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Motivation

So far we considered algorithms that correspond to very short 
MATLAB programs, eg the main part of Euler's method is simply

    x(1) = xstart;
    y(1) = ystart;
    
    for i=1:n
        yprime = x(i)*y(i)^2;
        y(i+1) = y(i) + h*yprime;
        x(i+1) = x(i) + h;
    end

If we want to do something more complicated, we need to 
understand how to build up a longer program, based on simple 
ingredients.

In the next 2 lectures, we discuss an extended example of this

The problem

If the inverse does not exist then our method should notice and return
an error
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You might remember that this can be done by a method called
Gaussian elimination. The method that we use is almost equivalent, it
is called LU decomposition.
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Given an n⇥ n matrix A and an n-vector b (both with real-valued
elements), we want to solve Ax = b to obtain x = A�1b
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Our method will also work if b is a matrix of size n⇥m. If we set b to be

the identity then we obtain x = A�1 (if it exists).
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LU decomposition

Our method is based on a trick, which is to write A = LU

. . . where L is a lower triangular matrix and U is upper triangular
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5 Gaussian Elimination

5.0 Introduction

One of the aims of this section is to write a slightly longer piece of Matlab code, showing how it can
be constructed piece by piece. It is generally easier to write a basic code, and then refine it to make it
more sophisticated.

Remark. This section also illustrates how to write a standard method, in this case [a very close relative
of] Gaussian elimination, in a neater algorithmic form using matrices. Needless to say, matrices are
important; as the abstract of a research seminar given this time last year put it:

‘Functions of matrices are widely used in science, engineering and the social sciences, due

to the succinct and insightful way they allow problems to be formulated and solutions

to be expressed. New applications involving matrix functions are regularly being found,

ranging from small but difficult problems in medicine to huge, sparse systems arising in

the solution of partial differential equations. . . . ’

5.1 LU factorization

5.1.1 Definition

Let A be a real n⇥ n matrix. We say that the n⇥ n matrices L and U are an LU factorization of A if

(i) L is lower-triangular, i.e. Li j = 0 for i < j,

(ii) U is upper-triangular, i.e. Ui j = 0 for i > j, and

(iii) A = LU.

Therefore the factorization takes the form
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5.1.2 Application: solution of linear systems

Let A = LU and suppose we wish to solve Ax = b. This is the same as L(Ux) = b, which we decompose
into

Ly = b, Ux = y.

Both latter systems are triangular and can be solved using forward/backward substitution. Specifically,
first we solve for y; thus

L1 1y1 = b1 gives y1, next
L2 1y1 + L2 2y2 = b2 yields y2 etc.

Then we solve for x by reversing the order; thus

Unnxn = yn gives xn, next
Un�1n�1xn�1 + Un�1nxn = yn�1 yields xn�1, and so on.

Remark. This requires O(n2) computational operations.2105/12
05/13

21 Where, as usual, we only bother to count multiplications/divisions.
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Lij = 0 for i > j

Uij = 0 for i < j

A
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L
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U
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0
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We assume (for now) that this is possible. In fact we assume that it is
possible with Lii = 1 for all i.
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. . . cases where this is not possible are discussed later.
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Solving Ax = b

Suppose Ax = LUx = b. Let y = Ux. Then Ly = b.
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It turns out to be easy to invert triangular matrices. So if we know L
and U then we can obtain y as L�1b and then x as U�1y.
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Plan for writing our program to solve Ax = b.
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2. Assume that A is given and write a function for obtaining L and U .
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3. Deal with cases where A can’t be written as LU (“pivoting”)
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1. Assume that L,U, b are given and write functions for obtaining
y = L�1b and x = U�1y.
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General plan: split a big task into pieces and deal with them one at 
a time.  It's good if the pieces correspond to MATLAB functions

Algorithm for inverting L and U

. . . since we already know y1 we can compute y2
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. . . we already know y1 . . . yk�1 so can compute yk
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We can use a loop to compute y1, y2, . . . , yn
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Ly = b means that
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Second row: y2 = (b2 � L21y1)/L22
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First row: y1 = b1/L11
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kth row: yk =
⇣
bk �

Pk�1
j=1 Lkjyj

⌘
/Lkk
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[if Lkk = 0 for some k then L�1 does not exist and this (usually) fails]
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MATLAB function

function [ y ] = Lsolve( L,b )
%Lsolve: solve Ly = b (for y) where L is lower triangular and b is a vector
% note: it is not checked that L is actually lower triangular
    [bRows,bCols] = size(b);
    [LRows,LCols] = size(L);
 
    if LRows ~= LCols || bRows ~= LRows || bCols ~= 1
        error('Either L or b is the wrong size.')
    end
    if any( diag(L) == 0 )
        error('There are zeros on the diagonal of L')
    end
 
    y = b;
    for k = 1:LRows
      for j = 1:k-1
        y(k) = y(k) - L(k,j)*y(j);
      end
      y(k) = y(k)/L(k,k);
    end
end

Ly = b
<latexit sha1_base64="yzqHslAJ6GbylhmoHyP3rUK2p/E="></latexit><latexit sha1_base64="wR3x3rStI9LNsplalN9M0JrLBIo="></latexit><latexit sha1_base64="wR3x3rStI9LNsplalN9M0JrLBIo="></latexit><latexit sha1_base64="gYD5V0K8yDLBbVo0H4P9Gr2iaDo="></latexit>
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Example:  Lsolve.m 

Testing

A key advantage of breaking up the complex task into functions 
is that we can test each function separately

Tests for the various functions that we write here are given in 
LUtest.m

It's a good idea to test some easy cases, but also to check what 
happens in nasty cases (eg if L and b don't have the right size, or 
L is a singular matrix).



Similar algorithm for U

You might imagine that there is a similar method that works for U . . .
<latexit sha1_base64="Z68t11q4uwDxJka/wP+XcYaq5II="></latexit><latexit sha1_base64="BmNnOXY80nCK59oPwgRIAhcU4ic="></latexit><latexit sha1_base64="BmNnOXY80nCK59oPwgRIAhcU4ic="></latexit><latexit sha1_base64="FgHCiyfeyryr2zoN87InXG+wn2w="></latexit>

We consider the rows in turn, but now starting from the last (nth) row
<latexit sha1_base64="O1d+qyqRwSBPTjNETRP5FjZE2UA="></latexit><latexit sha1_base64="DEAklTGH/eRrRCfk2IxwGA1r23s="></latexit><latexit sha1_base64="DEAklTGH/eRrRCfk2IxwGA1r23s="></latexit><latexit sha1_base64="aXnHyBoQzOUSK4Tf3nC1E7PY2Ec="></latexit>

We solve Ux = y (for x)
<latexit sha1_base64="6JkfkRiiciZdiGiF9UCcatN5+zE="></latexit><latexit sha1_base64="hcuKEAVZ1z7vu/CzwXOxg6hEMGM="></latexit><latexit sha1_base64="hcuKEAVZ1z7vu/CzwXOxg6hEMGM="></latexit><latexit sha1_base64="G0d4u/0fgV5M8+EA2FJdlcCdIeU="></latexit>

kth row: Ukkxk = yk �
Pn

j=k+1 Ukjxj
<latexit sha1_base64="Xxqk//OXVYO4kKy3v69sLW8rNoI="></latexit><latexit sha1_base64="gUt4TuBLolQ89ns/2jTMdp34kOY="></latexit><latexit sha1_base64="gUt4TuBLolQ89ns/2jTMdp34kOY="></latexit><latexit sha1_base64="ESYev7JA2zNiie9PNGN1PyEb6So="></latexit>

Last row: Unnxn = yn
<latexit sha1_base64="MVf+EzKheqS0eH7g/yok6BprRsw="></latexit><latexit sha1_base64="YI/IwYNukjZ0rO9/vzpSYcJwUbA="></latexit><latexit sha1_base64="YI/IwYNukjZ0rO9/vzpSYcJwUbA="></latexit><latexit sha1_base64="GLl+yg3CGtNS/F25lz4u0coRy7w="></latexit>

. . . we know xj for j > k so we can compute xk.
<latexit sha1_base64="8A1ufwL237E5gmtTyVcI7F87YUE="></latexit><latexit sha1_base64="8PigtneAPN2n4Gh10+7avo2ymkI="></latexit><latexit sha1_base64="8PigtneAPN2n4Gh10+7avo2ymkI="></latexit><latexit sha1_base64="D4M1nzOntR6TA9bKz9U3sLx7EiM="></latexit>

Again, use a loop to compute x1, x2, . . . , xn
<latexit sha1_base64="xrYQOveqpJjOXaum0nXieiEWz9U="></latexit><latexit sha1_base64="rA5UIGl7DUvSWmQDCyUksT5We6c="></latexit><latexit sha1_base64="rA5UIGl7DUvSWmQDCyUksT5We6c="></latexit><latexit sha1_base64="sosv7JhDAMOZXZTBnCuebiIFF3g="></latexit>

Matlab translation

function [ x ] = Usolve( U,y )
%Usolve: solve Ux = y (for x) where U is upper triangular
% note: it is not checked that U is actually upper triangular
    [yRows,yCols] = size(y);
    [URows,UCols] = size(U);
 
    if URows ~= UCols || yRows ~= URows || yCols ~= 1
        error('Either L or b is the wrong size.')
    end
    if any( diag(U) ==  0 )
        error('There are zeros on the diagonal of U')
    end
    
    n = URows;
    x = y;
    for k = n:-1:1  % loop downwards from n to 1
      for j = k+1:n
        x(k) = x(k) - U(k,j)*x(j);
      end
      x(k) = x(k)/U(k,k);
    end
end

Ux = y
<latexit sha1_base64="xL9Nj4uDFdgWqSe4e9tDf/Q2Lew="></latexit><latexit sha1_base64="WEPXnpz00Uvr0PEUxvBJEr1OtB4="></latexit><latexit sha1_base64="WEPXnpz00Uvr0PEUxvBJEr1OtB4="></latexit><latexit sha1_base64="xJ/pgZpIER6ykvs1cZY6EtWk9Yw="></latexit>

Example:  Usolve.m 

<latexit sha1_base64="hOeTx8qdX5G1DJj5OjERHqJWa3A="></latexit>
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Combining ingredients

LUx = b
<latexit sha1_base64="AnUpPDGRz94R2OEN0pLuAoxdwsU="></latexit><latexit sha1_base64="zNmMcuKk3gwVfE4bLtJYqdAPEIY="></latexit><latexit sha1_base64="zNmMcuKk3gwVfE4bLtJYqdAPEIY="></latexit><latexit sha1_base64="p2BU+QYntxzb7ZHokZzmelKkvf4="></latexit>

Write y = Ux so x = U�1y and y = L�1b
<latexit sha1_base64="ydccOR5yZxC55trd5Fxmfjb0c5Y="></latexit><latexit sha1_base64="iOlVn4PBFwwHABHbq55Fiz+GvsI="></latexit><latexit sha1_base64="iOlVn4PBFwwHABHbq55Fiz+GvsI="></latexit><latexit sha1_base64="+2ZIKXtC7J62giGytGp4OXlPmQQ="></latexit>

. . . this is the “philosophy of structured programming”

. . . break the task into functions and write each one separately, then
stick them together at the end

<latexit sha1_base64="VEPjuqx77rzQrn7G5Ru+1XPr1Fg="></latexit><latexit sha1_base64="azuelgNwZrySd07mgapu40Z8+J4="></latexit><latexit sha1_base64="azuelgNwZrySd07mgapu40Z8+J4="></latexit><latexit sha1_base64="J1iSeEeOSzrDOm0Z+GIi3VBjYqI="></latexit>

We will see later how to improve our Lsolve and Usolve functions,
but the first job is usually to get something simple that works
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function [ x ] = LUsolve( L,U,b )
%LUsolve: solve LUx=b where U is upper triag and L is lower triag
  y = Lsolve(L,b);
  x = Usolve(U,y);
end

. . . we have done the hard part so this is easy now(!). . .
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Example:  LUsolve.m 

LU decomposition

Assume that this is possible: Aij =
Pn

k=1 LikUkj
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For k = 0, 1, 2, . . . , n� 1, define rank-one matrices M (k) with elements

M (k)
ij = Li,k+1Uk+1,j
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Given an n⇥ n matrix A, we want to find upper and lower triangular
matrices such that A = LU , with Lii = 1 for all i
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The first k rows of M (k) are full of zeros, as are the first k columns
(by the triangular structure of L and U )
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Define also A(k) = A�
Pk�1

r=0 M
(r), with A(0) = A; also A(n) = 0

<latexit sha1_base64="v1ma+Y+mSaBpqtN8YolO9wdoBP4="></latexit>



LU decomposition

∗

+ + +. . .

∗

∗

∗
∗ ∗

∗
∗

∗∗

. . .

∗ ∗

∗∗

. . .A =

M (0)
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M (1)
<latexit sha1_base64="Lv63yaF7zAjRPNS3ES5xIPUAuow="></latexit><latexit sha1_base64="teLr6tZlb8EbITwXXhe5GGeLj1I="></latexit><latexit sha1_base64="teLr6tZlb8EbITwXXhe5GGeLj1I="></latexit><latexit sha1_base64="H/bOfJQUqoOyZv/KORW3Hlivp8k="></latexit>

∗ indicates a non-zero element

Since L11 = 1, the first row of M (0) is the first row of U
(since M (0)

1j = L11U1j)
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Similarly the first column of L is U11 times the first column of M (0),
and U11 has already been computed.
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The first row of M (0) is equal to the first row of A, and similarly for the
first column
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M (n�1)
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LU decomposition

From previous slide, we know the first column of L and the first row of

U . Hence we can compute all elements of M (0) (as M (0)
ij = Li1U1j)
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∗

+ +. . .
∗ ∗

∗∗

. . .A(1) = A�M (0) =
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M (1)
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A(1) is a known matrix, and its second row is the same as the second
row of M (1). . . and similarly the second column.
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Similar to previous slide, the second row of M (1) is the second row
of U , and we can also compute the second column of L
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M (n�1)
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LU algorithm - summary

A(0) = ALet

k = 1, 2, . . . , nIterate

What can go wrong?

In this way, we can work out all elements of L and U :
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Ukj = A(k�1)
kj

Lik = A(k�1)
ik /A(k�1)

kk

A(k)
ij = A(k�1)

ij � LikUkj

j = k, . . . , n

i = k, . . . , n

kth row of U :
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kth column of L:
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subtract M (k�1):
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i, j � k
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This all works (and the decomposition exists) if A(k�1)
kk 6= 0 for all k,

otherwise it fails (see later)
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Matlab
function [ L,U ] = LUdecomp(A)
%LUdecomp: decompose square matrix A as A=LU
% where L is lower triag and U is upper triag
    [m, n]=size(A);
    if m ~= n, error('Input must be a square matrix.'), end
    L=zeros(n); U=zeros(n);
 
    % remember A^(0) is A
    AofK = A;  
    for k = 1:n
        % at this point AofK is A^(k-1)
        for j = k:n
            U(k,j) = AofK(k,j);
        end
        % check that we don't divide by zero...
        if U(k,k) == 0
            error('** A^(k-1)_{k,k}==0 in LU decomp')
        end
        for i = k:n
           L(i,k) = AofK(i,k)/U(k,k);
        end
        % now modify AofK so that we can use it in the
        % next iteration
        for i = k:n
            for j = k:n
                AofK(i,j) = AofK(i,j) - L(i,k)*U(k,j);
            end
        end
    end
end Example:  LUdecomp.m 



function [ L,U ] = LUdecomp(A)
%LUdecomp: decompose square matrix A as A=LU
% where L is lower triag and U is upper triag
    [m, n]=size(A);
    if m ~= n, error('Input must be a square matrix.'), end
    L=zeros(n); U=zeros(n);
 
    AofK = A;  % this is A^(0)
    for k = 1:n
        AofK
        for j = k:n
            U(k,j) = AofK(k,j);
        end
        for i = k:n
            L(i,k) = AofK(i,k)/U(k,k);
        end
        % now modify AofK so that we can use it in the
        % next iteration
        for i = k:n
            for j = k:n
                AofK(i,j) = AofK(i,j) - L(i,k)*U(k,j);
            end
        end
    end
 
end

All together
function [ x ] = Asolve( A,b )
%Asolve: solve Ax=b by LU decomposition
  [L,U] = LUdecomp(A)
  y = Lsolve(L,b);
  x = Usolve(U,y);
end

function [ y ] = Lsolve( L, b )
%Lsolve: solve Ly=b where L is lower triangular
    [n,m] = size(b);
    s = size(L);
 
    if any( s ~= [n,n] ) || m ~= 1
        error('Either L or b is the wrong size.')
    end
 
    y = b;
    for k = 1:n
      for j = 1:k-1
        y(k) = y(k) - L(k,j)*y(1:k-1);
      end
      y(k) = y(k)/L(k,k); 
    end
end

function [ x ] = Usolve( U, y )
%Usolve: solve Ux=y where U is upper triangular
    [n,m] = size(y);
    s = size(U);
 
    if any( s ~= [n,n] ) || m ~= 1
        error('Either U or y is the wrong size.')
    end
 
    x = y;
    for k = n:-1:1
      for j = k+1:n
        x(k) = x(k) - U(k,j)*x(j);
      end
      x(k) = x(k)/U(k,k);
    end
end

Complexity

LU decomposition: we loop over k = 1, 2, . . . n and for each k we
need to compute the elements A(k)

ij , which requires (n� k)2

multiplication operations
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The total number of multiplications in this step isPn
k=1(n� k)2 = O(n3), the other steps in the algorithm are O(n2)
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Given L and U , solving for x is easily checked to be O(n2).
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The complexity of solving Ax = b by this method is O(n3), and the
dominant cost is the LU decomposition.
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Tests...

see LUtest.m 

Improvements

Once we have a method that works, we can think about how to

improve it
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Eg, currently we can solve Ax = b where b is a vector, but it should
be easy to generalise to n⇥m matrices b.
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We only need to modify Lsolve and Usolve
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ykm =
1

Lkk

2

4bkm �
k�1X

j=1

Lkjyjm

3

5
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Eg, to solve Ly = b we must now compute
<latexit sha1_base64="DfSl58OlZd5aZZx8KH06GbkYQTU="></latexit><latexit sha1_base64="zyIfk9aV2TYc/lws0+UrPYXwH0k="></latexit><latexit sha1_base64="zyIfk9aV2TYc/lws0+UrPYXwH0k="></latexit><latexit sha1_base64="ZUqh65WTamvf+vuVoIsEeoyjB8I="></latexit>



Improvements

  y = b;
  for k = 1:Lrows
    for j = 1:k-1
      y(k) = y(k) - L(k,j)*y(j);
    end
    y(k) = y(k)/L(k,k); 
  end

  y = b;
  for m = 1:bCols
    for k = 1:Lrows
      for j = 1:k-1
        y(k,m) = y(k,m) - L(k,j)*y(j,m);
      end
      y(k,m) = y(k,m)/L(k,k); 
    end
  end

Option 1 : use an extra loop to deal with the columns of b

Note the complexity of this part is now O(n2
m) where m is the number

of columns in b. We expect m  n so the LU decomposition is likely
still to be the dominant cost.

<latexit sha1_base64="oZhBHWCMpSr/O/4wUQssFR+npE8="></latexit><latexit sha1_base64="oZhBHWCMpSr/O/4wUQssFR+npE8="></latexit><latexit sha1_base64="oZhBHWCMpSr/O/4wUQssFR+npE8="></latexit><latexit sha1_base64="oZhBHWCMpSr/O/4wUQssFR+npE8="></latexit>

(main part of Lsolve, original version)
(improved)

Improvements

    y = b;
    for k = 1:Lrows
      for j = 1:k-1
        y(k) = y(k) - L(k,j)*y(j);
      end
      y(k) = y(k)/L(k,k); 
    end

Option 2 : use the fact that MATLAB can deal with whole rows in 
a simple way (this is sometimes called an "implicit loop")

  y = b;
  for k = 1:Lrows
    for j = 1:k-1
      y(k,:) = y(k,:) - L(k,j)*y(j,:);
    end
    y(k,:) = y(k,:)/L(k,k); 
  end

(original) (improved)

Option 3 (only for the brave...): use another implicit loop

  y = b;
  for k = 1:Lrows
    y(k,:) = y(k,:) - L(k, 1:k-1 ) * y( 1:k-1, : );
    y(k,:) = y(k,:)/L(k,k); 
  end

(improved)

next steps...

Suppose we want to solve Ax = b with

A =

✓
0 1
1 0

◆
, b =

✓
2
3

◆

<latexit sha1_base64="zs19rGzNa4LEGdGVqtLqaFDX5jU="></latexit><latexit sha1_base64="oVE01uu1XgHhZdeHcwCvA+Zr6cY="></latexit><latexit sha1_base64="oVE01uu1XgHhZdeHcwCvA+Zr6cY="></latexit><latexit sha1_base64="i8gckUFxVcQiHRY+8S7Qb+Elzrk="></latexit>

We coded up a method for solving Ax = b by writing A = LU where L
and U are triangular matrices

<latexit sha1_base64="Yw1j1dNmJEUMEM3r1D4lLLWmt7I="></latexit><latexit sha1_base64="Yw1j1dNmJEUMEM3r1D4lLLWmt7I="></latexit><latexit sha1_base64="Yw1j1dNmJEUMEM3r1D4lLLWmt7I="></latexit><latexit sha1_base64="Yw1j1dNmJEUMEM3r1D4lLLWmt7I="></latexit>

Clearly x =

✓
3
2

◆
but our method can’t solve this,

because it is not possible to write A = LU
<latexit sha1_base64="63BwA9J59tz6lJfyr2sAQ7eQs2Q="></latexit><latexit sha1_base64="XLY2aWVu7bZuNLHPG8oVL03BmSQ="></latexit><latexit sha1_base64="XLY2aWVu7bZuNLHPG8oVL03BmSQ="></latexit><latexit sha1_base64="oNTZz/EmETwwc1E+cSchtCvgtiw="></latexit>

Can we implement a method that works for all non-singular matrices?
<latexit sha1_base64="4r6hBxHL1b8pEqcX5VKANiKWlSI="></latexit><latexit sha1_base64="+i4nUbvRDBPnoincTHMTaOc0FXs="></latexit><latexit sha1_base64="+i4nUbvRDBPnoincTHMTaOc0FXs="></latexit><latexit sha1_base64="KJ8phNSiLKEMEDe9MxdJweNVrwc="></latexit>

General idea: we started with a simple algorithm, now we 
(gradually) improve it

Beyond LU

The solution to our problem is to write

A = P�1LU

where P is a permutation matrix
<latexit sha1_base64="Lm5f6YoiHiz7mlahJxr9lN20Rs8="></latexit><latexit sha1_base64="Lx77sIiylB9IlGAbLwR2xJa0PiQ="></latexit><latexit sha1_base64="Lx77sIiylB9IlGAbLwR2xJa0PiQ="></latexit><latexit sha1_base64="dPYGl2cKhHxd+wN9jp65/henpiw="></latexit>

This means that PA = LU , where PA is the same as A, but with
the rows in a different order.

<latexit sha1_base64="MYGWowc5V8zgyrZRS7/N+7z4SPw="></latexit><latexit sha1_base64="8RH3nkSciEDxUiDl7mzb6/4xVhQ="></latexit><latexit sha1_base64="8RH3nkSciEDxUiDl7mzb6/4xVhQ="></latexit><latexit sha1_base64="o+3QQA2vVzunf6n+Tzrz6hF9CaI="></latexit>

A permutation matrix is a square matrix where each row and each
column contain exactly one ’1’ and all other entries are zero. They
are easy to invert because P�1 = PT .

<latexit sha1_base64="72LWaQpvR+FifbJFMCk1ginamv4="></latexit><latexit sha1_base64="jXaufUyWloTqkogqE2KFwX15mJ0="></latexit><latexit sha1_base64="jXaufUyWloTqkogqE2KFwX15mJ0="></latexit><latexit sha1_base64="tELawHGEhanCE9ZTQMLWAqHsO9k="></latexit>

If A is non-singular then the decomposition A = P�1LU always
exists

<latexit sha1_base64="GtKMfBBjDsrAL1cFUKyqfgzUKqU="></latexit><latexit sha1_base64="fNFqEjgwEZm/c/oRrojrdC0p31s="></latexit><latexit sha1_base64="fNFqEjgwEZm/c/oRrojrdC0p31s="></latexit><latexit sha1_base64="asGOiB5tS7mKvQrhXRjDPeghWx0="></latexit>



Beyond LU
If we can obtain A = P�1LU then we can write Ax = b as
LUx = Pb, which is easy to solve by our original method.

<latexit sha1_base64="T47H8KQbM30O3Z32SPZR9aDdies="></latexit><latexit sha1_base64="IMkeIdmpN1vyNufel44EPUsF6S4="></latexit><latexit sha1_base64="IMkeIdmpN1vyNufel44EPUsF6S4="></latexit><latexit sha1_base64="qc7lQWj+VVkYafm1L5CeaD7YdG8="></latexit>

Example:

A =

✓
0 u
v 1

◆

has no LU decomposition, but

PA =

✓
0 1
1 0

◆
⇥

✓
0 u
v 1

◆
=

✓
v 1
0 u

◆

has a (trivial) LU decomposition where L is the identity
<latexit sha1_base64="GreCIf0ZlLfWPoMD7BGeImFmrpU="></latexit><latexit sha1_base64="fJpsphh4NBkFjIMG56OgMaAOPuo="></latexit><latexit sha1_base64="fJpsphh4NBkFjIMG56OgMaAOPuo="></latexit><latexit sha1_base64="Qrqlgx5eLPUE3k7xP/AVDSSJ6Lo="></latexit>

This is called pivoting, but how do we find a suitable P?
<latexit sha1_base64="XDlRr4FPtzGlgl9xSY65DSwNYJ4="></latexit><latexit sha1_base64="SXF2VLab39ZiJUarVa/6Jl4Ry/0="></latexit><latexit sha1_base64="SXF2VLab39ZiJUarVa/6Jl4Ry/0="></latexit><latexit sha1_base64="jG+Hlwrvnx4tpBQMq5tFbq0zXdw="></latexit>

LU algorithm with pivot
Let A(0) = A. Let P = I (identity). Set L = 0 and U = 0.

<latexit sha1_base64="4LGsYTMwgrq6T36mhbShSwaD0IQ="></latexit><latexit sha1_base64="MticM4IEqAv1Ife8wcmGJnJWIvQ="></latexit><latexit sha1_base64="MticM4IEqAv1Ife8wcmGJnJWIvQ="></latexit><latexit sha1_base64="orL71sXFLaDy34HWzENlqCNleAo="></latexit>

Iterate the following for k = 1, 2, . . . n
<latexit sha1_base64="EF6+kq1OJIWqsLnigEMMR46V5VY="></latexit><latexit sha1_base64="MaHliyu+hWc9uSVVp//8HtrMSt4="></latexit><latexit sha1_base64="MaHliyu+hWc9uSVVp//8HtrMSt4="></latexit><latexit sha1_base64="XmMhPrzSUXpna+8/RK72T7/AH5Y="></latexit>

As long as A is non-singular, we have finally PA = LU where P is a permutation, L
is lower triangular, and U is upper triangular.

<latexit sha1_base64="u1VE7cxvOogZ11hNfXd5nDYX4RY="></latexit><latexit sha1_base64="TvgjXTqXemdU3xCSc1aupjIFS2g="></latexit><latexit sha1_base64="TvgjXTqXemdU3xCSc1aupjIFS2g="></latexit><latexit sha1_base64="lCrxb/sITsPclrkHzCbud4up2iw="></latexit>

(same as regular LU)

Let Ukj = A(k�1)
kj for j = k . . . n.

Let Lik = A(k�1)
ik /A(k�1)

kk for j = k . . . n.

Let A(k)
ij = A(k�1)

ij � LikUkj for i, j = k . . . n.
<latexit sha1_base64="iX9zyZbmFy/QcCOS1ZFpQ+bZgPk="></latexit><latexit sha1_base64="2KZDW6VZTvPvAlSyUEguqcbfclo="></latexit><latexit sha1_base64="2KZDW6VZTvPvAlSyUEguqcbfclo="></latexit><latexit sha1_base64="drp5FtPuQWCHaEj97dBJZkOH4eY="></latexit>

Find the row rk of A(k�1) that maximises |A(k�1)
rk,k

|.

Let P (k�1) be the permutation matrix that swaps row k with row rk.
(We always have rk � k, if rk = k then P (k�1) = I.)

<latexit sha1_base64="DG2BzdsNUQiYrDSMQX2tAr9gbEo="></latexit><latexit sha1_base64="LW4s9aAr177eju6mCRHPTNnvnYM="></latexit><latexit sha1_base64="LW4s9aAr177eju6mCRHPTNnvnYM="></latexit><latexit sha1_base64="bGZbhs1Y4VmFsmD4BixgU1M3PMA="></latexit>

Replace A(k�1) by P (k�1)A(k�1); replace L by P (k�1)L; replace P by P (k�1)P .

This ensures that A(k�1)
kk 6= 0, except if the k column of A(k�1) is all zeros.

(In fact it ensures A(k�1)
kk 6= 0 whenever A is non-singular.)

<latexit sha1_base64="cXNoPBLo0c9czdccbegcDDUBgZU="></latexit><latexit sha1_base64="6VAQ7k/PUQaf3XNJEe4Sn2i0Wzk="></latexit><latexit sha1_base64="6VAQ7k/PUQaf3XNJEe4Sn2i0Wzk="></latexit><latexit sha1_base64="qRCZIMDj/QI4afEG7/HIamzB6rk="></latexit>

(new steps)

Does this work?

To show that this method is valid requires some effort
There is some discussion in IB numerical analysis...
... the following 3 slides have an overview

Our main concern here is how to do the programming, not the 
proof that the algorithm is valid

mathematical formulation of LU algorithm
Let A(0) = A. We compute matrices A(k) with elements

A(k)
ij = A(k�1)

ij �
A(k�1)

ik A(k�1)
kj

A(k�1)
kk

Then the first k rows of A(k) are all zeros, as are the first k columns. Compute L and U with elements

Lik = A(k�1)
ik /A(k�1)

kk , Ukj = A(k�1)
kj .

Then A = LU , where L is lower triangular and U is upper triangular.
<latexit sha1_base64="18jSr3FsbaJ9PE+gB5LD+qY7+O0="></latexit><latexit sha1_base64="5Bws9OAl4fCvRB/GZVWNI2DHXCo="></latexit><latexit sha1_base64="5Bws9OAl4fCvRB/GZVWNI2DHXCo="></latexit><latexit sha1_base64="b0yWIk75zllhOoLGvGB12lxGIZk="></latexit>

Use
the

for
mula

for
A
(k
) , n

tim
es

<latexit sha1_base64="LsLKU4B7VIFby/mBhb7xRbCeqZw="></latexit><latexit sha1_base64="+oGfE2vN2mbwFxEJTFEBWiCPMkE="></latexit><latexit sha1_base64="+oGfE2vN2mbwFxEJTFEBWiCPMkE="></latexit><latexit sha1_base64="GBiklcFzfugKl9Cif3qorswje3c="></latexit>

To see that A = LU note that A(n) = 0 (all rows are zero) so that

0 = A(n)
ij = A(n�1)

ij �
A(n�1)

in A(n�1)
nj

A(n�1)
nn

= A(n�2)
ij �

A(n�2)
i,n�1A

(n�2)
n�1,j

A(n�2)
n�1,n�1

�
A(n�1)

in A(n�1)
nj

A(n�1)
nn

= · · ·

= A(0)
ij �

nX

k=1

A(k�1)
ik A(k�1)

kj

A(k�1)
kk

Hence A(0)
ij =

Pn
k=1 LikUkj so A = LU

<latexit sha1_base64="za76b5GN64LyL0pgT/tT/YFZrYE="></latexit><latexit sha1_base64="fE/KbGMOilqvaWROryKC9KNWE+I="></latexit><latexit sha1_base64="fE/KbGMOilqvaWROryKC9KNWE+I="></latexit><latexit sha1_base64="l9lIAIUgcpqjYEFiFvjJr5v2WDQ="></latexit>



LU with pivot

This method is valid for any choice of the row indices r1, r2, . . . , rn, as long as rk � k, and A(k�1)
kk 6= 0

for all k. We can choose rk at the same time as we compute A(k�1), aiming to ensure that A(k�1)
kk 6= 0.

<latexit sha1_base64="q7AukJQMo55hF7PgcofhyFisQuw="></latexit><latexit sha1_base64="DMTnQ1VsFSi9WpV2pWJXQYk1OHo="></latexit><latexit sha1_base64="DMTnQ1VsFSi9WpV2pWJXQYk1OHo="></latexit><latexit sha1_base64="pc4LHt51ahUm6vu/rrRSr0a9fWw="></latexit>

Notation: if A,B are matrices then (AB)ij indicates element ij of the matrix AB.
<latexit sha1_base64="/tMZfPlVgLKeqZShQ9iUqXO8RvU="></latexit><latexit sha1_base64="pvPcPilo4ubtj8cXgxj+PkBLx9U="></latexit><latexit sha1_base64="pvPcPilo4ubtj8cXgxj+PkBLx9U="></latexit><latexit sha1_base64="BYcvygE7KcztMT4AwP6FEXt6E+A="></latexit>

For k = 1, 2, . . . n, let P (k�1) be a permutation matrix that swaps row k with some row rk � k.
Let A(0) = P (0)A. Also let P (n) = I, the identity.
For 1, 2, . . . n, compute matrices A(k) with elements

A(k)
ij = (P (k)A(k�1))ij �

(P (k)A(k�1))ikA
(k�1)
kj

A(k�1)
kk

Then the first k rows of A(k) are all zeros, as are the first k columns. Compute L and U with elements

Lik =
⇣
P (n�1)P (n�2) · · ·P (k)A(k�1)

⌘

ik
⇥ 1

A(k�1)
kk

, Ukj = A(k�1)
kj .

Finally, let P = P (n�1)P (n�2) · · ·P (0). Then PA = LU , also L is lower triangular and U is upper
triangular.

<latexit sha1_base64="cIZeimAikATm47MreX+Ygj1OJ8o="></latexit><latexit sha1_base64="gFo5yc5S1mhPXaCDkWD5YQ5C3qY="></latexit><latexit sha1_base64="gFo5yc5S1mhPXaCDkWD5YQ5C3qY="></latexit><latexit sha1_base64="vIJ8ThRED0KuvKx1WSoL0X0yqWk="></latexit> (see next slide)

LU with pivot -- check

We should also check that the first k rows (and columns) of A(k) are always zero. This can be done, it
relies on the fact that row k of P (k)A(k�1) is the same as row k of A(k�1).

<latexit sha1_base64="7uJGXWEGpFwB0iFr4ybuiuOh/HM="></latexit><latexit sha1_base64="PdlV4uHWcmVfhcQWBr7BUYUYzIQ="></latexit><latexit sha1_base64="PdlV4uHWcmVfhcQWBr7BUYUYzIQ="></latexit><latexit sha1_base64="G8goOPd+LwLFiCg3OEKy/vhUz4w="></latexit>

To check that PA = LU , follow the same method as before: note that A(n) = 0 (all rows are zero), and

use our formula for A(k) repeatedly: then

0 = A(n)
ij =

⇣
P (n)A(n�1)

⌘

ij
�

(P (n)A(n�1))inA
(n�1)
nj

A(n�1)
nn

=
⇣
P (n)P (n�1)A(n�2)

⌘

ij
�

�
P (n)P (n�1)A(n�2)

�
i,n�1

A(n�2)
n�1,j

A(n�2)
n�1,n�1

�
(P (n)A(n�1))inA

(n�1)
nj

A(n�1)
nn

= · · ·

=
⇣
P (n)P (n�1) · · ·P (0)A

⌘

ij
�

nX

k=1

�
P (n)P (n�1)P (n�2) · · ·P (k)A(k�1)

�
ik
A(k�1)

kj

A(k�1)
kk

Hence from the formulae for L,U, P , we have (PA)ij =
Pn

k=1 LikUkj so PA = LU
<latexit sha1_base64="9+8DO3uMLW4viymnUnIMjeWRvBg="></latexit><latexit sha1_base64="P3lv2U6REg+nw73Pfgn6N1oweTY="></latexit><latexit sha1_base64="P3lv2U6REg+nw73Pfgn6N1oweTY="></latexit><latexit sha1_base64="j3Xcx71sZyeyrenT+LxGjINX30c="></latexit>

... writing the program

Break up the problem into manageable pieces...

Write a function to swap two rows of a matrix
(this is the same as multiplying from the left by some P )

<latexit sha1_base64="DT+658Bs3W6w4ABcfdvmeyQryaE="></latexit><latexit sha1_base64="5nLQo9Bp0QSIhLDUp1255F6ObaM="></latexit><latexit sha1_base64="5nLQo9Bp0QSIhLDUp1255F6ObaM="></latexit><latexit sha1_base64="b8GXLdEgged7ckPHYnJPdVf4T1I="></latexit>

Write a function that finds the largest element in a given
column, and outputs the row in which that element
appears.
(this is needed to work out rk)

<latexit sha1_base64="w3zQEOoaYYsqSbri4sm/YkkXetA="></latexit><latexit sha1_base64="OFkH2i7sCQcqD4BsdrrCltTxkIg="></latexit><latexit sha1_base64="OFkH2i7sCQcqD4BsdrrCltTxkIg="></latexit><latexit sha1_base64="qObLq0NXFJanfrv2p58L5PYk46U="></latexit>

Test these functions carefully before combining them into our 
program

The algorithm is not too simple, can we write the program?

... finally
function [ P,L,U ] = PALUdecomp( A )
%PALUdecomp decompose A = P^{-1}LU
    [m, n]=size(A);
    if m ~= n, error('Input must be a square matrix.'), end
    P=eye(n); L=zeros(n); U=zeros(n);
 
    % remember A^(0) is A
    AofK = A;  
    for k = 1:n
        
        % this is the new part, do the pivot...
        rk = findLargestinCol(AofK,k);
        if rk ~= k
            AofK = swapRows( AofK, rk, k );
            L = swapRows( L, rk, k );
            P = swapRows( P, rk, k );
        end
        
        % from here it is the same as the OLD algorithm
        for j = k:n
            U(k,j) = AofK(k,j);
        end
        % check that we don't divide by zero(!)
        if U(k,k) == 0
            error('** A^(k-1)_{k,k}==0 in PALU decomp')
        end
        for i = k:n
           L(i,k) = AofK(i,k)/U(k,k);
        end
        for i = k:n
            for j = k:n
                AofK(i,j) = AofK(i,j) - L(i,k)*U(k,j);
            end
        end
    end  % of the loop over k
 
end % of the function

        rk = findLargestinCol(AofK,k);
        if rk ~= k
            AofK = swapRows( AofK, rk, k );
            L = swapRows( L, rk, k );
            P = swapRows( P, rk, k );
        end

... the only new part...

Example:  PALUdecomp.m,  
also pivotTest.m 



... finally

function [ rk ] = findLargestinCol( A,k )
% findLargestinCol: find the row index of the large element in column k
%    (of some matrix A)
  [value,index] = max( abs( A(:,k) ) );  % max is built-in for matlab
                                         % don't forget to take absolute
                                         % value
  rk = index;
end
 

 findLargestinCol.m , swapRows.m 

function [ A ] = swapRows( A,u,v )
%swapRows: swap rows u and v of matrix A and send the answer as output
  storeMe = A( v, : );     % store row v of A
  A( v , : ) = A( u, : );  % copy row u of A into row v of A
  A( u , : ) = storeMe;    % copy the stored row into row u of A
end

round-off (again)

The problematic part of (normal) LU decomposition was

A(k)
ij = A(k�1)

ij �
A(k�1)

ik A(k�1)
kj

A(k�1)
kk

when A(k�1)
kk = 0.

<latexit sha1_base64="+DbpJX7gMU1XlYcdBUb3FNirBsU="></latexit>

If our matrices are not specially constructed to be “nasty” we might
expect this to be rare. . .

<latexit sha1_base64="LGXLqisSbKein2SfafaXaY4kAnU="></latexit>

. . . but if A(k�1)
kk is a small number, we can expect large numbers to

start appearing in our matrices. . .

<latexit sha1_base64="34PJGfKqL/Nu2S003KsHh6VlFr0="></latexit>

. . . this is not so rare, and it can cause round-off problems when we
start taking differences of these large numbers. . .

<latexit sha1_base64="Gh7vX9y+1ZfUtbXTr9UoXr6X5oM="></latexit>

pivotTest.m 

“More general” algorithm (with pivot) is also more accurate. . .

<latexit sha1_base64="EBPHPexhz76HlFpkbeHKhOtaOTo="></latexit>

further improvement...

Now we have a working program, we can solve equations...

However, there are still a few things that we can think about, 
especially if we want to work with large matrices

Can we make our program more flexible?

Can we make our program run faster?

also, does our program use up a lot of memory?

(eg can we get solutions where b is n x m? ... see earlier)

(eg can we reduce the total number of operations?)

"Efficiency"

Our current algorithm keeps track of a permutation matrix P .

This is an n⇥ n matrix in which there are n ones and all other

elements are zero.
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. . . perhaps it would be more efficient to just keep track of the ones,
and let the zeros look after themselves. . .
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If we do this, we can store all information about the matrix by keeping
track of n integers, instead of n2 real numbers.
(Eg, for row j, keep keep track of the position xj of the “one” that
appears in that row.)
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compact version
    % main body of PALUdecompV2

    L=zeros(n); U=zeros(n);
    P = 1:n;  % P starts as a vector with elements 1,2,... n
 
    % remember A^(0) is A
    AofK = A;  
    for k = 1:n
        
        % this is the new part, do the pivot...
        rk = findLargestinCol(AofK,k);
        if rk ~= k
            AofK = swapRows( AofK, rk, k );
            L = swapRows( L, rk, k );
            % swap two elements of P (instead of swapping rows)
            storeMe = P(rk); 
            P(rk) = P(k); 
            P(k) = storeMe;
        end

        % from here it is the same as the OLD algorithm
 [snipped to save space]

    end  % of the loop over k

Example:  PALUdecompV2.m 

compact version

function [ A ] = PTimesMat( P,M )
% compute P.M where P is a "permutation vector" and M is a matrix
 
    [Mrows,Mcols] = size(M);
    A = zeros(Mrows,Mcols);
 
    % should check here that P is vector of size Mrows
 
    for i=1:Mrows
        A(i,:) = M( P(i),: );
    end
end

. . .P is not stored as a matrix, how do I compute (for example) PA?
<latexit sha1_base64="wH2KjptlRbwDHujLLfRHfWtUTsw="></latexit><latexit sha1_base64="CTefViHV6haVcW6OriAD04s5gws="></latexit><latexit sha1_base64="CTefViHV6haVcW6OriAD04s5gws="></latexit><latexit sha1_base64="UkDaxNsav32Bw6Tp0NodWgndaVE="></latexit>

. . . a further advantage is that this “matrix multiplication” is now an
O(n2) operation, instead of O(n3)
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Lesson from P matrix

If we think carefully about the "information content" of our data, 
we can reduce the amount of data that we store

This can also help to reduce the number of operations in our 
computation, although our code might be a bit more complicated

In addition, the computer has a finite amount of memory: by 
storing less data, we reduce the demand on resources, this 
helps when solving large problems...

Saving more memory

For LU decomposition, our final output is an upper triangular matrix
and a lower triangular matrix (with 1s on the diagonal)
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You can see that there are only n2 non-trivial numbers that we have to
compute. . . in fact we scan store all of these in one n⇥ n matrix,
instead of two
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It is possible to do LU decomposition (with pivot) in which we end up
with a final matrix A(n) whose elements are those of L and U (instead
of zeros)
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If you really care about speed and memory usage, this is a good idea.
But always remember: if you just want something that works, the
simplest method can still be best. . .
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Memory -- one last thing

MATLAB is very good at dealing with vectors, which we can use to
make lists
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However, dealing with very large lists (millions or billions of entries) can

be slow
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It’s good to ask: do I really need to store every element in the list?
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Eg, for ODE solving, we computed and stored the whole sequence of

yn. But if the step h is small then for any practical purpose (eg plotting

a graph), we can just as well store every 10th point, or every 100th
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If you keep this in mind, it will help to avoid “bad programming habits”
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... next lecture
programs that use random numbers  
(in particular for computing high-dimensional integrals)

... today
we showed how to build up a reasonably complicated 
algorithm (LU decomposition with pivot)

started to think about what makes a "good program"


