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Abstract. NonlocalnonlinearSchr̈odingerequationsareconsideredasmodelsof superfluidhe-
lium. Themodelscontaina nonlocalinteractionpotentialthat leadsto a phonon-roton-like dis-
persionrelation. It is shown that for any suchpotentialthe generalizedGross-Pitaevskii (GP)
modelhasnon-physicalfeatures,specificallythe developmentof catastrophicsingularitiesand
unphysicalmassconcentrations.TheGPequationis remediedby introducingahigherorderterm
in the local densityapproximationfor thecorrelationenergy. The resultingtheoryis appliedin
two ways.The family of superfluidvortex rings is derived.Thenucleationof vortex ringsby a
moving ion is considered.

1 Intr oduction

Superfluidhelium at
�����

hasa large interatomicspacingand is often describedin
termsof a weakly interactingBosegas.The imperfectBosecondensatein theHartree
approximationis governedby equationsthat werederived by Grossandby Ginsburg
andPitaevskii. In termsof the single-particlewavefunction ���	��

�
� for � bosonsof
mass��
 thetime-dependentself-consistentfield equationis���� ������� ����� � � � � �!� "$# ���	�&%'

�
� # �)( � # �*� �&% # �,+-�&%.
 (1)

where
( � # � �/� % # � is the potentialof the two-bodyinteractionsbetweenbosons.The

normalizationconditionis 0 # � # � +-�1�2�43
Theinternalenergy perunit volume, 5 , at point � andtime � is givenby

56�87,�6� �� �9 � � 7 � � 7,� � � :� � � " 7;�	�<� ( � # �=�>� % # �?7;�	� % �,+-� % 
 (2)

andthetotalenergy, @ , is

@A� " 5B�87,�,+-� � " �� �9 � � 7 � � 7C� � +D�E�/@>FG�	7C��3 (3)

The first termon the right-handsideof (3) describesthe quantumkinetic energy of a
Bosegasof nonuniformdensity; @>FH�87,� is a potentialor correlationenergy that incor-
poratestheeffectof interactions.

For a weakly interactingBosesystem(1) is simplified by replacing
( � # �!�I� % # �

with a J - function repulsive potentialof strength
(LK �M0 ( +-� % , which leadsto the
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localGPmodel.Severalaspectsof thelocalGPmodelarequalitativelyor quantitatively
unrealisticfor superfluidhelium.Thedispersionrelationbetweenthefrequency, N , and
wavenumber, O , of soundwavesaccordingto thelocalGPmodelis

N � �QP � O � �SR ��� �UT � OCV-
 (4)

where PW�X� (LK 7,YZ�D[\�] � , 7,YU�_^a` ] (bK 3 This shows that thevelocity, P , of long wave-
length soundwaves is proportionalto 7c[\ (herewe have replacedthe bulk density,7 Y , by 7 ). That this is unrealisticis seenfrom theexperimentson Grüneisenconstantd�e �f�	7�ghP ] P�g;7C�
ikj � 3 9 at thevaporpressure[7]. Also, thedispersioncurve (4) has
norotonminimum.At best,(4) describesthephononbranchof theexcitationspectrum.

Thereis significantinterestattachedto thequestionof whethertheintroductionof a
realistictwo-particleinteractionpotential,

(
, that leadsto a phonon-roton-likespectra

in theGPmodel,givesa betterdescriptionof thepropertiesof superfluidheliumthan
thelocalmodel[5]. Theminimumrequirementsonsuchapotentialwouldbethecorrect
positionof therotonminimumandthecorrectbulk normalization(seebelow).

2 Applicability of the generalizedGross-Pitaevskii model

Wetransform(1)by introducingtheaverageenergy level ^a` , sothat �/�2l=mon,p<�?� � ^a`H� ] �� � ,
andrescaleit by �4q ��� � �r^ ` �ts
u � ��
 �cq ��� ^ ` �v3 (5)

Thedimensionlessform of (1) becomes� �w�)g;lg;� � � � lx�!lzy : � " # l{�8�&%'
��
� # �H( � # �4�>�&% # �,+D�&%}|�
 (6)

with thebulk normalizationcondition 0 ( � # � % # �,+D� % � : 3 We get thedispersioncurve
by linearizingabouttheuniform state.We write l~� : �kl % andconsiderplanewaves
of theform �amD�8l % �c�2m�n,p � ��Nc���kO,�;� . ThenthedispersionrelationcanbewrittenasN � �$:� O V � � O,� " YK��
��� ��O,��� ( �	�w���c+D��3 (7)

We require N % ��OD�t� � �z� � , N���OD�t� � �*�$N���� � 
 where �'O-��� � 

N���� � � is the position of the
rotonminimumonthe O�Na� dispersioncurve,which in dimensionalunitsis foundfrom
experiments[9] to be O-��� � � : 3 � �w� ˚

��� s , and N�� 9 3 �D�-� � OD� ] �� . By taking the limit
of (7) for O/q � andusingthe normalizationcondition,the soundspeedis found to
be : ]D� � asin the local model.By relatingthis to theknown valueof thesoundspeed
at low O in He II, 238m/s,we find that thehealinglengthof themodel(6) is fixedas� �c� � � 3 �,� ˚

�
, andthereforeO-��� � � � 3 � � � and N���� � � � 3 :H� 9 .After

(
hasbeenselectedtogiveagoodaccountof therotonminimumit is typically

foundthat,afterthenormalizationconditionhasbeenenforced,theconvolutionJ� J)7 � :� � � " 7;�	� % � ( � # �*�>� % # �,+D� % (8)
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is notnecessarypositive.Thisconvolutionis thevariationalderivativeof themechanical
pressure,  , of thehydrodynamicformulationof (1) in thesemi-classsicallimit (

�� q�
). Whentheintegral on theright-handsideof (8) is negative thepressure  decreases

whenthemassdensityincreases,which is unphysical.
It canbeshown [1] thata virial theorem,similar to theoneusedin establishingthe

catastrophicsingularitiesof thefocusingnonlinearSchr̈odingerequation,indicatesthat
thesolutionsof thenonlocalmodel(1) blow up in a boundeddomain.

Finally, to illustrate the developmentof massconcentrationswe solved (6) nu-
merically for the flow arounda positive ion moving with the dimensionlessvelocityd � s� d�¡ , where

dc¡
is theLandaucritical velocity. Theion is modeledastheinfinite

potentialbarriersothat l�� � on �¢��£ , where £ is theradiusof thepositive ion. The
interactionpotentialwasusedin theform suggestedby Jones[11]( �8�w�6���	¤*�k¥ � � � � �k¦ � V � V �Cm�n,p<�
� � � � � ��
 (9)

wherethe parameters¤B

¥ , ¦ , and
�

are chosento give agreementwith the experi-
mentally determineddispersioncurve as discussedabove. Notice that the local flow
velocity is below

d�¡
everywhere.Nevertheless,persistentmassconcentrationsdevelop

alongtheaxisof symmetry;seeFigure1.

Fig.1. Thedensityplot in a cross-sectionof thesolutionof (6) for the flow arounda sphereof
radius §�¨G© moving to theright with velocity ¨wª «o¬H­ . After [1].

Suchan unphysicalbehavior indicatesthatassumptionsmadein the derivationof
theequationmustbeunjustified.This difficulty couldbeovercomeby introducinginto
theweaklynonlineartheorydissipationor higherordernonlinearterms.But we would
like to preserve the Hamiltoniancharacterof the GP model.Instead,we will take the
density- functionalapproach[8], which triesto introduceanaccuratemicroscopicpic-
tureof liquid helium.
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3 Nonlocal nonlinear Schrödinger equation

Thecorrelationenergy of theSkyrmeinteractionsin nuclei[14] is givenby

@>FG�	7C�B� :� � "A® @ K� 7 � � @ s� �¯¦ 7 �t°²± �/@ � � � 7,� �o³ +D��
 (10)

where @ K 
�@ s 
t@ � and ¦ arephenomenologicalconstants.Thefirst two termsgive a
local densityapproximation,andthegradienttermcorrespondsto finite rangeinterac-
tions. In a somewhat similar way to [8], we addthe necessarynonlocalityof interac-
tionsdirectly into thefirst termof (10)by introducinga two-bodyinteractionpotential,( � # �*� � % # � , sothat(10)becomes

@>FH�87,�c� :� � "´® :� " 7h�8�<� ( � # �*� � % # ��7h�8� % �,+D� % � @ s� �k¦ 7 ��°²± ³ +D��3 (11)

This incorporatesandgeneralizesthe @ � interactiontermin (10),which hastherefore
beenabandoned.

Onadopting(11),wefind thatthenonlinearSchr̈odingerequationreplacing(1) is�t�� � � �r� �� �� � � � �¯�k� " # �µ�8�&%.

�
� # �H( � # �*�>�&% # �,+D�&%��/@ s � # � # �o¶ s °&±)· 
 (12)

andequation(6) is replacedby

� ����g;lg�� � � � l!�!l ® : � "¸# l{�8� % 
��
� # � ( � # �=�>� % # �L+-� % � ¹ # l # ��¶ s °²±�· ³ 3 (13)

The bulk normalizationcondition becomes0 ( � # � % # �,+D� % � : �º¹63 The dispersion
relationof (13) is modifiedin comparisonwith (4) by addingtheterm s� � : �!¦²�?¹�O � to
its right-handside.Thebulk normalizationconditiongivestheslopeat theorigin (the
dimensionlessspeedof sound)as » � : �k¦;¹�� ] � andtheunit of length(healinglength)
as
� �c� � � 3 �C� � : �k¦;¹ Å. A fit to the Landaudispersioncurve canbe obtainedasin¼

2.
There are two logical choicesof the parameter¦ . First, we can view the term@ s 7 �t°²± in (10)asthesecondtermin thenonlinearexpansionof thecorrelationenergy

in powersof 7 , andthatyields ¦!� : . Thesecondpossiblechoiceis to take ¦x� � 3 9 ,
which gives Pa½Q7 �o¾ ¿ in agreementwith theexperimentallydeterminedGrüneisencon-
stant

dce j � 3 9 .
Next, we shalluse(13) to studythefamily of thevortex rings[2]. For a vortex ring

of large radius À the resultsfor the straight-linevortex canbe usedto give [12] the
energy andmomentumof suchring as

51� :��Á � 7CY¢À ®�Â � y 9 À� | � � �!P ³ 

and Ã � Á 7,YÄ�&À � 3
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After differentiating 5 and
Ã

with respectto À and substitutinginto the Hamilton’s
equationÅÄ�~g;5 ] g Ã we gettheexpressionfor thevelocityof thelargevortex ring as

ÅÄ� Á� �&À ® Â � y 9 À� | � : �xP ³ 3
GlabersonandDonnelly[6] usedtheexperimentalresultsof RayfieldandReif [13]

on the relationbetweenthe energy andvelocity of large vortex rings to estimatethe
vortex coreparameter

�
. Theseestimateswerebasedon thehollow corevortex model

with PÆ� � andproduced
� j � 3 9 : Å. Jones[11] did similar calculationsfor thenon-

local model(6) andfound P*�Ç� � 3 :GÈ , so that
� j � 3 � : Å for the optimal choiceof

the parameter
�

. For the local GP modelwith P4� � 3 È 9 : the vortex coreparameter
is
� j : 3 : � Å. Thesevaluesof

�
aremuchlarger that the healinglengthfound from

the soundspeed,which is 0.47 Å for any of the above models.Jones[11] posedthe
questionof whethera self-consistenttheoryis possible,i.e., onewherethevortex core
parameterandthehealinglengtharebroughtinto harmony. Theansweris “Yes.” Our
model(13)with

( �8�w�6� ( �	�w�6����¤{�=¥ � � � � �z¦ � V � V �Cm�n,p<�
� � � � � ���4J�m�n,p&�?�aÉ � � � �
is ableto bring aboutagreement.For ¦2� : , ¹�� È 3 � , � � : 3 � , ÉÇ� : , and J4� :we numericallyintegrated(13) to find P�� � 3 : 9D� � , sothat

� j : Å, which is theheal-
ing lengthof our model.This givesthe energy of a vortex ring traveling at 27 cm/sec
as10 ev, which agreeswith theexperimentsof RayfieldandReif [13]. This choiceof
parametersis not very practicaland,in thecalculationsbelow, we shalluseinsteadthe
interactionpotential(9) with ¹Q� � 3 � 
?¦x� : 
 and

� � � 3 � , which alsorepresentthe
rotonminimumsatisfactorily.

A sequenceof vortex ringsof smallradiushasbeenderivednumerically[2]. When
the velocity of the vortex ring reachesthe Landaucritical velocity the ring becomes
unstableand evanescesinto soundwaves.For any ring traveling with speedgreater
thantheLandaucritical velocity, theamplitudeof thefar-field solutionwill not decay
exponentiallyat infinity, whichmakestheexistenceof sucharing impossible.Figure2
plotsthesequenceof thevortex ringsonthe

Ã 5 planetogetherwith thedispersioncurve
of (13).Notethat,asparameters¹ , ¦ , and

�
arevaried,thepositionof acorresponding

family of vortex rings on
Ã 5 -planechangesdramaticallyrelative to dispersioncurve.

Actually it is even possibleto bring the terminationpoint of this family closeto the
rotonminimum.

4 Vortex nucleationand roton emission

In this sectionwe shall usethe model (13) to elucidatevortex nucleationfrom, and
rotonemissionby, moving ions[3]. Thepictureof nucleationthatemergesasaresultof
experimentsperformedovertheyearsby theMcClintockgroupin LancasterUniversity
(see,for instance[10]) showsthatvortex nucleationandrotonemissionareindependent
processes,and that the latter is linked to Å ¡ but the former is not. We numerically
integrated(13) for the axisymmetricflow aroundthe positive ion of radius £¯� : �moving uniformly with velocity

d
. Our numericalcalculations(for the detailsof the

numericssee[1]) indicatethat,provided
d

doesnot exceedthedimensionlessLandau
critical velocity

d�¡
, the ion experiencesno dragand the flow is steadyin the frame
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Fig.2. Thedispersionrelation ÊÌË4Í anda family of thevortex ringsassolutionsof (13). Each
dot representsthepositionof a vortex ring on Ê,Í -plane.
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of referencemoving with the ion. Notice that the velocity on the equatorof the ion
may exceed

d�¡
(for incompressibleflow the velocity on the equatorwould be È d ] �but is evenlargerwhencompressibilityis allowedfor), but this leadsneitherto vortex

nucleationnor rotonemission.
When

d_Ñ2d�¡
amodulatedwaveenvelopeis formedinvolving wavenumbersfrom

theneighborhoodof theLandaupoint,whereN % �'O ¡ �6�IN���O ¡ � ] O ¡ , N��'OL�c� �Na�'OL���zÒrÓÔ
, and

�N��'OL� refersto stagnanthelium.Thesewavesradiateenergy to infinity, resulting
in dragon the ion. We have not so far beenableto observe vortex nucleationfor

dfÑd ¡
, but weobtainedinsightinto vortex nucleationwith thehelpof anartificial example

which tendedto confirmthehypothesis[10] thatrotonemissionandvortex nucleation
aredifferentprocesses.

Ourartificial exampleis motivatedby thefactthatthecritical velocity Å F for vortex
nucleationby an electronbubble is (accordingto the local GP model)reducedby its
shapewhich,whenmoving, is oblate[4]. Thepresenceof Õ Hewouldenhancethiseffect
throughtheconcomitantreductionin surfacetension.We canmake Å-F evensmallerby
artificially increasingtheflattening,to suchanextent that Å-F becomeslessthan Å ¡ , so
thatnucleationcanbestudiedwith themodel(13) without thecomplicationsof roton
emission.We thereforeconsideran ion with an oblatespheroidalsurfacemoving in
the direction of its short (symmetry)axis with a velocity lessthan Å ¡ . The ratio of
lengthsof axes is 5. Nucleationof vorticesoccurswhen ÅQ�¸Å F j � 3 : � 9ÆÖº� 3 �-� � P(whenthespeedof soundis reachedontheequator);seeFigure3. To comparethiswith
the correspondingresult for the Bosecondensate,we performedsimilar calculations
usingthe local GPmodel.Thecritical velocity of nucleationin this casewasfoundto
be
� 3 �-� � ÖI� 3 �D� � P . Sucha significantdrop ( × È � %) in thecritical velocitiesbetween
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local andnonlocalmodelcanbe partially explainedby the greatercompressibilityof
thefluid, accordingto thenonlocalmodel.

Fig.3. The densityplot in a cross-sectionof the solutionof (13) for the flow aroundan oblate
spheroid(seetext) moving to theright with velocity ¨-ªØ§�«oÙGÚ at Û<ÜÝ§�¨H¨ (left) and Û&Ü!ÞG¨H¨ (right).
Thewhitecirclesshow thecoreof avortex ring nucleatedfrom thespheroidandgraduallyfalling
asternof it. After [3].

5 Conclusions

In summary, weconsidereda nonlocalnonlinearSchr̈odingerequation(13)asamodel
of superfluidity. Themodelhasafinite rangeinteractionpotentialthatleadsto adisper-
sion curve with a roton minimum andcanaccommodatea morerealisticrelationship
betweenthespeedof sound,thedensityandthepressure.Theparametersof themodel
canbechosento bring thehealinglengthinto agreementwith thevortex coreparame-
ter. Accordingto ourmodel,thereis no dragon apositive ion moving with ÅzßxÅ ¡ . As
the velocity of the ion exceedsthe Landaucritical velocity Å ¡ , it startsto experience
drag and it createsmodulatedwaveswith wave numberscorrespondingto the roton
minimum.Our modelfailedto describevortex nucleationin suchcircumstances.Nev-
erthelessit could, throughan artificial example,provide strongindicationsthat roton
emissionandvortex nucleationaredifferentprocesses,the formerbeingconnectedto
theLandaucritical velocity, andthelatterto thespeedof sound.

This researchwassupportedby theNSFgrantDMS-9803480.
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