THE MAGNUS METHOD FOR SOLVING
OSCILLATORY LIE-TYPE ORDINARY
DIFFERENTIAL EQUATIONS

MARIANNA KHANAMIRYAN

Department of Applied Mathematics and Theoretical Physicsversity of Cambridge,
Wilberforce Road, Cambridge CB3 OWA, United Kingdom.
email: M.Khanamiryan@damtp.cam.ac.uk

Abstract

This work presents a new method for solvibg-type equations/, =
Au(t) X, Xu(0) = 1. The solution to the equations of this type have the fol-
lowing representatioiX,, = exp(Q). Here Q stands for an infinitdMagnus
series of integral commutators. We assume that the mAtsihas large
imaginary spectrum ana is a real parameter describing the frequency of
oscillation. The novel method, called théM method, combines thiklag-
nusmethod, which is based on iterative techniques to apprdeif?aand
theFilon-type method, an efficient quadrature rule for solving destcity in-
tegrals. We show that tHeM method has superior performance compared to
the classicaMagnusmethod when applied to oscillatory differential equa-
tions.

1 Introduction
We proceed with the matrix ordinary differential equation

Xty =AuXw,  Xo(0)=1,  X,=6% (1)



whereQ represents thélagnusexpansion, an infinite recursive series,
Qt) = /otAw(t)dt
13 [1Au(), [ Au(&)dear
Lot [[1Au(®), [ Aul)aaelar
s [ 1A, [ Au@)de), [ Au@)adar
s

We make the following assumption8y,(t) is a smooth matrix-valued function,
the spectrunu(Ay) of the matrixAy, has large imaginary eigenvalues and that
w > 1is a real parameter describing frequency of oscillation.

It has been shown bijausdorff [Hau06], that the solution of the linear matrix
equation in (1) is a matrix exponenti},(t) = e?t), whereQ(t) satisfies the
following nonlinear differential equation,

Q = > j—!‘aog)(Aw) = dexp (Aw(t)), Qo=0. 2)
HereB; are Bernoulli numbers and the adjoint operator is defined as

ad (Ay) = Aw
ath(Aw) = [Q,Aw] =QAw—ALQ
ady ™ (Ao) = [Q.adhAu].

Later it was observed by. Magnus[Mag54], that solving equation (2) with
Picard iteration it is possible to obtain an infinite recuesseries folQ and then
the truncated expansion can be used in approximatiéh of

Magnusmethods preserve peculiar geometric properties of theisoluen-
suring that ifX,, is in matricial Lie groupG andA,, is in associated Lie algebra
of G, then the numerical solution after discretization staythemanifold. More-
over, Magnusmethods preserve time-symmetric properties of the saolwiter
discretization, for any > b, X, (a,b)~1 = X (b,a) yields Q(a,b) = —Q(b,a).
These properties appear to be valuable in applications.

Employing theMagnusmethod to solve highly oscillatory differential equa-
tions we develop it in combination with appropriate quadiratrules, such as



Filon-type methods, proved to be more efficient for oscillatoryatgpns than
for example classicdbaussiarquadrature. Below we provide a brief background
on theFilon-type method and thasymptoticmethod. Theasymptoticmethod
provides theoretical background for thR#éon-type method. At this point of dis-
cussion we find it appropriate to state the two important t@s from [INO5],
describing thesymptoti@and theFilon-type methods used to approximate highly
oscillatory integrals of the form

1[f] = /abf(x)ei‘”g(x)dx. 3)

Supposef,g € C* are smoothg is strictly monotone irja,b],a < x < b and the
frequency isw > 1.

LEMMA 1.1 [A. Iserles & S. Narsett][INO5] Let fg € C*, ¢'(x) # 0 on [a,b]
and

oolfl(x) = (),

Oa[fl(X) = ;—X 0';[,2(()"), ~0,1,...
Then, forw > 1,
d 1 dwa(l) dwg(0)
I[f] ~ _ngl (—iW)m [ gl(l) O'm,]_[f](l) - Waml[f](o>] .

Theasymptotianethod is defined as follows,

am_l[f](O)] .

s 1 dwg(1) d9(0)
[wm%Jm”‘wm

THEOREM 1.2 [A. Iserles & S. Ngrsett][INO5] For every smooth f and g, such
that d(x) # 0on|a,b], itis true that

QU -1~ O(w ™Y,  w—o.

The Filon-type method was first pioneered in the work of L. N. G. Filon in
1928 and later developed by A. Iserles and S. Ngrsettin 200d5]. The method



works as follows. First interpolate functionin (3) at chosen node points. For
instance, take Hermite interpolation

v -1

Ux) =5 Zoal,j(x)f(j)(cl)a (4)

121 =

which satisfies/7)(¢) = f(1)(¢)), at node pointsi=c; < ¢, < ... < ¢, = b, with
61,6o,...,6, > 1 associated multiplicitiesj = 0,1,....,6 — 1,1 =1,2,...,v and
r=3Y1_, 6 —1being the order of approximation polynomial. Then, forfiien-
type method, by definition,

v 6-1

QEIM] =19 = [ (95 ax=5 3 by )10 (cy),
a = j;J ’
where

1 .
b|7,-:/ aj(x)€¥9Mdx,  j=01,...6-1, 1=12..v.
0

THEOREM 1.3 [A. Iserles & S. Ngrsett][INO5] Suppose thét, 6, > s. For ev-
ery smooth f and g,/¢x) # 0 on|[a,b], itis true that

- QE[f]~ oY), 0o

TheFilon-type method has the same asymptotic order aashimptotienethod.
For formal proof of the asymptotic order of tiRdon-type method for univariate
integrals, we refer the reader to [INO5] and for matrix ancteevalued functions
we refer to [Kha08]. The following theorem from [Kha08] is tme numerical
order of theFilon-type method. It was also shown in [Kha08] that the numeri-
cal solution obtained after discretisation of the integvith Filon-type method is
convergent.

THEOREM 1.4 [MK][KhaO8] Let 64,6, > s. Then the numerical order of the
Filon-type method is equal to=+ 3,_, 6 — 1.



x10° x10"

-4 )|

Z?OO 120 140 160 180 200 Z?OO 120 140 160 180 200

Figure 1: The error of thasymptoticmethooQ’z* (right) and thd=ilon-type method
Q5 (left) for f(x) = cogx), g(X) = X, 6, = 6, = 2, 100< w < 200.

ExAMPLE 1.1 Here we consider thesymptoti@and the=ilon-type methods with
first derivatives for (3) over the intervi, 1] for the casey(x) = x.

& = iw + w? ’

Q; = (—%}—61L§w+121;:w f(0)
+<_% Gll—z)iiw—ﬂl_&:w)f(l)
+ (—%-22L§w+eljw) #(0)

ge  _14€d® 1@\
+(@—2 3 +6 . )f(l).

In Figure 1 we present numerical results on #symptoticand Filon-type
methods, with function values and first derivatives at theé paints only,c; =
0,co = 1, for the integral

1 .
I[f]:/ cogx)e¥dx,  100< w < 200
0

Both methods have the same asymptotic order and use eXaethame infor-
mation. However, as we can see from Figure 1,Fhen-type method yields a



greater measure of accuracy than #symptotionethod. Adding more internal
interpolation points leads to the decay of the leading eromstant, resulting in
a marked improvement in the accuracy of approximation. Hewenterpolating
function f at internal points does not contribute to the higher asytigptoder of
theFilon-type method.

2 The Magnus method

In this section we focus dMlagnusmethods for approximation of a matrix-valued
functionX,, in (1). There is a large list of publications available on Lthegroup
methods, here we refer to some of them: [BCRO0O0], [CG93],088e[lse02a],
[MK98], [BO97], [Zan96].

Currently, the most general theorem on the existence anceogence of the
Magnusseries is proved for a bounded linear operaidr) in a Hilbert space,
[Cas07]. The following theorem gives us sufficient condhitfor convergence of
the Magnusseries, extending Theorem 3 from [MNO8], where the samétsesu
are stated for real matrices.

THEOREM 2.1 (F. Casas, [Cas07]) Consider the differential equation=xA(t) X
defined in a Hilbert space?” with X(0) =1, and let At) be a bounded linear
operator ons#. Then, the Magnus serig€3(t) in (2) converges in the interval
t €[0,T) such that

-
/O IA(T)||dT < T
and the sunf)(t) satisfieeexpQ(t) = X(t).
Given the representation f@X(t) in (2), the numerical task on evaluating the
commutator brackets is fairly simple, [BCRO00], [Ise09k€02a]. For example,
choosing symmetric grids, C,...,Cy, Suppose taking Gaussian points with re-

spect to%, consider sef{A;,Ay,...,Ay}, with Ay = hA(tp + ckh),k=1,2,...,v.
Linear combinations of this basis form an adjoint bg$s, By, ..., By }, with

Vv
1,1
—E - = B k=12 .. v.
Ak |:1(Ck 2) (D 3Ly ey V



In this basis the six-order method, with Gaussian potqts: % — %,cz =
1.cs=3+%8, Ac=hA(to+ckh), is

1 1 1
Q(to+h) ~ Bi+ 1—233 - 1—2[51, Ba] + 2—40[52, B3]
1 1 1
+%[Bb [B1,Bs]] — %[Bz, [B1,B2]] + ﬁ)[Bl[Bl, [B1, Ba]]],
where
V15 10
Bi=A), By=——(A3—A1), B3=—-(Az—2A2+A).

3 3

This can be reduced further and written in a more compact erdise02a],
[Ise09],

1
Q(to-l—h) ~B1+-—=B3+P +P+P;,

12
where
1 1
P = [52,1—251+2—40|33],
B = [Bu[Br—rBs— —Py]
2 - 17 17 360 3 60 l bl
1
— _[By, P
Ps 20[ 2, Pi]

A more profound approach taking Taylor expansiorA@f) around the point
t1/2 = to+ J was introduced in [BCRO0],

- - . 1 d"A(t
Alt) = .Z)ai(t —t12)', with &= ﬁ%htm-
I=
This can be substituted in the univariate integrals of tmefo
. 1 h/2 . h
i _—_ i b P
BY = = /_h/zt A(t+ Z)dt, i=0,12,...

to obtain a new basis

1 1 1
BO — — hla,+ —h* ——_hlas...
80+ 5h e+ ggh'as++ 7=ha
1 1 1
BY — “ha;+ —h3a3+ -—hlas+...
TR RYT LR
1 1 1 1
B? = —ay+ —hfay+-—h*as+——hPag+...

12 80 448 2304



In these terms a second order method will look as follows=ea B + & (hd).
Whereas for a six-order methdd,= 5+ ; Q; + &(h’), one needs to evaluate only
four commutators,

Q; = hB®
&, — h2[5<1>,gs<0>_63<2>]
G5+ 0y = M[BO,[BO, 2hB2 - 16,4 ShE®, &y
’ 2 60 5 ’

Numerical behavior of the fourth and six order classigi@gnusmethod is
illustrated in Figures 2, 3and 4, and 5, 6 and 7, respectivdlg method is applied
to solve Airy equatiory” (t) = —ty(t) with [1,0]T initial conditions,t € [0,1000,
for varies step-sized) = %, h= 5 andh = Z. Comparison shows that for a
bigger interval steph both fourth and six order methods give similar results, as
illustrated in Figures 2, 3, 5 and 6. However, for smallepstsix ordefMagnus
method has a more rapid improvement in approximation coetptr a fourth

order method, Figures 4 and 7.

x10 3
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Figure 2: Global error of the fourth ord&tagnusmethod for the Airy equation
y’(t) = —ty(t) with [1,0]T initial conditions, 0< t < 1000 and step-size= .

In current work we present an alternative method to solveaegus of the
kind (1). We apply thd=ilon quadrature to evaluate integral commutatorsCor
and then solve the matrix exponentg} with the Magnusmethod or thenodified
Magnusmethod. The combination of thélon-type methods and thlagnus
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Figure 3: Global error of the fourth ord&tagnusmethod for the Airy equation
y’(t) = —ty(t) with [1,0] initial conditions, 0< t < 1000 and step-size= ;5.

methods forms th&M method, presented in the last section. Application of the
FM method to solve systems of highly oscillatory ordinary eliéntial equation
can be found in [Kha09].

3 The modified Magnus method

In this section we continue our discussion on the soluticheMmatrix differential
equation

It was shown in [Ise02c] that one can achieve better accuraepproximation
of the fundamental matriX, if one solves (5) at each time step locally for a
constant matriXd,.

We commence from a linear oscillator studied in [Ise02c],

Y =Au(t)y, Y(0)=yo.

We also assume that the spectrum of the magjit) has large imaginary values.
Introducing local change of variables at each mesh pointyrite the solution in
the form,

y(t) = et WAl Iyt ) >t

and observe that
X = B(t)X, X<O) = ¥Yns
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Figure 4: Global error of the fourth ord&tagnusmethod for the Airy equation
y’(t) = —ty(t) with [1,0]T initial conditions, 0< t < 1000 and step-size= 5.

with
—tAy(th+3h ntih _ h

B(t) = & Al 2V (At +1) — Au(ty, )€ 2, where t 3 =th+ 5.
Themodified Magnusnethod is defined as a local approximation of the solution
vectory by solving

X =B(t)x,  X(0) =y,

with classicaMagnusmethod. This approximation results in the following algo-
rithm,

)

Yopr = @Rl
Xn = ey

Performance of theodified Magnumethod is better than that of the classical
Magnusmethod due to a number of reasons. Firstly, the fact that diexB is
small,B(t) = Ot —tn+%), contributes to higher order correction to the solution.

Secondly, the order of thmodified Magnusnethod increases from = 2s to
p=3s+1, [Ise02b].

4 The FM method

Consider theiry-type equation
yY'(t)+g(t)y(t)=0, g(t)>0 for t>0, and tIimg(t) = 00,
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Figure 5: Global error of the six ordévlagnusmethod for the Airy equation
y’(t) = —ty(t) with [1,0]T initial conditions, 0< t < 1000 and step-siZe= .

Replacing the second order differential equation by the &irder system, we
obtainy’ = A,(t)y, where

ra)=( gy o)

Due to a large imaginary spectrum of the maty, this Airy-type equation
is rapidly oscillating. We apply theodified Magnusnethod to solve the system

Y =Au(t)y,
yn+l — ehA(u(tn+h/2) eﬁnyn.

Here the integral commutators @, are computed according to the rules of
the Filon quadrature. This results in highly accurate numerical oekttheFM
method. Taking into account that the entries of the ma(ix are likely to be
oscillatory, the advantage of tikéon-type method is evident.

In the example below we provide a more detailed evaluatigheffM method
applied to solve thiry-type equatiory’ = A, (t)y.

ExAMPLE 4.1 Once we have obtained the representationfﬁqrthe commuta-
tor brackets are now formed by the matrixtB It is possible to reduce cost of

evaluation of the matrix 8) by simplifying it, [Ise04]. Denote & +/9(th+ %h)
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Figure 6: Global error of the six ordévlagnusmethod for the Airy equation
y’(t) = —ty(t) with [1,0]T initial conditions, 0< t < 1000 and step-size= ;5.

and \(t) = g(tn +t) — g(ta+ 3h). Then,
_ (29 tsinygt g 2sirfqt
BU) = Vv { —cogqt  —(2q)tsinxgt }

g lsinqgt

" cosgt } [ cosgt g !singt |,

and for the product

B(t)B(s) :v(t)v(s)% { q__i(s)igqc:t } [ cosgs g lsings].

It was shown in [Ise04] that

sinfwt

IB(t)|| = cogwt + 7

and B(t) = ﬁ(t—tmr%).

Given the compact representation of the maBix) with oscillatory entries,
we solveQ(t) in (2) with aFilon-type method, approximating functionskt) by
a polynomiahf(t), for example Hermite polynomial (4), as in classiEdbn-type
method. Furthermore, in our approximation we use end pomg although the
method is general and more nodes of approximation can bé&eequ

In Figure 8 we present the global error of the fourth onaerdified Magnus
method with exact integrals for the Airy equatigfit) = —ty(t) with [1,0]T initial
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Figure 7: Global error of the six ordévlagnusmethod for the Airy equation
y’(t) = —ty(t) with [1,0]T initial conditions, 0< t < 1000 and step-size= 5.

conditions, 0< t < 2000 time interval and step-sibe= % This can be compared
with the global error of th&M method applied to the same equation with exactly
the same conditions and step-size, Figure 9. In Figures @iQLarwe compare
the fourth order classicflagnusmethod with a remarkable performance of the
fourth orderFM method, applied to thAiry equation with a large step-size equal
toh= % While in Figures 12 and 13 we solve tiAéry equation with the fourth
orderFM method with step-sizés= % andh = % respectively.
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Figure 8: Global error of the fourth orddflodified Magnusmethod with ex-
act evaluation of integral commutators for the Airy equajf(t) = —ty(t) with
[1,0]T initial conditions, 0< t < 2000 and step-siZe= Z.
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Figure 9: Global error of the fourth ord&M method with end points only and
multiplicities all 2 for the Airy equatiory”(t) = —ty(t) with [1,0]T initial condi-
tions, 0< t < 2000 and step-size= .
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Figure 10: Global error of the fourth ordEM method with end points only and
multiplicities all 2 for the Airy equatiory’(t) = —ty(t) with [1,0]T initial condi-
tions, 0< t < 2000 and step-siZe= 3.
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Figure 11: Global error of the fourth ordstagnusmethod for the Airy equation
y’(t) = —ty(t) with [1,0]T initial conditions, 0< t < 2000 and step-siZe= 1.
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Figure 12: Global error of the fourth ordEM method with end points only and
multiplicities all 2, for the Airy equatiory”(t) = —ty(t) with [1,0]T initial condi-
tions, 0< t < 2000 and step-siZe= 3.
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Figure 13: Global error of the fourth ordEM method with end points only and
multiplicities all 2 for the Airy equationy”(t) = —ty(t) with [1,0]T initial condi-
tions, 0< t < 2000 and step-size= .



