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2 Partial Di erential Equations

2.1 Introduction

In science we wish to investigate the behaviour of functiormd more than one variable.
E.g.,

the vibrating string where the displacement at positiorx and time t is y(x; t).

The amount of a substance a and t diusing in a medium measured by its
concentration ( x;t). E.g., ink drop in water.

The electrostatic potential (x;y) due to a distribution of charge with charge
density (X;y).

Each of these functions satis es gartial di erential equation (PDE) charac-
teristic of the physical phenomenon being studied. A PDE ismaequation relating
a function f (x;y;:::) of more than one variable and its partial derivatives with
respect tox;y;:::. De ne notation

= @f' f.., = @
@x ¥  @x@y

where each su x denotes partial di erentiation with resped to (w.r.t) that variable.
The PDE is then of the form

fy etc.,

FOGy; ity o fays fyys i) = 0
The order of the PDE is the order of the highest derivative appearing ifr .

The PDE islinear if F contains no powers of;f 4;::: higher than 1.

To de ne a unique solution to an ordinary di erential equation (ODE) we need extra
pieces of information in form of the values of and/or its derivatives at a humber

of points to x up the arbitrary constants of integration. These are given by the
particular conditions of the system being studied.

To obtain a unique solution to a PDE we need extra informatiorin the form of
values off etc., on surfaces inX;y;:::) space. Usually, a solution is sought for
(x;y;:::) in some regionD and the extra information or boundary conditions
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are given on all or part of theboundary @D of this region. They x up arbitrary
functions arising in the integration. E.g.,

(X;é) = y*+g(x);

@y = 2y; independent of g(x):
(X;CZD) = yi(x);

y@y= ;  Iindependent of f (x):

To work out how much information is su cient but not too much i s generally a hard
problem.

In these lectures we shall study examples tihear PDEs of second order and
we shall study them in the context of their physical applicabn.

2.2 Physical derivation of important equations

2.2.1 The wave equation

X X+dx

Look at vibrating string . Let the string be under tensionT with mass per unit
length . The displacement at positionx and timet is y(x;t).

Consider element AB of lengthdx.

The transverse forcd= obtained by resolving iny-direction is

F

T(slope at B slope at A)

_ @y . @y . @y ., .
= T @)£x+ dx; t) @ix,t) T@dx.

Mass of element AB isdx .
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Then Newton's Law is

@y . _ @y .
We then get thewave equation for wave motion in the string
@ _ 1@y P — ,
- = === = T=: W
@x 2@t c ave equation

We shall see thatc is the velocity of the waves.

For problems in higher dimensions, such as sound waves, ations of drum mem-
brane etc., the equation becomes

where (x;t) is the displacement from equilibrium.

Just as in solving for particle motion the boundary conditias are the initial condi-
tions for the position and velocity ofeach segment of the string. We need

Yo(X) ; initial position;

y(x; 0)
%{x; 0  y(x0)

Vo(X) ;  initial velocity :

2.2.2 The heat or di usion equation

Consider a substance diusing in 1D and let the concentratio (i.e., density) be
( x;t) at position x and time t.

A B C
| |
X X+ X
@ xt) @ x+ x)
@x @x

The rate of di usion from A to B is proportional to the concentration gradient.

Riat By = A0 Rer = G XU,

Here is the constant of di usion.
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Hence the rate of change of substance in regi@is

% = R(A! B) R(B! C)
@ x+ xt) @ xt)

@x @x

OR

axt) _ @(xt).

@t ax Heat/Di usion equation

Drop a drop of ink into water and it spreads out as a cloud with ensity ( x;t) at
time t. ( x;t) obeys theDi usion equation

@ x;t) _ 2 5y -
at re(x;t:
A closely related equation is the Schredinger equation fa free particle in quantum
mechanics: ® (1) he
. xX;t) _ 2 L5 -
ih at 2mr (x;t):

h is Planck's constant andm is the particle mass. The analogy with the heat
equation is of very great importance.

The boundary condition in this case is to give the initial vale of :
(%0) = ofx):

This is physically sensible since the spot of ink has an irdti shape which is all we
need to know to predict how it will spread.

2.2.3 Laplace's equation

+ @9
@y

Xy+ y ’ X+ Xy+ 'y

Qx+@—?( X

Qx

Xy X+ Xy

Q
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Consider the temperature distribution (x;y) in a 2D body in equilibrium: is
independent of timet.

Qx (Qy) is the heat-energy ux in the x (y) direction.

The phenomenological physical law givin@, and Q, is

_ @xy) .
QX - @X y7

_ @(x;y)
Q@ = @y

l.e., Q is proportional to minus the temperature gradient and the legth of the edge.
The constant of proportionality is the thermal conductivity

The total in ux of heat-energy is zero. Thus

@Q , @9

Qx+@x Qx + Qy @yy Q =0;
=)
@Q @Q . _
ax ey O
OR @ @
@tey ( VO
Thus
e @ _ .. : i
o3 + @y 0: Laplace's Equation

Another application is to the electrostatic potential (x) due to a distribution of
charge density (x). The electric eld satis es

r EX) = 1 (x); and E(X) = r (x):
0
Hence, get .
r2 (x) = — (x); Poisson's equation
0

This reduces to Laplace's equation when(x) = 0.

The boundary conditions are more varied here. They typicalltake one of two forms
giving data on the whole boundary@ to the regionD where the solution is needed.
The two main choices are
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i) Dirichlet condition

Give the value of on @D This would be typical if we know the temperature
on the boundary and want to know it in the interior.

(x) = olx); x2@:

(i) Neumann condition
Give the normal derivative of on @. Typical of electrostatic problems
where we are given the electric eldE at the boundary and wish to calculate
the potential inside.

X 2 @;

n(x) is unit surface normal at x

) T ) ) = a(0)

Note that n(x) r (x)= n(x) E(x).
@

It is possible to generalize and give a linear combination (x) + @non @.
2.3 Classi cation
This is a statement of terminology.
Consider the general form in 2D
@ @ @ @ @
a +2b +C +f—+9g—+h = 0;
@% “"@x@y @y ' @x @y
wherea; b; etc. are constants.
(i) Elliptic
The equation iselliptic if b? < ac. Example is Laplace's equation
@ ,@ _,.
@x @y
(i) Parabolic
The equation isparabolic if ¥ = ac. Example is the Heat equation
@ @ =0 :
@% @t '

(i) Hyperbolic
The equation ishyperbolic if ¥ > ac. Example is the Wave equation

@ 1@

@ 2@x Y
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2.4 Methods of solution
2.4.1 Method for some elliptic and hyperbolic equations in 2

Consider equations of the form

@
a@?(

Look for a solution of the form

@ @

t2baxay @y -

(xy) = f(x+py) f(2);

wherep is a constant andz = x + py.

Then use chain rule:

@f o @z_ o

@x dz@x dz’

of _ dez_ d.

@y dz@y Fdz°
Substitute into the equation to get

d’f d’f d’f
a@ +2bp(? + sz@ = 0:
Hence we nd
cp’ +2bp+ a = 0;

with roots p= p,;p given by

Py = b+pb2 ac, p= b pb2 ac:

These roots will becomplex if b? < ac i.e., for elliptic equations. In this case we

see thatp, = p .

Letu= x+ p;y; v= x+ p y and then, because the equation inear we can take

a linear combination  of independent solutions to be the general solution. So we

nd

(xy) = f(x+py)+gx+py) = fu)+ gv),

wheref and g are arbitrary functions of a single variable. These are thenalogues

of the arbitrary constants in ordinary di erential equations.

Two special cases are:
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(&) The wave equation
@ _1@.
@% 2@’

with u= x ct; v= x + ct and solution of the form
(x;t) = f(x ct)+ g(x+ ct):
An important example of this kind of solution is
(x;t) = sin[k(x ct)];

with k an arbitrary constant. This is a wave travelling at velocityc. More on
this shortly.

(b) Laplace's equation
@ + @ = 0:
@x @y ’

With u= x+1iy; v=x Iy. Then we can write the general form most neatly as
(x;y) = f(x+iy)+ g(x 1y) f(z)+ g(z) where z=x+ly:

It may seem odd that the solution becomes complex when we d&at out with
real. However, because the equation Iswear with real coe cients it must
be that the real and imaginary parts of this solutionseparately satisfy the

equation. Thus for our purposes we can restrict our solutioto

(x;y) = Real[f (2)+ g(z)]; or (xy) = Imag[f(2)+ 9(z)]:

Examples are:

(x;y) = Real(z) = x; trivially satis es the equation
= Real(z®) = x3 3xy?;
= Real(é"?) = e Wcosfix); n an integer constant

2.4.2 Separation of variables

Supposeb= 0. The general equation is now

@ @ @ . @ .
a@+c@—9+f@x+g@y+h = 0:

Try a solution of the separable form (x;y) = X (x)Y(y). This will not be the
most general solution since this would not be separable inithway. However, we
will see that this is a very useful move.
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We then get

d?X d?y dX dy _
aYO|X2 + cX ay? +fY&+ gxd—y+ hXY = 0:

OR, dividing by XY and rearranging slightly

2 2
iad_x+fd_x+hx = i dY+ dy

X T dx? dx v a2 " Yy a constant:

This must be true since the rst term depends only orx and the second only ory
and hence they cannot be equal unless they airelependent of both x;y.

Get two ODEs which we solve using standard methods:

d2x dX

g Thg ()X =05
®Y  dY _
Cd—y2+gd_y+Y = 0:

This is as far as we can go without knowing the speci ¢ problemander study and
its boundary conditions.

It turns out that not necessarily all values of are allowed. Those that are are will
be determined by the boundary conditions and might be a disete set. We shall
see examples soon, but some are the allowed frequencies ofuakpd string and
the values of the allowed energy levels in an atom. They aretaally examples of
eigenvalues .

For eachallowed value of we label the separable solution with :

(xy) = X (X)Y (y):

Also, because the equations are linear, then is also a solution, a constant.
We then choose thenormalization of by some convenient procedure to make
life easiest. The general solution is the linear combinatio

X
(xjy) = (xy);

where the sum is over the allowed values of and the are constants.

[ Note: if b6 0 in the equation and so there is a@ =@x@yerm then a change of
variables tow = x + y;z = x+ y will give an equation of suitable form (with
b= 0) for right choice of constants ; .]
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2.5 Laplace's equation
@ (xy), @ (xy) _
@x @y
Q What is the steady-state temperature distribution (x;y) for a region bounded
by a square whose boundary, or edges, are maintained at thenjgeratures shown
in the gure? Namely, three edges at = 0 and the fourth at (a;y) = T(y). These

0

are Dirichlet conditions. The square has edges of length

y
(0;@) =0 (a;a)
=0 =T(y)
X
(0,0) =0 (a;0)

Use separation of variables. Write

(xy) = XX)Y(y);

2 2
d_>§ + Xd_Y :0;
dx dy2
1EX 1Y
X d2 Y dy?

We thus have the two ODEs to solve:

X
dx2
d2y

az

|
o

Then
( (

X is sinusoidal X is exponential
Y is exponential Y is sinusoidal

The choice is determined by théboundary conditions , and for this example we
choose > 0 and set = m?. The separable solution is then

Xm(x) = Ae™ +Be ™ ;  Yn(y) = Csin(my)+ Dcosfny):
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We need
(x;0)= (x;a)=0; =) XXY@0O)=XX)Y(@=0; 0 x a:
Hence, we impose
Y©0) = Y(@=0; =)
Y (y) Yn(y) = sin %y ;. n=1;2:::
So we have that theallowed values ofm arem = n=a forn = 1;2;:::. This

in turn determines the X ,(x) to have these values ofn. Thus, the most general
solution | can write down subject to these restrictions is

X - - n
(xy) = A, €% + B,e " sin —y
n=1 a
| can do this because the PDE ifinear . [Note that these solutions are Imagf "*72); z =
(x+1iy)]
We impose the boundary condition that

Oy) =0
This givesA, + B, =0; 8n.

(&y) = T(y)
This gives theFourier series
X n
2A, sinh(n )sin —y = T(y);
n=1 a
and hence that
ZZ a n
2A, sinh(n ) = — dy T(y)sin —y
a a
Supposea=1; T(y)=y. Then
Z 1
2A,sinh(n ) = 2 dyysin(ny):
0
Now,
Z, Z .
. d 1 d sin(p) 1 . 1
dyysin =  — dycos = — = —sin —COo9 .
vy (py) i, Y (99 b p 2 (3) o 0P

Settingp=n we nd

cosp ) _ (|
n sinh(h) n sinh(n )’
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So
(x:y) = % &sinh(nx)sin(n )
Y __, n sinh(n ) yJ):

(This is a half-range sine series.)

| used a sum of 100 terms here.

[Note that the set of separable solutions ,(Xx;y) = X,(X)Yn(y); n=1;2;:::form a
basis for an 1 -dimensional vector space of which(x;y) is a member given by the
linear combination of the basis vectors shown in the Fourier series.]

To solve for more complicated boundary conditions | can wet the full solution
by adding or superposing the solutions to related problems that we have already
solved. E.g.,

To(x) 0 To(X)
0 Tiy)| = 0 Tiy)| o+ 0 0

Another example is the in nite strip of width a and with boundary conditions =0
on upper and lower edges and ! Oasx ! 1 . On edge atx = a have

(ayy) = T(y).
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A y
=0
' o a =T(y)
o @0
The most general solution is then as before
X - - n
(xy) = An €% + Bye " sin Y
n=1
The condition ! Oasx! 1 implies that B,, = 0.

On edge atx = a we have

R n
(ayy) = A, € sin -y T(Y);

n=1
and so again have Fourier series which then gives

2 a . ny
A, = Ze? T —2
n ae . dy T(y) sin A

2.6 The wave equation

@y _ 1@y,
@% 2@t

2.6.1 The in nite string
We found a solution in the form

y(x;t) = f(x+ct)+ g(x ct):
Suppose that the functiong(v) is given. Then ast varies g(x

g velocityc

ct) vs x looks like
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The shape movesight with velocity c.

Likewise, the shape described bify(u), plotted as a function ofx, movesleft with
velocity c ast increases.

It is sucient to know f (x) and g(x) for all x at t = O to specify the solution.
The shapes areunchanged ; they do not disperse but just move left and right,
respectively, at velocityc: they are travelling waves. To ndf andg it is su cient

to know the initial conditions

y(Xx; 0) = yo(x) and % X;0) = vo(x) forall x:

Now, with u= x+ ctandv = x ct,

@{u) _ oud _ _ O

@t .,  @Ou.,  du.,  dx
Similarly,
ew) _ g9,
@t dx -
The initial conditions are
(i) fx)+ax) = Yyo(x)
(ii)
of dg _ )
& & - VO(ZX) ’ )
X
f(x) gx) = % dx%vp(x9) :
Thus
Z X
f0) = S0+ =  dxOve(x);
2 ZCZ
— 1 1 X 0 .
ax) = EYO(X) 2 dx Vo(X()-
So we have
y(x;t) = f(x+ct)+ g(x ct)
1 1 Z X+ ct
= Slyo(x+ ct)+ yo(x ct)] + dx®vo(x9 :
2 2 , 4

An example is

Yo(x) = e X2 yp(x) = x2:
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For which

y(x;t) = %[e (re)?=2 g (X e?=2] 4 6_1(:[(X+ ct)® (x ct)’]:

The important special case mentioned earlier is of sinusaidtravelling waves:

y(x;t) = Asin! (x=c+t) +Bsin! (x=c t) :

Here! is the frequency of the wave.

It is often convenient to use complex exponential notationfahe form

y(xt) = Ae' (<D 4 get bee 1

15

and use either the real or imaginary part ofy at the end. HereA and B may be

complex.

2.6.2 Finite string stopped at x=0 and x=1L

y

The boundary conditions are

y(0;t)
y(x; 0)

y(L;t) = 0; forall t;

Yo(X) and %)(x; 0) = v(x) for 0<x<L:

This will be solved by a Fourier series, and so we look for a sepble solution:

y(x;t) = X(X)T(t);

giving
i d?X 1 d’T B
X dx2 2T dt2

We shall choose = m?2 so that we obtain sinusoidal solutions. Then

G FmX =0, W+c2mT_o,
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and we nd the separable solution consistent witty(0;t) = y(L;t) = 0 to be

n ct . nct . nx
yn(X;t) = A,cos —— +Bpsin —— sin — ; n=1;2:::
L L L
The choice ism = n=L; n =1;2;:::. Clearly, the solution vanishes ak =0;L 8t

by choice of the \sine" solution forX (x).
The general solution is then, as before,
X n n n x

y(x;t) = A, cos net + B, sin net sin —
- L L L

The boundary conditions then impose two Fourier series

1) y(x,0) = yo(x) .
Sett =0 to get

which gives zZ,

@
2.) @ X;0) = vo(Xx).
First di erential w.r.t. t and then sett = 0. We get

. X
B, — sin —— = vy(X);
nL L 0()

which gives Z,

2
By = ——

n X
dxvp(x)sin ——
nc o o(x) L

The frequency of vibration for the separable solution lableld with nis! , = nc=L.
The general solution consists of a superposition of modes harmonics, with allowed
frequencied ,, only.

2.7 The heat or di usion equation

The di usion equation in 1D is
@
@

@ @ .
@t L

t
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with diusivity > 0. Here ( x;t) is the concentration, or density, of material at
time t. We expect thetotal amount of material to be conserved. l.e.,

Z
@ 1
— dx ( x;t) = 0:
at , ( x;t)
Taking the derivative under the integral sign and using the idusion equation we
have
@Zldx(X't) = Zldxi@(X;t)
@t ’ 1 @%
_ o a1y a1l gt
B @x @x

The second step is integration by partat xed t or just simply integration of a
derivative. For any physical distribution we assume

@ 19 _,.

@x ’
i.e., there is no outward ux at x = 1 . Hence, RHS = 0 and the material is
conserved. [This kind of manipulation is important in quantm mechanics where

total probability is conserved.]

2.7.1 innite bar

Look for solutions in terms of the dimensionless variable

of the form
(xt) = F(u):

We have
@ _ @u _
@@X = FO(U)@X— FAu@at) *2;
@% = FRu@t) *;
@ @Qu _ u
@t - Fo(u)@t— FYu) >

The heat/di usion equation them becomes

Fou@t) P = SFTW);
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or

FRu) _ .
FQu) 2u:
This is
d
@InFO(u) = 2u; =)
FQu) = Ae v :
We thus nd that 7

u
F(u= A dse® + B:
0

ChooseA = 1= 2 and B = 1=2. We de ne the error function erf (u) by

2 Z 2
erf(u)y = — dse®;
0
which satis es
Z r_—
erf(1 ) = 1 since dse 5° = 1 —
0 2

Then we have the solution

1 X
) = = 1+erf —
( x;t) > er it

For t small andx > 0 (x < 0) the argument, u, approachesu = 1 (1 ). Since
erf(1 )= 1, theinitial state att=0is

(
1 x>0

X;0) =
( ) 0 X< 0

The solution fort 0 ast increases then looks like

’

[N
T

ol
©
LI

Theta(x,t)

=} =}
o N >

T T

| |

S
S

!
o
@

Xo-
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2.7.2 ink drop

Note now that, if 1(X;t) is a solution to the di usion equation, then so is
@ i(xt)
@x
and hence taking (x;t) to be the error function solution above we nd the new
solution

(xt) =

Z y=(ar)1=2 1

. — @1 sz _ x2=4t .
(xt) = @)Pi . dse® = me :

For t small the material is concentrated in a small region aroung = 0 of width

X  (t)¥2. The region of high concentration increases in size as the tmaal

spreads out: it di uses. The initial state is therefore a higly concentrated spot at
X = 0; e.g., an ink drop dropped into water. In fact, this is a nomal distribution

and ast increases we get

Theta(x,t)
| | | | |

o
[
|

KR
o
(9]

Xo-

2.7.3 bar of nite length

Consider a bar that occupies 0 x L. The distribution of temperature obeys the
heat equation.

In this example we give the boundary conditions as

(x;0)=g(x)

ux=0 ) x(L;t) =0

©O;t)=0

at x = 0 maintain temperature at zero: (0;t)=0 t 0: Dirichlet condition;
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at x = L apply insulating boundary condition: there is no ux of heatto x > L .
Then have ,(L;t)=0; t 0: Neumann condition;

at t = 0 the initial distribution is given: ( x;0) = g(x); 0<x L: Dirichlet
condition.

Look for separable solutions (x;t) = X (x)T(t). Substituting nd
X P)T(t) = XTI ;

and so
X%x) _ TA) _
X (X) T(t)
At this point in general we have di erent choices foiIC. These correspond to distinct
physical situations and distinct kinds of boundary conditons. In our example we
needC < 0. SetC = 2, We have
X%x)  Tq) 5
X (x) T(t) ’

C a constant

with solutions

X (x)
T(1)

Asin(x )+ Bcos(x ) ;
D exp( 2t):

The condition (0 ;t) =0 is satis ed by taking B = 0.
The condition ,(L;t) =0 then requires X{L) =0, and so

cos(L) = 0; =) L = n+1 ; n=0;L::5;1:
Note, that not all values of are allowed.

Can setD =1 without loss of generality.

The most general solution satisfying the boundary conditits is then the Fourier

series
b h X i
( x;t) = Ansin n+ 1 x=L exp n+1° 2=L% :
n=0
The initial condition now requires
X _ .
( x;0) = Apsin . n+ 35 x=L = 9¢g(x); 0 x L:
n=0
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The functions sin n+ % x=L ; n=0;1;::: are orthogonal. Therefore, mul-

tiplying both sides by sin m + % x=L and integrating from O to L gives
24t
An = T dxg(x)sin m+ 1 x=L
0
Remark on other choices for C

The choiceC > 0 (real) in the separable solution discussed in the previoesample
will give solutions which grow exponentially in time and istius unphysical. However,

| can chooseC = i! . This leads tocomplex separable solutions whose real and
imaginary parts are then taken as the solutions for ;t). These are:

e ®cost  kx);

( xt)

( x;t) = e M™sin(it  kx);
( x;t) = &*%cos(t + kx) :
( x;t) = &¥sin(it + kx) ;

wherek is an arbitrary constant and! = 2k? . Can verify by substitution. Note
that they representdamped travelling waves, the rst two travelling in the positive
x-dirn., and the second two in thenegative x-dirn.

A physical application is to the temperature distribution interior to a bar subject to
an oscillating heat source, of frequency, applied to one end. E.g., this is a simple
model for the temperature in the interior of the earth subjecto the daily cycle of
radiation from the sun on its surface.

3 Elementary analysis

3.1 Introduction

Begin with a few de nitions

3.1.1 functions

A function f is a rule which, for any givenx, provides a valuef (x). In our context
x and f (x) will be real numbers.

(@) Sometime writef : x ! y wherey is real.
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(b) f may not be de ned for allx. E.g., f (x) = P X isonly dened forx Oiff is
to be real.

(c) The graph of a function is aset of points in the plane &;y) :y = f (x). Not
always easy to draw. E.g.,

f) = =4 [fxisrationalwith x = p=qg
0 if x is irrational:

(d) A polynomial function of degreen takes the form

f(X)= agx + apx®+ 11+ anx";

(e) A rational function has the formf (x) = P(x)=Q(x) where P and Q are
polynomials.

(f) Algebraic functions are evaluated by performing anite number of mathe-
matical operations (+; ; ;:::). E.g.,
X" T34 3x5

F(x) = 7

(g) Transcendental functions need an in nite number of operations. E.g.,
Exponential f(x) = a; a60;1
Logarithmic f(x) = log,x;a60;1

Trigonometric  f (x)
Hyperbolic f (x)
Bessel function f (x)

sin(x); cosk); etc.
sinh(x); cosh); etc.
J (X) order

3.2 Limits of functions and sequences
3.2.1 De nitions and examples

Consider the values of a functiorf (x) as x gets closer and closer txy. E.g., as
x! Olook atf(x)= x>+1 and f (x) = sin(1=x):

x+L
sin(1/x)

D—\f=

f




3 ELEMENTARY ANALYSIS 23

In the rstcase f(x) = x2+1! 1asx! 0. Inthe second casé(x) = sin(1=x)
has no limit asx ! 0. The formal way to express this idea is as follows.

f(x)! | asx! xq or im f(x) =1

I
x!' Xp

if, given any > 0 however small, we can nd a depending on such that
fx) lj< for all x such that jx Xoj <

Note that it is not necessary thatf (xg) = | since the pointat x = Xq is excluded
from the de nition. Examples are

(a)
x?2+1 if x60
0 if x=0:
Then )|(III’TE)f (x) = 1 even thoughf (0) = 0; the limit exists but f is discontinuous
at x =0 sincef (0) 6 Ixi{nof (x). Check the formal de nition:

f(x) =

0 1 K%< it jx 0 jxi< ='°

g I ‘ ]
3 1 x<a 1
(b) f(x) = 5 0 x=a =T
1 x>a:

:
X

At any point Xy other than xo = a the limit of f (x) asx ! X exists:

1 x<a
lim f(x) =
X! Xo 1 x>a:

The limit as x | a does not exist. However, the \left-hand limit" and the
\right-hand limit" do exist:
as x! a fromthe left f(x)! 1, written as X!irg f(x)y= 1;

as x! a fromtheright f(x)! 1, writtenas Ilim f(x)=1:

x! a+

(c) A sequence fu,g may be regarded as a function de ned only at integer points
x=n. E.g, 1,1=3;1=5;1=7;::: : u, = 1=(2n 1). We normally only consider
the limit of a sequence fon ! 1
The sequence has a limit if, for any > 0, there is anN depending on such
that

juy  lj< forall n>N:
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3.2.2 properties of limits

If lim a(x) = A and lim b(x) = B then
x! Xp

() lim [a(x) bx)]= A B.
(i) lim [a0)b(x)] = AB.
(i) lim [a(x)={x)] = A=B provided B 6 0,
if A80and B =0 then lim [a(x)=t(x)] does not exist.

if A=0and B =0 then lim [a(x)=kXx)] may or may not exist.
X! Xo

ifA=1 andB = 1 then lim [a(x)=Kx)] may or may not exist.
X! Xo
(iv) lim [(a(x))P] = AP for any real numberp, if AP exists.
X! Xo
(v) lim [(p)3®¥] = p* for any real numberp, if p* exists.
x! Xp

Examples are

im ——— =1lm —
x!1 Bx2+2x 6 x11 NG

3x? B5x 3x? 3
5

Jim [p x(x+1) x] = lim [x(1+1=x = x]=

lim [x(1 +1=2x 1=8x%::1)  X]
x!

x11
3.2.3 I'Hopital's rule

If lim f(x)=0and lim g(x) =0 then
x!' Xo

o fx) f )
XI!IerIO ﬁ - >I<I!rr1<o gqx)

whenever the second limit exists.

lim [1=2 1=8x + ::}]=1=2

24

This result follows from Taylor's theorem. Iff and g are di erentiable n times on

an interval containing x and xo then

2 n 1
PO = Fxo)+ (X Xo)f o)+ %f%xo)+ ot %

f(n 1)(XO)'l' Rn;
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where R, = c%f "( ) for some , X x. Similarly for g(x). When
f (Xo) = g(Xo) = O then
f (x) (x  xo)f Axo) + 7,01‘ Rxo) + :::
A g0 T @ o X
8 B e COREE
0 ' 1
pras O
= lim @ '
o gqxo) + ¥QOQX0)+ e
_ e FAX)
=m0

If lim fqx) = 0 and Jim g{x) = 0 then the rule can be applied again, and so on
I Xp I Xo

until one of both of the limits is non-zero. In fact, just idenify, respectively, the

rst term in each of the Taylor's series forf and g that does not vanish and inspect

the ratio.

Examples are

0 e 1 et
Im — =1Ilm — =1:
x! 0 X xto 1
(i)
| X sin(x) im sin(x) + x cosk)
x'o cosk) 1  x o sin(x)
| 2cosk)  xsin(x) 5.
~xo cos) - '
3.2.4 more examples
Some examples needd hoc treatment. E.g.,
2
im[x% *] = lm ~ =
x!1 x!1 ex
. x? . x?
m 1+ X+ x2=21+ x3=31 + ::: m 1+ X+ x2=21+ x3=3] 0

where we have assumed that the series expansion &ris valid (i.e., converges) for
all x. We will come back to this later.

h i
_ 1
lim (cosx)™* = lim exp - In(cosx
x! 0 ( ) x! 0 P X2 ( )
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Use cox=1 x%=2!+x*=4l+::: and In(l+u)=u u3=3+:::. We nd
In(cosx) = x%=21+ O(x*) ;

and so h i

lim (cosx)™ = lim exp 1=2+0(x?) = e ¥2;
x! 0 x! 0

3.3 Series
3.3.1 De nitions

From a given sequencas; Uo; Ug; : : : we can form a new sequen@®; S,; Ss;: ::, where

X
S, = Ut uy+:::+u, = Uy .
k=1
The in nite series
_ A
lim S, = Uk
n'l
k=1

if the limit exists, is of importance. S, is called thenth partial sum. If S = Ii'rln Sy
n!
exists, the series is said to beonvergent with sum S. Otherwise, it is divergent .
X
An example is the geometric serieS, = a rk.
k=1
a

. : a . :
If jrj < 1 then Illm S, = [RE The series isconvergent with sum S = 1T
n!

If jrj 1, the series idivergent .

Some simple properties of series are

(a) Removal, insertion or alteration of a nite number of tems does not a ect the
divergence or convergence of a series.

P
(b) If | ux converges, thenklllimuk =0.

P
(c) If , ux converges, then so does the series obtained by bracketing tierms of
fukg in any manner to form a new series. The two series have the saswm.

Not true for a divergent series. E.g.,
X

X

k

( DX = 1+( 1+1)+( 1+1)+::: =1

( 1) 1 1+@ 1D+::: =0:
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An important observation is

If the sequenceS,; S;; Ss;:::isincreasing and bounded , i.e., S, S, for all
m;n with n  m, and there is a numberB such thatS, B for all n, then the
sequence converges.

Consider the geometric series above with=1;r =1=2. Then

1 1=2n*t

S

=21 1=2"*1):

Clearly, f Syg is anincreasing sequence and, 2foralln: B =2 (B =3 would
also do).

The limit of series with these properties is théeast upper bound or supremum
of the sequence. l.e., it is the smallest value 8f that satis es the criterion S, B.
In the example, it isB = 2.

3.3.2 tests for convergence

First consider series with terms all of one sign (say posiay.

(a) comparison test

X X
If Vi IS convergent anduy vk for all k N for someN, then Uk IS
k=1 k=1
convergent.
b3 X
If Vi is divergent andu, vk for all k N for someN, then Uk IS
k=1 k=1
divergent.
Examples
(1) X 1 IS convergent sinc L 1 fork 2, and 1. 1 (a convergent
. kZ g Gx X e T g
geometric series).
X X
(i) Z,= K diverges. To show this letSy = PE For any nite N we can
k=1 k=1
group terms as follows:
1 1 1 1 1 1 1 1
= + T+ + ZH+IZ+Z4+IZ 4+ ZHI+ =+
= Droorg 45 6 7 15
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Each bracketed term is greater than 42. So, puttingN =2™ 1, we have

1 1 m
maq1> -+ -+ = —; k=1;2::::
SZ 1 2 2 2 ) k 1 1 2’
Thus by taking N large enoughSy can be made bigger than any chosen number.
Hence, the series diverges.

(i) (
7 = X 1 divergesifp 1
" . K»  converges ifp> 1

p =1: done already.
p < 1: diverges by comparison test sinde Pk 'fork> 1.

p > 1 have

1 1 1 1 1 1
+ 4+ 4+ =+ it —— o+

1+i
3 4p 5P 6P 7P g 1

Sv = )+ »

Now, for m > 1, the mth bracketed term is less than

1 - . 1 — 1 .
om oy T om e T om Do D -
(2m 1) (2m 1) } 2

{z

om 1 terms

Thus in a similar manner to before

S < ! + ! + ! + L < ! :
A 1 2p1 g1 “TCm D D 1 2Lp°

This is because the middlet\1 expression is a nite number of t@s from the
geometric series withr = » 1 and the last term on RHS is its in nite sum.
Thus,

1
Sy < 1 2ip forany N ;

and the series converges (remember we hgve 1).

(a) ratio comparison test

. u
Let lim — = A.
KIT Vi

P P
(i) If A60or 1 ,then ,ucand v either both converge or both diverge.
P P
(i) If A=0and v converges then , uy, converges.

P P
(i) If A=1 and v diverges then  u diverges.
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Example

X . &2 k+3
uy diverges foruy = —————
k=1

X
but Vi diverges and hence the result.

k=1
integral comparison test

Suppose thatf (x) > Oisdened forallx; O x 1 , andis continuous and

monotonically decreasing. Leuy = f (k). Then:
b3 Z,
The series  uk converges if the integral dxf (x) converges and diverges if
Z f=1 0

integral dxf (x) diverges. From the diagrams we see that
1

VA N +1 XN Z N
dxf (x) Uk dxf (x) :

1 k=1 0

f(x) f(x)

uq uz usz ug ol un
ug us uz ug o un
X

X
0 1 2 3 4 N N+1 0 1 2 3 4 N

Both statements follow by lettingN !'1

D'Alembert's ratio test

o
Let lim — = L. Then
k1 Uk

(

X convergent if L< 1;

Uk IS _ _
k=1 divergent if L> 1:

The test is indecisive ifL = 1.

Xk
For example, o is convergent since
k=1
(k + 1) =2k+1

k!llm k=2k

NI =



3 ELEMENTARY ANALYSIS 30

3.3.3 Alternating series

(a) If fukg is a sequence of terms which have alternating + and signs, andjuyj
b3
decreases monotonically to zero &s! 1 then Ux converges.

k=1
Assume w.l.0.g, thatu; > 0. ThenS; > 0 and 0< S, < S;. We have

Sont1 Son 1= Upn + Uzner < 0 Spnez Son = Ugnsr + Ugpez > O

Thus, f S;,+1 g form a decreasing sequence and S,,g form an increasing se-
guence. Also,Syn+1 Spon = U+ ! Oasn!l1l . Therefore, both tend to the
same limit, | say.

Son+1

Son

Example:
1 -+ - =+::: convergesto In(2)

(b) Let fuxg be a sequence containing both positive and negative terms.

b3 X
If juxj converges then  ug is said to beabsolutely convergent and,

k=1 k=1
hence, is alsaconvergent .

X X

If jukj diverges but  uy converges, the latter is said to beonditionally
k=1 k=1

convergent . E.g., the example summing to In2 in (a).

3.3.4 Power series

X
XK = ot CX + X2+ 11
k=0
is a power series about = 0. Replacex by (x a) then it is a power series about

X=a
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D'Alembert's ratio test shows that the series is absolutelyconvergent (and thus
convergent) when

<1:

. u . X
im <1 <1: =) lim S
k1 Uy ki1 Cx

This condition is satis ed when

iXj<R; where R=Ilm
K1 Cies1

It may or may not converge forx = R. R is called theradius of convergence .

For example,
3 5 2k+1
x i Xi = (1)kx )
3 5 2k +1
k=0
. . 2k +3
has radius of convergencR = II(|!rln K+1

3.3.5 Taylor series

From Taylor's theorem, if f is dierentiable an in nite number of times on the
inclusive interval from a to x, written [a; x], then we have the series expansion
X f (9(a)
G = :

)= ax a
- ki

The expansion is valid when the series converges. Examples:

(i) The Taylor's series fore * is

x2 %3 s xk
X — e — k .
e - 1 X + E ? + P - ( 1) F .
k=0
. . . (k+21) .
The radius of convergence IR = ||<'|r1n = ||<'|r1n (k+1) = 1. Thus,

the series fore *, and similarly e, always 'converges and isalways a good
representation for this function. We used this earlier in amxample.

()
k
(0= 2 190 = ( Vg 9 o= LD

Thus, R = II(i'rln a= a. The series is absolutely convergent fora<x<a.

Seta=1.
At x= 1, f( 1)=1 andtheseriesis1+1+1+::: Itdiverges.

At x=1; f(l)=1=2and the seriesis1 1+1 :::. It still diverges.



