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Motivation

So far we considered algorithms that correspond to very short 
MATLAB programs, eg the main part of Euler's method is simply

    x(1) = xstart;
    y(1) = ystart;
    
    for i=1:n
        yprime = x(i)*y(i)^2;
        y(i+1) = y(i) + h*yprime;
        x(i+1) = x(i) + h;
    end

If we want to do something more complicated, we need to 
understand how to build up a longer program, based on simple 
ingredients.

In the next 2 lectures, we discuss an extended example of this

2

The problem

If the inverse does not exist then our method should notice and return
an error

<latexit sha1_base64="kReYcES9wFct6bF8PfMXdOAfnCM="></latexit><latexit sha1_base64="kReYcES9wFct6bF8PfMXdOAfnCM="></latexit><latexit sha1_base64="kReYcES9wFct6bF8PfMXdOAfnCM="></latexit><latexit sha1_base64="kReYcES9wFct6bF8PfMXdOAfnCM="></latexit>

You might remember that this can be done by a method called
Gaussian elimination. The method that we use is almost equivalent, it
is called LU decomposition.

<latexit sha1_base64="56h3ti/n+f7L7wQsbLm0nIEe37I="></latexit><latexit sha1_base64="56h3ti/n+f7L7wQsbLm0nIEe37I="></latexit><latexit sha1_base64="56h3ti/n+f7L7wQsbLm0nIEe37I="></latexit><latexit sha1_base64="56h3ti/n+f7L7wQsbLm0nIEe37I="></latexit>

Given an n⇥ n matrix A and an n-vector b (both with real-valued
elements), we want to solve Ax = b to obtain x = A�1b

<latexit sha1_base64="CiVX6Y/91uWYp/iRFisoZQ9ptVg="></latexit><latexit sha1_base64="CiVX6Y/91uWYp/iRFisoZQ9ptVg="></latexit><latexit sha1_base64="CiVX6Y/91uWYp/iRFisoZQ9ptVg="></latexit><latexit sha1_base64="CiVX6Y/91uWYp/iRFisoZQ9ptVg="></latexit>

Our method will also work if b is a matrix of size n⇥m. If we set b to be

the identity then we obtain x = A�1 (if it exists).
<latexit sha1_base64="vY7TwT3gG/JsbZcRqufSCqm10HI="></latexit><latexit sha1_base64="vY7TwT3gG/JsbZcRqufSCqm10HI="></latexit><latexit sha1_base64="vY7TwT3gG/JsbZcRqufSCqm10HI="></latexit><latexit sha1_base64="vY7TwT3gG/JsbZcRqufSCqm10HI="></latexit>
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LU decomposition

Our method is based on a trick, which is to write A = LU

. . . where L is a lower triangular matrix and U is upper triangular
<latexit sha1_base64="HdoWt/gq+mXlTlKpyp6QhsQnUt8="></latexit><latexit sha1_base64="HdoWt/gq+mXlTlKpyp6QhsQnUt8="></latexit><latexit sha1_base64="HdoWt/gq+mXlTlKpyp6QhsQnUt8="></latexit><latexit sha1_base64="HdoWt/gq+mXlTlKpyp6QhsQnUt8="></latexit>
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5 Gaussian Elimination

5.0 Introduction

One of the aims of this section is to write a slightly longer piece of Matlab code, showing how it can
be constructed piece by piece. It is generally easier to write a basic code, and then refine it to make it
more sophisticated.

Remark. This section also illustrates how to write a standard method, in this case [a very close relative
of] Gaussian elimination, in a neater algorithmic form using matrices. Needless to say, matrices are
important; as the abstract of a research seminar given this time last year put it:

‘Functions of matrices are widely used in science, engineering and the social sciences, due

to the succinct and insightful way they allow problems to be formulated and solutions

to be expressed. New applications involving matrix functions are regularly being found,

ranging from small but difficult problems in medicine to huge, sparse systems arising in

the solution of partial differential equations. . . . ’

5.1 LU factorization

5.1.1 Definition

Let A be a real n⇥ n matrix. We say that the n⇥ n matrices L and U are an LU factorization of A if

(i) L is lower-triangular, i.e. Li j = 0 for i < j,

(ii) U is upper-triangular, i.e. Ui j = 0 for i > j, and

(iii) A = LU.

Therefore the factorization takes the form
2
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5.1.2 Application: solution of linear systems

Let A = LU and suppose we wish to solve Ax = b. This is the same as L(Ux) = b, which we decompose
into

Ly = b, Ux = y.

Both latter systems are triangular and can be solved using forward/backward substitution. Specifically,
first we solve for y; thus

L1 1y1 = b1 gives y1, next
L2 1y1 + L2 2y2 = b2 yields y2 etc.

Then we solve for x by reversing the order; thus

Unnxn = yn gives xn, next
Un�1n�1xn�1 + Un�1nxn = yn�1 yields xn�1, and so on.

Remark. This requires O(n2) computational operations.2105/12
05/13

21 Where, as usual, we only bother to count multiplications/divisions.
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Lij = 0 for i > j

Uij = 0 for i < j

A
<latexit sha1_base64="AGwWIH4+9/qgg1Wckv4yVplDpII="></latexit><latexit sha1_base64="AGwWIH4+9/qgg1Wckv4yVplDpII="></latexit><latexit sha1_base64="AGwWIH4+9/qgg1Wckv4yVplDpII="></latexit><latexit sha1_base64="AGwWIH4+9/qgg1Wckv4yVplDpII="></latexit>

L
<latexit sha1_base64="ioiO1/Sfz1bCVSqyIzi0d3yUk7M="></latexit><latexit sha1_base64="ioiO1/Sfz1bCVSqyIzi0d3yUk7M="></latexit><latexit sha1_base64="ioiO1/Sfz1bCVSqyIzi0d3yUk7M="></latexit><latexit sha1_base64="ioiO1/Sfz1bCVSqyIzi0d3yUk7M="></latexit>

U
<latexit sha1_base64="DV9CqM84DeBS4cHHtxu29CNAPh4="></latexit><latexit sha1_base64="DV9CqM84DeBS4cHHtxu29CNAPh4="></latexit><latexit sha1_base64="DV9CqM84DeBS4cHHtxu29CNAPh4="></latexit><latexit sha1_base64="DV9CqM84DeBS4cHHtxu29CNAPh4="></latexit>

0
<latexit sha1_base64="Y25Q3u50TYtg564/zrAEaCvzdtg="></latexit><latexit sha1_base64="Y25Q3u50TYtg564/zrAEaCvzdtg="></latexit><latexit sha1_base64="Y25Q3u50TYtg564/zrAEaCvzdtg="></latexit><latexit sha1_base64="Y25Q3u50TYtg564/zrAEaCvzdtg="></latexit>

0
<latexit sha1_base64="Y25Q3u50TYtg564/zrAEaCvzdtg="></latexit><latexit sha1_base64="Y25Q3u50TYtg564/zrAEaCvzdtg="></latexit><latexit sha1_base64="Y25Q3u50TYtg564/zrAEaCvzdtg="></latexit><latexit sha1_base64="Y25Q3u50TYtg564/zrAEaCvzdtg="></latexit>

We assume (for now) that this is possible. In fact we assume that it is
possible with Lii = 1 for all i.

<latexit sha1_base64="zgXqgFtGDBNyfgfUaVXrQt4KRwY="></latexit><latexit sha1_base64="zgXqgFtGDBNyfgfUaVXrQt4KRwY="></latexit><latexit sha1_base64="zgXqgFtGDBNyfgfUaVXrQt4KRwY="></latexit><latexit sha1_base64="zgXqgFtGDBNyfgfUaVXrQt4KRwY="></latexit>

. . . cases where this is not possible are discussed later.
<latexit sha1_base64="T8K+mV9ih1wvxVxAOQxupnI3pYI="></latexit><latexit sha1_base64="T8K+mV9ih1wvxVxAOQxupnI3pYI="></latexit><latexit sha1_base64="T8K+mV9ih1wvxVxAOQxupnI3pYI="></latexit><latexit sha1_base64="T8K+mV9ih1wvxVxAOQxupnI3pYI="></latexit>
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Solving Ax = b

Suppose Ax = LUx = b. Let y = Ux. Then Ly = b.
<latexit sha1_base64="B0phj1PnHMbwOeoRyOTW+Gp/q8c="></latexit><latexit sha1_base64="B0phj1PnHMbwOeoRyOTW+Gp/q8c="></latexit><latexit sha1_base64="B0phj1PnHMbwOeoRyOTW+Gp/q8c="></latexit><latexit sha1_base64="B0phj1PnHMbwOeoRyOTW+Gp/q8c="></latexit>

It turns out to be easy to invert triangular matrices. So if we know L
and U then we can obtain y as L�1b and then x as U�1y.

<latexit sha1_base64="0hUF8nmbFPY5wGdHkm+7dzBbP2c="></latexit><latexit sha1_base64="0hUF8nmbFPY5wGdHkm+7dzBbP2c="></latexit><latexit sha1_base64="0hUF8nmbFPY5wGdHkm+7dzBbP2c="></latexit><latexit sha1_base64="0hUF8nmbFPY5wGdHkm+7dzBbP2c="></latexit>

Plan for writing our program to solve Ax = b.
<latexit sha1_base64="uo+7alfgj10ER+52c0PNy5o8Dx0="></latexit><latexit sha1_base64="uo+7alfgj10ER+52c0PNy5o8Dx0="></latexit><latexit sha1_base64="uo+7alfgj10ER+52c0PNy5o8Dx0="></latexit><latexit sha1_base64="uo+7alfgj10ER+52c0PNy5o8Dx0="></latexit>

2. Assume that A is given and write a function for obtaining L and U .
<latexit sha1_base64="kNP8cXkLePav5HHS5rMWB8m6O8g="></latexit><latexit sha1_base64="kNP8cXkLePav5HHS5rMWB8m6O8g="></latexit><latexit sha1_base64="kNP8cXkLePav5HHS5rMWB8m6O8g="></latexit><latexit sha1_base64="kNP8cXkLePav5HHS5rMWB8m6O8g="></latexit>

3. Deal with cases where A can’t be written as LU (“pivoting”)
<latexit sha1_base64="ClooqdjeRKnklSKCXCC8U7U+jcY="></latexit><latexit sha1_base64="ClooqdjeRKnklSKCXCC8U7U+jcY="></latexit><latexit sha1_base64="ClooqdjeRKnklSKCXCC8U7U+jcY="></latexit><latexit sha1_base64="ClooqdjeRKnklSKCXCC8U7U+jcY="></latexit>

1. Assume that L,U, b are given and write functions for obtaining
y = L�1b and x = U�1y.

<latexit sha1_base64="W+gaqO2b0fEZ3F2ieTd890tkUqM="></latexit><latexit sha1_base64="W+gaqO2b0fEZ3F2ieTd890tkUqM="></latexit><latexit sha1_base64="W+gaqO2b0fEZ3F2ieTd890tkUqM="></latexit><latexit sha1_base64="W+gaqO2b0fEZ3F2ieTd890tkUqM="></latexit>

General plan: split a big task into pieces and deal with them one at 
a time.  It's good if the pieces correspond to MATLAB functions

5

Algorithm for inverting L and U

. . . since we already know y1 we can compute y2
<latexit sha1_base64="SsLRar69KlolImk59a815oYDWyc="></latexit><latexit sha1_base64="ALFA1tjwQmNrHGgyRWnFjqJp/Uw="></latexit><latexit sha1_base64="ALFA1tjwQmNrHGgyRWnFjqJp/Uw="></latexit><latexit sha1_base64="uzzfJu126xz6/BJp51ebeV2YSEQ="></latexit>

. . . we already know y1 . . . yk�1 so can compute yk
<latexit sha1_base64="1LWbTsNJJRq4NAjj12LgnmVbU0Q="></latexit><latexit sha1_base64="gbc0nWeHHQGx94QfMN73+v5YLz4="></latexit><latexit sha1_base64="gbc0nWeHHQGx94QfMN73+v5YLz4="></latexit><latexit sha1_base64="ELdX9RRVsy1kuDU/aUtLpCvM460="></latexit>

We can use a loop to compute y1, y2, . . . , yn
<latexit sha1_base64="dD5+LM/2ttJnz1TQ3Umb9YP9Ggg="></latexit><latexit sha1_base64="XlnDWr66rOaOTuh43lNjr3uJJJc="></latexit><latexit sha1_base64="XlnDWr66rOaOTuh43lNjr3uJJJc="></latexit><latexit sha1_base64="jxz8tN54WeBYKchDYB10cNSTl4w="></latexit>

0

BBBBBB@

L11 0 · · · · · · 0
L21 L22 0 . . . 0

...
. . . . . . . . .

...

Ln�1,1
. . . . . . Ln�1,n�1 0

Ln1 · · · · · · · · · Lnn

1

CCCCCCA

0

BBBBBB@

y1
y2
...
...
yn

1

CCCCCCA
=

0

BBBBBB@

b1
b2
...
...
bn

1

CCCCCCA

<latexit sha1_base64="hnnkX53/m9r9bOl1rmmEZDh7EOs="></latexit><latexit sha1_base64="hnnkX53/m9r9bOl1rmmEZDh7EOs="></latexit><latexit sha1_base64="hnnkX53/m9r9bOl1rmmEZDh7EOs="></latexit><latexit sha1_base64="hnnkX53/m9r9bOl1rmmEZDh7EOs="></latexit>

Ly = b means that
<latexit sha1_base64="yl94lrwovgMpESyYb0s4nfiHwWk="></latexit><latexit sha1_base64="yl94lrwovgMpESyYb0s4nfiHwWk="></latexit><latexit sha1_base64="yl94lrwovgMpESyYb0s4nfiHwWk="></latexit><latexit sha1_base64="yl94lrwovgMpESyYb0s4nfiHwWk="></latexit>

Second row: y2 = (b2 � L21y1)/L22
<latexit sha1_base64="jjJ7DFfphYKCnaWyhCH108Bw4+A="></latexit><latexit sha1_base64="s2YYZYETOlyihYuDcqTyAkJbh08="></latexit><latexit sha1_base64="s2YYZYETOlyihYuDcqTyAkJbh08="></latexit><latexit sha1_base64="K7P64tX+sOFDmFBhVWJHKkisMJA="></latexit>

First row: y1 = b1/L11
<latexit sha1_base64="CyAynpXA2aq1cbanGDgxCyxZ89A="></latexit><latexit sha1_base64="2A482ay739tIlcAOx3Vx3KonhxQ="></latexit><latexit sha1_base64="2A482ay739tIlcAOx3Vx3KonhxQ="></latexit><latexit sha1_base64="7EBq9YAH2Z5TeTqDnIouRZ1EoXQ="></latexit>

kth row: yk =
⇣
bk �

Pk�1
j=1 Lkjyj

⌘
/Lkk

<latexit sha1_base64="72PEOvWC1ZlOgICRsa6iuznAR50="></latexit><latexit sha1_base64="zb2fwdM7IMnn77GkKXUEpLH2ft8="></latexit><latexit sha1_base64="zb2fwdM7IMnn77GkKXUEpLH2ft8="></latexit><latexit sha1_base64="Q0NwhQY1+9pELcwUICGIBMD3oH0="></latexit>

[if Lkk = 0 for some k then L�1 does not exist and this (usually) fails]
<latexit sha1_base64="hrr/ug5KyVuhspLAWGaMN1SnpCw="></latexit><latexit sha1_base64="DJaYT5AbiX2is1z2E1vq1MPR/zI="></latexit><latexit sha1_base64="DJaYT5AbiX2is1z2E1vq1MPR/zI="></latexit><latexit sha1_base64="B59Hg+iPClIewFqTy32OqP0yWQY="></latexit>
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MATLAB function

function [ y ] = Lsolve( L,b )
%Lsolve: solve Ly = b (for y) where L is lower triangular and b is a vector
% note: it is not checked that L is actually lower triangular
    [bRows,bCols] = size(b);
    [LRows,LCols] = size(L);
 
    if LRows ~= LCols || bRows ~= LRows || bCols ~= 1
        error('Either L or b is the wrong size.')
    end
    if any( diag(L) == 0 )
        error('There are zeros on the diagonal of L')
    end
 
    y = b;
    for k = 1:LRows
      for j = 1:k-1
        y(k) = y(k) - L(k,j)*y(j);
      end
      y(k) = y(k)/L(k,k);
    end
end

Ly = b
<latexit sha1_base64="yzqHslAJ6GbylhmoHyP3rUK2p/E="></latexit><latexit sha1_base64="wR3x3rStI9LNsplalN9M0JrLBIo="></latexit><latexit sha1_base64="wR3x3rStI9LNsplalN9M0JrLBIo="></latexit><latexit sha1_base64="gYD5V0K8yDLBbVo0H4P9Gr2iaDo="></latexit>

yk =
1

Lkk

2

4bk �
k�1X

j=1

Lkjyj

3

5

<latexit sha1_base64="1rbFCPlX4t69sRWsirlbyBiewwY="></latexit><latexit sha1_base64="ACIjus2qCwqlZfxnZoleUPEGEDA="></latexit><latexit sha1_base64="ACIjus2qCwqlZfxnZoleUPEGEDA="></latexit><latexit sha1_base64="+3KdYSkkaKVFDNsmAF0NbYuphy0="></latexit>

Example:  Lsolve.m 
7

Testing

A key advantage of breaking up the complex task into functions 
is that we can test each function separately

Tests for the various functions that we write here are given in 
LUtest.m

It's a good idea to test some easy cases, but also to check what 
happens in nasty cases (eg if L and b don't have the right size, or 
L is a singular matrix).

8



Similar algorithm for U

You might imagine that there is a similar method that works for U . . .
<latexit sha1_base64="Z68t11q4uwDxJka/wP+XcYaq5II="></latexit><latexit sha1_base64="BmNnOXY80nCK59oPwgRIAhcU4ic="></latexit><latexit sha1_base64="BmNnOXY80nCK59oPwgRIAhcU4ic="></latexit><latexit sha1_base64="FgHCiyfeyryr2zoN87InXG+wn2w="></latexit>

We consider the rows in turn, but now starting from the last (nth) row
<latexit sha1_base64="O1d+qyqRwSBPTjNETRP5FjZE2UA="></latexit><latexit sha1_base64="DEAklTGH/eRrRCfk2IxwGA1r23s="></latexit><latexit sha1_base64="DEAklTGH/eRrRCfk2IxwGA1r23s="></latexit><latexit sha1_base64="aXnHyBoQzOUSK4Tf3nC1E7PY2Ec="></latexit>

We solve Ux = y (for x)
<latexit sha1_base64="6JkfkRiiciZdiGiF9UCcatN5+zE="></latexit><latexit sha1_base64="hcuKEAVZ1z7vu/CzwXOxg6hEMGM="></latexit><latexit sha1_base64="hcuKEAVZ1z7vu/CzwXOxg6hEMGM="></latexit><latexit sha1_base64="G0d4u/0fgV5M8+EA2FJdlcCdIeU="></latexit>

kth row: Ukkxk = yk �
Pn

j=k+1 Ukjxj
<latexit sha1_base64="Xxqk//OXVYO4kKy3v69sLW8rNoI="></latexit><latexit sha1_base64="gUt4TuBLolQ89ns/2jTMdp34kOY="></latexit><latexit sha1_base64="gUt4TuBLolQ89ns/2jTMdp34kOY="></latexit><latexit sha1_base64="ESYev7JA2zNiie9PNGN1PyEb6So="></latexit>

Last row: Unnxn = yn
<latexit sha1_base64="MVf+EzKheqS0eH7g/yok6BprRsw="></latexit><latexit sha1_base64="YI/IwYNukjZ0rO9/vzpSYcJwUbA="></latexit><latexit sha1_base64="YI/IwYNukjZ0rO9/vzpSYcJwUbA="></latexit><latexit sha1_base64="GLl+yg3CGtNS/F25lz4u0coRy7w="></latexit>

. . . we know xj for j > k so we can compute xk.
<latexit sha1_base64="8A1ufwL237E5gmtTyVcI7F87YUE="></latexit><latexit sha1_base64="8PigtneAPN2n4Gh10+7avo2ymkI="></latexit><latexit sha1_base64="8PigtneAPN2n4Gh10+7avo2ymkI="></latexit><latexit sha1_base64="D4M1nzOntR6TA9bKz9U3sLx7EiM="></latexit>

Again, use a loop to compute x1, x2, . . . , xn
<latexit sha1_base64="xrYQOveqpJjOXaum0nXieiEWz9U="></latexit><latexit sha1_base64="rA5UIGl7DUvSWmQDCyUksT5We6c="></latexit><latexit sha1_base64="rA5UIGl7DUvSWmQDCyUksT5We6c="></latexit><latexit sha1_base64="sosv7JhDAMOZXZTBnCuebiIFF3g="></latexit>
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Matlab translation

function [ x ] = Usolve( U,y )
%Usolve: solve Ux = y (for x) where U is upper triangular
% note: it is not checked that U is actually upper triangular
    [yRows,yCols] = size(y);
    [URows,UCols] = size(U);
 
    if URows ~= UCols || yRows ~= URows || yCols ~= 1
        error('Either L or b is the wrong size.')
    end
    if any( diag(U) ==  0 )
        error('There are zeros on the diagonal of U')
    end
    
    n = URows;
    x = y;
    for k = n:-1:1  % loop downwards from n to 1
      for j = k+1:n
        x(k) = x(k) - U(k,j)*x(j);
      end
      x(k) = x(k)/U(k,k);
    end
end

Ux = y
<latexit sha1_base64="xL9Nj4uDFdgWqSe4e9tDf/Q2Lew="></latexit><latexit sha1_base64="WEPXnpz00Uvr0PEUxvBJEr1OtB4="></latexit><latexit sha1_base64="WEPXnpz00Uvr0PEUxvBJEr1OtB4="></latexit><latexit sha1_base64="xJ/pgZpIER6ykvs1cZY6EtWk9Yw="></latexit>

xk = yk �
nX

j=k+1

Ukjxj

<latexit sha1_base64="c54RCT31Mrx45+Z2zALXYg3OMZk="></latexit><latexit sha1_base64="ZLdsl26C4u77JzH6sof76ZgWa/w="></latexit><latexit sha1_base64="ZLdsl26C4u77JzH6sof76ZgWa/w="></latexit><latexit sha1_base64="HGx4jNn8qIbmmJeAT22nPBPanYc="></latexit>

Example:  Usolve.m 
10

Combining ingredients

LUx = b
<latexit sha1_base64="AnUpPDGRz94R2OEN0pLuAoxdwsU="></latexit><latexit sha1_base64="zNmMcuKk3gwVfE4bLtJYqdAPEIY="></latexit><latexit sha1_base64="zNmMcuKk3gwVfE4bLtJYqdAPEIY="></latexit><latexit sha1_base64="p2BU+QYntxzb7ZHokZzmelKkvf4="></latexit>

Write y = Ux so x = U�1y and y = L�1b
<latexit sha1_base64="ydccOR5yZxC55trd5Fxmfjb0c5Y="></latexit><latexit sha1_base64="iOlVn4PBFwwHABHbq55Fiz+GvsI="></latexit><latexit sha1_base64="iOlVn4PBFwwHABHbq55Fiz+GvsI="></latexit><latexit sha1_base64="+2ZIKXtC7J62giGytGp4OXlPmQQ="></latexit>

. . . this is the “philosophy of structured programming”

. . . break the task into functions and write each one separately, then
stick them together at the end

<latexit sha1_base64="VEPjuqx77rzQrn7G5Ru+1XPr1Fg="></latexit><latexit sha1_base64="azuelgNwZrySd07mgapu40Z8+J4="></latexit><latexit sha1_base64="azuelgNwZrySd07mgapu40Z8+J4="></latexit><latexit sha1_base64="J1iSeEeOSzrDOm0Z+GIi3VBjYqI="></latexit>

We will see later how to improve our Lsolve and Usolve functions,
but the first job is usually to get something simple that works

<latexit sha1_base64="W75IO55kO8qjSnZiwwX0zlWOYy0="></latexit><latexit sha1_base64="9NerGUB2N8q+FE0Y8gbN3HWdjmc="></latexit><latexit sha1_base64="9NerGUB2N8q+FE0Y8gbN3HWdjmc="></latexit><latexit sha1_base64="zujo/xnaoLr1256f2hrDtl7DdUU="></latexit>

function [ x ] = LUsolve( L,U,b )
%LUsolve: solve LUx=b where U is upper triag and L is lower triag
  y = Lsolve(L,b);
  x = Usolve(U,y);
end

. . . we have done the hard part so this is easy now(!). . .
<latexit sha1_base64="KRUMiQq1FmV/Vj3FXVIH/qgFh/I="></latexit><latexit sha1_base64="kzGxKun1cL6zT9qYmtnAetAoRrs="></latexit><latexit sha1_base64="kzGxKun1cL6zT9qYmtnAetAoRrs="></latexit><latexit sha1_base64="e1qSt+sPWTin0E8sZyMFcBSgk+4="></latexit>

Example:  LUsolve.m 

11

LU decomposition

Assume that this is possible: Aij =
Pn

k=1 LikUkj
<latexit sha1_base64="siMD2sJ8Jn2sfR5d1+a16uKx0jU="></latexit><latexit sha1_base64="9qvzRodTgWyKaEmU2Fzcj9ZSyW0="></latexit><latexit sha1_base64="9qvzRodTgWyKaEmU2Fzcj9ZSyW0="></latexit><latexit sha1_base64="kfh0pevbah5oy66wu82XRbKZA3w="></latexit>

For k = 0, 1, 2, . . . , n� 1, define rank-one matrices M (k) with elements

M (k)
ij = Li,k+1Uk+1,j

<latexit sha1_base64="d4eW2FNmTpM4oVgkJUR/B/sGfUU="></latexit><latexit sha1_base64="7ML2tC0x5U4L1sdkaymwnaPCN0g="></latexit><latexit sha1_base64="7ML2tC0x5U4L1sdkaymwnaPCN0g="></latexit><latexit sha1_base64="tQBC2/qm0U6Sh1PIXXn1945Ymdk="></latexit>

Given an n⇥ n matrix A, we want to find upper and lower triangular
matrices such that A = LU , with Lii = 1 for all i

<latexit sha1_base64="gR2lFk5GeRnXsJE6ceNIOgRW2oA="></latexit><latexit sha1_base64="j6TxsxnQE9KeCbytdJudySzREVI="></latexit><latexit sha1_base64="j6TxsxnQE9KeCbytdJudySzREVI="></latexit><latexit sha1_base64="oEkzYg8whWMRbdFr/EdyA14KATw="></latexit>

The first k rows of M (k) are full of zeros, as are the first k columns
(by the triangular structure of L and U )

<latexit sha1_base64="iFmre7U6F9+MeU3o58DyaHoiLzA="></latexit><latexit sha1_base64="qT2dI3sdBtTxEaCy4WtepHIWgnM="></latexit><latexit sha1_base64="qT2dI3sdBtTxEaCy4WtepHIWgnM="></latexit><latexit sha1_base64="JpnEC7k4pLeYCj+hxjbtyFlG24g="></latexit>

Define also A(k) = A�
Pk�1

r=0 M
(r), with A(0) = A; also A(n) = 0

<latexit sha1_base64="v1ma+Y+mSaBpqtN8YolO9wdoBP4="></latexit>
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LU decomposition

∗

+ + +. . .

∗

∗

∗
∗ ∗

∗
∗

∗∗

. . .

∗ ∗

∗∗

. . .A =

M (0)
<latexit sha1_base64="b1VLnspEvimWK16X+VqZGFJMrc4="></latexit><latexit sha1_base64="MfUEwNwvXT2NRt5h0cwQK+fU3WI="></latexit><latexit sha1_base64="MfUEwNwvXT2NRt5h0cwQK+fU3WI="></latexit><latexit sha1_base64="pwelRxS1FvsGUH/YRDpcCgDXIBs="></latexit>

M (1)
<latexit sha1_base64="Lv63yaF7zAjRPNS3ES5xIPUAuow="></latexit><latexit sha1_base64="teLr6tZlb8EbITwXXhe5GGeLj1I="></latexit><latexit sha1_base64="teLr6tZlb8EbITwXXhe5GGeLj1I="></latexit><latexit sha1_base64="H/bOfJQUqoOyZv/KORW3Hlivp8k="></latexit>

∗ indicates a non-zero element

Since L11 = 1, the first row of M (0) is the first row of U
(since M (0)

1j = L11U1j)
<latexit sha1_base64="BWShyCESPmptM82KPG1J6+YK6ZQ="></latexit><latexit sha1_base64="MqoFRzY/mHnO30aUTUg1Nh9t1CI="></latexit><latexit sha1_base64="MqoFRzY/mHnO30aUTUg1Nh9t1CI="></latexit><latexit sha1_base64="K+NHkujU/OJLeWBozyqZiZb5/Gk="></latexit>

Similarly the first column of L is U11 times the first column of M (0),
and U11 has already been computed.

<latexit sha1_base64="sG3AOuJv29/QlZX6nNSySKyd/PE="></latexit><latexit sha1_base64="FyNOTap4OfAm4KOc3Y7XdZPu4y4="></latexit><latexit sha1_base64="FyNOTap4OfAm4KOc3Y7XdZPu4y4="></latexit><latexit sha1_base64="Q0j6NqoJaXcQkvqk14kKjxueC3c="></latexit>

The first row of M (0) is equal to the first row of A, and similarly for the
first column

<latexit sha1_base64="oZ3WkaIgFByODxdvV2Pye8rUa7o="></latexit><latexit sha1_base64="uTPIw3Ec0w64ZOCNcaTfiBrD4cE="></latexit><latexit sha1_base64="uTPIw3Ec0w64ZOCNcaTfiBrD4cE="></latexit><latexit sha1_base64="WmwFXQwcpNXqD5f4+TNsgdDm3Tw="></latexit>

M (n�1)
<latexit sha1_base64="HBSNu9mxxn1lmgYewjTRXN2em8I="></latexit><latexit sha1_base64="Lh2urYVQDLLQngrkyGb8qnvzY/A="></latexit><latexit sha1_base64="Lh2urYVQDLLQngrkyGb8qnvzY/A="></latexit><latexit sha1_base64="XScbCk2zEv1XWkApTz3OWV+xF9o="></latexit>
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LU decomposition

From previous slide, we know the first column of L and the first row of

U . Hence we can compute all elements of M (0) (as M (0)
ij = Li1U1j)

<latexit sha1_base64="PtyXRfJZYtz/Ci8zDjefmn3h0FY="></latexit><latexit sha1_base64="Mn7tiN7qVWepPSJ8+OckXSp9h0A="></latexit><latexit sha1_base64="Mn7tiN7qVWepPSJ8+OckXSp9h0A="></latexit><latexit sha1_base64="XVoI5VBHe0hGjywndTg5j8/EcM8="></latexit>

∗

+ +. . .
∗ ∗

∗∗

. . .A(1) = A�M (0) =
<latexit sha1_base64="5o1T7rSPAcWisJxzn6zrZuYseSw="></latexit><latexit sha1_base64="YKMhRR6LrD1wEDDNmhFn/CAoiGs="></latexit><latexit sha1_base64="YKMhRR6LrD1wEDDNmhFn/CAoiGs="></latexit><latexit sha1_base64="n+BNmYk6K7bFRSjlI9zcvn4Pfo0="></latexit>

M (1)
<latexit sha1_base64="Lv63yaF7zAjRPNS3ES5xIPUAuow="></latexit><latexit sha1_base64="teLr6tZlb8EbITwXXhe5GGeLj1I="></latexit><latexit sha1_base64="teLr6tZlb8EbITwXXhe5GGeLj1I="></latexit><latexit sha1_base64="H/bOfJQUqoOyZv/KORW3Hlivp8k="></latexit>

A(1) is a known matrix, and its second row is the same as the second
row of M (1). . . and similarly the second column.

<latexit sha1_base64="Tttjqs+Uyzp2ZjCKLPVo/O+aD/8="></latexit><latexit sha1_base64="cX+jGmsshSNBow0XWn0GQw+yaNg="></latexit><latexit sha1_base64="cX+jGmsshSNBow0XWn0GQw+yaNg="></latexit><latexit sha1_base64="VK4rU9EpcZU7wssaOn1MkXU9zo4="></latexit>

Similar to previous slide, the second row of M (1) is the second row
of U , and we can also compute the second column of L

<latexit sha1_base64="60/troj1TYD128sHf56q3VXeEk4="></latexit><latexit sha1_base64="mNDZu0sMOMU2T05K53ukYAH8qdA="></latexit><latexit sha1_base64="mNDZu0sMOMU2T05K53ukYAH8qdA="></latexit><latexit sha1_base64="Pi8FbPpo2iYo7nwB8wSuh8ImkKM="></latexit>

M (n�1)
<latexit sha1_base64="HBSNu9mxxn1lmgYewjTRXN2em8I="></latexit><latexit sha1_base64="Lh2urYVQDLLQngrkyGb8qnvzY/A="></latexit><latexit sha1_base64="Lh2urYVQDLLQngrkyGb8qnvzY/A="></latexit><latexit sha1_base64="XScbCk2zEv1XWkApTz3OWV+xF9o="></latexit>
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LU algorithm - summary

A(0) = ALet

k = 1, 2, . . . , nIterate

What can go wrong?

In this way, we can work out all elements of L and U :
<latexit sha1_base64="hf1pgpXNZdsvTm8xW9h7BPnTRZE="></latexit><latexit sha1_base64="YOSrimiPxUohyWJii0fngxMEcJw="></latexit><latexit sha1_base64="YOSrimiPxUohyWJii0fngxMEcJw="></latexit><latexit sha1_base64="mmUb0L3lhL3ZEkSpnFUV+0GyTAI="></latexit>

Ukj = A(k�1)
kj

Lik = A(k�1)
ik /A(k�1)

kk

A(k)
ij = A(k�1)

ij � LikUkj

j = k, . . . , n

i = k, . . . , n

kth row of U :
<latexit sha1_base64="LDwczRK2RGNSM5MTWLDJ/SWNBQM="></latexit><latexit sha1_base64="UrRyc9sZKIB9d11a5EwBCIf0cHM="></latexit><latexit sha1_base64="UrRyc9sZKIB9d11a5EwBCIf0cHM="></latexit><latexit sha1_base64="fst+I/SE9aHe2tlJELiziZreFgw="></latexit>

kth column of L:
<latexit sha1_base64="co4Tbk+U4htEL6zQu7qd4WEZVRo="></latexit><latexit sha1_base64="vWX9SAz86zMWHppvrlxoGuQIYTo="></latexit><latexit sha1_base64="vWX9SAz86zMWHppvrlxoGuQIYTo="></latexit><latexit sha1_base64="2TeFyVwqZoO2us6MTF/2zEf2hNQ="></latexit>

subtract M (k�1):
<latexit sha1_base64="VZHjxJeEKP17j9+gIXIZJ5jHbYI="></latexit><latexit sha1_base64="g26oJxhPH4AK2KUJiV9+BC69mWA="></latexit><latexit sha1_base64="g26oJxhPH4AK2KUJiV9+BC69mWA="></latexit><latexit sha1_base64="hHvQ89mLTtItSaTr2fIWW0MoqpA="></latexit>

i, j � k
<latexit sha1_base64="UhKl5Vjx0MXkh8XMwL1s8OFoMSk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD1JwYvHCvYD2lA220m7dpONuxuhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53Cyura+kZxs7S1vbO7V94/aGqZKoYNJoVU7YBqFDzGhuFGYDtRSKNAYCsY3Uz91hMqzWV8b8YJ+hEdxDzkjBordfgZeSDdAT6SUa9ccavuDGSZeDmpQI56r/zV7UuWRhgbJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lMY1Q+9ns5Ak5sUqfhFLZig2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMx4nqcGYzReFqSBGkun/pM8VMiPGllCmuL2VsCFVlBmbUsmG4C2+vEya51XPrXp3F5XadR5HEY7gGE7Bg0uowS3UoQEMJDzDK7w5xnlx3p2PeWvByWcO4Q+czx/SspBH</latexit><latexit sha1_base64="UhKl5Vjx0MXkh8XMwL1s8OFoMSk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD1JwYvHCvYD2lA220m7dpONuxuhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53Cyura+kZxs7S1vbO7V94/aGqZKoYNJoVU7YBqFDzGhuFGYDtRSKNAYCsY3Uz91hMqzWV8b8YJ+hEdxDzkjBordfgZeSDdAT6SUa9ccavuDGSZeDmpQI56r/zV7UuWRhgbJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lMY1Q+9ns5Ak5sUqfhFLZig2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMx4nqcGYzReFqSBGkun/pM8VMiPGllCmuL2VsCFVlBmbUsmG4C2+vEya51XPrXp3F5XadR5HEY7gGE7Bg0uowS3UoQEMJDzDK7w5xnlx3p2PeWvByWcO4Q+czx/SspBH</latexit><latexit sha1_base64="UhKl5Vjx0MXkh8XMwL1s8OFoMSk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD1JwYvHCvYD2lA220m7dpONuxuhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53Cyura+kZxs7S1vbO7V94/aGqZKoYNJoVU7YBqFDzGhuFGYDtRSKNAYCsY3Uz91hMqzWV8b8YJ+hEdxDzkjBordfgZeSDdAT6SUa9ccavuDGSZeDmpQI56r/zV7UuWRhgbJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lMY1Q+9ns5Ak5sUqfhFLZig2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMx4nqcGYzReFqSBGkun/pM8VMiPGllCmuL2VsCFVlBmbUsmG4C2+vEya51XPrXp3F5XadR5HEY7gGE7Bg0uowS3UoQEMJDzDK7w5xnlx3p2PeWvByWcO4Q+czx/SspBH</latexit><latexit sha1_base64="UhKl5Vjx0MXkh8XMwL1s8OFoMSk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD1JwYvHCvYD2lA220m7dpONuxuhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53Cyura+kZxs7S1vbO7V94/aGqZKoYNJoVU7YBqFDzGhuFGYDtRSKNAYCsY3Uz91hMqzWV8b8YJ+hEdxDzkjBordfgZeSDdAT6SUa9ccavuDGSZeDmpQI56r/zV7UuWRhgbJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lMY1Q+9ns5Ak5sUqfhFLZig2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMx4nqcGYzReFqSBGkun/pM8VMiPGllCmuL2VsCFVlBmbUsmG4C2+vEya51XPrXp3F5XadR5HEY7gGE7Bg0uowS3UoQEMJDzDK7w5xnlx3p2PeWvByWcO4Q+czx/SspBH</latexit>

This all works (and the decomposition exists) if A(k�1)
kk 6= 0 for all k,

otherwise it fails (see later)
<latexit sha1_base64="euDDMOaKHwb9tCQjMswS5TIYGVc="></latexit><latexit sha1_base64="lQC5SDiSIaP+1p+hCvLKdlUdhR8="></latexit><latexit sha1_base64="lQC5SDiSIaP+1p+hCvLKdlUdhR8="></latexit><latexit sha1_base64="jwf9vfMB7uakjzU4ZtuLEvc0LIw="></latexit>
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Matlab
function [ L,U ] = LUdecomp(A)
%LUdecomp: decompose square matrix A as A=LU
% where L is lower triag and U is upper triag
    [m, n]=size(A);
    if m ~= n, error('Input must be a square matrix.'), end
    L=zeros(n); U=zeros(n);
 
    % remember A^(0) is A
    AofK = A;  
    for k = 1:n
        % at this point AofK is A^(k-1)
        for j = k:n
            U(k,j) = AofK(k,j);
        end
        % check that we don't divide by zero...
        if U(k,k) == 0
            error('** A^(k-1)_{k,k}==0 in LU decomp')
        end
        for i = k:n
           L(i,k) = AofK(i,k)/U(k,k);
        end
        % now modify AofK so that we can use it in the
        % next iteration
        for i = k:n
            for j = k:n
                AofK(i,j) = AofK(i,j) - L(i,k)*U(k,j);
            end
        end
    end
end Example:  LUdecomp.m 

16



function [ L,U ] = LUdecomp(A)
%LUdecomp: decompose square matrix A as A=LU
% where L is lower triag and U is upper triag
    [m, n]=size(A);
    if m ~= n, error('Input must be a square matrix.'), end
    L=zeros(n); U=zeros(n);
 
    AofK = A;  % this is A^(0)
    for k = 1:n
        AofK
        for j = k:n
            U(k,j) = AofK(k,j);
        end
        for i = k:n
            L(i,k) = AofK(i,k)/U(k,k);
        end
        % now modify AofK so that we can use it in the
        % next iteration
        for i = k:n
            for j = k:n
                AofK(i,j) = AofK(i,j) - L(i,k)*U(k,j);
            end
        end
    end
 
end

All together
function [ x ] = Asolve( A,b )
%Asolve: solve Ax=b by LU decomposition
  [L,U] = LUdecomp(A)
  y = Lsolve(L,b);
  x = Usolve(U,y);
end

function [ y ] = Lsolve( L, b )
%Lsolve: solve Ly=b where L is lower triangular
    [n,m] = size(b);
    s = size(L);
 
    if any( s ~= [n,n] ) || m ~= 1
        error('Either L or b is the wrong size.')
    end
 
    y = b;
    for k = 1:n
      for j = 1:k-1
        y(k) = y(k) - L(k,j)*y(1:k-1);
      end
      y(k) = y(k)/L(k,k); 
    end
end

function [ x ] = Usolve( U, y )
%Usolve: solve Ux=y where U is upper triangular
    [n,m] = size(y);
    s = size(U);
 
    if any( s ~= [n,n] ) || m ~= 1
        error('Either U or y is the wrong size.')
    end
 
    x = y;
    for k = n:-1:1
      for j = k+1:n
        x(k) = x(k) - U(k,j)*x(j);
      end
      x(k) = x(k)/U(k,k);
    end
end

17

Complexity

LU decomposition: we loop over k = 1, 2, . . . n and for each k we
need to compute the elements A(k)

ij , which requires (n� k)2

multiplication operations
<latexit sha1_base64="4ALuQQulTU8Pod8BDqH1fc1EfJQ="></latexit><latexit sha1_base64="IQuq1aDjDvh/DdQcNLt7MZsaW/M="></latexit><latexit sha1_base64="IQuq1aDjDvh/DdQcNLt7MZsaW/M="></latexit><latexit sha1_base64="5cEwcbav6TkusnmQtrJ4rjPbB/4="></latexit>

The total number of multiplications in this step isPn
k=1(n� k)2 = O(n3), the other steps in the algorithm are O(n2)

<latexit sha1_base64="CLfdbzFf9of4OSdlZ5DD06bMqpE="></latexit><latexit sha1_base64="MLYlfxGS3tJLKAiJJ48R2cUEoLk="></latexit><latexit sha1_base64="MLYlfxGS3tJLKAiJJ48R2cUEoLk="></latexit><latexit sha1_base64="LuUuXKMSr1UE1jFVrp4uypP8pbA="></latexit>

Given L and U , solving for x is easily checked to be O(n2).
<latexit sha1_base64="ySQ0uafwhAhk6hQqjelj/h9os3o="></latexit><latexit sha1_base64="jlVTNrBFoG0SaYS9gPW91me99mA="></latexit><latexit sha1_base64="jlVTNrBFoG0SaYS9gPW91me99mA="></latexit><latexit sha1_base64="uYOk2z7FdrpuiRXOiVVABdZjtHQ="></latexit>

The complexity of solving Ax = b by this method is O(n3), and the
dominant cost is the LU decomposition.

<latexit sha1_base64="IAwvqu9yAJ6ofUFAjDkr2OD6W2s="></latexit><latexit sha1_base64="ipp0jYbnZumcyEzQO/6Lx0ruky4="></latexit><latexit sha1_base64="ipp0jYbnZumcyEzQO/6Lx0ruky4="></latexit><latexit sha1_base64="Maa2S1FJQIqbuynvvCqnixbCwas="></latexit>
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Tests...

see LUtest.m 

19

Improvements

Once we have a method that works, we can think about how to

improve it
<latexit sha1_base64="+xkgvXchvHRlULB2oUDWOpvN1wU="></latexit><latexit sha1_base64="oQqKNvVPjyFuoXvYprIG79EsDP0="></latexit><latexit sha1_base64="oQqKNvVPjyFuoXvYprIG79EsDP0="></latexit><latexit sha1_base64="X4tgkFw96uNZNYX9LCvxM6msk0w="></latexit>

Eg, currently we can solve Ax = b where b is a vector, but it should
be easy to generalise to n⇥m matrices b.

<latexit sha1_base64="JowwP+Wec+7ek7EphSynAz2Ai9A="></latexit><latexit sha1_base64="pXRuEw3HHLuwa+YIsn01o8OHBAw="></latexit><latexit sha1_base64="pXRuEw3HHLuwa+YIsn01o8OHBAw="></latexit><latexit sha1_base64="QkWG2Q0kxmjWlt2huUA8Kih5Ru8="></latexit>

We only need to modify Lsolve and Usolve
<latexit sha1_base64="SjsgBkDr9PZJJKvkWI1Y2E6rpQw="></latexit><latexit sha1_base64="5yN6GNpT7+nyU0GPiR6TRksn79Y="></latexit><latexit sha1_base64="5yN6GNpT7+nyU0GPiR6TRksn79Y="></latexit><latexit sha1_base64="0T3f8T6dqixnD5BGfxJtnX2n2+M="></latexit>

ykm =
1

Lkk

2

4bkm �
k�1X

j=1

Lkjyjm

3

5

<latexit sha1_base64="++3C2ft+puR+bbV++JATTmWs1oE="></latexit><latexit sha1_base64="wkgq44SzFAsC/9YQ8XcNAVVkicU="></latexit><latexit sha1_base64="wkgq44SzFAsC/9YQ8XcNAVVkicU="></latexit><latexit sha1_base64="BZKm4pW0nLM/AFHiffRzxfZzayE="></latexit>

Eg, to solve Ly = b we must now compute
<latexit sha1_base64="DfSl58OlZd5aZZx8KH06GbkYQTU="></latexit><latexit sha1_base64="zyIfk9aV2TYc/lws0+UrPYXwH0k="></latexit><latexit sha1_base64="zyIfk9aV2TYc/lws0+UrPYXwH0k="></latexit><latexit sha1_base64="ZUqh65WTamvf+vuVoIsEeoyjB8I="></latexit>
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Improvements

  y = b;
  for k = 1:Lrows
    for j = 1:k-1
      y(k) = y(k) - L(k,j)*y(j);
    end
    y(k) = y(k)/L(k,k); 
  end

  y = b;
  for m = 1:bCols
    for k = 1:Lrows
      for j = 1:k-1
        y(k,m) = y(k,m) - L(k,j)*y(j,m);
      end
      y(k,m) = y(k,m)/L(k,k); 
    end
  end

Option 1 : use an extra loop to deal with the columns of b

Note the complexity of this part is now O(n2
m) where m is the number

of columns in b. We expect m  n so the LU decomposition is likely
still to be the dominant cost.

<latexit sha1_base64="oZhBHWCMpSr/O/4wUQssFR+npE8="></latexit><latexit sha1_base64="oZhBHWCMpSr/O/4wUQssFR+npE8="></latexit><latexit sha1_base64="oZhBHWCMpSr/O/4wUQssFR+npE8="></latexit><latexit sha1_base64="oZhBHWCMpSr/O/4wUQssFR+npE8="></latexit>

(main part of Lsolve, original version)
(improved)
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Improvements

    y = b;
    for k = 1:Lrows
      for j = 1:k-1
        y(k) = y(k) - L(k,j)*y(j);
      end
      y(k) = y(k)/L(k,k); 
    end

Option 2 : use the fact that MATLAB can deal with whole rows in 
a simple way (this is sometimes called an "implicit loop")

  y = b;
  for k = 1:Lrows
    for j = 1:k-1
      y(k,:) = y(k,:) - L(k,j)*y(j,:);
    end
    y(k,:) = y(k,:)/L(k,k); 
  end

(original) (improved)

Option 3 (only for the brave...): use another implicit loop

  y = b;
  for k = 1:Lrows
    y(k,:) = y(k,:) - L(k, 1:k-1 ) * y( 1:k-1, : );
    y(k,:) = y(k,:)/L(k,k); 
  end

(improved)
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... next lecture

What can we do about
✓
0 1
1 0

◆
x = b ?

<latexit sha1_base64="nogJu6zUxq6vWKBghyJXIHjTLKY="></latexit><latexit sha1_base64="vW3pYyY29+eDrytLDtagqaI6Xs8="></latexit><latexit sha1_base64="vW3pYyY29+eDrytLDtagqaI6Xs8="></latexit><latexit sha1_base64="QEi6a51FwHK+rIWw01hwzQrmS08="></latexit>

What other improvements might be useful to consider?
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