(b)f (m−1)(b) − Xω(a)f (m−1)(a)

]
.

This approach is not valid for a more general oscillator with an arbitrary non-
singular matrix Aω of variable coefficients. Substitution Xω = A−1

ω X′
ω in I [f ]

doesn’t contribute to a meaningful derivation of the asymptotic expansion,

I [f ] =
∫ b

a

A−1
ω (t)X′

ω(t)f (t)dt.

In Sect. 3 we develop an alternative approach to derive the asymptotic expansion
of I [f ] given an arbitrary non-singular matrix Aω. Armed with the asymptotic expan-
sion, in Sect. 4 we apply the Filon method to solve linear systems of highly oscillatory
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ODEs with variable coefficients. For the computation of the matrix exponential we
apply Lie group methods. In particular we choose the Magnus method and the mod-
ified Magnus method bound with the Filon-type methods, especially efficient for the
oscillatory systems. The natural extension of these ideas is to emulate the Filon-type
methods for non-linear highly oscillatory systems of ODEs (1), a generalization that
will be exploited in Sect. 5. The non-linearity of the system is handled with the wave-
form relaxation methods, however a clever implication of oscillatory quadrature rules
leads to surprisingly good results after only a few of steps of iterations.

2 Asymptotic expansion versus Taylor’s expansion for high oscillation

Traditionally, fundamental concepts of numerical analysis of differential equations
are based on Taylor’s theorem. However, we can safely claim that Taylor’s theorem is
incompatible with the numerical analysis of highly oscillatory differential equations.
Let us explain the reasons for it.

Suppose f has n + 1 continuous derivatives on an open interval containing a
point a. Employing Taylor’s theorem, we expand f into its Taylor series, for each
x in the interval,

f (x) = f (a) + f ′(a)

1! (x − a) + f (2)(a)

2! (x − a)2 + · · ·

+ f (n)(a)

n! (x − a)n + Rn(x)

where

Rn(x) = f (n+1)(ξ)

(n + 1)! (x − a)n+1.

is the Lagrange formula for the remainder for some ξ ∈ (a, x). For instance, for the
Euler’s method, the truncation error can be examined using Taylor’s theorem,

y(tn+1) = y(tn) + Δty′(tn) + 1

2
Δ2y′′(ξn), ξ ∈ [tn, tn+1].

The magnitude of the error arising from the Euler’s method can be demonstrated by
comparison with a Taylor expansion of y.

y(t0 + h) = y(t0) + hy′(t0) + 1

2
h2y′′(t0) + O(h3).

But Taylor’s theorem is a wrong tool for high oscillations. Each time we differen-
tiate, the amplitude is roughly scaled by the frequency of oscillation. This means that
in methods based on Taylor’s reasoning we are compelled to choose a ridiculously
small step-size. This is an underlying reason why classical numerical methods fail to
approximate highly oscillatory differential equations.

To the contrary to the Taylor expansion, asymptotic expansion is a more powerful
tool in the analysis of highly oscillatory ODEs, since asymptotic expansion depends
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on and the error term are expressed in terms of inverse powers of the frequency of
oscillation. In other words, the error of approximation decays as the frequency of
oscillation grows.

For instance, for an intrinsic linear oscillator,

y′ = Aωy + f (t), when ω � 1,

the asymptotic expansion is available at any given time point,

y(t) ∼ eAty0 −
∞∑

m=1

(−Aω)−m(eAtf (m−1)(t) − If (m−1)(0)),

and for the numerical purposes the truncated asymptotic expansion can be evalu-
ated for any large time value t. Essentially, the truncation and numerical approxi-
mation do not require an introduction of a step-size, since the asymptotic method
does not depend on a step-size, see Lemma 2. Now, recall that the matrix has pure
imaginary spectrum with large eigenvalues describing the frequency of oscillation,
σ(Aω) ⊂ iR,‖A−1

ω ‖ ≤ 1. Therefore, inverse powers of the matrix Aω depend on the
inverse powers of eigenvalues and hence on the inverse powers of the frequency of
oscillation.

In this work we develop numerical methods based on the asymptotic expansion
for solving systems of highly oscillatory ODEs. We show that our methods have a re-
markable advantage once applied to equations with a large frequency of oscillation.
The accuracy of approximation improves as the frequency of oscillation grows. For
small frequencies our methods are comparable with classical methods with Gaussian
node points. Our algorithms are implemented in Matlab and the symbolic calculation
is implemented in Maple symbolic package. Efficiency of the methods was tested and
compared with Magnus nested integrals evaluated exactly. The superior performance
of our methods is illustrated in numerical examples. Not only we built our methods
with a relatively large step-size, but we also use very little information about func-
tion, essentially working with end-points only. Moreover, our methods do not require
explicit availability of the derivatives, for instance for the interval [0,1] one can sub-
stitute a sequence 1

ω
around the zero and a sequence 1− 1

ω
for the values around point

one.

3 The asymptotic method

In this section we show how applying some matrix transformations in I [f ] leads to
its explicit asymptotic expansion.

Given,

I [f ] =
∫ b

a

Xω(t)f (t)dt, X′
ω = AωXω, Xω = eΩ, (5)

with a matrix valued kernel Xω depending on a real parameter ω � 1 and satisfying
matrix linear differential equation (5). We assume that Aω is a non-singular matrix
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with variable coefficients, σ(Aω) ⊂ iR, ‖A−1
ω ‖ � 1 and f ∈ R

d is a smooth vector-
valued function.

Current representation of the integral I [f ] in (5) is not suitable for obtaining its
asymptotic expansion due to a more general choice of a matrix Aω. Once we substi-
tute Xω = A−1

ω X′
ω in I [f ],

I [f ] =
∫ b

a

A−1
ω (t)X′

ω(t)f (t)dt,

we realise that the flexibility of the matrix Xω is now limited and the rule of integra-
tion by parts is not applicable at this stage.

To overcome this issue and obtain a more flexible representation of the integral (5)
we suggest to transform I [f ] into an equivalent integral, written in a more convenient
form for our purposes. Below we describe that transformation.

We first vectorize the matrix Xω,

Xω =

⎛
⎜⎜⎜⎝

x11 x12 . . . x1d

x21 x22 . . . x2d

...
. . .

. . .
...

xd1 xd2 . . . xdd

⎞
⎟⎟⎟⎠

into Xω,

Xω = [x̄1, x̄2, . . . , x̄d ],
whereby each entry element x̄i is a column vector from the matrix Xω above,

x̄i =

⎡
⎢⎢⎢⎣

x1i

x2i

...

xdi

⎤
⎥⎥⎥⎦ .

Further, we take the transpose of the vector Xω obtaining a corresponding d2 × 1
vector X̄ω,

X̄ω = [x̄1, x̄2, . . . , x̄d ]ᵀ = Xᵀ
ω.

Definition 1 The matrix direct sum of n matrices constructs a block diagonal matrix
from a set of square matrices,

d⊕
i=1

Ai = diag(A1,A2, . . . ,An) =

⎛
⎜⎜⎜⎝

A1 0 . . . 0
0 A2 . . . 0
...

. . .
. . .

...

0 0 . . . An

⎞
⎟⎟⎟⎠ .

Definition 2 Kronecker product, or direct product, denoted by
⊗

, is an operation on
two matrices of arbitrary size resulting in a block matrix. It gives the matrix of the
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tensor product with respect to a standard choice of basis. If A is an m × n matrix and
B is a p × q matrix, then the Kronecker product is the mp × nq block matrix,

A ⊗ B =
⎛
⎜⎝

a11B . . . a1nB
...

. . .
...

am1B . . . amnB

⎞
⎟⎠

with elements defined by

cαβ = aij bkl,

where

α = p(i − 1) + k,

β = q(j − 1) + l.

It is easy to verify that X̄ω satisfies a linear differential equation X̄
′
ω = BωX̄ω,

with Bω = ⊕d
i=1 Aω representing a direct d-tuple sum of the original matrix Aω.

We also scale an identity matrix I by taking its direct product with the vector-valued
function f := f ᵀ = [f1, f2, . . . , fd ], F = f 1×d ⊗ Id×d . For instance, take

f = [f1, f2] and I =
(

1 0
0 1

)
.

Direct product F = f ⊗ I results in the following matrix,

F =
(

f1 0 f2 0
0 f1 0 f2

)
.

Definition 3 Let {Ai} be arbitrary matrices of the size m×ni , i = 1,2, . . . , k. Define
the matrix union F of the size m ×∑k

i=1 ni by F = ⋃d
i=1 Ai , where

F = [A1,A2, . . . ,Ak].

In general, F represents a tensor uniting the following matrices Fi , namely,
F = ⋃d

i=1 Fi , where each entry matrix is a diagonal matrix with the corresponding
element fi on the diagonal,

Fi =

⎛
⎜⎜⎜⎝

fi 0 . . . 0
0 fi . . . 0
...

. . .
. . .

...

0 . . . 0 fi

⎞
⎟⎟⎟⎠ .

These transformations result in equality Xωf = FX̄ω, and appear to be suitable for
integration by parts and representation of the asymptotic expansion of the integral (5).
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Example 1 Let

Xω =
(

x11 x12
x21 x22

)
, Aω =

(
a11 a12
a21 a22

)
and f =

[
f1
f2

]
.

Then

X̄ω =

⎡
⎢⎢⎣

x11
x21
x12
x22

⎤
⎥⎥⎦ , Bω =

⎛
⎜⎜⎝

a11 a12 0 0
a21 a22 0 0
0 0 a11 a12
0 0 a21 a22

⎞
⎟⎟⎠

and

F =
(

f1 0 f2 0
0 f1 0 f2

)
.

Hence,

Xωf = FX̄ω =
[
x11f1 + x12f2
x21f1 + x22f2

]
,

and X̄
′
ω = BωX̄ω, once X′

ω = AωXω.

As a result, we have obtained the following equality for the two integrals,

I [f ] =
∫ b

a

Xω(t)f (t)dt =
∫ b

a

F (t)X̄ω(t)dt = I [F ],

where matrix Xω and vector X̄ω satisfy linear ODEs,

X′
ω = AωXω and X̄

′
ω = BωX̄ω

respectively. This means that now we can approximate integral I [F ] and thus I [f ].
Allowing integration by parts we can now obtain the asymptotic expansion for the
integral I [f ],

I [f ] =
∫ b

a

F (t)X̄ω(t)dt =
∫ b

a

F (t)B−1
ω (t)X̄

′
ω(t)dt

= [
F (t)B−1

ω (t)X̄ω(t)
]b
a
−

∫ b

a

(
F (t)B−1

ω (t)
)′
X̄ω(t)dt.

Hereafter we refer to [29] for the notation on matrix functions asymptotics de-
pending on a real parameter ω. For the entirety of the paper, all norms are L∞ norms,
for vectors, matrices and functions. The norm of a function is taken over the finite
interval [a, b].

We say that f = O(f̃ ) for an arbitrary function f and non-negative constant f̃ ,
which depend on a real parameter ω, if the norm of f and its derivatives are all
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of order O(f̃ ) as ω → ∞, namely ‖f (m)‖ = O(f̃ ) for m = 0,1, . . . . For arbitrary
two n × m matrices A(x) = (aij (x)) and Ã = (ãij ), ãij ≥ 0, depending on a real
parameter ω, we can thus posit A(x) = O(Ã), if aij (x) = O(ãij ) element-wise as
ω → ∞. We may also say that f = O(1), if f and its derivatives remain bounded on
[a, b], as ω → ∞. Let 1 = {1ij } stand for a matrix with all entries one. This allows
us to write A(x) = O(1), if aij (x) = O(1) element-wise as ω → ∞. And finally,
if A = O(Ã) and B = O(B̃), then the integration and multiplication properties are∫ b

a
A(x)dx = O(Ã) and AB = O(ÃB̃).
Letting

σ0 = F ,

σk+1 = (σkB
−1
ω )′, k = 0,1, . . .

we define asymptotic method as

QA
s [f ] =

s−1∑
k=0

(−1)k
(
σk(b)B−1

ω (b)X̄ω(b) − σk(a)B−1
ω (a)X̄ω(a)

)
.

Below we state the two statements, Theorem 1 from [29] and Lemma 1 from [19].
Subsequently, in Theorem 2 we generalise these results for a matrix-valued kernel
Xω, a vector-valued function f and a time dependant matrix Aω in I [f ], (5).

Theorem 1 [29] Suppose that y satisfies the differential equation,

y′(x) = A(x)y(x),

in the interval [a, b], for some invertible matrix-valued function A such that A−1 =
O(Â), for ω → ∞. Assume that

I [f ] =
∫ b

a

f ᵀ(x)y(x)dx,

where f ∈ R
d is a smooth vector-valued function and y ∈ R

d is a smooth, highly
oscillatory vector-valued function. Define

QA
s [f ] =

s−1∑
k=0

(−1)k[σᵀ
k (b)A−1(b)y(b) − σ

ᵀ
k (a)A−1(a)y(a)],

where

σ0 ≡ f, σk+1 = (A−ᵀσk)
′, k = 0,1, . . . .

If f = O(f̃ ) and y(x) = O(ỹ) for a ≤ x ≤ b, then

I [f ] − QA
s [f ] = (−1)s

∫ b

a

σᵀ
s ydx = O(f̃

ᵀ
Âs+1ỹ), as ω → ∞.
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Lemma 1 [19] Let

I [f ] =
∫ b

a

Xω(t)f (t)dt, X′
ω = AωXω,

where the matrix kernel Xω satisfies linear matrix ODE as above, Aω is a constant
non-singular matrix, ‖A−1

ω ‖ � 1 and f : R → R
d is a smooth vector-valued func-

tion. Then, for ω � 1,

I [f ] ∼ −
∞∑

m=1

(−Aω)−m
[
Xω(b)f (m−1)(b) − Xω(a)f (m−1)(a)

]
.

For ψ = max{‖f (s)‖,‖f (s+1)‖},
QA

s [f ] − I [f ] ∼ O(‖A−s−1
ω ‖‖Xω‖ψ), as ω → ∞.

If Xω = O(X̂ω) and f = O(f̃ ), then

QA
s [f ] − I [f ] = O(A−s−1

ω X̂ωf̃ ), as ω → ∞,

element wise.

Theorem 2 Postulate that

I [f ] =
∫ b

a

Xω(t)f (t)dt, and X′
ω = Aω(t)Xω,

where Aω is an arbitrary non-singular matrix, σ(Aω) ⊂ iR, ω is a real parameter
and f ∈ R

d is a smooth vector-valued function.
If Fω = O(F̂ ), B−1

ω = O(B̂) and X̄ω = O(X̂ω), then

I [f ] − QA
s [f ] = (−1)s

∫ b

a

σs(t)X̄ω(t)dt = O(F̂ B̂s+1X̂), as ω → ∞.

Proof We first prove the identity by induction,

I [F ] =
[
F (t)B−1

ω (t)X̄ω(t)
]b

a
−

∫ b

a

(
F (t)B−1

ω (t)
)′

X̄ω(t)dt

=
[
σ0(t)B

−1
ω (t)X̄ω(t)

]b

a
−

∫ b

a

σ1(t)X̄ω(t)dt.

Suppose the identity holds for some k ∈ N, we prove for k + 1.

∫ b

a

σk+1(t)X̄ω(t)dt =
∫ b

a

σk+1(t)B
−1
ω (t)X̄

′
ω(t)dt

=
[
σk+1(t)B

−1
ω (t)X̄ω(t)

]b

a
−

∫ b

a

σk+2(t)X̄ω(t)dt.
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By induction, σk = O(F̂ B̂k). Indeed, for k = 0, σ0 = F = O(F̂ ). We assume the
equality holds for some σk , then

σk+1 =
[
σkB

−1
ω

]′ = σ ′
kB

−1
ω + σkB

−1′
ω

= O(F̂ B̂k)O(B̂) + O(F̂ B̂k)O(B̂) = O(F̂ B̂k+1).

And finally,

∫ b

a

σsX̄ωdt =
[
σsB

−1
ω X̄ω

]b

a
−

∫ b

a

σs+1X̄ωdt

= O(F̂ B̂s+1X̂) + O(F̂ B̂s+1X̂) = O(F̂ B̂s+1X̂). �

Corollary 1 If

f (k)(a) = f (k)(b) = 0, for k = 0,1, . . . , s − 1,

then,

I [f ] = O(F̂ B̂s+1X̂).

Example 2 For practical purposes consider integral

Ih[f ] =
∫ h

0
eΩ(h−τ)f (τ )dτ,

and recall that Ω is defined in (3). Note that,

eΩ(h−τ) |τ=0 = eΩ(h) = Xω(h),

eΩ(h−τ) |τ=h = I = Xω(0).

Once we vectorise the system to obtain the asymptotic method, Ī stands for a vec-
torised identity matrix I , and X̄ω stands for a vectorised matrix eΩ . For s = 2 the
asymptotic method using information at the end points only, is

QA
2 = [F (h)B−1

ω (0) − F ′(h)B−2
ω (0) − F (h)B−1′

ω (0)B−1
ω (0)]Ī

−[F (0)B−1
ω (h) − F ′(0)B−2

ω (h) − F (0)B−1′
ω (h)B−1

ω (h)]X̄ω(h).

Employing initial-value integrator,

yn+1 = eΩs yn +
∫ h

0
eΩs(h−τ)f (tn + τ)dτ, (6)

where Ωs stands for a truncated Magnus expansion, we can now solve (2) with the
asymptotic method,

yn+1 = eΩs yn + QA
s .
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Lemma 2 The asymptotic method QA
s , applied to a family of integrals I [f ] in (4),

is independent of the step-size of numerical integration.

Proof Let us assume the opposite and introduce a mesh with n node points and a
step-size of integration h, tn = tn−1 + h. Now the asymptotic method, a truncated
asymptotic sum, is

QA
s [f ] = QA

s [f ](t1) − QA
s [f ](t0) + QA

s [f ](t2) − QA
s [f ](t1)

+ QA
s [f ](t3) − QA

s [f ](t2) + · · ·
+ QA

s [f ](tn−1) − QA
s [f ](tn−2) + QA

s [f ](tn) − QA
s [f ](tn−1)

= QA
s [f ](tn) − QA

s [f ](t0).
The summands of the asymptotic method QA

s , evaluated at node points, appear in
pairs with an opposite sign, except the values at the end points. Consequently, no mat-
ter how we truncate the interval, we obtain the same representation for the asymptotic
method QA

s evaluated at the end points only. �

4 The Filon-type method

Employing classical Filon-type quadrature [17], proven to have high accuracy for
increasing ω, we construct an r-degree polynomial interpolation v for the vector-
valued function f in (5),

v(t) =
ν∑

l=1

θl−1∑
j=0

αl,j (t)f
(j)(tl),

which agrees with function values and derivatives v(j)(tl) = f (j)(tl) at node
points a = t1 < t2 < · · · < tν = b, with associated θ1, θ2, . . . , θν multiplicities,
j = 0,1, . . . , θl − 1, and l = 1,2, . . . , ν.

By definition, Filon-type method is

QF
s [f ] =

∫ b

a

Xω(t)v(t)dt =
ν∑

l=1

θl−1∑
j=0

βl,jf
(j)(tl),

where βl,j = ∫ b

a
Xω(t)αl,j (t)dt.

Theorem 3 Postulate that

I [f ] =
∫ b

a

Xω(t)f (t)dt, and X′
ω = Aω(t)Xω.

Aω is an arbitrary non-singular matrix, σ(Aω) ⊂ iR, ω is a real parameter and
f ∈ R

d is a smooth vector-valued function.
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If Fω = O(F̂ ), B−1
ω = O(B̂) and X̄ω = O(X̂ω), then

I [f ] − QF
s [f ] = (−1)s

∫ b

a

σs(t)X̄ω(t)dt

= O(F̂ B̂s+1X̂), as ω → ∞.

Proof Observing that I [f −v] = I [f ]−QF
s [f ], the proof follows by replacing f in

the asymptotic method (2) by f −v and the fact that [f −v](j)(a) = [f −v](j)(b) =
0, for j = 0,1, . . . , s − 1. �

Theorem 4 Let θ1, θν ≥ s, r = ∑ν
l=1 θl − 1. Then r is the numerical order of the

Filon-type method applied to the linear systems (6),

y(tn) − yn = O(hr+1).

Proof The proof is equivalent to that in Theorem 3.3, [19].
We present f as a sum of a polynomial approximation and the error of the approx-

imation,

f = v + p,

where v is an r-degree vector-valued polynomial approximation (e.g. Hermite,
[16, 31]) to f , and p is an approximation error

p = pr

r! f (r)(ξ), pr =
ν∏

l=1

(t − tl)
θl .

For the local error of our numerical solver,

I [p] =
∫ h

0
eΩp(tn + τ)dτ =

∫ h

0
eΩ pr(τ )

r! f (r)(ξ)dτ,

where pr(τ ) = O(τ r ).

Since integral is a linear operator, the statement f = v +p implies I [f ] = I [v]+
I [p], hence

I [p] = I [f ] − I [v] = I [f ] − QF
s [f ] = O(hr+1), (7)

which proves the order of the Filon-type method. �

For the Filon-type method QF
s ,

QF
s [f ] =

∫ b

a

eΩs (t)v(t)dt =
ν∑

l=1

θl−1∑
j=0

βl,jf
(j)(tl),

where βl,j = ∫ b

a
eΩs (t)αl,j (t)dt, and

I [f ] =
∫ h

0
eΩs f (tn + τ)dτ.
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Example 3 We consider an Airy-type second order linear ODE y′′(t) = −ωty(t) −
cos(t), with a real parameter ω � 1 and t ≥ 0. The equation can be rewritten in a
vector form,

y′(t) = Aω(t)y(t) + f (t),

where

Aω =
(

0 1
−ωt 0

)
and f (t) =

[
0

− cos(t)

]
.

Note, that matrix Aω has pure imaginary spectrum and belongs to a Lie algebra g,

and the fundamental matrix of this system belongs to a matricial Lie group G. Once
we employ a time-step integrator for this system,

yn+1 = eΩs(h)yn +
∫ h

0
eΩs(h−τ)f (τ )dτ,

we can now solve this system with the Filon-type method QF
s . Here, Ωs stands for

the truncated Magnus expansion with nested integral commutators of the matrix Aω.

The following scheme describes numerical approximation of systems of highly
oscillatory ODEs (6), solved with the Filon-type method QF

s ,

yn+1 = eΩs yn + QF
s [f ].

In Figs. 1 and 2 we present numerical results for the Filon-type method QF
2 em-

ploying end-points only and multiplicities all 2. We consider a second order ODE
y′′(t) = −tωy(t) − cos(t), with 0 ≤ t ≤ 1000, [0,1]ᵀ initial condition and step-size
h = 1

4 and h = 1
100 , see Example 3. Figure 1 illustrates that for a fixed step-size h = 1

4
and growing values of ω = 10, ω = 102 and ω = 103 the approximation improves as
the frequency of oscillation grows, the error decays from 10−5, 10−6 to 10−7 respec-
tively.

In Fig. 2 we consider a fixed step-size h = 1
100 and large values of ω = 104, ω =

105 and ω = 106. For a fixed step-size the accuracy of approximation improves with
an increase in frequency, the error improves from 10−12, 10−13 to 10−14 respectively.
For the reference we have computed nested integral commutators exactly.

5 The WRF method

In Sects. 3 and 4 we have developed powerful tools for solving highly oscillatory
linear systems of ODEs. It is natural to ask yourself if one can extend those methods
for solving non-linear systems with similar assumption,

y′(t) = Aω(t)y(t) + f (t,y(t)), y(0) = y0 ∈ R
d, t ≥ 0, (8)

where the matrix Aω is time dependant and has large imaginary eigenvalues,
σ(Aω) ⊂ iR, ‖Aω‖ � 1, ‖A−1

ω ‖ � 1, f : R × R
d → R

d is a smooth vector-valued
function and ω � 1 is a real parameter.
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Fig. 1 Global error of the
Filon-type method QF

2 with end
points only and multiplicities all
2, for the equation
y′′(t) = −ωty(t) − cos(t),
0 ≤ t ≤ 1000, with [0,1]ᵀ initial
condition, step-size h = 1

4 for
ω = 10 (first figure from the
top), ω = 102 (second figure
from the top), ω = 103 (third
figure from the top)

In this section we present iterative techniques, namely, waveform relaxation algo-
rithms, for solving non-linear ordinary differential equations with associated initial
conditions,

d

dt
z(t) = f (t,z), z(0) = z0, t ∈ [0, T ],
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Fig. 2 Global error of the
Filon-type method QF

2 with end
points only and multiplicities all
2, for the equation
y′′(t) = −ωty(t) − cos(t),
0 ≤ t ≤ 100, with [0,1]ᵀ initial
condition, step-size h = 1

100 for

ω = 104 (first figure from the
top), ω = 105 (second figure
from the top), ω = 106 (third
figure from the top)

where T ≥ 0, f : [0, T ] × R
n → R

n,z0 = [z1,0, z2,0, . . . , zn,0] ∈ R
n is the vector of

initial values, and z(t) = [z1(t), z2(t), . . . , zn(t)] ∈ R
n is the solution vector.

Let us define waveform relaxation operator F , mapping “old” iterate into a new
one, [32],

z[ν] = F (z[ν−1]).
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A “one-step” iteration method can be written as,

d

dt
z[ν] = F (z[ν−1],z[ν]), z[ν](0) = z0,

where F (u, v) is defined so, that F (t, v, v) = f (t, v). The well known Picard itera-
tion, as well as Jacobi and Gauss-Seidel schemes can be written in the formulae,

Fi (t, u, v) = fi(t, u1, u2, . . . , ui, . . . , un) (Picard),

Fi (t, u, v) = fi(t, u1, u2, . . . , ui−1, vi, ui+1, . . . , un) (Jacobi),

Fi (t, u, v) = fi(t, v1, v2, . . . , vi−1, vi, ui+1, . . . , un) (Gauss-Seidel).

The convergence of sequences {z[ν]}∞ν=0 is analysed in the context of Banach
spaces, namely, completed, normed, linear spaces. We consider continuous vector-
valued functions defined on [0, T ], i.e. C([0, T ];R

n), with maximum of the norm,

‖z‖T = max
t∈[0,T ]

‖z(t)‖,

and a vector norm ‖ · ‖ in R
n.

Waveform relaxation methods have been studied by a number of authors, we list
here some of them, [1, 7, 10, 11, 18–21, 23, 24, 26–28, 32, 33].

Definition 4 [12] Let (X ,‖ · ‖X ) be a normed linear space and the associated norm.
An operator U : X → X is called a contraction if there exists a γ , with 0 ≤ γ < 1,
such that for all x, y ∈ X it is true that

‖U (x) − U (y)‖ ≤ γ ‖x − y‖X .

Theorem 5 (Banach Fixed Point Theorem, [12]) Let X be a Banach space and U
a contraction. Then there is a unique x� ∈ X , such that U (x�) = x�. Moreover, if
x[0] is any point in X , and we define the sequence {x[ν]}∞ν=0 by x[1] = U (x[1]), then
x[ν] → x� as ν → ∞.

Classical theory states that fixed point iterative methods are convergent. These
include Picard iteration, Jacobi and Gauss-Seidel waveform relaxation methods, as
well as Newton’s method and Runge-Kutta method.

To prove convergence of the waveform relaxation schemes applied to (8), we in-
troduce an exponentially scaled norm,

‖z‖b = max
t∈[0,T ]

e−bt‖z(t)‖,

for some b > 0, so that for sufficiently large b and any element z(t) of the space it is
true that ‖z(t)‖∞ ≤ ‖z(t)‖b, for all t ∈ [0, T ]. It was proved in [32] that the iteration
is contraction for the derivatives of the iterate:∥∥∥∥ d

dt
z[n+1] − d

dt
z[k+1]

∥∥∥∥
b

≤ γ

∥∥∥∥ d

dt
z[n] − d

dt
z[k]

∥∥∥∥
b

, γ ≤ 1.
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Theorem 6 [32] Suppose f (t, z) is continuous on D = [0, T ] × Rd, and satisfies
a Lipschitz condition, that is, ‖f (t, y) − f (t, z)‖ ≤ L‖y − z‖, for all (t, y), (t, z) ∈
D and for some positive constant L. Then, the Jacobi and Gauss-Seidel waveform
relaxation converge.

The Lipschitz condition on f (t,y(t)) induces a Lipschitz condition on F (t, u, v),
namely, there exist positive constants l1 and l2 such that for all u1, u2, v1, v2 ∈ R

d , t ∈
[0, T ],

‖F (t, u1, v1) − F (t, u2, v2)‖ ≤ l1‖u1 − u2‖ + l2‖v1 − v2‖.

Theorem 7 Suppose that f (t,y(t)) is continuous and satisfies Lipschitz conditions
on D = [0, T ] × Rd, and F is a waveform relaxation operator

y[ν+1] = F (y[ν]), y[0] = y0,

applied to a non-linear system (2),

y[ν+1](t) = X(t)y0 +
∫ t

t0

X(t − τ)f (τ,y[ν](τ ))dτ.

Then, the Picard, Jacobi and Gauss-Seidel waveform relaxation methods applied to
the system of non-linear ODEs in (1) converge.

Proof One step iteration of a continuous function y with a waveform relaxation
method returns, y[1] := F (y),

y[1](t) = X(t)y0 +
∫ t

t0

X(t − τ)F (τ,y(τ ),y[1](τ ))dτ.

First we prove that F is a contraction. We introduce a second continuous function z,
such that z(0) = y0, and similarly, one-step iteration results in,

z[1](t) = X(t)y0 +
∫ t

t0

X(t − τ)F (τ,z(τ ),z[1](τ ))dτ.

Consider the difference,

‖y[1](t) − z[1](t)‖ ≤
∫ t

0
‖X(t − τ)(F (τ,y(τ ),y[1](τ ))

− F (τ,z(τ ),z[1](τ )))‖dτ.

There exist positive constants l1, l2, such that for all t ∈ [0, T ] it is true that,

‖y[1](t) − z[1](t)‖ ≤ max
t∈[0,T ]

‖X(t)‖
[
l1

∫ t

0
‖y(τ ) − z(τ )‖dτ

+ l2

∫ t

0
‖y[1](τ ) − z[1](τ )‖dτ

]
.
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We multiply both sides by e−bt and maximise over [0, T ],
max

t∈[0,T ]
e−bt‖ȳ(t) − z̄(t)‖ ≤ max

t∈[0,T ]
e−bt‖X(t)‖∞

×
[
l1

∫ t

0
ebτ max

s∈[0,T ]
e−bs‖y(s) − z(s)‖dτ

+ l2

∫ t

0
ebτ max

s∈[0,T ]
e−bs‖ȳ(s) − z̄(s)‖dτ

]
.

It is easy to notice that,

max
t∈[0,T ]

e−bt

∫ t

0
ebτ dτ ≤ 1/b,

and since X(t) is continuous, hence it is bounded over the finite interval [0, T ]. There-
fore, using b-norm notation we can write,

‖y[1] − z[1]‖b ≤ c
l1

b
‖y − z‖b + c

l2

b
‖y[1] − z[1]‖b.

Thus, for sufficiently large b we have,

‖y[1] − z[1]‖b ≤ γ ‖y − z‖b, γ = c
l1/b

1/c − l2/b
< 1,

which proves that F is a contraction mapping. �

From step to step, the error of approximation with a waveform relaxation method
decreases, when measured in b-norm. Indeed,

‖y[ν] − y‖b ≤ γ ‖y[ν−1] − y‖b, for some 0 ≤ γ < 1 and b > 0.

Definition 5 [32] A differential system is said to have a strict WR contractivity prop-
erty on [0, T ], if the waveform relaxation algorithm applied to the system contracts
in the maximum norm on [0, T ],

‖z[ν+1] − z[ν]‖T ≤ γ ‖z[ν] − z[ν−1]‖T , γ < 1, ν ≥ 1. (9)

Theorem 8 For a non-linear ODEs (4), which satisfy the assumptions of the Banach
fixed point Theorem 5, there exist a T > 0 such that the system has the strict WR
contractivity property on [0, T ].

Proof Let y = y[ν] and z = y[ν−1], then

‖y[ν+1](t) − y[ν](t)‖ ≤ l1

∫ t

0
‖y[ν](s) − y[ν−1](s)‖ds

+ l2

∫ t

0
‖y[ν+1](s) − y[ν](s)‖ds.
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Maximising over the interval [0, T ]
‖y[ν+1] − y[ν]‖T ≤ l1T ‖y[ν] − y[ν−1]‖T + l2T ‖y[ν+1] − y[ν]‖T

for sufficiently small T we get

‖y[ν+1] − y[ν]‖T ≤ γ ‖y[ν] − y[ν−1]‖T , with γ = l1T

1 − l2T
< 1. �

In approximation of highly oscillatory non-linear systems of ODEs we use the
implicit representation of the solution (2) and the initial value integrator

yn+1 = eΩ(h)yn +
∫ h

0
eΩ(h−τ)f (tn + τ,y(tn + τ))dτ.

A classical waveform relaxation algorithm applied to (2), is

y
[0]
n+1 = y[s]

n ,

y
[1]
n+1 = eΩ(h)y[s]

n +
∫ h

0
eΩ(h−τ)f (tn + τ,y

[0]
n+1)dτ,

...

y
[s]
n+1 = eΩ(h)y[s]

n +
∫ h

0
eΩ(h−τ)f (tn + τ,y

[s−1]
n+1 (tn + τ))dτ.

Employing the Filon-type method, we develop the WRF method, iterating system
(2) at each step and discretizing integral I [f ], with the Filon quadrature,

I [f ] =
∫ b

a

Xω(t)f (t,y(t))dt, where X′
ω = AωXω and ‖A−1

ω ‖ � 1.

Formally, the asymptotic expansion for the integral I [f ] has the following repre-
sentation,

I [f ] ∼
∞∑

k=0

(−1)k
(
σk(b)B−1

ω (b)X̄ω(b) − σk(a)B−1
ω (a)X̄ω(a)

)
. (10)

For the notation on matrix asymptotics we refer to Sect. 3. For non-linear systems,
the representation for the matrix F is more complex, it will depend on the entries of
the vector-valued function f (t,y(t)). It follows from Theorem 2, that if Fω = O(F̂ ),
B−1

ω = O(B̂) and X̄ω = O(X̂ω), then

I [f ] − QA
s [f ] = (−1)s

∫ b

a

σs(t)X̄ω(t)dt

= O(F̂ B̂s+1X̂), as ω → ∞.
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The error of approximation depends on the inverse powers of the matrix Bω, con-
sequently on the inverse powers of the matrix Aω and its eigenvalues, therefore on
inverse powers of the frequency of oscillation. Note that the solution y is oscillatory,
hence the function f (t,y) is also likely to be oscillatory. Therefore, for efficiency, we
discretize I [f ] according the Filon quadrature, choosing a vector-valued polynomial
(e.g. Hermite), which agrees with our function values and its derivatives f (m) at the
node points.

The WRF method iterates y in (2) with a waveform method, solving I [f ] at each
step with Filon quadrature,

y
[0]
n+1 = y[s]

n ,

y
[1]
n+1 = eAωhy[s]

n +
∫ h

0
e(h−τ)Aωf (tn + τ,y

[0]
n+1)dτ,

...

y
[s]
n+1 = eAωhy[s]

n +
∫ h

0
eAω(h−τ)v(tn + τ,y

[s−1]
n+1 (tn + τ))dτ,

where v is a polynomial approximation to f . The method takes the initial value
y

[0]
n+1 at a first step of iteration to obtain the first value of y

[1]
n+1. Having values at

two endpoints we can now evaluate the derivatives at those points and construct a
polynomial, which agrees with function values and derivatives at the end points. WRF
method employs end points only, otherwise adding internal points would have led
to increasingly fine discretization of the interval. Computational cost of the WRF
method is comparable to that of the Filon-type method. Having precomputed the
vector-valued moments, all that remains are only some linear algebra operations.

Theorem 9 [19] Suppose that r is the numerical order of a waveform relaxation
method and s is the numerical order of the quadrature discretization applied to a
non-linear system of ODEs

y′ = Ay + f (t,y), y(t0) = y0, t ≥ 0,

of arbitrary matrix A and f : R × R
d → R

d satisfying the Lipschitz condition. Then,

y(h) − yh = O(hq+1),

where q = min{r, s}.

Corollary 2 [19] The numerical order of the WRF method is the minimum of the
Filon quadrature and the waveform method applied to solve non-linear system (2).

Thus, once we have chosen the quadrature rule of a given order, we iterate the
equation until obtaining the order of the of the quadrature and further iteration is
pointless. In the upcoming paper we will have more discussion regarding the WRF
method.
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