TANGENTIAL TOUCH BETWEEN FREE AND FIXED
BOUNDARIES IN A PROBLEM FROM
SUPERCONDUCTIVITY
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ABSTRACT. In this paper we study regularity properties of the free
boundary problem

Au = x{|vu£0} In BY, uw=0on By N{z =0}

where B = {|z| < 1,21 > 0} and B; = {|z| < 1}. If the origin
is a free boundary point, then we show that the free boundary
touches the fixed boundary {x; = 0} tangentially.

1. INTRODUCTION

The aim of this paper is to analyze the regularity of solutions and
the behavior of the free boundary near the fixed one for a certain type
of free boundary problem. Mathematically the problem is formulated
as follows. Suppose we are given a function u such that

(1.1) Au = x{vuzo} in By, in the sense of distributions
' u=>0 on I N By,

where B = {|z| < 1,2, > 0}, B; = {|z| < 1} and II = {z; = 0}.
Let us denote Q = Q(u) = {|Vu| # 0}, A = Au) = {|Vu| = 0},
[(u) = {z : |Vu(z)| = 0} N0 the free boundary and I'*(u) = I'(u) NII
is the set of contact points (see Figurel).

Note that from classical elliptic regularity theory we have that the
solutions of the problem (1.1) are in the space C1%, for some 0 < o < 1.

The main point of interest in this paper is to investigate the question,
“How do the free and fixed boundaries meet?”
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FIGURE 1

Notations. We will use the following notations:

RZL_ {l’ERnZ$1>O},

R™ {r e R": x1 <0},

B(z,r) {r eR": |z —z| <r},

Bt (z,r) {x e R} N B(z,1)},

B~ (z,r) {r e R® N B(z,1)},

B, B(0,r),

By B0, ),

B B(0.7).

I, TI(z,r), IL. {reR": 2, =0}, IINB(zr), I(0,r),
Il 1o supremum norm,

€1,y...,En standard basis in R",

v, e arbitrary unit vectors,

D, D, first and second directional derivatives,
vy, U max(v,0), max(—wv,0),

XD the characteristic function of the set D,
oD the boundary of the set D,

£ = Q(u) {IVu| # 0},

A = A(u) {IVu| =0},

I'=T(u) {z : |Vu(z)| = 0} N 09Q,

I (u) I'(w) NI

Free boundary problems, where Au = X{jvuj0}, appear for instance
in connection with super-conductivity (see [6], [10]). In [8], [9] the
authors investigated the problem for the “interior case,” i.e. when the
problem is considered in the full ball and there is no fixed boundary.

A similar problem but with a restriction v = 0 on {|Vu| = 0} has
been considered earlier by H.Shahgholian and N.N.Uraltseva in [14].
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There the authors have used and developed further a technique, which
mainly uses global analysis as in [5], [7] and allows one to gain stronger
results in problems with no sign assumption on the solutions.

The elimination of the condition u = 0 on {|Vu| = 0} generates a
number of difficulties in the application of the technique in [7], [14].
One practical difference is that we no longer have u vanishing on the
free boundary, and this appears in the technical parts of the proofs.
A simple example is that when scaling we have to take into account
the value of the function at the free boundary points. Also, some of
the most crucial tools for the application of the methods required new
proofs. One example is Lemma 2.5. Another example, which is prob-
ably the most important part of this paper, is the second part of the
proof of Theorem B. Here new geometrical ideas has to be employed,
and these ideas are illustrated in the proof of Lemma 4.2.

Definition 1.1. (Local Solutions) A function u belongs to the class
PH(M), if u satisfies:

(1) Au = xqjvuz0y in B;f, in the sense of distributions,

(2) u=0on II,

(3) Nlulloe gy < M.

Observe that P (M) is invariant under rotations of coordinate sys-
tem, that leave e; unchanged.

Definition 1.2. (Global Solutions) A function u belongs to the class
P (M) if u satisfies:

(1) Au = x{vuz0} in RY in the sense of distributions,

(2) u=0onlI,

(3) Ju(z)] < M(|z[ +1)%

We will also need the definition of solution in the whole ball.

Definition 1.3. A function u belongs to the class P,(M), if u satisfies:
(1) Au = X{vuz0} in By, in the sense of distributions,
(2) llulloo,5, < M.
Let us introduce the following notations:
Pr0,M):= {uePF(M):0eTl},
PE(0,M):= {ue PL(M):0eT},
P.(0,M):= {ueP.(M):0eTl}.
In the first section we prove C''-regularity of the solutions up to By /2N

IT (see Theorem A) . Then we classify global solutions in R} := {z; >
0}. Here we encounter some surprises, in contrast to the problem
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Solution b) 1. Solution b) 2. Solution b) 3.

FiGure 2. This figure illustrates three examples of
global solutions for the problem considered in R?, which
we get under the conditions of Theorem B b), that is for
the case when 2 # R%

studied in [14]. We show that global solutions are either polynomials
(depending on two variables) or one dimensional. The latter will itself
give three different types of solutions (see Theorem B). Finally we prove
our main result, which asserts that the free boundary touches the fixed
one tangentially.

Theorem A. Ifu € P;"(0, M), then there is a constant C = C(n) such
that

(1.2) sup | D;;u| < CM.

+
By

Theorem B. Let u € P}Y(M). Then, in some rotated system of
coordinates which leaves e, unchanged, the following holds

a) If Q = R, then

2

x
u(z) = ?1 + ax11o + oy, with a,a € R.

b) If Q # R, then u depends only on x; and has one of the
following representations:

(1) u(x) = (zlgb)i, for b > 0;

(2) u(x) = W, for a > 0;

(3) u(z) = (ml_a)zJ’(;l_b)i_aQ, for some 0 < a < b.
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Theorem C. There exists ro = ro(n,M) > 0 and a modulus of
continuity (o (07) = 0) such that if u € P;"(0, M), then
(1.3) NN B, CA{x:x; <o(|z])|x|}.

2. SOME USEFUL ToOOLS

Monotonicity Formula
As is common for these types of problems, the following monotonicity
formula will be very useful for us. For a function v let us define

I(r,v,2°) = /B Mdm

(z0,r) |J] - ‘T0|n_2 ‘

Theorem 2.1. [1] Let hy, hy be two non-negative continuous sub-
solutions of Au = 0 in B(x°, R). Assume further that hihy = 0 and
that hy(x®) = hy(z%) = 0. Then the following function is monotone in
r(0<r<R)

1
(2.1) ©(r, hy, hy,2%) = —1(r, hi,2°)I(r, ho, 2°).
r
Moreover, if any of the sets supp(h;)NOB(2°,r) digresses from a spher-
ical cap by a positive area, then either ¢'(r) > 0 or ¢(r) = 0.
We use the abbreviated notations ¢(r) = ¢(r, hy, he) = @(r, hy, hs, 0).

Odd Reflection

In order to be able to use the monotonicity formula, in some cases we
extend PF(M) to the class P*(M) of functions that are defined in the
whole B,:

N ] ulzy, e, x) for 1 > 0,
(2.2) (21, B, .-, Tn) = { —u(—x1,29,...,x,) forx; <0,
We also set
Q- = {(x1,29,...,2,) € B, : (—x1,29,...,2,) € Q},
Q = QuQ.

Definition 2.2. A function u (not identically zero) belongs to the class
P*(M), if u satisfies:

(1) Au= xq — xXo- in B,, in the sense of distributions ,

(2) |Vu| =0 in B\,

(3) u=0onII,,

(4) [lulloo,B, < M.
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We also define P*(0, M) as a subclass of P*(M) for which the origin
belongs to the free boundary.

Lemma 2.3. If u is a solution of problem (1.1), then for all 2° € T
and 0 < r < dist(z°, 0B) we have

(2.3) sup  u > u(a).
B+ (z0,r)

Proof. For 2° € T\I'* we may apply the strong maximum principle to u
in QN BT (2% r) to obtain the result (u cannot be constant in BT (2%, r)
since 2° € 99Q). Next let 2° € T*. We know that Au > 0 in BT (2%, r).
If suppg+ (g0, u < u(z?), then by Hopf’s lemma type argument we have

g—;(xo) < 0, which contradicts to [Vu| = 0 on I'*. Here we have used
that u € C1(B; ), for some 0 < o < 1. O

Blow-Up and Non-Degeneracy

For a function u, point 2° € I'(u) and r > 0 we consider the following
scaling

u(rz + %) — u(a?)

r2

up(z) =

Remark 2.4. If uw € P (2 M), | Dijul| < CM then
us(x) € Pi(0, M),

Qus) = Qy(u),
Alug) = Ay(u),
L(us) = Ty(u),

where Fs = {z : sz +2° € E} for any set F.

The uniform limit of u,; when r; — 0, is called blow-up of u.

Obviously, if u(z) = u(z°) + o(|z — 2°?) then the blow-up limit of
u will degenerate to be identically zero. The following lemma shows,
that in our problem we have non-degeneracy:

Lemma 2.5. [8] If u € P (0, M), 2° € QN By, such that u(2") > 0,
then
(2.4) sup u > u(2°) + Cr?, for all r < dist(z°,0B,),

B+ (z0,r)
where C = C(n). If u(z") < 0 then (2.4) holds with smaller C,,
provided B(z°,r) C By .

Proof. We will consider the cases when u(z°) > 0 and u(2°) < 0 sepa-
rately.
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Case 1. u(z’) > 0. We can assume that z° € QN By s, since if (2.4)

holds for all 20 € 2N By 5 then it will be true also for all 2° € QN B, js.
Let us set

1
(2.5) v(x) = u(z) — u(z?) — 2—]95 — %2
n
There exists 2! € B+ (20, r) such that the following holds:
(2.6) v(z') = sup .
Bt (x%r)

To prove this case, it is enough to prove the following two steps:
o v(zt) >0,
o ' € OB (20, r)\II(2, r).

The first step simply follows from the fact that v(z!) > v(2°) = 0.
To prove the second step assume z! € BT(2° r). Then from (2.6) we
have |Vu|(z') = 0. Thus by (2.5)

(2.7) (Va)(z) = %(xl _ a9,

Now, if z! # 20 then (Vu)(z') # 0, i.e., 21 € Q. But Av > 0 in
2 and (2.6) together with maximum principle gives us that v(z) =
constant =: C'in Q N B+(20,r). Particularly, C = v(2°) = 0 so we
have u(z) = u(z°) + L]z — 2°? and (Vu)(z) = L(z —2°) in QN
B (2% r). Without loss of generality we may assume that there exists
y € 00N B* (2% r). Indeed, if such an y does not exist, then we have
Bt (2%, r) € Q and thus u(z) = u(2°) + 5= |z — 2°% in BT (2°,r), which
implies (2.4).

Thus we get |[Vu(y)| = +|y —2°| # 0, which is a contradiction, since
|Vu| =0 on 09.

If z1 = 2°, then again 2! = 2° € Q which contradicts to (2.7). Thus
we have z' € 9B* (2%, r).

Finally, if z! € TI(2°,r), then because u(z°) > 0, we get the following
contradiction 0 > v(x') > v(z%) = 0.
Case 2. u(x°) < 0. The proof of this case is essentially the same as the
proof of the previous one, except we do not have 2! € TI(2°, r), which
was the only occasion when we used the nonnegativity of u(z?). O

3. PROOF OF THEOREM A

First let us extend u from the class P to the class P; by odd
reflection, as in (2.2). Set

Sz u) = max fu(z) — u(z)].
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It is enough to prove the following lemma:

Lemma 3.1. There exist a constant Cy depending only on n, such that
Jor every u € Pf(0,M), j € N and z € I'(u) N By 2

(3.1) S;ii1(z,u) < max{S;(z,u)272, CoM2~%}.

Proof. If the conclusion in the lemma fails, then there exist sequences
{u;} € P(0,M), {2} CT(u;) N Byye, {k;j} CN, k; / oo such that
Sky+1(2j,u5) > max{S;(z;,u;)27%, Mj27*%}  VjeN.

Observe that u; € Py(0, M) implies

{ X9, if z; >0,

Auj = —Xo- if 21 <0.
J

Now consider the following scalings

iy(a) = B L2 00D — 1(5)

Sk;+1(25 u5)
The following results can be obtained by computation like in [14]:
Sk; (2j,u5)
Skjil(zjvuj) <4,
b ||uj||00731/2 =1 )
* 14;(0) = [V (0)] = 0,

o ||AG|loo,s < ;—1. — 0, when j — oo.

in Bl-

o ||t =

By compactness there exists a subsequence of {@;} converging to a
function ug in W2?(B;2) NCH*(By2). We have ug(0) = [Vug(0)| = 0.
For the renamed converging subsequence u; set

V= DQUQ, v = Der, 73]' = Deﬂ/ja
where e is a fixed direction orthogonal to e;. Obviously we have that
v is the C%* limit of the sequence v; in By, ’U;t(O) =0 and Avj-c = 0.
Next we will use the monotonicity formula (2.1) for the sequence {v]i}
to get

1 _ )
(3.2) rﬁ/ |Vv;-r|2/ Vv, ?<C vrj,
B B

where C' depends only on M. From here, using Poincare inequality and
letting j go to infinity we obtain

(3.3) ot — M2 | |97 - M =0,
B1

B1
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where M* is the mean value of v* in B;. Since v(0) = 0, from (3.3)
we have that either of v* is 0. Using the maximum principle we get
D.uy = v = 0. This means that uy depends only on the z; direc-
tion. Since it is harmonic and has a second order growth, we obtain
uo(z) = azxy + b. Finally uy(0) = u;(0) = 0 brings us to the statement
that ug = 0, which contradicts [|@;|e,p,, = 1, Vj. O

From this lemma we have the following inequality:
lu(z)| < CMd(z)?, d(z) = dist(z,090),

for the points in B/, that are close to I'. This together with elliptic
estimates for the points close to 92 N1l gives us sup Bf, |D;jul < CM.
1/2

Remark 3.2. The free boundary has zero Lebesgue measure.

This can be checked similarly as it is done in [5] (see also [7; General
remarks]). Only the non-degeneracy and C*! properties of the solution
are used in the proof.

4. PROOF OF THEOREM B

The first part of the proof consists of using the quadratic growth of
solutions to show that they are two dimensional. In the second part
we solve the problem in two dimensions.

Lemma 4.1. [14] The global solutions are two dimensional.

Although the proof is very similar to what is found in [14], for readers
convenience we will give an outline here. See [14] for more details.

At first we fix a direction e orthogonal to e; and consider (D.u)*.
Since (D.u)* vanish on II, we can extend them to the entire space R"
defining them as zero in R . Then, using the results of Theorem A, a
compactness argument and monotonicity formula (2.1), we obtain that
D.u doesn’t change sign. Assume it is non-negative (the non-positive
case can be treated similarly), then by strong maximum principle we
get that on connected components of €2, D.u must be strictly positive
or identically zero. If D.u is zero for all directions orthogonal to ey,
then u is one dimensional, so we have the representation b). If there is
a direction e orthogonal to e; such that

(4.1) Dou > 0,

then it can be proved that u is two dimensional on every connected
component of €2. Thus it is enough to consider the two dimensional
problem. We treat two different cases.
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Case a) When 2 = R’} . Then, since 9 has zero Lebesgue measure
(see Remark 3.2), Dyu is harmonic in upper half space and vanishes on
IT, so we can continue it harmonically by reflection into entire space.
Using Liouville’s theorem and the quadratic growth of v we can con-
clude that Dyu is linear. Simple calculation then gives us the desired
result.

Case b) When Q # R%.. Then the interior of A is non-empty and we
can take a ball B(z° 2R) C A(u). Denote

K(2° R) := {(z1, 22 — s) : (z1,12) € B(2°, R), s > 0}.

We claim
NNK( R) =10

Suppose this fails, and let y € 9Q N K(z° R) (see Figure 3). Let also
u = C) in the connected component of A(u) that contains z°. From
Dou > 0 (see (4.1)) follows that u < C) in K(2°,2R). Using the
strong maximum principle (u is subharmonic) and that u(y) = C; we
conclude that u = Cy in B(y, R), which contradicts the assumption
y € 0. Hence K(2° R) C A(u).

In order to prove that w is one dimensional, let us extend u to a
function @ defined in the whole space R? as in (2.2). Then for Dyt we

will have:

. | Dou(zy, ) in Ri,
(42) Dytifzy, 2) = { —Doyu(—z1,79) in R%.
We next consider the blow-up of 4 at 0o @e(7) = lim,, o U, ()

where, as usual, r; /" oo and 4, () = @(r;x)/r;. Also observe that
by the definition of global solutions 4, is bounded. Writing the mono-
tonicity formula for functions (Dyi)* we get:

(4.3)  o(r, Doti) < @(rj, Dott) < lim (rj, Dott) = (1, Daline) = C

for 0 < r < rj. Next, let us observe that for a fixed s > 0 the following
holds

O = lim QO(ST’j, D2ﬂ) = lim SO<S7 DQQT]') = 90(87 -D2I~LOO>

ri— Ti—

Hence ¢(s, Datis,) = C = constant for all s > 0.
In order to complete the proof of the theorem we need the following
lemma.

Lemma 4.2. For any s > 0 we have
(s, Dalin,) = C' = 0.
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Proof. We prove the lemma by a contradictory argument. Let us
assume there exists s > 0 such that (s, Dalin,) = C and C # 0.
First we observe that Dyli > 0 in R%. Since otherwise (by maximum
principle) there exists a ball B(yo,t) C {R3 \ supp(Dating)t}, t > 0.
Also we have that supp(Datiee)™ N OBy, (0) digresses from a spherical
cap by a positive area. Then the monotonicity formula applied for
(Do@)* on the ball By,(0) implies that ¢(|yo|, Daties) = C = 0, which
is a contradiction. Also notice that suppDaii,, = RZ implies Q(to) =
R?. Just like in case a), we have that G (z) = %% +axi1x9+axy, where
a,a € R. Also Dytis, > 0 implies that a > 0. To get a contradiction,
it is enough to prove that Dil, is zero at two different points (0, z'),
(0,2") of II. Indeed, assume D;l(0,25) = 0 and D;l(0,25) = 0,
then we have ax’ = o = az”, and the only possibility is that a = 0,
contradicting Dyu > 0.

Let us now show that there exists two different points on II, where
D1l is equal to zero. In fact one can prove even more. Namely |V|
vanishes on ITN {zy < 0}. Recall that we have B(z° R) C K(2°, R) C
A(@). Denote

1 R 1
K, =K (—xo, —> and [; := {—SL‘O — sey, €9 = (0,1), s> O} )

Ty r'j r'j

FIGURE 3

Fix an s > 0 and consider the sequence y; := 2"/r; — ses. Obviously,
y; € l; C K,; C A(@,,). Recalling that @,, converges to s in (Wif N
CL) (R UTD), we get

Vi (0,—s)| =0, Vs > 0.

This completes the proof of the lemma. U
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Finally, using (4.3), (4.2) and positivity of Dyu in R% we have

1
0= ¢(1, Dalin,) > @(r, Do) = ﬁ] (r, (Dgﬂ)+,x0) I (7‘, (Dgﬂ)_,mo)

-4 (], B ] Moy

_1 / |V (Dyu)Pda\?
o Bt |z |2 7

for any » > 0. This gives us |VDou| = 0 in R%. Hence Dou =
constant = Dyu(0) = 0. Therefore we get u is one dimensional. Simple
calculations combined with C'%® regularity of the solutions accomplish
the proof of the theorem. O

o~

5. PROOF OF THEOREM C

It is enough to check that for every given ¢ there exists p = p. such
that for all 2° € 9Q N B

(5.1) 2’ € BY\K.,

where K. = {z : x; > (22 4+ ... + 22)/2}. Then we may choose
ro = pge=1} and o given by the inverse of € — p..

Conversely, suppose that (5.1) fails, then there exists a sequence
uj € P (0, M), 27 € 9Q(u;) N B}, such that p; — 0 and 27 € Bf NK..
Now, for every scaled function @;(x) = u;j(x|z?])/|2?|* we have a point
%/ € K.. There exists converging subsequences of 4; — ug and &/ — z°
such that 2° € K. N9B;. Since 2° € I', 0 € T, and wuy is a global solu-
tion we have a contradiction to Theorem B. 0
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