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Abstract. NonlocalnonlinearSchibdingerequationsareconsiderecasmodelsof superfluidhe-
lium. The modelscontaina nonlocalinteractionpotentialthatleadsto a phonon-roton-lik dis-
persionrelation. It is shavn that for ary suchpotentialthe generalizedGross-Pitaeskii (GP)
modelhasnon-physicalffeatures specificallythe developmentof catastrophicingularitiesand
unphysicamassconcentrationsThe GPequationis remediedby introducinga higherorderterm
in the local densityapproximationfor the correlationenegy. The resultingtheoryis appliedin
two ways. The family of superfluidvortex rings is derived. The nucleationof vortex rings by a
moving ion is considered.

1 Intr oduction

Superfluidhelium at 0°K hasa large interatomicspacingand is often describedin

termsof aweakly interactingBosegas.The imperfectBosecondensat@ the Hartree
approximationis governedby equationghatwerederived by Grossand by Ginshurg

and Pitaesskii. In termsof the single-particlewavefunction«(x,t) for N bosonsof

massM, thetime-dependergelf-consistentield equationis

2
ity = 50+ [ [0 OPY (- x) i, @

whereV (|x — x'|) is the potentialof the two-bodyinteractionsbetweenbosonsThe
normalizationconditionis [ |4|* dx = N.
Theinternalenegy perunit volume,&, at pointx andtime ¢ is givenby

£0) = gz (VO + g [ POV (1x =X () @

andthetotal enegy, W, is

W = /S(p) dx = / 8]}\22p(Vp)2 dx + W,(p). (3)

Thefirst term on the right-handside of (3) describeshe quantumkinetic enegy of a
Bosegasof nonuniformdensity; W, (p) is a potentialor correlationenegy thatincor-
porategheeffect of interactions.

For a weakly interactingBosesystem(1) is simplified by replacingV (|x — x'|)
with a § - function repulsive potentialof strengthVy = [V dx’, which leadsto the
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localGPmodel.Severalaspect®f thelocal GPmodelarequalitatively or quantitatvely
unrealisticfor superfluidhelium.Thedispersiorrelationbetweerthefrequeny, w, and
wave number k, of soundwavesaccordingto thelocal GP modelis

2 2k2 h 2 k4 4
w? =c*k* + (2M> , 4)
wherec = (Vopoo)%/M, P = E,/Vo. This shaws thatthe velocity, ¢, of long wave-
length soundwaves is proportionalto p% (herewe have replacedthe bulk density
Poo, DY p). Thatthisis unrealisticis seenfrom the experimentson Griineisernconstant
Ug = (pdc/cdp)T =~ 2.8 atthevaporpressurd?]. Also, the dispersioncurve (4) has
norotonminimum.At best,(4) describeshephononbranchof theexcitationspectrum.
Thereis significantinterestattachedo thequestionof whethertheintroductionof a
realistictwo-particleinteractionpotential,V, thatleadsto a phonon-roton-lile spectra
in the GP model,givesa betterdescriptionof the propertiesof superfluidheliumthan
thelocalmodel[5]. Theminimumrequirementsnsuchapotentialwould bethecorrect
positionof therotonminimumandthe correctbulk normalization(seebelow).

2 Applicability of the generalizedGross-Pitaeskii model

Wetransform(1) by introducingtheaverageenepylevel £, sothaty = ¥ exp(—iE,t/h),
andrescaldt by

X oy (5)
(2ME,)1/277 2E,
Thedimensionles$orm of (1) becomes
v .
_2i%—t - V20 4 u‘/(l - / (', )2V (|x — X'|) dx'), 6)

with the bulk normalizationcondition [ V' (|x'|) dx’' = 1. We getthe dispersioncurve
by linearizingaboutthe uniform state We write ¥ = 1 + ¥’ andconsidemplanewaves
of theform Re(¥') = expi(wt — kx). Thenthedispersiorrelationcanbewritten as

w? = ik‘l + 2k7r/ sin(kr)V (r)r dr. (7)
0
We requirew’ (krot) = 0, w(krot) = Wrot, Where (kro¢, wrot) iS the position of the
rotonminimumonthe kw— dispersiorcurve,whichin dimensionalnitsis foundfrom
experimentg9] to be k., = 1.9264! andw = 8.62K°kp/h. By taking the limit
of (7) for k — 0 andusingthe normalizationcondition, the soundspeeds found to
be1/+/2 asin thelocal model.By relatingthis to the known valueof the soundspeed
atlow k in He ll, 238 m/s, we find thatthe healinglengthof the model(6) is fixed as
[L] = 0.47A4, andthereforek, ; = 0.907 andw,.o; = 0.158.
After V hasbeenselectedo giveagoodaccounof therotonminimumit is typically
foundthat, afterthe normalizationconditionhasbeenenforcedthe convolution
b= g [ POV (b xx ®)
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is notnecessarpositive. Thiscorvolutionis thevariationalderivative of themechanical
pressurepP, of the hydrodynamidormulationof (1) in the semi-classsicdimit (A —
0). Whentheintegral on theright-handsideof (8) is negative the pressureP decreases
whenthe massdensityincreasesywhichis unphysical.

It canbe shawn [1] thatavirial theorem similar to the oneusedin establishinghe
catastrophisingularitiesof thefocusingnonlinearSchibdingerequationjndicateshat
thesolutionsof thenonlocalmodel(1) blow up in aboundeddomain.

Finally, to illustrate the developmentof massconcentrationsve solved (6) nu-
merically for the flow arounda positive ion moving with the dimensionlesselocity
U= %UL, whereU7y, is the Landaucritical velocity. Theion is modeledastheinfinite
potentialbarriersothat¥ = 0 onr = b, whereb is the radiusof the positive ion. The
interactionpotentialwasusedin theform suggestedy Joneq11]

V(r) = (a + BA%r? + yA'r?) exp(—A%r?), 9)

wherethe parametersy, 8, v, and A are chosento give agreementvith the experi-
mentally determineddispersioncurve as discussedabore. Notice that the local flow
velocityis below U, everywhere Neverthelesspersistentnassconcentrationslevelop
alongtheaxisof symmetry;seeFigurel.

Fig. 1. The densityplot in a cross-sectiomf the solutionof (6) for the flow arounda sphereof
radius10a moving to theright with velocity 0.5vz . After [1].

Suchan unphysicalbehaior indicatesthatassumptiongnadein the derivation of
theequationmustbe unjustified.This difficulty could be overcomeby introducinginto
theweaklynonlineartheorydissipationor higherordernonlinearterms.But we would
like to presere the Hamiltoniancharacterof the GP model.Instead we will take the
density- functionalapproach8], whichtriesto introduceanaccuratemicroscopicic-
ture of liquid helium.
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3 Nonlocal nonlinear Schrodinger equation

Thecorrelationenegy of the Skyrmeinteractionsn nuclei[14] is givenby

1
W) = 113 [ |5+ g+ W7 ax o)
whereWy, Wy, Wy andy arephenomenologicatonstantsThefirst two termsgive a
local densityapproximationandthe gradientterm correspondso finite rangeinterac-
tions. In a somavhatsimilar way to [8], we addthe necessaryonlocality of interac-
tionsdirectlyinto thefirst termof (10) by introducinga two-bodyinteractionpotential,
V(jx — x'|), sothat(10) becomes

W) = 35z [ |5 [0V (= xotrax + M| ax
Thisincorporatesindgeneralizeshe W, interactiontermin (10), which hastherefore
beenabandoned.

Onadopting(11), we find thatthe nonlinearSchibdingerequatiorreplacing(1) is

2
ihay = —f—Mv% + ¢/|¢(x',t)|2V(|x —-x'|)dx' + W1¢|¢|2(1+7), 12)

andequation(6) is replacedby

_zi%—f =V 4+ W [1 - / 2 (x', )V (jx — x'|) dx’ = x|@[PU+D ] (13)

The bulk normalizationcondition becomes| V (|x'|) dx' = 1 — x. The dispersion
relationof (13) is modifiedin comparisorwith (4) by addingtheterm %(1 + ) xk? to

its right-handside. The bulk normalizationconditiongivesthe slopeat the origin (the
dimensionlesspeedf sound)as/(1 + vx)/2 andtheunit of length(healinglength)
as[L] = 0.47/T+ vx A. A fit to the Landaudispersioncurve canbe obtainedasin

§2.

There are two logical choicesof the parametery. First, we can view the term
W1 p?T7 in (10) asthesecondermin thenonlinearexpansiorof the correlationenegy
in powersof p, andthatyieldsy = 1. The secondpossiblechoiceis to take y = 2.8,
which givesc o« p2-# in agreementvith the experimentallydeterminedsriineisercon-
stantUg ~ 2.8.

Next, we shalluse(13) to studythe family of thevortex rings[2]. For avortex ring
of large radius R the resultsfor the straight-linevortex canbe usedto give [12] the
enegy andmomentunof suchring as

E= %HZpOOR [ln(%) —2+c] ,

and
P = KpooTR2.
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After differentiating€ and p with respectto R and substitutinginto the Hamilton’s
equationv = € /Op we getthe expressiorfor the velocity of thelargevortex ring as

K 8R
v = R [ln(T) —1+c] .

GlabersorandDonnelly[6] usedthe experimentakesultsof RayfieldandReif [13]
on the relation betweenthe enegy and velocity of large vortex rings to estimatethe
vortex coreparametet.. Theseestimatesverebasedon the hollow corevortex model
with ¢ = 0 andproducedL = 0.81A. Joneq11] did similar calculationgfor the non-
local model(6) andfound ¢ = —0.13, sothat L ~ 0.71A for the optimal choiceof
the parameterA. For the local GP modelwith ¢ = 0.381 the vortex core parameter
is L ~ 1.19A. Thesevaluesof L aremuchlargerthat the healinglengthfound from
the soundspeedwhich is 0.47A for ary of the above models.Joneg11] posedthe
questionof whethera self-consistentheoryis possiblej.e., onewherethe vortex core
parameteandthe healinglengtharebroughtinto harmory. The answeris “Yes’ Our
model(13)with V (r) = V(r) = (a+ BA%r? +yA%r*) exp(—A%r?) + § exp(—B?r?)
is ableto bring aboutagreementFory = 1, x = 3.5, A =16, B = 1,andé = 1
we numericallyintegrated(13) to find ¢ = 0.1825, sothatL ~ 1A, whichis the heal-
ing lengthof our model. This givesthe enegy of a vortex ring traveling at 27 cm/sec
as10 ev, which agreeswith the experimentsof RayfieldandReif [13]. This choiceof
parameterss not very practicaland,in the calculationshbelow, we shalluseinsteadthe
interactionpotential(9) with x = 0.2,y = 1, and A = 0.9, which alsorepresenthe
rotonminimum satishctorily.

A sequencef vortex rings of smallradiushasbeenderivednumerically[2]. When
the velocity of the vortex ring reacheghe Landaucritical velocity the ring becomes
unstableand evanescesnto soundwaves. For ary ring traveling with speedgreater
thanthe Landaucritical velocity, the amplitudeof the far-field solutionwill not decay
exponentiallyatinfinity, which makesthe existenceof sucharing impossible Figure2
plotsthesequencef thevortex ringsonthep€ planetogethemwith thedispersiorcurve
of (13).Notethat,asparameterg, v, and A arevaried,the positionof a corresponding
family of vortex rings on p&-planechangesiramaticallyrelative to dispersioncurve.
Actually it is even possibleto bring the terminationpoint of this family closeto the
rotonminimum.

4 \ortex nucleation and roton emission

In this sectionwe shall usethe model (13) to elucidatevortex nucleationfrom, and
rotonemissiorby, moving ions[3]. Thepictureof nucleatiorthatemegesasaresultof
experimentgperformedovertheyearsby the McClintock groupin LancastetJniversity
(seefor instancg10]) shavsthatvortex nucleatiorandrotonemissiorareindependent
processesand that the latter is linked to vz, but the former is not. We numerically
integrated(13) for the axisymmetricflow aroundthe positive ion of radiusb = 10
moving uniformly with velocity U. Our numericalcalculations(for the detailsof the
numericssee[1]) indicatethat, providedU doesnot exceedthe dimensionlessandau
critical velocity Uy, the ion experienceso dragandthe flow is steadyin the frame
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Fig. 2. Thedispersiorrelationp — £ andafamily of the vortex rings assolutionsof (13). Each
dotrepresentshe positionof avortex ring on p€-plane.
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of referencemoving with the ion. Notice that the velocity on the equatorof the ion
may exceedU, (for incompressibldlow the velocity on the equatorwould be 3U /2
but is evenlargerwhencompressibilityis allowedfor), but this leadsneitherto vortex
nucleationnor rotonemission.

WhenU > U, amodulatedvave ernvelopeis formedinvolving wave numberdrom
theneighborhooaf the Landaupoint,wherew' (k1) = w(kr)/kr, w(k) = w(k)—U-
k, andw (k) refersto stagnanhelium. Thesewavesradiateenepgy to infinity, resulting
in dragon theion. We have not sofar beenableto obsere vortex nucleationfor U >
U1, but we obtainednsightinto vortex nucleatiorwith thehelpof anartificial example
which tendedto confirmthe hypothesig10] thatroton emissionandvortex nucleation
aredifferentprocesses.

Our artificial exampleis motivatedby thefactthatthecritical velocity v, for vortex
nucleationby an electronbubbleis (accordingto the local GP model)reducedby its
shapewhich,whenmoving, is oblate[4]. Thepresencef *He wouldenhancéhis effect
throughthe concomitanteductionin surfacetension.We canmake v, evensmallerby
artificially increasinghe flattening,to suchanextentthatv. becomedessthanvr,, so
that nucleationcanbe studiedwith the model (13) without the complicationsof roton
emission.We thereforeconsideran ion with an oblate spheroidalsurfacemoving in
the direction of its short (symmetry)axis with a velocity lessthan vy,. The ratio of
lengthsof axesis 5. Nucleationof vorticesoccurswhenv = v, = 0.148 £ 0.007¢
(whenthespeedf soundis reachedntheequator) seeFigure3. To comparehis with
the correspondingesultfor the Bosecondensatewe performedsimilar calculations
usingthe local GP model. Thecritical velocity of nucleationin this casewasfoundto
be 0.205 £+ 0.007¢. Sucha significantdrop (~ 30%) in the critical velocitiesbetween
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local and nonlocalmodel canbe partially explainedby the greatercompressibilityof
thefluid, accordingto the nonlocalmodel.

Fig. 3. The densityplot in a cross-sectiomf the solutionof (13) for the flow aroundan oblate
spheroid(seetext) moving to theright with velocity 0.156¢ att = 100 (left) andt = 300 (right).
Thewhite circlesshav thecoreof avortex ring nucleatedrom thespheroidandgraduallyfalling
asternof it. After [3].

5 Conclusions

In summarywe consideredinonlocalnonlinearSchibdingerequation(13) asamodel
of superfluidity Themodelhasa finite rangeinteractionpotentialthatleadsto adisper
sion curve with a roton minimum and canaccommodat@ morerealisticrelationship
betweerthe speedf soundthedensityandthe pressureThe parametersf the model
canbechoserto bring the healinglengthinto agreementvith the vortex core parame-
ter. Accordingto our model,thereis no dragon a positiveion moving with v < vy. As
the velocity of theion exceedsthe Landaucritical velocity vy, it startsto experience
dragandit createsmodulatedwaves with wave numberscorrespondingo the roton
minimum. Our modelfailedto describevortex nucleationin suchcircumstancesNev-
erthelesst could, throughan artificial example,provide strongindicationsthat roton
emissionandvortex nucleationaredifferentprocesseghe former beingconnectedo
the Landaucritical velocity, andthelatterto the speedbof sound.
Thisresearclwassupportedy the NSFgrantbMS-9803480.
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