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Abstract. We discuss existence and uniqueness of solutions for a one dimensional parabolic
evolution equation with a free boundary. This problem was introduced by J.-M. Lasry and P.-L.
Lions as description of the dynamical formation of the price of a trading good.

Short time existence and uniqueness is established by a contraction argument. Then we discuss the
issue of global-in.time-extension of the local solution which is intimately connected to the regularity
of the free boundary. We also present numerical results.
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1. Introduction This paper is concerned with a mean field model in Economics
and Finance, which, among others, was introduced in a series of papers by J.-M.
Lasry and P.-L. Lions [8, 5, 6, 10, 9, 11, 7]. Given a (large) group of buyers and a
(large) group of vendors the non-linear free boundary evolution model describes the
dynamical formation of the price of a trading good under negotiation between the two
groups.
The groups are described by two non-negative density functions fp and fy, which
satisfy the parabolic system

%if—%ga;icf:A(t)cS(x—p(t)—i—a), for = <p(t) (1.1a)
fB>0, fp(x,t)=0 for x>p(t)
and
%—%26823{3/:)\(75)5(36—19@)—@), for x> p(t) (1.1b)
fv >0, fy(z,t)=0 for z<p(t),
where
%0 0?0
/\(t):—gg(p(t),t)z7%@@),0 (1.1c)

is the transaction rate and x =p(t) denotes the price. The variable ¢ denotes time and
the space-like variable x € R stands for the possible value of the price. The positive
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2 On a parabolic free boundary equation modeling price formation

parameter a measures the bid-ask spread (assumed to be equal to 2a) and ¢ >0 the
randomness. A natural property of the model is that the total numbers of the buyers
and vendors is preserved, i.e.

d d
E/ng(x,t)dx:() and E/Rfv(a:,t)da:zo. (1.2)

The preservation property (1.2) holds for the Dirac delta 0 as well as for smoothed
versions §. with compact support in (—a,a) and [d.=1.
By introducing the function (signed density of buyers-vendors)

e fa(z,t) if z<p(t)
f(z,t) {—fv(x,t) if > p(t),

system (1.1) can be reduced to the following scalar free boundary value problem, with
unknowns f = f(x,t) and p=p(t):

T O L A0 Gla—plt) +a) ~da—p(t) ~a) (1.32)
flz,t)>0if z<p(t), f(z,t)<0if z>p(t) (1.3b)

with
7.0 = fr(a), (0) =po (130

(initial conditions). The compatibility conditions
f1(po)=0 and f;(x)>0 for x <pg and fr(z) <0 for x> po. (1.4)

are assumed to hold. We reiterate A(t) = —02%(]9(75),75). Note that this reduction re-
quires that at t =0, f'(pg+) = f'(po-) or equivalently (f5)'(po,0) =—(fv)'(po,0) (oth-
erwise additional technicalities have to be taken care of). Also, we remark that by
the shift z=p(t)+y equation (1.3) is equivalent to

2
%:g_yg_g_z(o@ [8y-+a)—d(y—a)] +5(t)g,
. _ gyy(ovt)

where we set g(y,t)=f(y+p(t),t). Here the time derivative of the free boundary
p(t) can be interpreted as the constraint that ensures ¢g(0,¢)=0. Note that this
formulation, based on mapping the free boundary into the line y =0, shows that the
problem under consideration is highly nonlinear.

Existence and asymptotic behaviour in case of equally distributed buyers and
vendors, i.e. fg(po—z,t=0)= fv(po+x,t=0) for all z€R has been addressed by
Gonzalez and Gualdani in [4] recently. In this special case the price p(t) is constant
in time, i.e. p(t)=po and the free boundary disappears from the problem, which
becomes a linear parabolic IVP. For this special case they verified existence and
proved exponential convergence of the solution towards its stationary state. An
extension of their analysis to problems with initial condition close to equilibrium, on
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bounded domains, has been presented in [3], based on linearisation and semigroup
techniques.

In [6] a strategy for carrying out an existence proof (by a time stepping argument, in
the framework of nonlinear semigroups, introduced by Crandall and Liggett in [1])
is outlined, we shall however follow an entirely different ’direct’ approach, based on
classical solutions. Indeed we shall comment on how these two approaches relate at
the end of Section 2.

This work is organized as follows. In Section 2 we show local existence of
(1.3) for general initial data and discuss the maximal extension of the solution.
Finally we illustrate the behaviour of solutions with numerical experiments in Section
3.

1.1. Stationary Solution - Bounded Interval As a model we consider the
stationary problem (1.3), posed on the bounded domain (0,4), (A>0), subject to
homogeneous Neumann boundary conditions:

o f_ o*0f
2 022 2 Ox
of of
—(0)=-=(4)=0.
s 0= 5. (A)

The solution, as given by J.-M. Lasry and P.-L. Lions in [7], satisfies:

(p,1) (6(z—p+a)=d(r—p—a))

%:01fx<p—aorifx>p+a (1.5a)
x

of of, ..

5~ B (p)if p—a<a<p+a. (1.5b)

For the equilibrium price p they obtained the algebraic equation
2M_A—a(M_—My)
P=T e )

where M_ = [ fdx (number of buyers) and M, = pr(— f)dz (number of vendors), if
the parameter are such that p € [a,A—a]. Note that the price depends explicitely on
the ratio of ]I\CIT; If the number of buyers increases or the number of vendors go down
the price goes up, which is reasonable from an economical viewpoint.

We reiterate that the corresponding dynamic free boundary problem with close to
equilibrium initial data and homogeneous Neumann boundary conditions has been
analyzed in [3]. We shall consider the case of a bounded price domain in our numerical
experiments in Section 3.

2. (Classical) Existence Theory for the Whole Space Problem

Note that throughout this Section we use the letter C as well as Cy, Cy, ... for
generic, not necessarily equal constants. When needed we shall specify on which
parameters the constants depend. W.r.o.g. we set %2 =1 in the remaining parts of
this paper.
We start by discussing the existence and uniqueness of solutions of the FBP (1.3).

(1.5¢)

2.1. Preliminaries At the beginning we would like to reiterate a classical
estimate for the first derivative (with respect to x) of the solution of the heat equation;

Ut =Ugy, TER,T>0
u(z,t=0)=ur(z), zeR
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with u; € L?(R). Multiplying by u and integrating, we obtain
1 d o0 (o)
ga/_ooﬁdx:—/_oouidx

u, € L((0,00); L2(R)), us € L*((0,00); H 1 (R)),u € L>=((0,00); L*(R)).

and thus

We now localize by choosing
peCC(R). (2.1)
Then v=wup satisfies
Ve =Vgg+h (2.2)
where
h=—2uyzps — Upys € L*((0,T); L*(R)).

Thus by multiplying (2.2) by v, and integrating with respect to = we deduce

—/vmvz dx:/(vm)2 da:—l—/hvm dx,
R R R

1d 0, ,
5% R('Ur) dx= A(Urr) dx /thrrdx

Therefore, by integrating with respect to t, we obtain

l/<vm>2da:+1/T/<vm>2daa
A o (3o

where v; denotes the corresponding initial datum. We conclude

vy €L ((0,T),L*(R)), vz € L*((0,T);L*(R)).

i.e.

if % € L?(R). Using (2.2) we obtain that

v € L*((0,7); L*(R)).
Iterating the above procedure with

z=vy, YeC{(R)

with supp® compactly contained in suppt and so on we obtain, after a simple exercise,
for feN:

lwll Lo 0,7y 12 (12)) < C (1wl 20,71 ®y) + 1wt a5 1))

(2.3)
<C(lurllz2@ +llurllmsa,))

where [; and [5 are real open intervals with [y compactly contained in /3. Here C only
depends on [; and l;. Now we pose the following assumption
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(A1) The initial data fr satisfies
fre A(R)NH*(A)NL*(R)NC(R),

where A= (po—ro,p0+70) for some 0<rg<a and pg is such that fr(pg)=0,
f1>0 for x <pg and f; <0 for p> pg.

Note that (Al) can certainly be weakened, as far as the local regularity close to py is
concerned, at the expense of additional technicalities.

By a simple Min-Max-principle argument the solution f of (1.3) has a unique zero
x=p(t) for all ¢ in its maximal interval of existence. In addition A(¢) >0 (as long as
the solution exists). The Maximum-Minimum principle implies:

qul,x<p(t)7f§u2,x>p(t), (243.)
where
0 0?
5741 = gzt T <p(t);ui(—o0.t) =ui (p(t),t) =0, ua (t=0) = f1 (2.4b)
0 0?
a’u,g = wu% x> p(t); ua(+00,t) =u2(p(t),t) =0,us(t =0)= f1 (2.4c)

By classical arguments we shall now derive a fixed-point formulation of the system
(1.3) that will be used to prove local and - later on - global existence. Let I' denote
the fundamental solution of the one-dimensional heat equation

_l=1?

e A, (2.5)

F(@t)= 4mt

Then the (mild) solution of (1.3) can be expressed using the Duhamel’s principle

f(xat)Z/RF(x—y,t)fz(y)dyﬂL/o /Rl“(x—y,t—S)A(S)q(y,S)dsdy, (2.6)

where ¢(z,t) = (6(x —p(t)+a)—0(x—p(t) —a)). The explicit formulation of (2.6) is
given by

f(x,t>=/R L5 )y

\/me
=:f1(=,t)
+:/¢___5Eﬂ___<e—”ﬁ?§ﬁ2 _e—-m;ﬁ”®“2> i (2.7)
o \dn(t—s)
=:f2(z,t)

=: F[p,\(z,?).

By differentiation of (2.6) with respect to z and evaluation at x =p(t) we obtain the
Volterra integral equation of the second kind for A (given by (1.1c) with o2 =1)

A@:Mm+AA@Kw@@@, (2.8)
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where K [p](s,t) is the difference of the z-derivatives of the heat kernel (2.5), evaluated
at x=p(t) —p(s) Fa, ie.

Kp|(s,t)= 5 47r1(t—s) (p(t)(—tf(;ﬂae_%w
_MGW>
(t—s) .

The function Ag is given by

Mo(t)= = [ T (pl0) =9.0) o) dy = Do f0).
Since f(p(t),t) =0, we conclude that

—P(E)AE) + faa (p(t),1) =0. (2.9)

Here we use the fact that near the free boundary f satisfies the heat equation and
therefore replace f; by fzz.
Throughout our calculations we shall use

11%1+z_'ye_§ =0  Vy.8>0. (2.10)
Using the above considerations, we can write (1.3) as the following fixed-point prob-
lem:
1. Given p=p(t) appropriately, we define

S[pI(A) () = Ao[pl (%) +/0 A(s) K [p(s;t)ds, (2.11)

where F' is given by (2.7) and we prove that S[p] has a unique fixed point A
in an appropriate set.
2. Given A= A(t) from step 1, we define

L(p)=po+/0 F[p’A](f(;p(T)’T) dr, (2.12)

where f is given by (2.7) and prove the existence of a locally unique fixed
point p.

LEMMA 2.1 (Volterra equation). Let p=p(t) and Ao=MNo(t) be in C([0,T]) and
let (A1) hold. Then there exists a unique solution A=M\(t) in C([0,T]) of the second
kind Volterra integral equation (2.8). The L*((0,T)) norm of the solution depends
only on the modulus of continuity of p and on ||Mol| Lo -

Proof. The kernel K|pl(s,t) is continuous for s<t¢. An explicit upper bound
is easily found due to (2.10) if max|p(t)—p(s)|<a. Since by assumption A is
continuous on [0,77], the result follows from the standard theory of Volterra integral
equations of the second kind (by Picard iteration). O

REMARK 2.1. Clearly, \o(t) is the a-derivative of the solution of the heat equation
with initial datum — fr(x) evaluated at (z,t) = (p(t),t). Thus, assumption (A1), giving
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local x-Lipschitz continuity of the solution of the heat equation with initial datum — fr,
implies that Ao is bounded in C([0,T7), if ||[p—pollc(o,r) <7o- In particular, note that
by the localisation procedure leading to estimate (2.3) a bound on ||Xollc(o,1)), which
only depends on || fr|| L2y + || f1l| 2(a) can be established if ||p—pollc(o,r1) < To-
LEMMA 2.2. Let p1,p2 €C([0,T)) be such that

lpi —polleqo,m <ro, i=1,2.
Then
1A = Azlleo,rn) < Cr (I frae | Lo (po—rompotro)) + I f1ll L2y +Tv) €2 [Ip1 = p2ll e o)

where A\ = S[p1]A1, A2 =S[p2]X2. The constants C1,Cy may depend on o and v is an
upper bound for A1 in L>((0,T)).
Proof. We have

A1 —A2=Ao[p1](t) — Ao[p2] (t)

+ / (K p1] — K[pa]) M (s)ds
—|—/0 K[pa] (A1(s) — Aa(s))ds.

Using the Lipschitz continuity of the x-derivative of the solution of the heat equation
with initial datum — f; we obtain

|(Ar=X2) )| < Cr (1 1l z2ay + | frll 2w)) o2 = p2ll e o,m)

t (2.13)
+vCyT|p1 — palloo.zy) + Ca / (M () — Aas)) ds.
0

Here we used the localisation estimate (2.3), the boundedness of K [p](¢,s) as long as
s<tand ||p—pol| <rg and the uniform Lipschitz continuity property

|K [p1](s,t) — K[p2](s,t)| < C3|lp1 — p2llc(jo,17) 5

if s<t, ||pi —poll <ro for i=1,2. The Gronwall Lemma gives the result. O

REMARK 2.2. Using the same arguments we easily obtain the bound (as long as
lp—polle(o,ry) < 7o)

IMleo,rn) < Cs (| Frall Lo (po—ro.po+ro)) + 111l 2Ry ) €947, (2.14)

where Cs,Cy may depend on rg, too.

LEMMA 2.3 (Positivity of A for short time intervals). Let (A1) hold and assume
lp—polleo,r) <7ro. Then there exists a time T'=T(f1), such that A= \(t), the fived-
point of S[p] on C([0,T1), is positive for all t€[0,T].

Proof. Note that A\o(0) = —%(po) is positive, we write

Ao(t) =Ao(0) + (w(p(t),t) —w(po,0)), (2.15)
where w, as said before, solves the heat equation

Wi = Wgy, TER, >0, (2.16a)

_Ofi(x)

w(z,t=0)= P

(z), z€R. (2.16b)
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Here w is locally Lipschitz in « and ¢, therefore we conclude that Xo(f) > )‘DT(O) as
long as T=T(f;) is sufficiently small. Note that T" depends on f; only through
0, #(po), | f1ll2ry and || frl|mz(a). Simple calculations show that K[p](t,s)> 0 for
|p(s) —p(t)| <a and 0<s<t. Therefore, choosing T small enough, we ensure that
Ao(t) is strictly positive for all t<T'. O

THEOREM 2.3 (Local Existence and Uniqueness). Under the assumption (Al),
the system

)\(t):)\o[p](t)-i-/o A(s)K[p](s,t)ds (2.17a)
0= —pONE) + Flp, Naa (= p(1).1) (2.17b)

supplemented by p(0) =po, has a unique solution (\,p) € o/ xC([0,T]) on some time
interval [0,T], where & is given by

,
o ={pec(0.T)| lIp=pollL=om <7 }-

Then the solution f of (1.3) is uniquely determined on the same time interval.
Proof. The local existence proof is based on Banach’s Fixpoint theorem. Using

Lemma 2.1 we conclude that the operator S[p|, given by (2.11), has a unique fixed-

point. The function A, being a fixed-point of the operator S[p], is then used in the

definition of the operator L given by (2.12).

First, we have to check that the operator L is a self-mapping of 7. Integration of

(2.17b) gives

plt) o= [ TR, (218)

where f= F[p,\](x,t) is given by (2.7). Using estimate (2.10) we obtain for ¢t € [0,7]
|(F1(p(8),)ze] = w2 (p(t), )] < C (I f1l L2y + | f1ll mr2a)) =2 M, (2.19)

where w solves the IVP (2.16a). The second derivative of fy with respect to z is given

by
A0 (lemp()taP | g
f2w$(x7t)_A <4 7T(t—7')3 ( 2(t—7) _1)6 ( )

M) (lmpm—aP Y o)
1 W(t_Tﬁ( 2(6—7) 1) o )d

(2.20)

Inserting (2.19) and (2.20) into (2.18) and setting z=p(7) we obtain the following
estimate

IL(p)(t) —po| < / %m

N /OtMlT) / A(s) (|p<7>—p<s>+a|2_1)ew

4/7(1—3)3 4(r—s)
foT A(s) lp(1) —p(s)—al* el
ok W(T—S)?’( i) 1) o
tdr
<<M+Ctsrél[%’>§])\(s)) A7)

dsdr

dsdr
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since A is uniformly bounded away from 0 on [0,7]. By choosing T sufficiently small
we ensure the self-mapping property of L. The contraction property of L follows from

| L(p2) — L(p1)ll Lo (0,1)) =
t 1
[ (ks Fln M 0a,7) sl s 7)) )
<CT|p2—pillze=(0,1))>

(2.21)

= max
te[0,T]

where ); is the fixed point of S[p;] for i=1,2. In (2.21) we used Lemma 2.2, simple
estimates on the derivatives of the heat kernel and in particular (2.10). Once A and
p are known the linear parabolic equation (1.3a) can easily be integrated. O

LEMMA 2.4. Let A€ L*>°((0,T)), p€C([0,T]) and let (A1) hold. Then the solution f
of (1.3) is in C((0,T); H*(R)) for every 3<2. Moreover the estimate

I flleco, 18 ®)) < Crll f1ll 2y + C2ll M L2(0,7)

holds with generic constants Cy and Cs.

The proof follows from a simple computation based on the Fourier transformed equa-
tion (1.3).

REMARK 2.4. In Theorem 2.3, the time T, determining the length of the local
existence interval, can easily be traced to depend only on the quantities || fr||ga(a),
I f1llz2ry, To and 1/|2 fi(po)|. In fact, T can be chosen universally, if || f1|lz2(r),
Il f1ll 2cay and 1/|8%f1(p0)| vary in a bounded subset of the non-negative reals and if
ro is bounded away from 0.

Global Existence. To discuss global existence we make use of a blow-up alter-
native. For this we need to apply the local existence result on a sequence of time
intervals

[OvTO]v[TO;Tl];[TlvTZ]a"'a[Tn—laTn];-"a

with T,, > T,,_1. Proceeding by induction, assume that the n-th time step has been car-
ried out, giving a solution on [T},—2,T,—1] (T5,—2:=0). We have to verify that f(T},—1)
satisfies the assumptions (Al) with r=rn—1>0, such that the local existence-
uniqueness Theorem 2.3 can be reapplied to extend the solution on [Tj,—2,T),—1].
First of all we note that by construction

sup  [p(t) —p(s)|<a
t,SE(Tj_l,Tj)

for j=1,...,n—1, so we can iterate the estimate (2.14) and obtain A€ L>(0,T},—1).
Thus by Lemma 2.4, feC((Tn—2,Tn-1];H’(R)) for all <3, so in particular
f(Tn—1) € L2(R)NC(R).

Mass conservation (actually conservation of My and M_) then follows from the solu-
tion representation (2.7) by dominated convergence. Thus f(7,—1) € L}(R). To verify
local regularity of f(7},,_1) around x=p(T},—1), we recall the well known localisation
estimate for solutions of the one-dimensional heat equation

Ut =Ugy, TER, t>0,
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which states that there are constants D; ;>0 such that

l ku | — +21+ || || +(Z0,t0
sup | (x,t) <El,k ul|Lr(c ,t
(z,t)eCr (zo,t0) 3tlaxk Tk 1+3 (Cr(@o,to))

for all k,leNU{0}. Here the parabolic downward cylinder C.(zo,to) centered at
(z0,t0) is given by

Cr(xo,to) ={(z,t) | |x — 20| <7, to—1? <t<ty},

see [2, Section 2.3, p. 61]. Now, having constructed f= f(z,t), t <T,,_1, we choose
0<r,—1<a such that

Cro (P(Tn1), Tn1) S{(2,8) [ p(H) —a <z <p(t) + 0,0 <t <Tpp 1}

In particular, let w=w(d),d >0, be the modulus of continuity of p=p(t) at time ¢.

Therefore it suffices to set 7, = %+, where

wr,_, (¢n) =a—qn

(chose the minimal solution). Then f satisfies the heat equation in an open cylinder,
which contains Cy, |, (p(Th-1),Tn-1), and

Of(x.T,_ M, +M_
- @ Tu)| o p Met M- ooy (222)
5u S (%Ck ’ rk—i—l
$E(P(Tn71)f T p(Tn—1)+—"3 ) n-t

holds due to mass conservation.
We conclude that (A1) is satisfied at t=T,,_1, so the local existence and uniqueness
Theorem 2.3 can be applied and f can be extended to [0,T,] for some AT, _;:=
T, —T,,—1 >0 sufficiently small.
Either T}, — +o00, which implies global in time existence of a unique solution of (1.3)
or T,, — Tihax < 00. In the latter case either, possibly after extraction of a subsequence:

(CL) v =f(T)llz®) + 1f (Do) | B4 ((p(T0) — 1 p(T)+r0)) — OC S N—> 00
or, again after possible extraction of a subsequence,

0

pe =\T,)—0as n—oo

or after maybe extracting another subsequence

(C3) r,—0asn—oo.

Otherwise the local solution argument could be restarted in T'— €7, with €; >0 suffi-
ciently small and - due to Remark 2.4 - a solution could be obtained on

[Tinax — €1, Tinax + €2] for some e > 0.

Before we proceed with discussing global versus local existence we prove that
fz(p(t),t) <0 on [0,T], assuming that p=p(t) is in C([0,T]). Note that every so-
lution f of the heat equation in a cylinder D := (a,b) x [T1,T] is analytic in the spatial
variable, for each time ¢ € (71,7 (where the non-empty interval (a,b) is contained in,
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say, (p(T)—§,p(T)+ %) and T <T but sufficiently close to T', see [2, p. 62]. From
this we conclude, that if all spatial derivatives of f at zo:=(p(T'),T') are zero we ob-
tain that f(x,T7")=0 for all x € (a,b). This implies that f vanishes identically in D,
according to the min-max principle, applied in the small downward cylinders D1, Do
to the left and resp., to the right of p(T"), such that the free boundary does not inter-
sect the cylinders D; and Ds. Without loss of generality we may drop this last case.
Thus there exists K € N such that the K-th order spatial derivative of f is not zero
at (p(T),T):
8[(
L p(r), 1) 20,
o'f
ox!

Now let us consider f€C?5+1 (using again the localisation estimate) in both 2 and ¢
coordinates and

(p(T),T))=0, for 1=1,2,..., K —1.

foz=ft in D:=(a,b) x [T1,T], (2.23a)
fz<0 on B:={(z,t)eD: f(x,t)=0}. (2.23b)

We know that B is a graph of a function p(t) in D and:

flx,t) >0 when z < p(t),
flz,t)=0 when z=p(t), (2.24)
fz,t) <0 when x> p(t).

LEMMA 2.5. We have f,(p(T),T) <0, if p is continuous up to t="T.

REMARK 2.5. For the proof of Lemma 2.5 it is sufficient to show that p is differ-
entiable at t=T". Then the parabolic version of the Hopf Lemma can be applied
and gives precisely fo(p(T),T) <0 (since f is negative for x <p(t) and positive for

> p(t)).
Proof. We state the proof in four steps:
I. We know that at time {t=T'}

f>0for x<p(T) and f <0 for x> p(t).
Therefore we conclude that
K=2N+1 for some NN

82N+1
Wf(p(T),T) <0.

II. Differentiation of equation (2.23a) with respect to time yields
ftt - (fzz)t - (frr)zz - frrrr

Reiterating the above equation for the mixed derivatives we obtain:

oy oy
ot 9z’

8l+kf 82l+kf

ok — 9Tk’

for I,k €0UN such that 2l+k=0,1,..., K.
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III. Let us write the Taylor expansion of f at zy with the mean-value Lagrange
remainder of (N + 1)-order.

1 alJrk X ;
[z, t)= o;k- i argar ! PI),T) (@ =p(T))"(t=T)
I+k<N 1 (2.25)
£ e p(T) T
0<l,k
I+k=N+1
where
I+k o2l+k
ark(z,t) = Wf(fz(x,t),uk(m,t)) = Wf(fl(mat),ﬂk(%t))-
Here &(z,t), pr(x,t) are some intermediate points in (a,b) and (0,T") respec-
tively.

Let us note, that [+k<N implies 20+ k<2N since [ < N. Therefore we
conclude that
5l+kf
since all spatial derivatives of order less than K =2N + 1 vanish at that point.
Thus the first sum in (2.25) vanishes and we are left to deal with the remain-
der, where 2l+k=N+1+land IS N—+1.
IV. We calculate the remainder:

J) :%ﬁ)’!ﬂ(t‘:ﬁw“ 20D (e 1)
+ Z ﬁal,k(%ﬂ(x—p(T))k(t—T)l (2.26)
i

Dividing both sides of (2.26) by (t —T)¥*!, evaluating at  =p(t) and keeping
in mind that f(p(¢),t) =0 we obtain:

_ fe@®),y) 1 1 p(t) —p(T)
0= =T (N+1)!QN+1,O(p(t)vt)+N!aNl(p(t)vt) P—
1 p(t) —p(1)\"
1<k<N+1
Next we take a close look at terms in the sum:
(i) When [=N+1 and k=0, then 2[+k=2N+2:
8N+1 82N+2
CLNJ,.L()(Z‘,t):W,f(m,t):Wf(flﬁ,t):O(l) (228)
(ii) When /=N and k=1, then 2l+k=2N+1:
2N+1

an1(z,t) = Wf(fN(m,t),ﬂl(%t))-
thus there exist positive constants ,6 such that:

an1(z,t)<—e<0 in Ks:={(x,t)|(z,t)— (p(T),T)| <} (2.29)
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(iii) When I <N, then 2l+k=N+1+4+1<2N+1 and we have:
aik(x,t)=o(1).

Let

then (2.27) can be written as

= ﬁazvﬂ,o(p( )it)+ %azv 1(p(t),1)(t)
1 . (2.30)
+1<l~c§ZN+1 maz\rﬂ kk(p(1),8)25(1)

Since all coefficients an 11—, (p(t),t) in the last part of the above sum vanish
as t goes to T', we conclude (using the implicit function theorem) that

p(t) — p(T)—z(t):— 1 ant1,0(p(t),t)
t—T N+1 ana(p(t).t)

62N+2

1 g f(p(1),T)
N1 Z f(p(T),T)

2N+1

+o(1)

+o(1),

as t—T and x —p(T). Thus p(t) left-differentiable at t=T, and thus, by
the parabolic version of the Hopf Lemma, f(p(T),7) <0 and N =1 follows.
a
THEOREM 2.6. Let Ty <00. Then either

(a) limsupp(t) = oo

T
or
(b) liminf p(t) = —o0
t—=Tmae
or

(c) —oo <limsupp(t) < liminf p(t) < co.

t—Tyax t—=Tmax

Proof. Assume that Tiax < oo and p€C([0,Tmax]). Returning to the blow up
alternative we can exclude (C2) because of Lemma 2.5. Also, since p is uniformly
continuous on [0,Tax] we conclude from the above construction of the sequence r,,
that r, > R, where R satisfies R= % and @ is the minimal solution of

w(@)=a-Q.

Here w() :=sup,¢ (o, 1ywt(d) is the global modulus of continuity of p=p(t) on [0,T7.
Therefore (C3) is also excluded. To exclude (C1) it is sufficient to iterate the
estimates (2.14) and (2.22) on the intervals [T,_2,T,—1], n=1,2,3,.... Tpax=00
follows, which is a contradiction. Thus p=p(t) is discontinuous at Tinax if Tinax < 00,
which implies (a),(b) or (c). O
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Next we state an interesting result on the large time decay of the function
A=A(L).

LEMMA 2.6 (Unboundedness of A\ in the L' norm). Let assumption (A1) be
satisfied and let Tyor =—400. Then

/OOO)\(s)ds:oo

holds.
Proof. First we derive the following formulas for the (negative and positive) mass.

-/ M et doe /" " / Zr(m—y,s>f1<y>dyds

pt)—p(s)ta p(t) p(S) a

/ / e e duds——/ / v e~ duds

2 —p)te (2.31)

p(t)
/ / (x—y,s)fr(y)dyds +—= / ,A“) - e duds

P(t) p(s)ta

Y
\/7 2t—s
Yo dufr(y)dy+— / / v e duds.
_ 2 —ple)e

and

p(t)—p(s)+a

u 2/t—s —’LL2 2. 2
M, = \/_/ ﬁ(t) , dufr(y)dy — / [’W (0 duds, (2.32)

(obtained by analogous calculations). We write

p(tn)—y

M- \/—/ / e du f1(y) dy

p(tn)—y

/po [ et sl A

and

m[m) ) = dul fr(y)| dy— A(tn).

Vaty,

1o
—M+—ﬁ/mﬁ(tn)w€ du fr(y) dy
7,

where A(t) is given by

p(t)—p(s)+ta

o0 2Vi—s 9
A(8)Ls<t e " duds.
0 p(H—p(s)—a

2Vt—s
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Next we assume that fooo)\(s) ds < oo and choose a sequence t,, such that ¢, — co as
n— o0. Thus

p(tn)—p(s)+a

1 & 2T —5
A(tn):_\/—/ )\(S)]].s<tn/( . e duds
™Jo pltn)—p(s)—a

Vin—s

1 *° e 2
< — 1, - .
< ﬁ/o A($)Ls<t,, /7006 duds

. Now if s <t,, we obtain;

pltn)—p(s)—a _ p(tn) _p(s)+
Vin—s Vitn—s8
——

=i (s) =:fn

IS

i

p(t71)_p(8)+a _ p(tn) p(S)—CL

Vin—S8 _\/tn—s_\/tn—s
——
=iTn

since limy, o B, (8) =limy,— 0 yn(s) =0 for all s >0 we have:

L e
e " duds= e " duds

p(tn)—p(s)—a
2Vtn —s

an (8)+vn(s)
—e & (Brn —n) — 0asn — oo,
for some &, € (an(s) +vn(s),an(s)+ Brn(s)). From dominated convergence we conclude
A(tn,)—0 as n— oo.

Furthermore we note that

p(tn)—y p(tn) p(tn)—y

1 Viin 2 1 Vidtn 2 1 Viitn 2
— e " du=— e " dut+— e " du.
ﬁ —c0 \/E o \/E ptn)
Atr,
=:i0p

The second integral is bounded from above by

o0 2
/ e " du
— 00

and thus, by dominated convergence, pointwise tends to zero as n— oo. Now, using
again (2.31) and (2.32), we can write

M_=o,M_—o,M++ B,,

where B,, tends to 0 as n tends to infinity. We obtain in the limit n — oo (after maybe
passing to a subsequence), with o =1lim,,_,« oy,

(1—o)M_+0M,=0

which is contradiction as 0<o <1, M_ >0, M >0. 0O

To conclude this section, we present a result about the regularity of the free boundary
for equation (1.3) when the delta-distributions in the parabolic equation are replaced
by smoothed approximations D. We assume the following:
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(A2) D in C§°(—a,a), D>0and [* Ddx=1.
and consider the (smoothed) FBP:

o S0+~ D) - ) 05
flz,t)>0if e <p(t), f(z,t)<0if x> p(t)
with
£(.0)= fi(a), p0) =po. (2.39)

Note that we do not go through the local existence arguments previously discussed
for the smoothed model, the arguments are very similar to the case with the delta
distributions.

LEMMA 2.7 (Local boundedness of the free boundary). Let p=p(t) be the free
boundary, assume that - f; is in L*(R) and that (A1) holds. Then there is C >0
such that

p()| < C, €0, Tmaz)-

Proof. We start by deriving a bound on A(t) = — f2(p(¢),t), where f satisfies (2.33).
Differentiating the equation w.r.t. x, multiplying by f, and integrating over R leads
to

1d

3d R(fr)zdxz—/R(fm)zd$+/R)\(t)fz(x,t)(D’(m—p(t)+a)—D’(g;_p(t)_a))dx

- / (Fue)? de+ KX fol2e)
- / (Fe)? do+ K | full s | ol 2

where K =2||D’||p2r) <00, as D(x) and its derivatives are bounded. Next, we reit-
erate the estimate

[fallLe <C(Ifellz2 + 1 feallL2) (2.35)

and conclude

1d
3om [ (G2 o< [ (e dot ORIy + OBl ol e
< [ Fun)? o ORNE ey g el + oL el
Therefore we obtain
1
LA [ des /(fm da:<02/fmdx (2.36)
2dt Ja

2
with some constant Cy > max{CK, (cg()

2 1" 2 a2
furarg [ [taerassem [no-opae

Vt€[0,T],T < Thnaa-

}. Integration w.r.t. ¢ results in
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From this we conclude
fo € L%((0,T); L*(R)), fow € L*((0,7); L*(R)).
The estimate (2.35) gives
f2€L*((0,T); H'(R)).

As \(t)=—f.(p(t),t) this also means X € L%((0,T)).
We continue by stating an explicit formula for f, using again Duhamel’s principle.

_lz—y?

1
e at d
Vi f1(y)dy
|z —y|?

[ s
- [Deplo) - ay ) as

Now we use this representation of f to calculate the masses My and M_. In analogy
0 (2.31) and (2.32) we obtain:

(\/)4_—1/ e
e " dufr(y)dy

1t (t)\/m Y , (2.38)
L 4(t—s) _u_ ’
+ﬁ/o )\(s)/R A“) o T dudy'ds
4(t s)
and
M :/ fz,t)de= / / —u* dufr
+ o(t) \/— (t) y ( )
P —p(s)ta—y’ (2.39)

1 Vat—s) _% /
+ﬁ/0 )\(s)/R ﬁ(t) s dudy'ds

Va(t—s)

Assume now that D ELl(R) and that there exists a sequence t,, /" Thqr as N — 00
such that p(t,)—oc as n—oo. Since fre€LY(R) and since A€ L2((0,Trnq4z)) We
conclude, by using dominated convergence in both integrals of (2.39) that M, —0
as n—oo. This contradicts mass conservation on [p(t,),00). If p(t,)— —oco as
tyn /" Timax We proceed analogously with the formula (2.38) for M_. O

THEOREM 2.8. Let (A1), (A2) hold, L f; in L*(R). Then either
1) Tmaz =00,
2.) —oo<p~:=liminf; -, . p(t) <limsup, -5, p(t)=:p" <+o0.
Furthermore if 2.) holds, then f=0 in the interval (p~,pT).
Proof. We first note that all previous results for equation (1.3) also hold for (2.33).
Thus combining Theorem 2.6 with Lemma 2.7 we conclude

—oo < liminf p(¢) < limsupp(t) < +oo (2.40)
t,/ Tmax t,/ Tmax
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if Tyyqz is finite. We continue by showing that f € C([0,Tiaz;C(R)). First we reiterate
that f, € L2((0, T4z ); HY (R)). Next we notice for € L2((0,Tynaz); L?(R)) from which
we conclude fyzz € L2((0,Timaz); H1(R)) and thus

fot = fawa + A)(D'(x —p(t) +a) = D' (z = p(t) — a)) € L*((0, Timas); H ' (R)).
We now use Theorem 3 from [2, Section 5.9, p. 287] to conclude
fo €C([0,Tnaz]; L*(R)).
Since it is easy to show that f€C([0,Tynaz]; L*(R)) we obtain
FeC((0,Tnas]; H' (R)).

As in one dimension the space H' can be embedded (via Morrey’s inequality) into a
space of (Holder) continuous functions, we finally conclude

f€C([0,Tinaz];C(R)). (2.41)

To prove that f(x,Tyaz) =0in (p~,pT), we first fix z € (p~,p™) and choose a sequence
t, such that ¢, " Tyaes as n—oo and f(z,t,) <0 for all n (note that there is a
sequence T, /" Taz s n— 00, such that p(7,) =z and f(x,t) >0 for t € (Tag+1,T2k+2),
f(x,t) <0 for ¢ € (19;,721+1)). Then we conclude, by the continuity of f, that

f(maTmar) S 0.
Analogously, we obtain f(z,Tinq) >0 and thus
f(maTmar) =0 Vze (p_ap+)'

O
COROLLARY 2.9. Let (A1), (A2) hold and additionally f;€ H?(R). Then, A(t)—0
ast /" Tmaz-

Proof. 1Is is a simple exercise to show that fe€C([0,Tqz); H?(R)). Thus
f€C([0,Thas);CH(R)). Since f(z,Tmas) =0 for x € (liminf, -7, . ,limsup, -z ) the
statement follows. O
The existence-uniqueness theory presented in this paper does not exclude the oc-
curence of a ’fat’ free boundary in finite time. Although f(¢) approaches f(Tiqz) in
a very smooth way, the local existence theorem cannot be restarted at ¢t =T}, since
no uniquely defined initial value for the free boundary p can be found to solve the
integral-differential system (2.17a), (2.17b). In fact, this can be dealt with by looking
for weaker solutions in the framework of nonlinear semigroups, i.e. by employing an
implicit Euler-type time discretization of the form

w_ n+1+)\n+1(D(m_ n+1 —D(x— n+l
where [ = f(t,), A"~ \(t,) and p™ = p(t,) with ¢, :=nAt for some At>0. It has to
be shown that - given g™ appropriately - the elliptic equation (2.42) can be solved
for fr+l ptl with Antl:=— f2+1 Thus we consider (following [7]) the stationary
problem, for x> 0:
d2
KA f——==g+AND(x—p+a)—D(x—p—a)) (2.43a)

dr?
f(z)>0ifxr <p, f(z) <0ifz >p. (2.43b)
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Here, k2 = ﬁ, where D denotes either the Dirac delta or an approximation (as above).
Furthermore g is a given smooth function (which can be thought of as the result of
the previous iteration). We proceed as in [7] and write down the solution of equation

(2.43a) via convolution with the Green’s function of —;—:2 +r2) e

1
%e*“‘w‘. (2.44)
In the case where D =4, we obtain
A —k|z—p+al —k|z—p—al
f=G+%(e p+al _ g=rla—p ) (2.45)

with G:ie*“m*g. We notice f(p)=G(p) and therefore p can be determined
]

uniquely as long as G has exactly one zero. To determine A= —3%(p) we differen-
tiate (2.45) and set x =p. Thus
af dG o df
—(p)=— me—(p). 2.4
o P) = 7 () +e7™ o (p) (2.46)

This equation can be solved to obtain %(p), as e "¢ <1

REMARK 2.10. In the case where D is an approzimation of the Dirac delta, equation
(2.46) has to be replaced by

ﬁ(p) _ C;_G(p) 1 /a D.(2) (erc(z—a) _ e—fc(z+a)) dx %(p) (2.47)

Ox ) 2),

=:A(k)

A(k) s, for k>0 strictly less than 1 as A(0)=1, lim, 1o A(k)=0 (since
JeD(z)dz=1) and A is decreasing. Thus, this equation can be solved to obtain

What is left is to show that G really has only one zero, even if g has a ’fat’
zero(-interval). The case when g has a unique zero in R was dealt with in [7]. We
proceed similarly but assume that there are —co <p<p< +oo and g(x) >0 for z <p,
g(z)=0 for p<z<pand g(z) <0 for z>p. We calculate: -

B o0
2nGila) = [ Mg )y~ [ e gy
o p
For x >p we obtain

P 00
/ e*”””*y‘m(y)dy—/ e MNevl|g_(y)|dy

—00 D

p

P v =
e (7 vatan- g lan-e [T eNlg i)
— o D x
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For z <p analogous calculations lead to

» oo
/ 6**'$*y'g+(y)dy_/_ e Mg (y)|dy

— 00 D

T P >
=M <e_2)‘z/ e”’g+(y)dy+/ €_Ayg+(y)dy—[ e_)‘y|g_(y)|dy).
P

— 00 x

=:S_(z)

We have

x

St (a) =222 [ Mg ()ay

— 0o

S () =2 [ e Mg (@)ldy

and thus S_(z) is decreasing for x <p, S, (z) for x >p. Furthermore, we have

sp=ee [ " g (y)dy— / " g (y)ldy (2.48)
5. [ " g (y)dy— P / " e Mg_(y)ldy (2.49)

Now, we can state
LEMMA 2.11. Let D(x)=06(x) or let (A2) hold and

>0, z<p,
9(x)§ =0, =€[p,pl,
<0, z=z>Dp.

Then, under the additional assumption

) o0 » o0
/ e Mgy (y) dy—[ e‘Aylg—(y)ldy>0>/ Mg (y) dy—/ Mg (y)| dy
—oo P —00 P
(2.50)
there exactly exists one p € (—o0,00) such that
G(5)=0.

Proof. First we notice that (2.50) means precisely S_(—o0)>0>S54(c0). Aslo,
note that for z € (p,p) we have

B oo
9 G(x) = / ety (y)dy— / =3l g_(y)|dy (2.51)
- :
2 oo
:e*”/ e*yg+(y)dy—e”/_ e Mg (y)|dy (2.52)
N i

= H(x). (2.53)
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By differentiation we conclude H’ < 0. Using (2.48) and (2.49) we find

S_(p)=e"LH(p), (2.54)
Sy (p)=e"PH (D), (2.55)
and thus
sgnH (p) =sgnS_(p), (2.56)
sgn H (p) =sgn S5 (p). (2.57)

Now we consider the following cases
case 1 S_(p)<0.
We imediately conclude (as S_ is decreasing) that there exists a p € (—o0,p]
sucht that -

S_(p)=0 and H(p)<O0. (2.58)

Since H' <0 we conclude H (p) <0 and thus S4 (p) <0. Since ', <0 on (p,00)
we finally obtain that there exists exactly one p such that G(p)=0.
case 2 S_(p)>0.
First we notice that in this case S_ >0 on (—oo,p) and that H(p)>0. We
also reiterate H' <0 on (p,p). Now there are two possibilities:
case 2a H(p) >0 and thus S (p) > 0.
Since St decays on (p,00) and since S4(00) <0 we conclude again that

there exists a p € [p,00) such that
S+ (p)=G(p)=0. (2.59)

case 2b H(P) <0. Then we conclude in the same way as in 2a) that there is a
P € [p,p] such that G(p) =0.
Putting all these cases together we finally obtain that there exist a p € (—o00,00) such
that

G(p)=0.

d

Thus, at least in the implicit Euler discretized framework, a fat free boundary is
smoothed out after a single time step. This is the basis for proving that the solution
of the free boundary problem (2.23), (2.24) can be extended beyond, albeit as a
mild solution according to nonlinear semigroup theory. To be precise, it has to be
shown that the constraint (2.50) is maintaned by the discrete evolution and that the
discretisation converges to a mild solution of the FBP. This programme has already
been outlined in [7].

3. Numerical Results For actual numerical computations there is no need to
use the fully implicit scheme presented in the previous section. Instead, we use an
implicit-explicit scheme to solve (1.3) on a bounded domain. Let f; and pg denote
the initial data satisfying the compatibility condition (1.4). Then

1. Solve (1.3) for f(x,t;), given p(t;_1),
2. Update the free boundary p(t;) such that f(p(t;),t;)=0
3. Set j=7+1, go to 1.
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Equation (1.3) is discretized in space using a finite difference method, where the
convection term 8—£( (t),t) is approximated by its upwind difference quotient. The
resulting ODE system is solved using an implicit Euler method, resulting in the fol-

lowing numerical discretization at x =z, and t=t;,1

f”l j fﬂﬁ 2fa+1+fg+1
- 221 12 (3.1)
: »
— 7 [ R e T +alea) S

where Q(mn): (5(xn_p(tk—1)_a)_(s(xn_p(tk 1)—|—CL)) q+ :maX(Q7O)7 q =
min(g,0) and k denotes the index such that f(p(tx—1),t;)=0. Here h denotes the
mesh size, T the time steps of the implicit Euler method. The Dirac § is approximated
by a Gaussian

1,2
T e2
5\/—

where ¢ is chosen such that §(a)=8(—a)=107°.
PROPOSITION 3.1. Let p(tj—1) be given and f(p(tj—1),t;)=0. If T <2kmax(q), then
the matriz defined by (3.1) is strictly diagonally dominant, hence regular.

Proof. The function ¢(z) is positive on [p(t) —2a,0), negative on (0,p(t)+ 2a] and
has a compact support on [p(t) —2a,p(t)+2a]. Therefore we consider the following
different cases. If x, <p(t)—2a then ¢(x,) equals zero and (3.1) is the standard
discretization of the heat equation. If z,€[p(t)—2a,0) then ¢(z,)>0 and if 7<
2hmax(q) then

dc(z) =

laiil > "las]-

i#]

The same argument holds for z,, € [0,p(¢) +2a), therefore the system matrix is strictly
diagonally dominant. O

3.1. Numerical Experiments on Large Domains In this Section we present
long-time numerical experiments on large domains to illustrate the behaviour of so-
lutions on the unbounded domains. We observe that depending on the initial masses
M or My, the price p(t) either decreases or increases with a rate proportional to v/%.
We choose ©=[—400,400], discretized with a non-equidistant mesh of meshsize hy =
1073 in z € [p(t) — 4a,p(t) +4a] and hy =1 for x € [-400,p(t) — 4a) or = € (p(t) + 4a,400]
and a=1. We solve the discrete scheme (3.1) on the time interval [0,400], with time
steps 7=5x 1073, The initial datum we chose is

1076 for x € [—400,—-1)
fr(z) =1 2.22220% — 0.222202 — 2.4444z  for x € [~1,1.1]
—1076 for z € (1.1,400]

with initial masses M7 =0.5927 and M5 =0.7642. The evolution of the price p(t) is
depicted in Figure 3.1. In fact the price p(t) is proportional to v/%.

In the second example we choose an initial guess with My < My, given by fr(z)=
0.588223 +0.0588x2 — 0.5294x on the interval (—1,0.9) and f;(x) =41075 outside this
interval. All other parameters take the same values as in the previous example. Since
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Evolution of p(t) in time

05 1 15 2 25 3 35 4
Time steps 4

F1G. 3.1. Evolution of the price p(t) in time for M1 < Ma
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F1G. 3.2. Ewvolution of the price p(t) in time for My > Ma
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M;=0.1373 and M, =0.1037, the price increases again proportionally to /¢, which
can be seen in Figure 3.2.
Note that the second derivative of f at  =pg determines the initial direction of p(t),

since

p(t):_%v fIww(pO):O

Therefore we can construct examples, where the price is not monotonously increasing
or decreasing in time. We choose the following initial guess

depicted in Figure 3.3(a).

105 for x € [~100,—3.1547)
—1.52% -6z —4 for x €[—3.1547,-1)
fr(z)=< —2.52% - 322 -z for z€[—1,0.1)
1.0712% —2.1422+0.071  for 2 €[0.1,1.96)
-107° for x €[1.96,100],

The function f; is concave at £ =0, but M; > Ms. Due

to the negative curvature of f; at £ =0, the price p(¢) initially decreases, but since



24 On a parabolic free boundary equation modeling price formation

My > Mo it starts to increase after some iterations. In this example we are only
interested in the initial behaviour, therefore we choose € =[—100,100] and calculate
the first 400 time steps with 7=25x 1073, The evolution of the price p(t) is depicted
in Figure 3.3(b).

Initial guess (x.0) Evolution of the free boundary p(t) in time

15+

05

p(t)
°
5

-05f

-1
10 -8 -6 -4 -2 0 2 4 6 8 10 0 50 100 150 200 250 300 350 400 450
x Time t

(a) Zoom of initial guess fr(x) (b) Evolution of p(t)

Fi1c. 3.3. Non-monotonous behaviour of p(t)

3.2. Numerical Experiments on Bounded Domains Finally we would
like to illustrate the behaviour of solutions on bounded domains. Here the solutions
converge quickly to their stationary state, which can be calculated explicitly using
(1.5).

We choose 2=10,1] with an equidistant mesh of meshsize h=10"3 and a temporal
meshsize 7 =1073. The initial data is given by the cubic polynomial

f1(x) = 145.8332° — 233.33322 + 87 5z,

which has the root at £=0.6. Therefore po=0.6 and the initial masses are M; =
3.675 and My =1.2443. The parameter a is set to 0.1 and "72 =1. To ensure the
mass preservation property, system (1.3) is supplemented with homogeneous Neumann
boundary conditions at =0 and z=1. Figure 3.4(a) illustrates the evolution of
the density f(x,t) in time. The solution converges quickly to the stationary profile
given by (1.5). The numerically calculated price ” converges” towards p(t) =0.709 (see
Figure 3.4(b)), the stationary price calculated from (1.5) is given by pstar =0.71.

In case of symmetric initial data the moving boundary is constant in time, i.e. p(t)=po
(cf. [4]). In order to test the numerical method we choose fr(x)=sin(27z) and the
same discretization in space and time as in the previous example. The evolution of
f(x,t) is illustrated in Figure 3.5(a). As expected the numerically calculated price
p(t) is constant in time, see Figure 3.5(b).
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