
Computational Projects

Lecture 6:  
Improving LU decomposition

http://www.maths.cam.ac.uk/undergrad/catam/part-ia-lectures

Dr Rob Jack, DAMTP

1

Recall...

Suppose we want to solve Ax = b with

A =

✓
0 1
1 0

◆
, b =

✓
2
3

◆

<latexit sha1_base64="zs19rGzNa4LEGdGVqtLqaFDX5jU="></latexit><latexit sha1_base64="oVE01uu1XgHhZdeHcwCvA+Zr6cY="></latexit><latexit sha1_base64="oVE01uu1XgHhZdeHcwCvA+Zr6cY="></latexit><latexit sha1_base64="i8gckUFxVcQiHRY+8S7Qb+Elzrk="></latexit>

We coded up a method for solving Ax = b by writing A = LU where L
and U are triangular matrices

<latexit sha1_base64="Yw1j1dNmJEUMEM3r1D4lLLWmt7I="></latexit><latexit sha1_base64="Yw1j1dNmJEUMEM3r1D4lLLWmt7I="></latexit><latexit sha1_base64="Yw1j1dNmJEUMEM3r1D4lLLWmt7I="></latexit><latexit sha1_base64="Yw1j1dNmJEUMEM3r1D4lLLWmt7I="></latexit>

Clearly x =

✓
3
2

◆
but our method can’t solve this,

because it is not possible to write A = LU
<latexit sha1_base64="63BwA9J59tz6lJfyr2sAQ7eQs2Q="></latexit><latexit sha1_base64="XLY2aWVu7bZuNLHPG8oVL03BmSQ="></latexit><latexit sha1_base64="XLY2aWVu7bZuNLHPG8oVL03BmSQ="></latexit><latexit sha1_base64="oNTZz/EmETwwc1E+cSchtCvgtiw="></latexit>

Can we implement a method that works for all non-singular matrices?
<latexit sha1_base64="4r6hBxHL1b8pEqcX5VKANiKWlSI="></latexit><latexit sha1_base64="+i4nUbvRDBPnoincTHMTaOc0FXs="></latexit><latexit sha1_base64="+i4nUbvRDBPnoincTHMTaOc0FXs="></latexit><latexit sha1_base64="KJ8phNSiLKEMEDe9MxdJweNVrwc="></latexit>

General idea: we started with a simple algorithm, now we 
(gradually) improve it
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Beyond LU

The solution to our problem is to write

A = P�1LU

where P is a permutation matrix
<latexit sha1_base64="Lm5f6YoiHiz7mlahJxr9lN20Rs8="></latexit><latexit sha1_base64="Lx77sIiylB9IlGAbLwR2xJa0PiQ="></latexit><latexit sha1_base64="Lx77sIiylB9IlGAbLwR2xJa0PiQ="></latexit><latexit sha1_base64="dPYGl2cKhHxd+wN9jp65/henpiw="></latexit>

This means that PA = LU , where PA is the same as A, but with
the rows in a different order.

<latexit sha1_base64="MYGWowc5V8zgyrZRS7/N+7z4SPw="></latexit><latexit sha1_base64="8RH3nkSciEDxUiDl7mzb6/4xVhQ="></latexit><latexit sha1_base64="8RH3nkSciEDxUiDl7mzb6/4xVhQ="></latexit><latexit sha1_base64="o+3QQA2vVzunf6n+Tzrz6hF9CaI="></latexit>

A permutation matrix is a square matrix where each row and each
column contain exactly one ’1’ and all other entries are zero. They
are easy to invert because P�1 = PT .

<latexit sha1_base64="72LWaQpvR+FifbJFMCk1ginamv4="></latexit><latexit sha1_base64="jXaufUyWloTqkogqE2KFwX15mJ0="></latexit><latexit sha1_base64="jXaufUyWloTqkogqE2KFwX15mJ0="></latexit><latexit sha1_base64="tELawHGEhanCE9ZTQMLWAqHsO9k="></latexit>

If A is non-singular then the decomposition A = P�1LU always
exists

<latexit sha1_base64="GtKMfBBjDsrAL1cFUKyqfgzUKqU="></latexit><latexit sha1_base64="fNFqEjgwEZm/c/oRrojrdC0p31s="></latexit><latexit sha1_base64="fNFqEjgwEZm/c/oRrojrdC0p31s="></latexit><latexit sha1_base64="asGOiB5tS7mKvQrhXRjDPeghWx0="></latexit>
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Beyond LU
If we can obtain A = P�1LU then we can write Ax = b as
LUx = Pb, which is easy to solve by our original method.

<latexit sha1_base64="T47H8KQbM30O3Z32SPZR9aDdies="></latexit><latexit sha1_base64="IMkeIdmpN1vyNufel44EPUsF6S4="></latexit><latexit sha1_base64="IMkeIdmpN1vyNufel44EPUsF6S4="></latexit><latexit sha1_base64="qc7lQWj+VVkYafm1L5CeaD7YdG8="></latexit>

Example:

A =

✓
0 u
v 1

◆

has no LU decomposition, but

PA =

✓
0 1
1 0

◆
⇥

✓
0 u
v 1

◆
=

✓
v 1
0 u

◆

has a (trivial) LU decomposition where L is the identity
<latexit sha1_base64="GreCIf0ZlLfWPoMD7BGeImFmrpU="></latexit><latexit sha1_base64="fJpsphh4NBkFjIMG56OgMaAOPuo="></latexit><latexit sha1_base64="fJpsphh4NBkFjIMG56OgMaAOPuo="></latexit><latexit sha1_base64="Qrqlgx5eLPUE3k7xP/AVDSSJ6Lo="></latexit>

This is called pivoting, but how do we find a suitable P?
<latexit sha1_base64="XDlRr4FPtzGlgl9xSY65DSwNYJ4="></latexit><latexit sha1_base64="SXF2VLab39ZiJUarVa/6Jl4Ry/0="></latexit><latexit sha1_base64="SXF2VLab39ZiJUarVa/6Jl4Ry/0="></latexit><latexit sha1_base64="jG+Hlwrvnx4tpBQMq5tFbq0zXdw="></latexit>
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LU algorithm with pivot
Let A(0) = A. Let P = I (identity). Set L = 0 and U = 0.

<latexit sha1_base64="4LGsYTMwgrq6T36mhbShSwaD0IQ=">AAACunicbVFdb9MwFHXC1wgf69gT4gGLBal7qRKERCdRqSMvIO2hCLpMakplO05q1XYi2xlUViT+ED+IP8IzTtsHunElS0fnXN+Pc3HNmTZR9Nvz79y9d//BwcPg0eMnTw97R88uddUoQqek4pW6wkhTziSdGmY4vaoVRQJzmuJV0unpNVWaVfKrWdd0LlApWcEIMo5a9H5lNVK4+mHjIRGtD TJdFEgwvoZBJul3UgmBZG6zJGltJpBZEsRt0rb7apruVIxt2omuqF6x+m1tgkyhsqS5YuXSBBfUwPD8m+1Hp+3oPBxAuGEmo08h7LOcSrfC+tTRXzr6YhSF0DWA4dShQdAueifRINoEvA3iHTgZv3w+/gkAmCx6f7K8Io1whQlHWs/iqDZzi5RhhFM3aKNpjcgKlXTmoESC6rnd2NrC147JYVEp96SBG/bfHxYJrdcCu8xud31T68j/abPGFMO5ZbJuDJVk26hoODQV7G4Ec6YoMe4GOUNEMTcrJEukEDHukntdlpRfU9PCPRKLzqj4pi23weWbQRwN4s/OsSHYxgF4AV6BPojBOzAGH8EETAHxjr0z74OX+O997DN/tU31vd2fY7AXvvkLzhrV6A==</latexit><latexit sha1_base64="MticM4IEqAv1Ife8wcmGJnJWIvQ=">AAACunicbVHLjtMwFHXCawiP6dAVYoHFBKmziRKEREeiUodsQJpFEXQyUlMqx3FSq7YT2c4wlZXf4C/4Glb8CGuctgs6w5UsHZ1zfR/nZjWjSofhb8e9c/fe/QcHD71Hj588PewdPbtQVSMxmeKKVfIyQ4owKshUU83IZS0J4hkjSbaKOz25IlLRSnzV65rMOSoFLShG2lKL3s+0RjKrrk00x Lw1XqqKAnHK1tBLBfmOK86RyE0ax61JOdJLjJiJ23ZfTZKdmmUm6URbVK1o/bbWXipRWZJc0nKpvXOioX/2zQzCk3Z05gcQbpjJ6JMPBzQnwq6wPrH0l44+H4U+tA2gP7Uo8NpF7zgMwk3A2yDagePxy+fj6x/9X5NF70+aV7jhtjBmSKlZFNZ6bpDUFDNiB20UqRFeoZLMLBSIEzU3G1tb+NoyOSwqaZ/QcMP++8MgrtSaZzaz213d1Dryf9qs0cVwbqioG00E3jYqGgZ1BbsbwZxKgrW9QU4RltTOCvESSYS1veRelyVhV0S3cI/MeGdUdNOW2+DiTRCFQfTZOjYE2zgAL8ArMAAReAfG4COYgCnATt85dT44sfvezVzqrraprrP70wd74eq/8zPXXA==</latexit><latexit sha1_base64="MticM4IEqAv1Ife8wcmGJnJWIvQ=">AAACunicbVHLjtMwFHXCawiP6dAVYoHFBKmziRKEREeiUodsQJpFEXQyUlMqx3FSq7YT2c4wlZXf4C/4Glb8CGuctgs6w5UsHZ1zfR/nZjWjSofhb8e9c/fe/QcHD71Hj588PewdPbtQVSMxmeKKVfIyQ4owKshUU83IZS0J4hkjSbaKOz25IlLRSnzV65rMOSoFLShG2lKL3s+0RjKrrk00x Lw1XqqKAnHK1tBLBfmOK86RyE0ax61JOdJLjJiJ23ZfTZKdmmUm6URbVK1o/bbWXipRWZJc0nKpvXOioX/2zQzCk3Z05gcQbpjJ6JMPBzQnwq6wPrH0l44+H4U+tA2gP7Uo8NpF7zgMwk3A2yDagePxy+fj6x/9X5NF70+aV7jhtjBmSKlZFNZ6bpDUFDNiB20UqRFeoZLMLBSIEzU3G1tb+NoyOSwqaZ/QcMP++8MgrtSaZzaz213d1Dryf9qs0cVwbqioG00E3jYqGgZ1BbsbwZxKgrW9QU4RltTOCvESSYS1veRelyVhV0S3cI/MeGdUdNOW2+DiTRCFQfTZOjYE2zgAL8ArMAAReAfG4COYgCnATt85dT44sfvezVzqrraprrP70wd74eq/8zPXXA==</latexit><latexit sha1_base64="orL71sXFLaDy34HWzENlqCNleAo=">AAACunicbVHLjtMwFHXCawivwizZWDRInU2UICSKRKUZsgFpFkXQyUhNqWzHSa3aTmQ7A5WVT+KD+BHWOJ0s6AxXsnR0zvV9nIsbzrSJ49+ef+fuvfsPjh4Gjx4/efps9PzFha5bReiC1LxWlxhpypmkC8MMp5eNokhgTjO8TXs9u6JKs1p+M7uGrgSqJCsZQcZR69GvvEEK1z9tMiWis0Guy xIJxncwyCX9QWohkCxsnqadzQUyG4K4TbvuUM2yQcXYZr3oiuota942JsgVqipaKFZtTHBODQzPvttJfNLNzsIIwj0zn30O4YQVVLoVdieO/trT57M4hK4BDBcORUG3Ho3jKN4HvA2SAYzBEPP16E9e1KQVrjDhSOtlEjdmZZEyjHDqBm01bRDZooouHZRIUL2ye1s7+NoxBSxr5Z40cM/++8MiofVOYJfZ765vaj35P23ZmnK6skw2raGSXDcqWw5NDfsbwYIpSoy7QcEQUczNCskGKUSMu+RBlw3lV9R08IDEojcquWnLbXDxJkriKPkSj0+ng2VH4CV4BSYgAe/AKfgE5mABiHfsvfc+eqn/wcc+87fXqb43/DkGB+Gbv/0N1LA=</latexit>

Iterate the following for k = 1, 2, . . . n
<latexit sha1_base64="EF6+kq1OJIWqsLnigEMMR46V5VY="></latexit><latexit sha1_base64="MaHliyu+hWc9uSVVp//8HtrMSt4="></latexit><latexit sha1_base64="MaHliyu+hWc9uSVVp//8HtrMSt4="></latexit><latexit sha1_base64="XmMhPrzSUXpna+8/RK72T7/AH5Y="></latexit>

As long as A is non-singular, we have finally PA = LU where P is a permutation, L
is lower triangular, and U is upper triangular.

<latexit sha1_base64="u1VE7cxvOogZ11hNfXd5nDYX4RY=">AAADBnicbVLLihNBFK20rzG+oi7dFE4EF2PsdgRnI0zIxsUsIpjJwHQIt6tvd4rUo6mqTgxNLwVX+ifuxK0bP8IfEdxZ6UQwM14ouHVO3de5lRSCWxeGP1vBlavXrt/Yu9m+dfvO3Xud+w9OrS4NwxHTQpuzBCwKrnDkuBN4VhgEmQgcJ/PBmh8v0Fiu1Tu3KnAiIVc84wych6ad33EBJtHvq +iQybpqxzbLQHKxou1Y4ZJpKUGlVTwY1FUswc0YiGpQ17vseLxlk6Qar0mf1M558bJw7dhAnmNqeD5z7b6lQqucgqXdfpdyS5VWzyxXeSnAHNAl0hkskGZcgfBNdIf91yejLl3O0KC/NSFACzSydM0IB7R70qBCL9FQZzj8TeZbo91RQ5ZFsUP22vW0sx/2wsboZSfaOvvHh89/UELIcNr5FaealRKVYwKsPY/Cwk0qMI4zgX7o0mIBbA45nntXgUQ7qZoV1fSJR1KaaeOPcrRB/42oQFq7kol/udbRXuTW4P+489JlR5OKq6J0qNimUFYK6jRd75um3CBzXsqUAzPc90rZDAww53/FTpUZigW6mu6AiVwLFV2U5bJz+qIXhb3orVfsiGxsjzwij8lTEpFX5Ji8IUMyIqw1bX1ofWp9Dj4GX4KvwbfN06C1jXlIdiz4/gdvH/ay</latexit><latexit sha1_base64="TvgjXTqXemdU3xCSc1aupjIFS2g=">AAADBnicbVLLjtMwFE3CawiPKbBkYzEBsRhKwyAxG6Qp3bCYRZHodKRJqW6cm9Sq7US201JFWSKxgj9hh9iy4SP4ESR2OGmR6AxXsnR9ju/rXMcFZ9r0ej9d79LlK1ev7Vz3b9y8dXu3c+fuic5LRXFEc56r0xg0ciZxZJjheFooBBFzHMfzQcOPF6g0y+VbsypwIiCTLGUUjIWmnd9RASrO3 1fhARV15Uc6TUEwviJ+JHFJcyFAJlU0GNRVJMDMKPBqUNfb7Hi8YeO4GjekTarnrHheGD9SkGWYKJbNjN/XhOcyI6BJ0A8I00Tm8olmMis5qH2yRDKDBZKUSeC2iWDYf3k8CshyhgrtrQ0BUqASpWlH2CfBcYvyfImKGMXgbzLbGglGLVkWxRbZ9etpZ6/X7bVGLjrhxtk7Onj649Huu1fDaedXlOS0FCgN5aD1WdgrzKQCZRjlaIcuNRZA55DhmXUlCNSTql1RTR5aJCFpruyRhrTovxEVCK1XIrYvGx31ea4B/8edlSY9nFRMFqVBSdeF0pITk5Nm3yRhCqmxUiYMqGK2V0JnoIAa+yu2qsyQL9DUZAuMRSNUeF6Wi87Js27Y64ZvrGKHztp2nPvOA+exEzovnCPntTN0Rg51p+4H95P72fvoffG+et/WTz13E3PP2TLv+x96Sfdn</latexit><latexit sha1_base64="TvgjXTqXemdU3xCSc1aupjIFS2g=">AAADBnicbVLLjtMwFE3CawiPKbBkYzEBsRhKwyAxG6Qp3bCYRZHodKRJqW6cm9Sq7US201JFWSKxgj9hh9iy4SP4ESR2OGmR6AxXsnR9ju/rXMcFZ9r0ej9d79LlK1ev7Vz3b9y8dXu3c+fuic5LRXFEc56r0xg0ciZxZJjheFooBBFzHMfzQcOPF6g0y+VbsypwIiCTLGUUjIWmnd9RASrO3 1fhARV15Uc6TUEwviJ+JHFJcyFAJlU0GNRVJMDMKPBqUNfb7Hi8YeO4GjekTarnrHheGD9SkGWYKJbNjN/XhOcyI6BJ0A8I00Tm8olmMis5qH2yRDKDBZKUSeC2iWDYf3k8CshyhgrtrQ0BUqASpWlH2CfBcYvyfImKGMXgbzLbGglGLVkWxRbZ9etpZ6/X7bVGLjrhxtk7Onj649Huu1fDaedXlOS0FCgN5aD1WdgrzKQCZRjlaIcuNRZA55DhmXUlCNSTql1RTR5aJCFpruyRhrTovxEVCK1XIrYvGx31ea4B/8edlSY9nFRMFqVBSdeF0pITk5Nm3yRhCqmxUiYMqGK2V0JnoIAa+yu2qsyQL9DUZAuMRSNUeF6Wi87Js27Y64ZvrGKHztp2nPvOA+exEzovnCPntTN0Rg51p+4H95P72fvoffG+et/WTz13E3PP2TLv+x96Sfdn</latexit><latexit sha1_base64="lCrxb/sITsPclrkHzCbud4up2iw=">AAADBnicbVJNi9NAGE7i1xq/qh69DDaCh7Ukq+BehC29eNhDBbtdaEp5M3mTDp2ZhJlJawk5Cp70n3gTr/4N/4jgzUm2gt31hYF3nmfer+edpORMmzD86XrXrt+4eevgtn/n7r37D3oPH53polIUJ7TghTpPQCNnEieGGY7npUIQCcdpshq1/HSNSrNCvjfbEucCcskyRsFYaNH7HZegkuJDH b2koqn9WGcZCMa3xI8lbmghBMi0jkejpo4FmCUFXo+aZp+dTndsktTTlrRJ9YqVr0rjxwryHFPF8qXxh5rwQuYENAmGAWGayEK+0EzmFQd1SDZIlrBGkjEJ3DYRjIdvTicB2SxRob11IUBKVKIy3QiHJDjtUF5sUBGjGPxNZlsjwaQjq7LcIwd+s+j1w0HYGbnqRDun7+xsvOj9itOCVgKloRy0nkVhaeY1KMMoRzt0pbEEuoIcZ9aVIFDP625FDXlmkZRkhbJHGtKh/0bUILTeisS+bHXUl7kW/B83q0x2PK+ZLCuDkl4UyipOTEHafZOUKaTGSpkyoIrZXgldggJq7K/Yq7JEvkbTkD0wEa1Q0WVZrjpnR4MoHETvwv7J8U6yA+eJ89R57kTOa+fEeeuMnYlD3YX70f3sfvE+eV+9b973i6eeu4t57OyZ9+MPJ+H1Kw==</latexit>

(same as regular LU)

Let Ukj = A(k�1)
kj for j = k . . . n.

Let Lik = A(k�1)
ik /A(k�1)

kk for j = k . . . n.

Let A(k)
ij = A(k�1)

ij � LikUkj for i, j = k . . . n.
<latexit sha1_base64="iX9zyZbmFy/QcCOS1ZFpQ+bZgPk="></latexit><latexit sha1_base64="2KZDW6VZTvPvAlSyUEguqcbfclo="></latexit><latexit sha1_base64="2KZDW6VZTvPvAlSyUEguqcbfclo="></latexit><latexit sha1_base64="drp5FtPuQWCHaEj97dBJZkOH4eY="></latexit>

Find the row rk of A(k�1) that maximises |A(k�1)
rk,k

|.

Let P (k�1) be the permutation matrix that swaps row k with row rk.
(We always have rk � k, if rk = k then P (k�1) = I.)

<latexit sha1_base64="DG2BzdsNUQiYrDSMQX2tAr9gbEo="></latexit><latexit sha1_base64="LW4s9aAr177eju6mCRHPTNnvnYM="></latexit><latexit sha1_base64="LW4s9aAr177eju6mCRHPTNnvnYM="></latexit><latexit sha1_base64="bGZbhs1Y4VmFsmD4BixgU1M3PMA="></latexit>

Replace A(k�1) by P (k�1)A(k�1); replace L by P (k�1)L; replace P by P (k�1)P .

This ensures that A(k�1)
kk 6= 0, except if the k column of A(k�1) is all zeros.

(In fact it ensures A(k�1)
kk 6= 0 whenever A is non-singular.)

<latexit sha1_base64="cXNoPBLo0c9czdccbegcDDUBgZU="></latexit><latexit sha1_base64="6VAQ7k/PUQaf3XNJEe4Sn2i0Wzk="></latexit><latexit sha1_base64="6VAQ7k/PUQaf3XNJEe4Sn2i0Wzk="></latexit><latexit sha1_base64="qRCZIMDj/QI4afEG7/HIamzB6rk="></latexit>

(new steps)

5

Does this work?

To show that this method is valid requires some effort
There is some discussion in IB numerical analysis...
... the following 3 slides have an overview

Our main concern here is how to do the programming, not the 
proof that the algorithm is valid

6

mathematical formulation of LU algorithm
Let A(0) = A. We compute matrices A(k) with elements

A(k)
ij = A(k�1)

ij �
A(k�1)

ik A(k�1)
kj

A(k�1)
kk

Then the first k rows of A(k) are all zeros, as are the first k columns. Compute L and U with elements

Lik = A(k�1)
ik /A(k�1)

kk , Ukj = A(k�1)
kj .

Then A = LU , where L is lower triangular and U is upper triangular.
<latexit sha1_base64="18jSr3FsbaJ9PE+gB5LD+qY7+O0="></latexit><latexit sha1_base64="5Bws9OAl4fCvRB/GZVWNI2DHXCo="></latexit><latexit sha1_base64="5Bws9OAl4fCvRB/GZVWNI2DHXCo="></latexit><latexit sha1_base64="b0yWIk75zllhOoLGvGB12lxGIZk="></latexit>

Use
the

for
mula

for
A
(k
) , n

tim
es

<latexit sha1_base64="LsLKU4B7VIFby/mBhb7xRbCeqZw="></latexit><latexit sha1_base64="+oGfE2vN2mbwFxEJTFEBWiCPMkE="></latexit><latexit sha1_base64="+oGfE2vN2mbwFxEJTFEBWiCPMkE="></latexit><latexit sha1_base64="GBiklcFzfugKl9Cif3qorswje3c="></latexit>

To see that A = LU note that A(n) = 0 (all rows are zero) so that

0 = A(n)
ij = A(n�1)

ij �
A(n�1)

in A(n�1)
nj

A(n�1)
nn

= A(n�2)
ij �

A(n�2)
i,n�1A

(n�2)
n�1,j

A(n�2)
n�1,n�1

�
A(n�1)

in A(n�1)
nj

A(n�1)
nn

= · · ·

= A(0)
ij �

nX

k=1

A(k�1)
ik A(k�1)

kj

A(k�1)
kk

Hence A(0)
ij =

Pn
k=1 LikUkj so A = LU

<latexit sha1_base64="za76b5GN64LyL0pgT/tT/YFZrYE="></latexit><latexit sha1_base64="fE/KbGMOilqvaWROryKC9KNWE+I="></latexit><latexit sha1_base64="fE/KbGMOilqvaWROryKC9KNWE+I="></latexit><latexit sha1_base64="l9lIAIUgcpqjYEFiFvjJr5v2WDQ="></latexit>

7

LU with pivot

This method is valid for any choice of the row indices r1, r2, . . . , rn, as long as rk � k, and A(k�1)
kk 6= 0

for all k. We can choose rk at the same time as we compute A(k�1), aiming to ensure that A(k�1)
kk 6= 0.

<latexit sha1_base64="q7AukJQMo55hF7PgcofhyFisQuw="></latexit><latexit sha1_base64="DMTnQ1VsFSi9WpV2pWJXQYk1OHo="></latexit><latexit sha1_base64="DMTnQ1VsFSi9WpV2pWJXQYk1OHo="></latexit><latexit sha1_base64="pc4LHt51ahUm6vu/rrRSr0a9fWw="></latexit>

Notation: if A,B are matrices then (AB)ij indicates element ij of the matrix AB.
<latexit sha1_base64="/tMZfPlVgLKeqZShQ9iUqXO8RvU="></latexit><latexit sha1_base64="pvPcPilo4ubtj8cXgxj+PkBLx9U="></latexit><latexit sha1_base64="pvPcPilo4ubtj8cXgxj+PkBLx9U="></latexit><latexit sha1_base64="BYcvygE7KcztMT4AwP6FEXt6E+A="></latexit>

For k = 1, 2, . . . n, let P (k�1) be a permutation matrix that swaps row k with some row rk � k.
Let A(0) = P (0)A. Also let P (n) = I, the identity.
For 1, 2, . . . n, compute matrices A(k) with elements

A(k)
ij = (P (k)A(k�1))ij �

(P (k)A(k�1))ikA
(k�1)
kj

A(k�1)
kk

Then the first k rows of A(k) are all zeros, as are the first k columns. Compute L and U with elements

Lik =
⇣
P (n�1)P (n�2) · · ·P (k)A(k�1)

⌘

ik
⇥ 1

A(k�1)
kk

, Ukj = A(k�1)
kj .

Finally, let P = P (n�1)P (n�2) · · ·P (0). Then PA = LU , also L is lower triangular and U is upper
triangular.

<latexit sha1_base64="cIZeimAikATm47MreX+Ygj1OJ8o="></latexit><latexit sha1_base64="gFo5yc5S1mhPXaCDkWD5YQ5C3qY="></latexit><latexit sha1_base64="gFo5yc5S1mhPXaCDkWD5YQ5C3qY="></latexit><latexit sha1_base64="vIJ8ThRED0KuvKx1WSoL0X0yqWk="></latexit>
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LU with pivot -- check

We should also check that the first k rows (and columns) of A(k) are always zero. This can be done, it
relies on the fact that row k of P (k)A(k�1) is the same as row k of A(k�1).

<latexit sha1_base64="7uJGXWEGpFwB0iFr4ybuiuOh/HM="></latexit><latexit sha1_base64="PdlV4uHWcmVfhcQWBr7BUYUYzIQ="></latexit><latexit sha1_base64="PdlV4uHWcmVfhcQWBr7BUYUYzIQ="></latexit><latexit sha1_base64="G8goOPd+LwLFiCg3OEKy/vhUz4w="></latexit>

To check that PA = LU , follow the same method as before: note that A(n) = 0 (all rows are zero), and

use our formula for A(k) repeatedly: then

0 = A(n)
ij =

⇣
P (n)A(n�1)

⌘

ij
�

(P (n)A(n�1))inA
(n�1)
nj

A(n�1)
nn

=
⇣
P (n)P (n�1)A(n�2)

⌘

ij
�

�
P (n)P (n�1)A(n�2)

�
i,n�1

A(n�2)
n�1,j

A(n�2)
n�1,n�1

�
(P (n)A(n�1))inA

(n�1)
nj

A(n�1)
nn

= · · ·

=
⇣
P (n)P (n�1) · · ·P (0)A

⌘

ij
�

nX

k=1

�
P (n)P (n�1)P (n�2) · · ·P (k)A(k�1)

�
ik
A(k�1)

kj

A(k�1)
kk

Hence from the formulae for L,U, P , we have (PA)ij =
Pn

k=1 LikUkj so PA = LU
<latexit sha1_base64="9+8DO3uMLW4viymnUnIMjeWRvBg="></latexit><latexit sha1_base64="P3lv2U6REg+nw73Pfgn6N1oweTY="></latexit><latexit sha1_base64="P3lv2U6REg+nw73Pfgn6N1oweTY="></latexit><latexit sha1_base64="j3Xcx71sZyeyrenT+LxGjINX30c="></latexit>
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... writing the program

Break up the problem into manageable pieces...

Write a function to swap two rows of a matrix
(this is the same as multiplying from the left by some P )

<latexit sha1_base64="DT+658Bs3W6w4ABcfdvmeyQryaE="></latexit><latexit sha1_base64="5nLQo9Bp0QSIhLDUp1255F6ObaM="></latexit><latexit sha1_base64="5nLQo9Bp0QSIhLDUp1255F6ObaM="></latexit><latexit sha1_base64="b8GXLdEgged7ckPHYnJPdVf4T1I="></latexit>

Write a function that finds the largest element in a given
column, and outputs the row in which that element
appears.
(this is needed to work out rk)

<latexit sha1_base64="w3zQEOoaYYsqSbri4sm/YkkXetA="></latexit><latexit sha1_base64="OFkH2i7sCQcqD4BsdrrCltTxkIg="></latexit><latexit sha1_base64="OFkH2i7sCQcqD4BsdrrCltTxkIg="></latexit><latexit sha1_base64="qObLq0NXFJanfrv2p58L5PYk46U="></latexit>

Test these functions carefully before combining them into your 
program

The algorithm is not too simple, can we write the program?
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... finally
function [ P,L,U ] = PALUdecomp( A )
%PALUdecomp decompose A = P^{-1}LU
    [m, n]=size(A);
    if m ~= n, error('Input must be a square matrix.'), end
    P=eye(n); L=zeros(n); U=zeros(n);
 
    % remember A^(0) is A
    AofK = A;  
    for k = 1:n
        
        % this is the new part, do the pivot...
        rk = findLargestinCol(AofK,k);
        if rk ~= k
            AofK = swapRows( AofK, rk, k );
            L = swapRows( L, rk, k );
            P = swapRows( P, rk, k );
        end
        
        % from here it is the same as the OLD algorithm
        for j = k:n
            U(k,j) = AofK(k,j);
        end
        % check that we don't divide by zero(!)
        if U(k,k) == 0
            error('** A^(k-1)_{k,k}==0 in PALU decomp')
        end
        for i = k:n
           L(i,k) = AofK(i,k)/U(k,k);
        end
        for i = k:n
            for j = k:n
                AofK(i,j) = AofK(i,j) - L(i,k)*U(k,j);
            end
        end
    end  % of the loop over k
 
end % of the function

        rk = findLargestinCol(AofK,k);
        if rk ~= k
            AofK = swapRows( AofK, rk, k );
            L = swapRows( L, rk, k );
            P = swapRows( P, rk, k );
        end

... the only new part...

Example:  PALUdecomp.m,  
also pivotTest.m 
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... finally

function [ rk ] = findLargestinCol( A,k )
% findLargestinCol: find the row index of the large element in column k
%    (of some matrix A)
  [value,index] = max( abs( A(:,k) ) );  % max is built-in for matlab
                                         % don't forget to take absolute
                                         % value
  rk = index;
end
 

 findLargestinCol.m , swapRows.m 

function [ A ] = swapRows( A,u,v )
%swapRows: swap rows u and v of matrix A and send the answer as output
  storeMe = A( v, : );     % store row v of A
  A( v , : ) = A( u, : );  % copy row u of A into row v of A
  A( u , : ) = storeMe;    % copy the stored row into row u of A
end

12



further improvement...

Now we have a working program, we can solve equations...

However, there are still a few things that we can think about, 
especially if we want to work with large matrices

Can we make our program more flexible?

Can we make our program run faster?

also, does our program use up a lot of memory?

(eg can we get solutions where b is n x m? ... see earlier)

(eg can we reduce the total number of operations?)

13

"Efficiency"

Our current algorithm keeps track of a permutation matrix P .

This is an n⇥ n matrix in which there are n ones and all other

elements are zero.
<latexit sha1_base64="tHaj8aQqhhe8FRBIxJV59vZgShs="></latexit><latexit sha1_base64="3np8GrHvx/sWXPrc+s1ucfYO/no="></latexit><latexit sha1_base64="3np8GrHvx/sWXPrc+s1ucfYO/no="></latexit><latexit sha1_base64="sBPVqTd8yjiiZW7rZ6zcNnkCAog="></latexit>

. . . perhaps it would be more efficient to just keep track of the ones,
and let the zeros look after themselves. . .

<latexit sha1_base64="aU5oPx5IQdHLhIqfNf7xYzPpUTs="></latexit><latexit sha1_base64="iH3vXWNKWewvSuxO0lVVGD3t2e0="></latexit><latexit sha1_base64="iH3vXWNKWewvSuxO0lVVGD3t2e0="></latexit><latexit sha1_base64="dQBM23AboiZyqazUmsYLB9/lc/s="></latexit>

If we do this, we can store all information about the matrix by keeping
track of n integers, instead of n2 real numbers.
(Eg, for row j, keep keep track of the position xj of the “one” that
appears in that row.)

<latexit sha1_base64="hvSQ4mNHFomMRt0csKmN2BFgkWE="></latexit><latexit sha1_base64="VW9VwApY7TChhPhJfvXs7r8Di3g="></latexit><latexit sha1_base64="VW9VwApY7TChhPhJfvXs7r8Di3g="></latexit><latexit sha1_base64="8r3LIXB+eCWVVZATevdK8xPKHQM="></latexit>
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compact version
    % main body of PALUdecompV2

    L=zeros(n); U=zeros(n);
    P = 1:n;  % P starts as a vector with elements 1,2,... n
 
    % remember A^(0) is A
    AofK = A;  
    for k = 1:n
        
        % this is the new part, do the pivot...
        rk = findLargestinCol(AofK,k);
        if rk ~= k
            AofK = swapRows( AofK, rk, k );
            L = swapRows( L, rk, k );
            % swap two elements of P (instead of swapping rows)
            storeMe = P(rk); 
            P(rk) = P(k); 
            P(k) = storeMe;
        end

        % from here it is the same as the OLD algorithm
 [snipped to save space]

    end  % of the loop over k

Example:  PALUdecompV2.m 
15

compact version

function [ A ] = PTimesMat( P,M )
% compute P.M where P is a "permutation vector" and M is a matrix
 
    [Mrows,Mcols] = size(M);
    A = zeros(Mrows,Mcols);
 
    % should check here that P is vector of size Mrows
 
    for i=1:Mrows
        A(i,:) = M( P(i),: );
    end
end

. . .P is not stored as a matrix, how do I compute (for example) PA?
<latexit sha1_base64="wH2KjptlRbwDHujLLfRHfWtUTsw="></latexit><latexit sha1_base64="CTefViHV6haVcW6OriAD04s5gws="></latexit><latexit sha1_base64="CTefViHV6haVcW6OriAD04s5gws="></latexit><latexit sha1_base64="UkDaxNsav32Bw6Tp0NodWgndaVE="></latexit>

. . . a further advantage is that this “matrix multiplication” is now an
O(n2) operation, instead of O(n3)

<latexit sha1_base64="RyDfO5JkhPINQ4lLXwmQbx7fChw="></latexit><latexit sha1_base64="+Kc5KUuKnxvLF34yRFhTMkrOdXA="></latexit><latexit sha1_base64="+Kc5KUuKnxvLF34yRFhTMkrOdXA="></latexit><latexit sha1_base64="vm7iOtIbb+gdowG4C8bLTAW/hus="></latexit>
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Lesson from P matrix

If we think carefully about the "information content" of our data, 
we can reduce the amount of data that we store

This can also help to reduce the number of operations in our 
computation, although our code might be a bit more complicated

In addition, the computer has a finite amount of memory: by 
storing less data, we reduce the demand on resources, this 
helps when solving large problems...

17

Saving more memory

For LU decomposition, our final output is an upper triangular matrix
and a lower triangular matrix (with 1s on the diagonal)

<latexit sha1_base64="gPqc3vWps04LDZDlm21/Y4Bn6zw="></latexit><latexit sha1_base64="PPLOCAdvVIJ3W+A/zeTxA/Bbkm8="></latexit><latexit sha1_base64="PPLOCAdvVIJ3W+A/zeTxA/Bbkm8="></latexit><latexit sha1_base64="rOLPGZKbVj6ojW7UQRmZrMYCkGw="></latexit>

You can see that there are only n2 non-trivial numbers that we have to
compute. . . in fact we scan store all of these in one n⇥ n matrix,
instead of two

<latexit sha1_base64="+4YKtw/hMDIyGS35Jk8EOyF8+nI="></latexit><latexit sha1_base64="YgH0WG6beG+mx9c1OFjwcF27oRI="></latexit><latexit sha1_base64="YgH0WG6beG+mx9c1OFjwcF27oRI="></latexit><latexit sha1_base64="h/8kE6GUS0+iby4eQEpTFKdIX3k="></latexit>

It is possible to do LU decomposition (with pivot) in which we end up
with a final matrix A(n) whose elements are those of L and U (instead
of zeros)

<latexit sha1_base64="5hT04tH3ERQdvmdybtDSsIDZiQI="></latexit><latexit sha1_base64="cmUSm5kzmvDG4zOp8Y0k8O4F2/M="></latexit><latexit sha1_base64="cmUSm5kzmvDG4zOp8Y0k8O4F2/M="></latexit><latexit sha1_base64="krnjHrOCY5fe+yZ21juasxqY0mI="></latexit>

If you really care about speed and memory usage, this is a good idea.
But always remember: if you just want something that works, the
simplest method can still be best. . .

<latexit sha1_base64="5hGup8A5jdDdXtoLtBA9knUJpjk="></latexit><latexit sha1_base64="+l3JZRzbZFIuaAlti9UY4Cd87I0="></latexit><latexit sha1_base64="+l3JZRzbZFIuaAlti9UY4Cd87I0="></latexit><latexit sha1_base64="sWHtSw4UQfz5eb6SU0v3vQji1FM="></latexit>
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Memory -- one last thing

MATLAB is very good at dealing with vectors, which we can use to
make lists

<latexit sha1_base64="Fyrq8CQTqqJiaiDpjnY3DITGrLc="></latexit><latexit sha1_base64="9fw+r8f2fTbfgZnN2NYPFVks9Hg="></latexit><latexit sha1_base64="9fw+r8f2fTbfgZnN2NYPFVks9Hg="></latexit><latexit sha1_base64="oMz/Wl40vpF7AN2PcID0T15fnAM="></latexit>

However, dealing with very large lists (millions or billions of entries) can

be slow
<latexit sha1_base64="QV9BI9lqhKctDn4FUgtHqYhBdyo="></latexit><latexit sha1_base64="xi3UyENu1E090SD1KJ3lkbhRnuI="></latexit><latexit sha1_base64="xi3UyENu1E090SD1KJ3lkbhRnuI="></latexit><latexit sha1_base64="PzqSqotOiReB58DZt+czd62u1Gs="></latexit>

It’s good to ask: do I really need to store every element in the list?
<latexit sha1_base64="3Ee6fs947tbrA90T6EA2Az0uDvs="></latexit><latexit sha1_base64="kDqWefHR778od2zTxm0FVaVOXaY="></latexit><latexit sha1_base64="kDqWefHR778od2zTxm0FVaVOXaY="></latexit><latexit sha1_base64="9Uzo1lLP5O07zRZlkPpIxJ0STmY="></latexit>

Eg, for ODE solving, we computed and stored the whole sequence of

yn. But if the step h is small then for any practical purpose (eg plotting

a graph), we can just as well store every 10th point, or every 100th
<latexit sha1_base64="jzBGcfwBzlvDH04ef/Z/nW8Z7Qo="></latexit><latexit sha1_base64="pRxlyH6RlT8BkMriIz/oJVwVdvs="></latexit><latexit sha1_base64="pRxlyH6RlT8BkMriIz/oJVwVdvs="></latexit><latexit sha1_base64="dOfN0Pi74pVw+9yRbENp9lO1YOE="></latexit>

If you keep this in mind, it will help to avoid “bad programming habits”
<latexit sha1_base64="htkaquJ82AHn6c7+QapVVrMKsqQ="></latexit><latexit sha1_base64="PRomsMc2oEHI7lVPQPzPSeAhCow="></latexit><latexit sha1_base64="PRomsMc2oEHI7lVPQPzPSeAhCow="></latexit><latexit sha1_base64="61KGMhzex+tJFs3ahRkwgXkuyMM="></latexit>
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... next lecture
more general programming advice  
   ... and some part IB project info

... today
we showed how to build up a reasonably complicated 
algorithm (LU decomposition with pivot)

started to think about what makes a "good program"
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