Nonlinear Wave Interactions in
Nonlinear Nonintegrable Systems

By Natalia G. Berloff and Louis N. Howard

The main goal of this article is to understand the qualitative appearances of
regular arrays of pulses that come up in nonintegrable systems in a variety of
contexts, particularly in fluid dynamics. It is shown that even nonintegrable
systems have a kind of particle dynamics made up of solitary waves. But the
interaction of these solitary waves is not absolutely “clean” as in the case of
the KdV and other integrable equations.

1. Introduction

The main advances in the theory of integrable equations are due to the fact
that such nonlinear problems have a simple underlying structure and the
general solution of an appropriate initial value problem can be obtained by
the inverse scattering transform. To describe the dynamics of interacting
localized structures the particle approach may also be used, and then we are
primarily interested in special solutions, such as solitons, rather than in the
general solution of an initial value problem. But then the description of the
dynamics in terms of the solitons has some linear properties. Whitham
showed for the Korteweg—de Vries (KdV) and some other equations [1] that
an infinite superposition of the solitons in a periodic pulse train is also a
solution, and this fact can be viewed as another instance of “clean interac-
tion” of solitons.
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Some nonintegrable equations may also have a simple underlying struc-
ture that allows one to treat them in a way similar to integrable equations.
For these equations the inverse scattering transform method fails, since its
implementation requires some quite restrictive analytical properties. Then
we may abandon the search for a general solution and concentrate on the
special solutions instead. In our previous article [2] we introduced the
method of constructing the periodic pulse train solution as an infinite
superposition of the solitary waves. The form of such periodic wave trains
can be obtained in two seemingly different ways. The first presumes the
knowledge of an exact solitary wave solution, which often can be expressed
in terms of hyperbolic functions, of the given equation. When we substitute
an infinite superposition of such solutions into the equation and use a
partial fraction decomposition in exponentials (see [2] for details) we obtain
some “‘extra” terms that prevent such superposition to satisfy the equation
exactly. It was shown [2] that by taking a linear combination of the solitary
wave and such an extra term, and by introducing a scaling parameter on the
traveling wave coordinate, we can create a periodic pulse train that satisfies
the equation exactly. It was noted that the same periodic pulse train can be
obtained by taking the building block of the superposition in the form
suggested by a formal Painlevé expansion even if the equation does not
possess a Painlevé property.

Here we concentrate on two aspects of pulse interactions. First, we extend
this approach to equations that are not Galilean invariant and do not have a
solitary wave solution; nevertheless the periodic solution still can be found.
Second, we illustrate how this method can be used to analyze the multiparti-
cle solutions.

This article is organized as follows. In Section 2 we discuss some results
on the periodic solutions of the generalized Kuramoto—Sivashinsky equation
from the point of view of interaction between the solitary waves. Section 3
gives an example of a system for which no solitary solution was found, but
the periodic pulse train solution can be constructed for some spacing
between pulses. In Section 4 we construct the approximation for the two-
particle solution for the generalized Kuramoto—Sivashinsky equation. The
comparison of this approach with the method suggested by Kudryashov for
finding the cnoidal wave solutions is given in Section 5. Conclusions close
the article in Section 6.

2. “Almost clean” interactions of solitary waves

The generalized Kuramoto—Sivashinsky equation,

u, +2uu, +u,, +ou, +u =0, (2.1)

XXxx
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describes waves in a vertical and inclined falling film [4], in liquid films that
are subjected to interfacial stress from adjacent gas flow, interfacial instabil-
ity between two cocurrent viscous fluids, unstable drift waves in plasma, and
phase evolution for the complex Ginzburg—Landau equation. The Painlevé
transform for this equation was found by Kudryashov [5] and, omitting the
“constant level” term, is given by

u=30(nF),, + 2 o(InF), + 15 (16-a)(InF),. (22)

152

Following the discussions given in [2] we take the specific form of the
singularity manifold F =1+ ¢““~", The Painlevé expansion takes the form

30a3ea(x—ct)(1 _ ea(x—ct))

t =
u(x’ ) (1+ea(xfct))3

15612 a(x— ct) + 15aea(x—ct)(16_0_2)
2(1+ ea(x—ct)) 152(14 <)

(2.3)

The first and second terms of this expression have the form of solitary waves
that decay exponentially fast as x — 4. The last term is a traveling front
and as x — + approaches a nonzero constant. We can get rid of the last
term by setting o =4

1+ a(x— ct)+ 1— 2a(x—ct)
x—ct) = 30a (1T a)e ( a)e .

u( (2.4)
(1+ea(x ct))
For the traveling wave equation (u(x,#) = u(x — ct) = u(¢))
—cu+u*+u +4u" +u" =B (2.5)

we considered the superposition of solitary waves (2.3) spaced 28 apart

+ oo

u(€) = ¥ u(£-2ms). (2.6)

We used the partial fraction decomposition in exponentials applied to the
double product of two solitary waves taken with a shift j. It was shown that
such a product can be written as a sum of some solitary waves and traveling
fronts. The sum of the latter does not converge individually, but can be
combined as

+ oo

S Ya()b(m)—b(mt) = La(his (27

m=—w j=1 j=1
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and thus is a constant B in (2.5). The superposition (2.6) was shown to
satisfy (2.5) exactly for any 6 > for the following relations among the
parameters 8, a, ¢, and B, where w = e ~2%°:

_ 2a*> —1+11a* +240a"g,

c 52 : (2.8)
5 = (ad)(1+240g,)"", (2.9)
B = 180a*| — (1+ a?) f —6W2j(1+‘wsj) -
=1 (1—=w’)
(1-a?) EO w-f+5w21+5w3f+w4fj , (2.10)

j=1 (1=w/y’

where the coefficients g, and g, depend on the product aé only and are
given by the infinite series

+ sz
gl = Z . 40 (211)
j=1 (1= ')

oo i 3
w! +4w +w?/
g =) ——. (2.12)
=1 (1=w’)

Figure 1 gives the periodic solutions for different values of 6. As &
increases, this periodic pulse train approaches the exact solitary wave
solution

ef

(2.13)

Equation (2.6) may be viewed as an “almost clean” interaction of such
solitons. Under nonlinear coupling, solitons adjust their form but do not
destroy each other. In general, it reveals the formation of localized persis-
tent structures, their interaction, and the particle dynamics made up of
solitary waves. It is not so obvious that the periodic solution for small values
of & is made out of solitary waves (2.13) (see Figure 1a).
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Figure 1. The graphs of the periodic solutions of the generalized Kuramoto—Sivashinsky
equation for different values of the spacing 26 between pulses. The periodic pulse train for
6 =13 is unstable.
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3. The Bretherton model equation

In this section we illustrate how the exact periodic solutions can be found
for the different types of equations that particularly are not Galilean
invariant and for which no solitary solutions are known. To do so we
consider the Bretherton model equation that appears in the study of the
three-wave interaction process where one-dimensional dispersive waves in-
teract weakly through a cubic term [6]

u,+u,, +u, +u=u. (3.1)

XXxXx

It has the Painlevé expansion

F? F
u(x,t) = izm(—F—g+ 7| = £2/30 (InF).,. (3.2)
We let
F(x,t) =1+ ¢
with & = x — ct, so that
et
u,(x.0) = u(x—et) = u(¢) = A——, (3.3)
(1+e%)

where A4 = +2V304>. The traveling wave form of (3.1) is given by
(P + D) ug + ey +u—u’ = 0. (3.4)

Note that this equation lacks the constant of integration and, therefore, to
compensate the constant that will appear as a result of the partial fraction
decomposition we consider a periodic pulse train of the form

u(¢) = E" u(é—-2mé)+ B. (3.5)

Then u( &) satisfies (3.4) if

3

+B =0, (3.6)

+

o0

{W’s’,m(f)+u'§’fm(§)+us,m}—( U+ B

m —

+
8

—

m
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where we used the notation w=c*+1 and u,(&)=u(é—2ms). Equa-
tion (3.6) can be written as

+

o0

(wu) ,, +u), +(1=3B")u, ,, —ul, —3Bul,}
o +oo 4o +o At
-3 Z u?m Us m+j — Z Z Us m sm+;
m=—ooj:1 = — =
+oo 4o foo
-6 Z Z Z Us mUs,m+j%s,m+j+i
m=—-oj=1i=
—+ o0
6B Y Zusm U, — B+ B =0, (3.7)
m=—xj=1

From the partial fraction decomposition in the variables z=e ¢ and

w=e ?“° we have the following expressions:
+o o +o 4o 2, 2mj
z*w
_ q2
Z Z us,mus,erj =A E Z a2 i 2
m=—woj=1 m=—oj=1 (Z+W )(Z+W j)
oo m
zw
— 12 o 2
= A’p, X — T Aq,
m=—w (z+wW")
—+ o0
— 2
=Ap, L Ugm + A°qy, (3.8)
m= —oo
+ o0 + o0 + o +
u?, u + u, ,u’
s,ms,m+j s,ms,m+j
m=—x j=1 m=—xj=1

+Z ‘g 23w3m+j
——wj=1(z+w") (z+wm+’)
+® + 3,,3m+2j
zZ°w
+A3 Z Z 2 N
m=—owj=1(z+w") (z+w"")

+ o + o
w3 4

m

WL gy, B T ay,, (39)
mew (z+wm)! A (z+wm)* S

+ oo 4o 4o

o o 4o 3. 3m+2j+i

:Z zw

(z+w™) (z+w’”+’) (z+wm+1+’)
m

2

zw
=Ap, X P A’qy = A’p, Z Us m T A’qy, (3.10)
m=—o (2 +W") "= —o
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where
+ o0 ;
2w/
p=-X 7
=1 (w' =1)
g = — o w2j+wjj
1 1 (wi-1)’
by — & wl 6w+ wd
’ o1 (wi=1)'
PR S T
o (wi—1)"
T 20 3j
w+w
4 =4y —i;
=1 (w —1)
b = E T 2t it 2] 220 g 32 203 33
T (v = 1) (w/ =) (w o =1’ |
T o> 2i+4j _ i+2j oo f 4iv2j L 2i+)
w w . w w .
43 =2Y ¥ — —/ T2 Y — ——i.
B N O e A P N U DN UV

To obtain the last expression we used the formula (similar to (2.7)):

+o oo 4o

Y X X (ab(m))+(—a(j)—ay())b(m+]) + ay(j)b(m+j+1i)

m=-wj=1i=1

+oo 4o + o0 4o

=X Zal(j)j_ )y Zaz(j)i- (3.11)

j=li=1 j=li=1

Now (3.7) has a summation in m only or is a constant and we can set each
term of this sum equal to zero, collect coefficients of similar exponentials,
and solve this equation for an arbitrary m. This gives a system of three
algebraic equations in 8, B, u, a. Then u is found as

1+ a*—3B? —12V304p, —360a*p, — 720a*p,
_ t .
a

n = (3.12)
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For B and a we have the equations

(1-3B2) =30 B(1+12p,)a> — (4+240p, +60p, +720p,)a* = 0
(3.13)

and
B — B —360a‘q, — 720¥30 a’q, — 1440V30a’q; = 0.  (3.14)

The first equation is quadratic in a?, so it can be solved for a* and used in
the second equation, which is cubic in B. Since the coefficients
D> P» P3» Parq15 45,5 depend on the product a8 only (recall that w = e~ 24?)
we can fix a8, solve the quadratic equation (3.13) for a?, find B from (3.14),
and recover 6. Note that by definition u > 1; therefore, the solution exists
only for restricted values of &, which in our case are 3.5697 < § < 4.4143.
Figure 2 gives the dependence of different parameters on the spacing
between pulses.
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Figure 2. The dependence of the velocity of propagation c, the constant B, and the
amplitude of the pulse on the half period & of the exact periodic solution of the Bretherton
equation.
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3. The two-particle periodic pulse train

An extensive study of multiparticle solutions of the generalized
Kuramoto—Sivashinsky equations for relatively small values of the dispersion
parameter was performed in [7]. In [8] the dynamics of the trains of
well-separated pulses was investigated using singular perturbation methods
and with numerical simulations. We used the Fourier—Galerkin spectral
method with periodic boundary conditions to analyze the steady traveling
wave solutions of the GKSE. The numerical results demonstrate that the
solutions tend to form stable lattices of pulses that are steady in some
particular frame. Periodic solutions containing a single pulse occur if 7 <
<12.75. For & > 12.75 the single particle solution becomes unstable and is
thus not realized for greater 6. For 6 > 2w two-particle solutions can
emerge. Some are characterized by equal spacing and are indeed just the
single-particle solutions with spacing twice as small. Others have unequal
spacing between pulses. In general, for § > N7, solutions ranging from one
to N pulses are all possible, but as & increases, first the one-particle
solution loses its stability (at & =12.75), then the two-particle solution
becomes unstable (at § = 25.5), and so on.

The families of multiparticle solutions found in our case are similar to
results achieved in [7] in the small dispersion case. Figure 3 represents the
two-particle solutions with equally (a) and unequally (b) spaced pulses.

As one compares the form of these two periodic solutions it may look as if
they are made out of the same solitary waves. To verify this hypothesis we
consider the periodic pulse train that is a superposition of solitary waves
with two spacings 28 and &, between pulses (two periodic single-particle

N NN
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Figure 3. Two-particle periodic solutions of the GKSE with (a) equally spaced pulses for
& =14, where spacing between pulses is 14; (b) unequally spaced pulses for § = 14, where the
smallest spacing between pulses is 13.28.
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solutions added with a shift £,). So, the solution of

—cu+u*+u +4u" +u”" =B (4.1)

or

is sought in the form

-+ oo
u(€) = L (u(&-2ms)tu(é-2mo-g)),  (42)
where
B,e + B,e*¢
u(€) = = (4.3)
(14 %)
To simplify the notation we denote
U(é,m) =u(é&-2mdé)+u,(é—2md—§&).
u( ¢) satisfies (4.1) if we can find constants ¢, 8, &,, and B such that
+ oo + oo 2
Y AU(em}+| L U( f,m)) = B, (44)

which can be written as

+

00

(AUEm)+UEm)) +2 T U(Em) T U(Em +j) =B.

— o0 m= —® j:1

m

(4.5)

Since we would like to get the summation in m only, so that we can set
each term in the sum equal to zero independent of m, we need to separate
the summation in j from m in the last term of the previous expression.
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Using the substitutions z =e ¢, w=¢"2% and p =e “% this term can be
written as

2 Y U(ém) L U(&m+))

j=1

+ + 2 2m
Bw"z Bw "z
=24 Y ) — —
me—wj—1\(z+w")  (z+w")
B, pw"z’ + B, p*w?"z
(z+pw™)’  (z+pw")’
o Blwn1+j22 . B2W2m+2jz

(z+wm) (24 wmti)

+

ﬁlpwm+jz2 . sz2w2m+2jz)' (46)

(z +pw”’”)3 (z +pw’"”)3

Using the partial fraction decomposition the term under the summation
signs can be decomposed into linear combination of

Z2wm Z2Wm+j ZWZm

(z+wm)’’ (z+w’”+f)3 (z+wm)

Zw2m+2j pZZWm Zszm+j Zp2w2m Zp2w2m+2j

(z—kw”“’f)3 ’ (z+pw”’)3 ’ (z—i—pw’”“)3 ’ (Z+pw'”)3 ’ (z—l—pw”“’j)3 ’

w wm+j pwm pwm+j
Z+Wm’Z+Wm+j,Z+me,Z+pwm+j.

The sequences

wm wm+j pwm pwm+j

Z+w" z4 Wtz pw™’ 4 pwmti”?

tend to 0 for m — +oo, but for m — — they do not (individually) since the
terms of the m-sequences tend to 1. Furthermore, w”/(z +w™) and
w™t /(z+w™*) (as well as pw™ /(z + pw™) and pw™* /(z + pw™*7)) do
not have equal magnitude, but opposite sign coefficients, so they cannot be
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put into the form

+ + o0 + o

X Xa(j)(b(m)=b(m+j)) = X a(j)j

m=—wj=1 ji=1

and thus be a constant term. Instead, we must be able to add series of the
form

+ m+j
X Zf(l p)z+w + &), p) S
m=—xj=1
pW
- ¢(J P)Z+pw - £, P)W7 (4.7)

where the coefficients £(j, p) and ¢(j, p) also depend on B, and B,. These
coefficients have quite complicated structures, but the symmetry between
them can easily be seen by looking at their Taylor expansion in p:

£(j,p) = By /32ij + (_3312 +108, B, _3/322)W2jpz

+9(—2B7 +5B, B, =287 )w¥p® + O(p*),  (4.8)

Bl :82 p+ _3312"‘10:31 32_3322]?2

w2

¢(j,p) =

—261 +5B, B, — 285

w3

p’+0(p*). (4.9)

These two expansions consist of terms that are opposite in the sign of
exponents of w. Therefore, denoting by w, the coefficients of w*/ or w=*/
(they are equal) in these two expansions we can rewrite (4.7) as

_ic EC 5 kj " kj wm
M wt tw Y ¥
k=1 m=—oj=1 z+w z+wn
wm Wm+j
L B LA - (4.10)
z+pw z+ pw™nH
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Each term of this series in k can be shown to give us a constant and a
new periodic pulse train that consists of the terms e“* /(1+ e“*)(1+ pe®®).

+o 4o m+kj m—(k—1)j m—kj

Z w w _pw _pw
z+w" o z4wmt zHpw™ gt

m+(k+1)j

teo ke metk] +o 4o —kj toe de L m— (k= 1)
_m§0j=1z+w m20jzz+pw m§0j§12+wm+
B E +Z°°pwm+(k+1){
mo0 =1 z+pw’”+1
+® m—kj
. w .
+ £ L (Zm-wh)- £ E (22w
m<0j=1 z+w” m<0j=1 z+pw”
= (k=1j mA+(k+1)j
py kj
+ — J
mgo ];1 ( z+ Wm+j ) mg() ]gl z +pwm+1 )
“+ o0 + oo
kj kj _ —kj
.;W ; z4+w™ Zw Z z+pw Z Z z+pw
j=1 =0 j=1 j=1
+ + w w
k v
+.ZW ZZ+w +ijz(z+w”’ 1)
j=1 m=j m<0
—+ o0
- Ywhi )y ( —1)
j:1 e z+ pw™
k -k _
+ZW ]Z(z—l-w ) Zw jz(z—i-pw 1)
j=1 m<j j—l m<0

+ m m

- k w —k _pw
R zwfz e

i1 o z+pw i z+pw™

j—1 j—1

-k
ZW jz z+w

i-1 z+pw iz
+® m m m
kj w __pw —kj _pv
+ ,zw LA A 1 M

j=1 m<0
+ oo j—1 me j—1

— kj P <A —kj
'Zw ZW( )+]¥]W Z (Z-i-w 1)

= . iy i w' _ pw™
" z4+pw

- ) + Z (WK +w k).
i=1

(4.11)
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So (4.7) becomes

=+ o + ) i + o Wm pwm + o ) )
Lo D0 ew ) T (- 2|+ T (e
k=1 j=1 m=—o j=1

Y (G + b)) T ( e )

i1 o (z+w™)(z+ pw™)

VY (£Gap) + 67 )i (4.12)

j=1

Now we let B =X (&(j, p)+ ¢(j, p))j. What is left in (4.5) has the
summation in m only and we can set each term of this sum equal to zero;
that leads to the equation

—cu (&) +u,(€) +u,(€) +A4ul(€) +ul(€)

5 Ae" + A,e*t N Q, pe*t + Q, p?e**t

(1—1—6“5)3 (I+e” p)3
et
HGU-P) ey ey |~ 4

The coefficients A4,, A,,Q,,0,,G were obtained from the partial fraction
decomposition in (4.6) and have the form

Ap = Bi(gs+1) + B (g +my) + By B8 =38+ my),
O, = Bi(g+1h) + B (g +my+my—1) + B By(g—38 + 1),
Ay = Bi(gr+mi+my—1) + B (g +1) + B Ba(85 =381+ 1),
0, = Bi(gi+my) + B (g +1) + By B8 —38 +my),

G = (312+B22)r1+ B Byry,
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where
E’ 3p*w(p+wl)  3p*w(1+ pw/)
= . 5 - . 3
j=t (W' —p) (pw! —1)
i “io pwi+Spiwi+5p3wiptw? p*wi+Spiwi+5piwii+pw
2 = . 5 - ; 5 ’
j=1 (pw' 1) (w/ = p)
= 3p2(1+p4)w2f—12p3(1+p2)w37
ll = Z . 4 . 4
j=1 (w/=p) (pw' —1)

b

N 36p*w* —12p°(1+ p*)w¥ +3p*(1+ p*)w®
(w/=p)'(pw' =1’
< = p(1+2p*)witp?(=3+12p* =3p*)w*+( -2 p+6p°—p”)w?
- R 4 . 4
j=1 (w/=p) (pw' —1)
16p* —=36p* +8p®)\w* +(—=2p +6p° — p")w”
; 1 ; 4
(w/=p) (pw' —1)
(=3p°=3p* +12p" Wb —(p* +2p)w"
(w/ = p) (pw' 1)’
I E" pwi+(2p* —4p* +2p° )W +(—8p* —2p° + pT)w¥
1 ~ 4 ~ )
j=1 (w/=p) (pw' —1)
(24p* =8p°)w¥ +(=8p> —=2p° + p")w?
+(2p* —4p* +2p° )Wt + pPw’
(w = p)'(pw =1)'
. g (—2p>—p°)w'+p*(=3+12p*=3p*)wo+(—p+6p°-2p" )W
3 . 4 . 4
j=1 (w/=p) (pw' —1)
N (8p2_36p4 +16p6)w4j+(_p+6p3_2p7)w3j
- 4 ) 4
(w/=p) (pw' —1)
N p*(=3+12p* =3p")w¥ —(2p° + p’)w/
(w/=p)'(pw' 1)’
— Wl +dw +w
-t (wi=
2 6w

imt (W=t

L

2

+

b

b

b

81 =

83 =
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By equating the coefficients of equal powers of exponentials in Equation
(4.13) we get the expression for the velocity ¢ as
c=120a*(—g,+g;+1,—m)
—1-54> +3p + ISazp —3p2 — 135(12p2 + p3 +Sazp3

+ , (4.14)
(p=1)°
and the compatibility conditions on a and p as
+ 2
I, = M + ms, (4.15)
(p—1)
1+ p)(a’p*> — p> +10a’p +2p+a* -1 2_
- PPy —p" t0apt2pratl) | ol iy g
2(1+a*)(1-p) 2(1+a”)
, _ 4% 1-a*—dp+60a’p —56a’p
Yoai -1 60(a—1)a*(1+a)(p—-1)*"
N 6p* —486a‘p* —4p* —60a’p® —176a*p® + p* — a’p*
60(a—1)a*(1+a)(p—1)°
3+a’
+ m; — az——lml' (417)

By fixing the product ad we can find p from (4.15) and then find a that
satisfies both (4.16) and (4.17) to good accuracy.

From Equation (4.15) we recover p, which corresponds to equally spaced
pulses. Then, by taking irregular spacing from numerical results, we can use
(4.16), (4.17) to find the approximation for a and use (4.13) to find the error
of approximation of the irregular two-particle solution by (4.2). It turns out
that the error of approximation (4.2) for the smallest value of § for which
two-particle solutions was observed is about 0.1% of the maximum height of
the pulse, and this error quickly decays as 6 increases. The appearance of
the term G(1— p)(e® /(1 + e** )1+ pe®*)) indicates the interaction between
two adjacent pulses that slightly modifies the form of each pulse.

5. Cnoidal waves

The periodic solutions in terms of elliptic functions for some integrable
equations were obtained by Toda in case of “Toda lattice.” Later Whitham
suggested constructing the periodic solutions as sums of equally spaced
solitons for the Korteweg—de Vries, the modified Korteweg—de Vries, and
the Boussinesq equations. For this construction he gave elementary argu-
ments, using identities in sech functions [1, 9]. These are the same solutions
since the infinite sums of hyperbolic functions can be represented by the
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Jacobi elliptic functions. The Painlevé expansion (or some generalization of
the Painlevé expansion for equations that do not formally possess a Painlevé
property) can often be written in the derivatives of the logarithmic function.
Our choice for the singular manifold function F =1+ ¢“¢ naturally leads to
the representation of such an expansion in terms of hyperbolic functions. So
we can represent the periodic pulse trains as the infinite superposition of the
hyperbolic functions and their derivatives and, therefore, as Jacobi elliptic
functions and their derivatives.

For example, the generalized Kuramoto—Sivashinsky equation with o =4
(2.1) has a Painlevé expansion with F =1+ ¢%¢

(14+a)e*“ +(1—a)e***

= 2 1
n(£) = 0wt (5.1)

which can be written as
u(¢) = 3Oaz(sech2a7§ + (sechz%g)’). (5.2)

Then the infinite superposition of such functions can be represented as the
cnoidal function and its derivative.

The Bretherton model equation has the Painlevé expansion with F =1+
e“t of the form

u(€) = +2Y30a*—— 't (5.3)

(14 e“ )
which can be written as

u(€) = +V/30a? sechzé, (5.4)

and the infinite superposition of this function is a cnoidal wave.

Kudryashov [10] developed the method of getting the cnoidal wave
solution by directly applying the Painlevé expansion to the original equation,
thus reducing it to the anharmonic oscillator. Obviously our approach is
closely related to his method but involves more elementary arguments and
exhibits the interaction between the solitary waves directly.

We may represent our periodic pulse train solutions in the form of elliptic
functions and their derivatives using the identity given in [9]:

“+ oo

a* Y sech’(aé —2mé) = dn’% — C (5.5)
m=1

with C=1—E'/K', a=m/2K', and 26 = wK /K.
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6. Conclusion

The remarkable result that in some problems the infinite superposition of
the soliton solutions is a periodic solution of the governing equation has
been known for some time now. This fact can be considered as another
indication of a clean interaction between solitons. Although a linear sum of
aperiodically spaced solitary wave solutions is not an exact solution, for
some systems the superposition of slightly modified waves is a solution. In
nonintegrable systems the solitary waves combined into a periodic solution
may interact more strongly than in integrable equations and produce some
additional terms as the result of such an interaction. The partial fraction
decomposition in exponentials is a convenient tool for analyzing such terms.
The Painlevé expansion gives the correct form of these interaction terms.
This leads to a conclusion that the interaction of the solitary waves in the
periodic pulse train depends on the singularity structure of the system.
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