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Summary of Vector Calculus

The following results apply to any (suitably differentiable) scalar field ¢(x) and vector
fields E(x) and B(x). They all have important applications in electromagnetism.
Derivatives of a vector field:

OFE;
divE=V.E = has one component and is a scalar
curl E=(V x E); = eijk—k has three components and is a vector
8E 8xj
grad E = (VE);; = 5 : has nine components and is a 2nd-rank tensor
Lj

Two identities:
curlgrad¢ =V x Vo =0 . divceurl E=V-VXE=0.
Three vector triple products:
Vx(VxE)=V(V-E)-V’E
Ex (VxE)=1VE? - (EV)E
Vx(ExB)=(BV)E-(EV)B+E(VB)-B(VE)

Position vector: let r or r; denote the position vector, and r = |r|. Then t = r/r defines
a unit vector in the direction or r.
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Divergence Theorem (Gauss): If V' is a simply connected domain with surface S and

outward normal n then
/(V-E)dV:/E-ndS.
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Stokes’ Theorem: If C is a closed curve spanned by the surface S then

fCE-dl:/S(vXE)-ds

b
/ (V) - dl = p(b) — ¢(a).

Gradient Theorem:



Curl in curvilinear coordinates ({1, &5, &3):
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where: hy =1, hg = r, h3 = 1 in cylindrical polars (7,0, z); and
hi1 = 1,he = r, hg = rsinf in spherical polars (7,0, ).
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Cylindrical coordinates (7,6, z)

Grad, div and Laplacian:
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Volume and line elements, and normal to cylinder:
dV =rdrdfdz dl = (dr,rdf,dz)

n = (cos#,sinf, 0)

Spherical coordinates (r,6, )

Note that r and 6 denote different quantities in cylindrical and spherical polars.
Grad, div and Laplacian:
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V3¢ = ! g (7‘2%) + L 9 (sin98¢) + L&
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Volume and line elements, and normal to sphere:
dV = r*sinfdr df dy dl = (dr,rdf,rsinf dy)

n = (cos6,sinf cos p, sin O sin )
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