
Worked Example
Decomposition of Second Rank Tensors

Consider an elastic body subjected to a simple shear, so that the displacement u at a
location x = (x, y, z) is given by

u = (γy, 0, 0)

for some constant γ. Consider the differential of the displacement, ∂ui/∂xj , which is
given by the matrix  0 γ 0

0 0 0
0 0 0

 .

We can decompose this tensor into symmetric and anti-symmetric parts,

∂ui

∂xj
=

 0 1
2γ 0

1
2γ 0 0
0 0 0

 +

 0 1
2γ 0

− 1
2γ 0 0
0 0 0

 ,

in which the symmetric part is just the strain tensor eij . The anti-symmetric part can
also be written in the form εijkωk where ! = (0, 0, 1

2γ).

This decomposition corresponds to writing

u = (γy, 0, 0) = ( 1
2γy, 1

2γx, 0) + ( 1
2γy,− 1

2γx, 0).

The first term is a stretch at 45◦ to the (x, y)-axes, while the second is a rotation. In
fact, any vector field u which has zero divergence can be decomposed using this method
into a suitable stretch and a solid-body rotation.
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